
ABSTRACT

Stability of Hybrid Dynamic Systems: Analysis and Design

Alice A. Ramos, Ph.D.

Advisor: John M. Davis, Ph.D.

In this work, the stability of switched linear hybrid dynamic systems is inves-

tigated and analyzed. Building on the work of DaCunha [10, 11], a unified and

extended version of Lyapunov’s Second (Direct) Method is developed for applica-

tion to hybrid linear systems evolving on arbitrary time scale domains, including a

time scale dynamic Lyapunov equation which unifies existing analogues in the dis-

crete and continuous cases. We then develop and implement a generalized common

Lyapunov function approach for the stability analysis of switched systems evolving

on dynamic domains. This leads to the formulation of two very different but closely

related problems in analysis and design. The latter has natural applications to the

areas of bandwidth optimization, adaptive control, and µ-dynamics for hybrid sys-

tems evolving on time scales. We conclude by applying this new theory to a problem

in adaptive control.
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CHAPTER ONE

Introduction

A major task of mathematics today is to harmonize the continuous
and the discrete, to include them in one comprehensive mathematics
and to eliminate obscurity from both.

—E.T. Bell, Men of Mathematics, 1937.

In his Ph.D. thesis of 1988, Stephan Hilger introduced the theory of time scales,

or calculus on measure chains, with the express purpose of unifying the existing

theory for systems defined on continuous domains with that for systems on discrete

domains, while simultaneously extending the existing theory to dynamic systems

on generalized hybrid (continuous/discrete) domains. Since publication of Hilger’s

paper [18], this unified theory has grown substantially, resulting in a number of texts

dedicated to time scales and the theory of dynamic equations [7, 8, 27] as well as

numerous papers. The theory of time scales has grown far beyond basic calculus and

dynamic equations to include (among other things) a systematic generalized Laplace

and Fourier transform theory [12, 32], new results in the area of stability and control

[14, 22, 34], and applications to industry and engineering [15, 16]. In this work, our

goal is to continue to develop this unified theory in the direction of stability analysis,

via Lyapunov’s Second (or Direct) Method, of linear systems defined on arbitrary

time scales.

The dissertation is organized as follows. In Chapter 2, we first develop the time

scale calculus. We present the delta derivative and give a thorough development

of the Lebesgue delta integral. We also introduce the Hilger complex plane and

cylinder transform in order to develop the generalized exponential function and the

transition matrix for linear systems. We present several related fundamental results

which are necessary for the subsequent analysis.
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In Chapter 3, we review existing discrete and continuous Lyapunov theory in

the familiar contexts of R and Z and generalize that theory to systems defined on

arbitrary time scales. Our focus is on generalizing Lyapunov’s Second Method, one

of the most widely utilized tools for the stability analysis of linear and nonlinear,

differential and difference equations. This method is based on developing a general-

ized function which measures, in some sense, the energy of the system: if the energy

of a given system is decreasing over time, then the system must eventually approach

equilibrium. The primary advantage of the direct Lyapunov approach is that it al-

lows us to investigate the stability of a given system without explicit knowledge of

solutions; i.e., only the form of the dynamic equation must be known.

DaCunha [10], in his dissertation of 2004, made significant progress in extending

Lyapunov’s Second Method to the analysis of certain classes of systems defined on

arbitrary time scales, namely, slowly time varying linear systems. In that context, he

developed and solved an associated time scale algebraic Lyapunov equation. While

this equation and its solution have many applications to stability analysis of dynamic

systems on time scales, DaCunha’s techniques do not extend to systems which are not

slowly time varying (e.g., switched systems). Here, we further extend Lyapunov’s

Second Method in a systematic way that is applicable to a much broader class

of dynamic linear systems. To that end, the first task is to develop the “right”

Lyapunov equation. Having explored the development of Lyapunov differential and

difference equations, on R and Z respectively, we develop the time scale dynamic

Lyapunov equation in an analogous way. We show that this dynamic equation agrees

with existing counterparts on R and Z and extends DaCunha’s algebraic based

results in the area of stability of dynamic systems. Furthermore, the time scale

dynamic Lyapunov equation allows us to extend Lyapunov’s Second Method to a

much broader class of systems.
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In Chapter 4, we turn our attention to the stability of switched systems evolving

on time scales. Switched systems are characterized by a collection of subsystems

and a switching signal. In these systems, the switching signal determines the active

subsystem (i.e., coefficient matrix) at each time t and switching occurs instanta-

neously. This is a natural class of systems on which to focus our generalization of

DaCunha’s methods, as switched systems are not slowly time varying. We show that

the theory developed in Chapter 3 is sufficiently general to analyze the stability of

these switched systems. Motivated by Narendra and Balakrishnan [33], we develop

a common Lyapunov function approach to the stability analysis of switched systems

on time scales, i.e., we seek a Lyapunov function common to all of the subsystems

of a given switched system. We propose a candidate for such a common Lyapunov

function and find sufficient conditions under which a common Lyapunov function

exists for the switched system. Due to the additional complexities which arise for

systems evolving on nonuniform time domains, the methods utilized for switched

systems on R and Z do not translate directly to the arbitrary time scales case. A

different approach is needed to analyze systems evolving on time scales of noncon-

stant graininess. The theory we develop for such cases successfully generalizes the

known theory for systems evolving on R and Z.

When considering systems evolving on arbitrary time scales (especially of non-

constant graininess), the domain of the function becomes a variable affecting the

overall stability of the system. Consequently, the stability criteria developed in

Chapter 4 include conditions on the time scale. This leads to two different but

closely related problems which we discuss within the context of switched systems:

an analysis problem and a design problem. The analysis problem arises in the form

of a given system evolving on a known time scale. When the time scale is known

a priori, the stability of the system may be analyzed as a whole according to the

aforementioned conditions. On the other hand, when the system is known but the
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time scale is unknown, then, guided by the conditions on the time scale, the domain

of the function may be designed “on the fly” to ensure stability. This design concept

is referred to as “µ-dynamics” and has numerous potential applications in the areas

of stability [22], adaptive control [15, 21], and bandwidth optimization [16].

In Chapter 5, we explore one application of this new theory to adaptive control.

The system of interest is a continuous system evolving on T = R. The new results in

Chapters 3 and 4 regarding Lyapunov criteria for stability of switched systems allow

us to analyze the stability of that system in terms of the control period. For this

system, we assume that full state feedback control is available but only administered

at discrete instants in time. This collection of discrete instants forms a time scale, the

graininess of which corresponds to the control period. We discretize the continuous

system to this time scale and proceed to cast the problem as a switched system which

is a function of the graininess µ(t). Discretizing in this way allows us to investigate

the effects of variations in the control period (or underlying time scale) on the overall

stability of the continuous system. This viewpoint is fundamentally different in that

the choices of µ values now dictate the subsystems, whereas previously, the collection

of subsystems dictated conditions on the time scale (i.e., bounds on µ and µσ).

Time scales have proven to be well suited to the analysis of dynamic systems

on hybrid domains and to applications involving combinations of continuous and

discrete dynamics. In this work, we extend the tools and methods available within

the time scales framework, further unifying the seemingly disparate theories asso-

ciated with familiar continuous and discrete systems. Furthermore, as we analyze

the nature of systems evolving on dynamic time domains, we encounter and explore

complexities which arise only in the context of dynamic systems—exploitable com-

plexities which do not arise when systems evolve on domains of constant graininess.
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CHAPTER TWO

General Definitions and Theorems

2.1 An Introduction to Time Scales

Stephen Hilger first introduced the time scales calculus, or calculus on measure

chains, in his Ph.D. dissertation of 1988 and subsequent paper [18]. Since then, the

theory regarding time scales and functions defined on arbitrary time scales has grown

substantially. A general introduction to time scales theory, including the following

definitions and theorems, can be found in the text by Bohner and Peterson [8].

First, given the usual topology on R, we define a time scale as follows:

Definition 2.1. A time scale T is a nonempty closed subset of R.

Definition 2.2. For t ∈ T, define the forward jump operator σ : T → T by

σ(t) := inf{s ∈ T : s > t},

and the backward jump operator ρ : T → T by

ρ(t) := sup{s ∈ T : s < t},

with inf ∅ := sup T and sup ∅ := inf T.

Definition 2.3. An element t ∈ T is called left-dense if ρ(t) = t, and left-scattered

if t > inf T and ρ(t) < t. t is called right-scattered if σ(t) > t and right-dense if

t < sup T and σ(t) = t. A point t that is both right-scattered and left-scattered is

called isolated. Similarly, a point t that is both right-dense and left-dense is called

dense.

Definition 2.4. The distance from an element t ∈ T to its successor is given by the

graininess function µ : T → [0,∞) where µ(t) := σ(t) − t. Furthermore, we denote

by µmax the supt∈T µ(t).

5



Typically in this work, we will consider time scales which are unbounded above,

but of bounded graininess, i.e., µ(t) < ∞ for all t ∈ T.

2.2 The Delta Derivative

Definition 2.5. Given a time scale T define a subset Tκ by

Tκ :=


T\(ρ(sup T), sup T], if sup T < ∞,

T, if sup T = ∞.

Definition 2.6. Let f : T → R and t ∈ Tκ. Then we define f∆(t) to be the number

(provided it exists) with the property that given any ε > 0 there is a neighborhood

U of t (i.e. U = (t− δ, t + δ) ∩ T) for some δ > 0) such that

|[f(σ(t))− f(s)]− f∆(t)[σ(t)− s]| ≤ ε|σ(t)− s| for all s ∈ U.

We call f∆(t) the delta derivative (or ∆-derivative) of f at t. f is called delta

differentiable (or ∆-differentiable) on Tκ provided f∆(t) exists for all t ∈ Tκ. Then

f∆ : Tκ → R is called the delta derivative of f on Tκ.

Theorem 2.1. Let f : T → R and s, t ∈ Tκ, with s > t. Then we have the following.

(i) If f is ∆-differentiable at t, then f is continuous at t.

(ii) If f is continuous at t and t is right-scattered, then f is ∆-differentiable at

t with f∆(t) = f(σ(t))−f(t)
µ(t)

.

(iii) If t is right-dense, then f is ∆-differentiable at t iff the limit lims→t
f(t)−f(s)

t−s

exists as a finite number. In this case, f∆(t) = lims→t
f(t)−f(s)

t−s
.

(iv) If f is ∆-differentiable at t, then f(σ(t)) = f(t) + µ(t)f∆(t).

Theorem 2.2. Assume f, g : T → R are ∆-differentiable at t ∈ Tκ. Then,

(i) The sum f + g : T → R is ∆-differentiable at t with (f + g)∆(t) = f∆(t) +

g∆(t).
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(ii) For any constant α, αf : T → R is ∆-differentiable at t with (αf)∆(t) =

αf∆(t).

(iii) The product fg : T → R is ∆-differentiable at t with (fg)∆(t) = f∆(t)g(t)+

f(σ(t))g∆(t) = f(t)g∆(t) + f∆(t)g(σ(t)).

(iv) If f(t)f(σ(t)) 6= 0, then 1
f

is ∆-differentiable at t with ( 1
f
)∆(t) = − f∆(t)

f(t)f(σ(t))
.

(v) If g(t)g(σ(t)) 6= 0, then f
g

is ∆-differentiable at t and (f
g
)∆(t) = f∆(t)g(t)−f(t)g∆(t)

g(t)g(σ(t))
.

For efficiency, we will adopt the notation fσ(t) := f(σ(t)), and similarly, f∆σ
(t) :=

f∆(σ(t)). For a function f : T → R we have the second ∆-derivative f∆∆ provided

f∆ is ∆-differentiable on Tκ2
= (Tκ)κ with ∆-derivative f∆∆ = (f∆)∆ : Tκ2 → R.

Similarly, we define higher order ∆-derivatives f∆n
: Tκn → R.

Finally, for t ∈ T, we denote σ2(t) = σ(σ(t) and ρ2(t) = ρ(ρ(t), and σn(t) and

ρn(t) for n ∈ N are defined accordingly. For convenience we also put ρ0 = σ0 =

t, f∆0
= f, and Tκ0

= T

Definition 2.7. A function f : T → R is rd-continuous if f is continuous at every right

dense point t ∈ T, and its left hand limit exists at each left dense point t ∈ T. The set

of rd-continuous functions f : T → R will be denoted by Crd = Crd(T) = Crd(T, R).

Definition 2.8. A function F : T → R is called a ∆-antiderivative of f : T → R

provided F∆(t) = f(t) holds for all t ∈ Tκ.

2.3 Examples of Time Scales

As a time scale may be any arbitrary closed subset of R, it follows that this

framework includes two very important and well known cases: T = R and T = Z.

In the case of T = R, σ(t) = t and µ(t) = 0 for all t ∈ T. Similarly, for T = Z,

we find that σ(t) = t + 1, with µ(t) = 1 for all t ∈ T. In each case we see that

the time scale derivative is equivalent to the usual right hand derivative on these

7



(a) T = R (b) T = Z

(c) T = Pa,b (d) T = qZ

Figure 2.1. Some canonical time scales.

domains; that is, on T = R, f∆(t) = f ′(t) and on T = Z, f∆(t) = ∆f(t), where

∆f(t) := f(t + 1)− f(t) denotes the standard forward difference operator.

Thus, time scales theory unifies these two seemingly disparate cases. This, in

fact, is the primary goal of time scales: to unify the standard theories on T = R

and T = Z while also extending the theory beyond these well known domains to any

closed subset of R—including hybrid (continuous and discrete) domains.

As an example, consider the time scale

Pa,b :=
∞⋃

k=0

[k(a + b), k(a + b) + a].

For this time scale, we have

σ(t) =


t, if t ∈

∞⋃
k=0

[k(a + b), k(a + b) + a),

t + b, if t ∈
∞⋃

k=0

{k(a + b) + a},

µ(t) =


0, if t ∈

∞⋃
k=0

[k(a + b), k(a + b) + a),

b, if t ∈
∞⋃

k=0

{k(a + b) + a},

and thus

f∆(t) =


f ′+(t), if µ(t) = 0,

f(t+b)−f(t)
b

, if µ(t) = b.

8



One of the most interesting and well studied examples of a time scale besides R and

Z is the quantum time scale, T = qZ, which is defined for q > 1 as

qZ := {qn : n ∈ Z} ∪ {0}.

Here we find that σ(t) = qt, and µ(t) = qt − t. This time scale is the basis for the

quantum calculus that has been studied in the literature (see [4], [5], and [23]). In

this case, as in R and Z, we find that the ∆-derivative agrees with the derivative

commonly defined on this set,

f∆(t) = ∆qf(t) =


f ′(t), t = 0,

f(qt)−f(t)
qt−t

, t 6= 0.

Notice that this time scale also exhibits hybrid features since the point t = 0 is right

dense while every other point is right scattered and nonuniformly spaced.

Finally, let T = D be a purely discrete time scale. By this we mean that every

point t ∈ D is isolated, i.e., µ(t) > 0 for all t ∈ T. In this case, σ(t) > t and the

derivative of f on D is given by the scaled forward difference,

f∆(t) =
fσ(t)− f(t)

µ(t)
, t ∈ Dκ.

T = Z and T = hZ are both rather tame examples of purely discrete time scales as

they are characterized by uniform graininess. Allowing µ(t) to vary results in other

purely discrete time scales which are far more interesting. Such time scales arise

naturally in engineering and control applications. They may evolve as a consequence

of natural variation or delays with in a system, or be intentionally implemented to

effect a desired result. As we investigate some of these applications in later chapters,

we will see that time scales, and the tools arising from the time scales calculus, are

particularly well suited to investigating the stability of systems evolving on these

unusual domains.
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2.4 The Delta Integral

The inverse of the ∆-differential operator, in the form of a Lebesgue integral,

was developed by Guseinov in [17] and explored in detail by Jackson in his 2007

dissertation [22]. We review that development here.

Denote by F1 the family of all left closed and right open intervals of T of the

form

[a, b) = {t ∈ T : a ≤ t < b},

for a, b ∈ T with a ≤ b, and understand [a, a) to be the empty set. Then F1 forms

a semiring of subsets of T. Let m1 : F1 → [0,∞] be the set function defined on F1

that assigns to each interval [a, b) its length:

m1([a, b)) := b− a.

Then m1 represents a countably additive measure on F1. We denote the Carathéodory

extension of the set function m1 associated with F1 by µ∆, and we call µ∆ the

Lebesgue ∆-measure on T.

To examine this Carathéodory extension m1, we begin by generating an outer

measure m∗
1 on the collection of all subsets of T as follows. Let E be any subset

of T. If there exists at least one finite or countable system of intervals Vj ∈ F1 for

j ∈ N such that E ⊂ ∪jVj, then we set

m∗
1 = inf

∑
j

m1(Vj),

where the infimum is taken over all such Vitali coverings of E. If there is no such

covering of E, then we set m∗
1(E) = ∞.

Next, define the family M(m∗
1) of all m∗

1-measurable subsets of T. A subset A

of T is said to be m∗
1-measurable (or ∆-measurable), if

m∗
1(E) = m∗

1(E ∩ A) + m∗
1(E ∩ AC),

10



holds for all E ⊂ T, where AC = T − A denotes the complement of A. Note that

the collection M(m∗
1) of all m∗

1-measurable subsets of T is a σ-algebra. Finally, the

restriction of m∗
1 to M(m∗

1), denoted by µ∆, is a countably additive measure on

M(m∗
1).

From Guseinov’s construction, we see that even if the time scale is finite, the

time scale will have infinite µ∆ measure. Consequently, every time scale will have

infinite measure.

Theorem 2.3. [17] For each t0 ∈ T − {max T}, the single point set {t0} is ∆-

measurable, and its ∆-measure is given by

µ∆({t0}) = σ(t0)− t0 = µ(t0).

Theorem 2.4. [17] If a, b ∈ T and a ≤ b, then

µ∆([a, b)) = b− a and µ∆((a, b)) = b− σ(a).

If a, b ∈ T− {max T} and a ≤ b, then

µ∆((a, b]) = σ(b)− σ(a) and µ∆([a, b]) = σ(b)− a.

Definition 2.9. The Lebesgue integral associated with the measure µ∆ on T is called

the Lebesgue delta integral (or Lebesgue ∆-integral), and for a measurable set E ⊂ T

and a measurable function f : E → R, the integral of f over E is denoted by∫
E

f(t)∆t.

Thus, the standard theorems of general Lebesgue integration theory hold for the

Lebesgue ∆-integral.

The next theorem connects the Riemann and Lebesgue integrals. We do not

give a treatment of the Riemann ∆-integral here. A thorough development may be

found in [7] or in [17].
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Theorem 2.5. [17] Let [a, b] be a closed bounded interval in T and let f be a bounded

real-valued function defined on [a, b]. If f is Riemann ∆-integrable from a to b, then

f is Lebesgue ∆-integrable on [a, b), and

R

∫ b

a

f(t)∆t = L

∫
[a,b)

f(t)∆t,

where R and L indicate the Riemann and Lebesgue integrals, respectively.

The primary consequence of this theorem is that, when they all exist, the

Lebesgue integral agrees with the Riemann integral which in turn agrees with the

Cauchy integral.

For completeness, we now state the fundamental theorem of calculus for the time

scale setting.

Theorem 2.6 (Fundamental Theorem of Calculus, Part I, [17]). Let f be a function

which is ∆-integrable from a to b. For t ∈ [a, b], define

F (t) =

∫ t

a

f(τ)∆τ.

Then F is continuous on [a, b]. If t0 ∈ [a, b) and if f is continuous at t0 provided t0

is right-dense, then F is ∆-differentiable at t0 and

F∆(t0) = f(t0).

Theorem 2.7 (Fundamental Theorem of Calculus, Part II, [17]). Let f be a ∆-

integrable function on [a, b]. If f has a ∆-antiderivative F : [a, b] → R, then∫ b

a

f(t)∆t = F (b)− F (a).

For computational purposes, it is often easiest to compute the Riemann inte-

gral. Thus, it is useful to know necessary and sufficient conditions under which the

Riemann ∆-integral will exist.

12



Theorem 2.8. [17] Let f be a bounded function defined on the finite closed interval

[a, b] of T. Then f is Riemann ∆-integrable from a to b if and only if the set of all

right-dense points of [a, b) at which f is discontinuous is a set of ∆-measure zero.

Finally, we define the improper integral in terms of the Riemann integral, as one

might expect.

Definition 2.10. If a ∈ T, sup(T) = ∞, and f is rd-continuous on [a,∞), then we

define the improper integral by∫ ∞

a

f(t) ∆t := lim
b→∞

∫ b

a

f(t) ∆t,

provided that this limit exists.

2.5 The Hilger Complex Plane

Definition 2.11. For µ > 0, define the Hilger complex numbers, the Hilger real axis,

the Hilger alternating axis, and the Hilger imaginary circle by

Cµ :=

{
z ∈ C : z 6= − 1

µ

}
, Rµ :=

{
z ∈ R : z > − 1

µ

}
,

Ah :=

{
z ∈ R : z < − 1

µ

}
, Iµ :=

{
z ∈ C :

∣∣∣∣z +
1

µ

∣∣∣∣ =
1

µ

}
,

respectively. See Figure 2.2 for an illustration of these sets in the Hilger complex

plane. For µ = 0, let C0 := C, R0 := R, A0 := ∅, and I0 := iR. The interior of Iµ,

excluding the point − 1
µ
, will be referred to as the Hilger circle and is denoted by

Hµ. More formally,

Hµ :=

{
z ∈ Cµ :

∣∣∣∣z +
1

µ

∣∣∣∣ < 1

µ

}
.

Notice that as µ(t) varies, the above sets vary. In particular, as µ(t) increases, the

corresponding Hilger circle decreases in area. Conversely, as µ(t) decreases toward

zero, Hµ expands to fill the left half plane. (See Figure 2.3.) For a given time scale,

the Hilger circle associated with the largest graininess µmax, will be of particular

13



Figure 2.2: The Hilger complex plane. Points exterior to the circle have positive Hilger
real part, while points interior have negative Hilger real part. Points on the circle have
zero Hilger real part, and are thus called the Hilger purely imaginary numbers.

-1

Figure 2.3: Hµ is a circle of radius 1
µ centered at − 1

µ . When µ = 1, the corresponding
Hilger circle, Hµ is a unit circle centered at −1. When µ(t) = 0, Hµ fills the left half plane.
As µ(t) varies, so does Hµ. The largest graininess µmax associated with a given time scale
corresponds to the smallest associated Hilger circle, Hmin.
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interest. We will denote this Hilger circle by Hmin, as it is the smallest Hilger circle

associated with the time scale.

Definition 2.12. Let µ > 0 and z ∈ Cµ. The Hilger real part of z is defined by

Reµ(z) :=
|zµ + 1| − 1

µ
,

and the Hilger imaginary part of z is defined by

Imµ(z) :=
Arg(zµ + 1)

µ
,

where Arg(z) denotes the principal argument of z (i.e., −π < Arg(z) ≤ π).

Definition 2.13. For µ > 0, define

Zµ :=

{
z ∈ C : −π

µ
< Im(z) ≤ π

µ

}
.

For µ = 0, set Z0 := C. Then we define the cylinder transformation ξµ : Cµ → Zµ

by

ξµ(z) =
1

µ
Log(1 + zµ), µ > 0,

where Log is the principal logarithm function. When µ = 0, we define ξ0(z) = z, for

all z ∈ C. It then follows that the inverse cylinder transformation ξ−1
µ : Zµ → Cµ is

given by

ξ−1
µ (z) =

ezµ − 1

µ
.

2.6 Generalized Exponential Functions

Definition 2.14. The function p : T → R is regressive if 1+µ(t)p(t) 6= 0 for all t ∈ Tκ.

We define the related sets

R := {p : T → R : p ∈ Crd(T) and 1 + µ(t)p(t) 6= 0 for all t ∈ Tκ},

R+ := {p ∈ R : 1 + µ(t)p(t) > 0 for all t ∈ Tκ}.
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Figure 2.4. The cylinder transformation ξµ and its inverse.

A matrix is regressive if and only if all of its eigenvalues are in R. Equivalently, the

matrix A(t) is regressive if and only if I + µ(t)A(t) is invertible for all t ∈ Tκ. If

a matrix A(t) is regressive, we say A(t) ∈ R (where the dimension should be clear

from the context).

Definition 2.15. For p(t) ∈ R, we define the generalized time scale exponential func-

tion by

ep(t, s) = exp

(∫ t

s

ξµ(t)(p(t)) ∆t

)
, for all s, t ∈ T.

Theorem 2.9. Suppose p(t) ∈ R, and fix t0 ∈ T. Then ep(·, t0) is the unique solution

of the initial value problem

y∆ = p(t)y, y(t0) = 1.

Definition 2.16. Let t0 ∈ T and assume that A(t) ∈ R is an n × n-matrix-valued

function. The unique matrix-valued solution to the initial value problem

Y ∆(t) = A(t)Y (t), Y (t0) = I,

where I is the n×n-identity matrix, is called the transition matrix and it is denoted

by ΦA(t, t0).
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Theorem 2.10. Suppose A(t) ∈ R is a matrix-valued function on T. Then for all

r, s, t ∈ T, ΦA(·, ·) has the following properties:

(i) The semigroup property ΦA(t, r)ΦA(r, s) = ΦA(t, s) holds for all r, s, t ∈ T.

(ii) ΦA(t, t) = I.

(iii) ΦA(t, s) = Φ−1
A (s, t).

(iv) ΦA(σ(t), s) = (I + µ(t)A(t))ΦA(t, s).

(v) If T = R and A is constant, then ΦA(t, s) = eA(t−s).

(vi) If T = hZ, with h > 0, and A is constant, then ΦA(t, s) = (I + hA)
(t−s)

h .

Another function of interest, which behaves similarly to an exponential is the

“exponent cardinal” function, a convergent power series defined as follows.

Definition 2.17. [16] For a given square matrix X, the exponent cardinal function is

defined by

expc(X) := I +
1

2
X +

1

6
X2 + · · ·+ 1

n!
Xn−1. (2.1)

The following theorem gives useful properties of the expc function and demon-

strates how this function is related to an exponential. The second property will

prove particularly useful.

Theorem 2.11. [16] The exponent cardinal function has the following properties:

(i) expc(X) = (eX − I)X−1, when X−1 exists.

(ii) expc(X) → I as X → 0.
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2.7 Kronecker Products, Sums, and Matrix Vectorization

The Kronecker product used in conjunction with matrix vectorization has proven

useful in the study of matrix equations. We review those concepts here. The Kro-

necker product is defined for two matrices of arbitrary (possibly unmatched) dimen-

sions and results in a block matrix according to the following definition.

Definition 2.18. [20] The Kronecker product of A = [aij] ∈ Cm×n and B = [bij] ∈ Cp×q

is denoted by A⊗B and is defined to be the block matrix

A⊗B :=


a11B · · · a1nB

...
. . .

...

am1B · · · amnB

 ,

of dimension mp× nq. Notice that A⊗B 6= B ⊗ A in general.

The corresponding Kronecker sum is given by

(A⊕B) := [(A⊗ In) + (Im ⊗B)].

The vectorization of a matrix is a linear transformation which converts the ma-

trix into a column vector according to the following definition.

Definition 2.19. [20] Given an m×n vector A, the vectorization of A, denoted vec(A),

is the mn× 1 column vector given by

vec(A) = [a11, · · · , am1, a12, · · · , am2, · · · , a1n, · · · , amn]T ,

where aij denotes the (i, j) element of A.

Matrix vectorization is especially useful in that it may be used together with

the Kronecker product to express matrix multiplication as a linear transformation

on matrices. The following theorem gives several useful identities involving matrix

vectorization and Kronecker products which will prove useful in the subsequent

analysis.
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Theorem 2.12. [20] For matrices A, B, and C of compatible dimensions, the following

relations hold:

(i) vec(ABC) = (CT ⊗ A) vec(B),

(ii) vec(ABC) = (I ⊗ AB) vec(C) = (CT BT ⊗ I) vec(A), and

(iii) vec(AB) = (I ⊗ A) vec(B) = (BT ⊗ I) vec(A).

2.8 Other Definitions

We require a few more general definitions before we can proceed.

Definition 2.20. The Euclidean norm of an n × 1 vector x(t) is defined to be a

real-valued function of t and is denoted by

||x(t)|| =
√

xT (t)x(t).

Definition 2.21. The induced norm of an m× n matrix A is defined to be

||A|| = max
||x||=1

||Ax||.

The matrix norm induced by the Euclidean norm defined above is equal to

the nonnegative square root of the absolute value of the largest eigenvalue of the

symmetric matrix AT A. We formalize this in the following definition.

Definition 2.22. The spectral norm of an m× n matrix A is defined to be

||A|| =
[

max
||x||=1

xT AT Ax

] 1
2

,

and will be denoted by || · ||.

Definition 2.23. A symmetric matrix M is defined to be positive semidefinite if for

all n× 1 vectors x,

xT Mx ≥ 0,
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and is positive definite if xT Mx ≥ 0 with equality only when x = 0. We denote the

set of all n×n positive definite symmetric matrices by S+
n . Negative semidefiniteness

and definiteness are defined similarly in terms of the positive semidefiniteness and

definiteness of −M and we denote the set of all n × n negative definite symmetric

matrices by S−n .

Having established the necessary time scale theory preliminaries, we turn our

attention to the stability analysis of linear systems evolving on arbitrary time scale

domains.
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CHAPTER THREE

Lyapunov Equations and Stability

The most widely used tool for investigating the stability of linear systems is

the Second (Direct) method of Lyapunov, presented in his dissertation of 1892.

The unique advantage associated with this method of analysis is that it allows one

to investigate the stability of differential (and difference) equations without explicit

knowledge of solutions. Only the form of the differential or difference equation needs

to be known. In the context of an isolated physical system, the idea of Lyapunov’s

Second Method is to investigate stability of a given system by measuring the rate

of change of the “energy” of the system. If the rate of change of the energy of the

system is never positive, solutions of the system must remain bounded in some sense.

If the rate of change of the energy of the system is (strictly) negative at every possible

state except equilibrium, as the system evolves over time it will seek equilibrium.

Without loss of generality, as we proceed, we will assume that the origin, x = 0, is

an equilibrium for the given systems.

In this chapter we will review Lyapunov’s Second (Direct) Method in the context

of linear differential equations on R and linear difference equations on Z. Then,

building on the work of DaCunha [10] we will proceed to unify and extend this well

known theory for application to dynamic linear systems defined on arbitrary time

scale domains.

Specifically, DaCunha extended Lyapunov’s Second (Direct) Method for appli-

cation to stability analysis of certain classes of dynamic systems (e.g., slowly time

varying systems) and developed and solved a time-scale algebraic Lyapunov equa-

tion. Here we will develop and solve a dynamic time scale Lyapunov equation which

has application to the stability analysis of a much broader class of systems.
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3.1 Stability of Continuous-time Systems

We begin by considering the familiar linear state differential equation

ẋ(t) = A(t)x(t), (3.1)

for A ∈ Rn×n, and t ∈ R. We assume that (3.1) has equilibrium x = 0. Then

Lyapunov stability of that equilibrium can be characterized as follows:

Definition 3.1. An equilibrium x = 0 of (3.1) is Lyapunov stable or stable in the sense

of Lyapunov if, for every ε > 0, there exists a δ = δ(ε) > 0 such that if ||x(t0)|| < δ,

then ||x(t)|| < ε for every t ≥ t0.

In essence, Lyapunov stability of an equilibrium implies that solutions starting

“close enough” to the equilibrium will remain “close”. Notice that the above defini-

tion requires that this be true for any choice of ε. For a given system, if the above

holds true for every initial condition (and corresponding solution), the equilibrium

is said to be uniformly stable in the sense of Lyapunov.

Definition 3.2. An equilibrium x = 0 of (3.1) is called uniformly stable if there exists

a finite positive constant γ such that for any t0 and x0 the corresponding solution

satisfies

||x(t)|| ≤ γ||x0||, t ≥ t0.

Although such solutions are bounded, they do not necessarily tend to equilibrium

over time. For this additional property, we look to the following characterizations

of stability.

Definition 3.3. An equilibrium x = 0 of (3.1) is asymptotically stable if it is Lyapunov

stable and there exists a δ > 0 such that if ||x(t0)|| < δ, then limt→∞ x(t) = 0.

Furthermore, an equilibrium x = 0 of (3.1) is uniformly asymptotically stable if it is

uniformly stable and if given any δ > 0, there exists a T such that for any t0 and x0
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the corresponding solution satisfies

||x(t)|| < δ||x0||, t ≥ t0 + T.

Asymptotically stable solutions are not only bounded, but also will eventually

converge to equilibrium. If one can further establish an exponentially decaying

upper bound for the rate of this convergence, then the equilibrium is said to be

exponentially stable:

Definition 3.4. An equilibrium x = 0 of (3.1) is exponentially stable if it is asymp-

totically stable and there exist constants γ, λ, δ > 0 such that if ||x(t0)|| < δ, then

||x(t)|| ≤ γe−λ(t−t0)||x(t0)||, t ≥ t0.

Furthermore, x = 0 of (3.1) is uniformly exponentially stable if there exist γ, λ > 0

such that for any t0 and x0 the corresponding solution satisfies

||x(t)|| ≤ γe−λ(t−t0)||x(t0)||, t ≥ t0.

It is important to note that, in the context of linear systems, uniform exponential

stability and uniform asymptotic stability are equivalent. That is, an equilibrium is

uniformly exponentially stable if and only if it is uniformly asymptotically stable.

For a straightforward proof of this, see Rugh [35, Theorem 6.13].

The above definitions characterize stability in terms of the boundedness and

convergence of solutions. In order to establish stability without explicit knowledge

of such solutions, we look to Lyapunov’s Second (Direct) Method.

Lyapunov’s Second Method is, in essence, a generalized energy method. We seek

a function V (x) which measures in some sense the generalized energy of (3.1). We

then consider V̇ (x) to observe the rate of change of that energy. If the energy of the

system is not increasing, it follows that solutions of that system cannot grow without

bound. Thus when V̇ (x) ≤ 0, solutions remain bounded. Furthermore, solutions of
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systems for which the total energy is always decreasing must eventually approach

an equilibrium as the system evolves over time.

Consider a mass suspended on a spring. At rest, or equilibrium, the energy

associated with this simple system is at a minimum and will remain so, barring

intervention. Any displacement, however small, would add energy to the system

beginning an oscillatory motion of the mass. Without some dissipative force at work

the motion and energy of the system would continue at a constant rate. Introducing

a dissipative force (such as air friction) would begin to slow the motion of the mass

and decrease the overall energy of the system. As a consequence of the decreasing

energy, given sufficient time, the system state will approach equilibrium. Thus

changes in the energy of a system give us significant insight into the behavior of

solutions of that system. We can determine how solutions will behave over time

without considering the solutions explicitly.

To begin, we define a generalized energy function, or Lyapunov function.

Definition 3.5. A function V (x) : Rn → R is called a Lyapunov function of (3.1) if

(i) V (x) ≥ 0 with equality if and only if x = 0, and

(ii) V̇ (x(t)) ≤ 0.

Given the existence of such a function, we can conclude much concerning the

stability of the corresponding system. Consider the following theorem presented by

A.M. Lyapunov [31].

Theorem 3.1 (Lyapunov’s Second Theorem on R). Given system (3.1) with equilib-

rium x = 0, if there exists an associated Lyapunov function V (x), then x = 0 is

Lyapunov stable. Furthermore, if V̇ (x(t)) < 0, then x = 0 is asymptotically stable.

Note that the inability to discover a viable Lyapunov function does not imply

that a system is unstable as the above theorem provides only a sufficient condition
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for stability. Moreover, when a Lyapunov function is found for a given system, it

is not necessarily unique. However, we only need to find one in order to establish

stability. We proceed to consider methods commonly used to obtain a Lyapunov

function for a given system.

3.1.1 The Continuous-time Differential Lyapunov Equation

To satisfy the requirements of Theorem 3.1 for asymptotic stability, we seek a

Lyapunov function, V (x), such that (a) V (x) > 0, with V̇ (x) < 0 for x 6= 0, and

(b) V (0) = V̇ (0) = 0. For the system (3.1), a common choice of Lyapunov function

candidate is the quadratic form, V (x) = xT (t)P (t)x(t). We begin investigation of

the stability of (3.1) by considering the time derivative of V (x):

V̇ (x) =
d

dt
[xT (t)P (t)x(t)]

=xT (t)[P (t)ẋ(t) + Ṗ (t)x] + ˙(xT )P (t)x(t)

=xT (t)[P (t)A(t)x + Ṗ (t)x] + (A(t)x)T P (t)x(t)

=xT (t)[P (t)A(t)x + Ṗ (t)x] + xT AT (t)P (t)x(t)

=xT (t)[AT (t)P (t) + P (t)A(t) + Ṗ (t)]x(t).

The quadratic form of this derivative proves useful because, if the central quantity

AT (t)P (t) + P (t)A(t) + Ṗ (t),

is negative definite, then V̇ (x) < 0. Thus we seek the existence of a P (t) ∈ S+
n for

which V̇ (x) < 0. One way to find such a P (t) is to employ the Lyapunov differential

equation

AT (t)P (t) + P (t)A(t) + Ṗ (t) = −M(t), (CDLE)

where M(t) ∈ S+
n is specified. To distinguish this from other Lyapunov equations

we investigate, we will refer to (CDLE) as the continuous-time differential Lyapunov

equation. The following theorem establishes a closed form solution of (CDLE).
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Theorem 3.2. [1] The (unique) solution of

AT (t)P (t) + P (t)A(t) + Ṗ (t) = −M(t), P (t0) = P0,

when it exists, is given by

P (t) = (ΦT
A(t, t0))

−1P (t0)(ΦA(t, t0))
−1 −

∫ t

t0

ΦT
A(t, s)M(s)ΦA(t, s) ds,

where ΦA(t, t0) is the transition matrix for system (3.1), i.e., ΦA(t, t0) solves

X∆(t) = A(t)X(t), X(t0) = I.

Given system (3.1), the ability to write a closed form solution of (CDLE) allows

us to generate a P (t) for which V̇ (x) < 0. Furthermore, if P (t) > 0 for all t ∈ T it

follows, from the quadratic form of the Lyapunov function candidate, that V (x) is

also. For such a P (t), V (x) = xT P (t)x is a viable Lyapunov function, satisfying the

requirements of Theorem 3.1 and establishing the stability of system (3.1).

Thus, (CDLE) effectively leads to viable Lyapunov functions useful for a stability

analysis of continuous-time linear systems. However, for reasons we will explore in

detail in the next section, it is not surprising that the use of (CDLE) in stability

arguments is not common in the literature. Even so, when viewed as a matrix

differential equation, (CDLE) is an interesting problem in its own right [13, 1].

3.1.2 The Continuous-time Algebraic Lyapunov Equation

In order to satisfy the hypothesis of Theorem 3.1 and establish stability of (3.1),

we need only show the existence of a positive definite solution P (t) of (CDLE).

A (positive definite) stationary solution of (CDLE), if one can be found, would

certainly suffice. With this goal in mind, assume P (t) ≡ P , constant. Then Ṗ (t) = 0

so that the above Lyapunov differential equation (CDLE) reduces to

AT (t)P + PA(t) = −M(t). (CALE)
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This is the well known continuous-time algebraic Lyapunov equation and is much

more common in the literature than its differential counterpart. In the case that

A(t) ≡ A and M(t) ≡ M , the solution of (CALE) is given by the following theorem.

Theorem 3.3. [1, 35] The (unique) solution of

AT P + PA = −M,

when it exists, is given by

P =

∫ ∞

t0

(eA(s−t0))T MeA(s−t0) ds. (3.2)

Furthermore, the symmetric form of this solution allows us to conclude that

M ∈ S+
n implies P ∈ S+

n . From the derivation of (CALE) it is clear that, when it

exists, this (constant) solution of (CALE) is also a steady state solution of (CDLE).

(Notice that a sufficient condition for the existence of this solution is that the eigen-

values of A be contained in the left half plane.) It follows that existence of the

quantity in (3.2) implies the existence of a Lyapunov function satisfying the require-

ments of Theorem 3.1 and ensures stability of system (3.1). Thus, (CALE) very

straightforwardly leads to those viable Lyapunov functions which we ultimately seek

for a stability analysis of the underlying system (3.1).

It is worth noting that there are problems in which the time varying nature

of a system makes (CDLE) useful, especially in the context of periodic systems

[13]. However, when the time dependence is not of interest, or has minimal impact

on the system (e.g., slowly time varying systems), it is more efficient to consider

the algebraic equation (CALE) to obtain steady state solutions of the differential

equation (CDLE).

3.2 Stability of Discrete-time Systems

We now turn our attention to the discrete analogue of the continuous system

(3.1) analyzed in the preceeding section. Let t ∈ Z and consider the standard
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discrete linear system,

∆x(t) = A(t)x(t), (3.3)

for A ∈ Rn×n, and t ∈ Z, where ∆x(t) is the usual forward difference operator.

Rearranging (3.3),

x(t + 1)− x(t) =A(t)x(t)

x(t + 1) =(A(t) + I)x(t),

and defining AR(t) := A(t) + I, we can write (3.3) in its (possibly more familiar)

recursive form

x(t + 1) = AR(t)x(t). (3.4)

In order to proceed with a stability analysis of this discrete-time linear system, we

first give several characterizations of stability. As in the continuous case, stability of

discrete-time systems is characterized in terms of the boundedness and convergence

of solutions. Without loss of generality, we assume the system has equilibrium x = 0.

Definition 3.6. Let t ∈ Z. An equilibrium x = 0 of (3.3) is Lyapunov stable or stable

in the sense of Lyapunov if, for every ε > 0, there exists a δ = δ(ε) > 0 such that

if ||x(t0)|| < δ, then ||x(t)|| < ε, for every t ≥ t0. An equilibrium x = 0 of (3.3) is

called uniformly stable if there exists a finite positive constant γ such that for any

t0 and x0 the corresponding solution satisfies

||x(t)|| ≤ γ||x0||, t ≥ t0.

Definition 3.7. Let t ∈ Z. An equilibrium x = 0 of (3.3) is asymptotically stable if it is

Lyapunov stable and there exists a δ > 0 such that if ||x(t0)|| < δ, then limt→∞ x(t) =

0. Furthermore, an equilibrium x = 0 of (3.3) is uniformly asymptotically stable if

it is uniformly stable and if given any positive constant δ there exists a T such that

for any t0 and x0 the corresponding solution satisfies

||x(t)|| < δ||x0||, t ≥ t0 + T.
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Definition 3.8. Let t ∈ Z. An equilibrium x = 0 of (3.3) is exponentially stable if it

is asymptotically stable and there exist constants γ, δ > 0 and 0 ≤ λ < 1 such that

if ||x(t0)|| < δ, then

||x(t)|| ≤ ||x(t0)||γλt−t0 , t ≥ t0.

Furthermore, x = 0 of (3.3) is uniformly exponentially stable if there exist finite

positive constants γ and 0 ≤ λ < 1 such that for any t0 and x0 the corresponding

solution satisfies

||x(t)|| ≤ ||x(t0)||γλt−t0 , t ≥ t0.

With the goal of analyzing stability of (3.3) without explicit knowledge of so-

lutions, we explore the application of Lyapunov’s Second Method in the context of

discrete-time systems.

Definition 3.9. A function V (x) : Rn → R is called a Lyapunov function for system

(3.3) if

(i) V (x) ≥ 0 with equality if and only if x = 0, and

(ii) ∆V (x(t)) ≤ 0.

Theorem 3.4 (Lyapunov’s Second Theorem on Z). Given system (3.3) with equilib-

rium x = 0, if there exists an associated Lyapunov function V (x), then x = 0 is

Lyapunov stable. Furthermore, if ∆V (x(t)) < 0, then x = 0 is asymptotically stable.

3.2.1 The Discrete-time Lyapunov Difference Equation

We begin with the same choice of Lyapunov function candidate utilized in the

continuous case. We choose the quadratic form

V (x) = xT (t)P (t)x(t).
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The forward difference of V (x) with respect to t ∈ Z is given by

∆V (x(t)) =V (x(t + 1))− V (x(t))

=xT (t + 1)P (t + 1)x(t + 1)− xT (t)P (t)x(t)

=xT (t)(A(t) + I)T P (t + 1)(A(t) + I)x(t)− xT (t)P (t)x(t)

=xT (t)[(A(t) + I)T P (t + 1)(A(t) + I)− P (t)]x(t)

=xT (t)[A(t)P (t + 1) + P (t + 1)A(t) + A(t)P (t + 1)A(t) + ∆P (t)]x(t).

This difference takes on a very useful quadratic form, similar to the form of the

derivative in the continuous case. If the central quantity

A(t)P (t + 1) + P (t + 1)A(t) + A(t)P (t + 1)A(t) + ∆P (t),

is negative definite, it follows that ∆V (x) < 0. Therefore, we seek a P (t) ∈ S+
n

satisfying the following discrete-time Lyapunov difference equation,

A(t)P (t + 1) + P (t + 1)A(t) + A(t)P (t + 1)A(t) + ∆P (t) = −M, (DDLE)

for some M(t) ∈ S+
n . This equation is more often seen in a recursive form. Applying

AR(t) = A(t) + I, the forward difference ∆V (x) can be expressed as

∆V (x(t)) =xT (t)[(A(t) + I)T P (t + 1)(A(t) + I)− P (t)]x(t)

=xT (t)[AT
R(t)P (t + 1)AR(t)− P (t)]x(t),

which leads to the more commonly used (equivalent) recursive form of (DDLE)

AT
R(t)P (t + 1)AR(t)− P (t) = −M(t). (DDLEr)

To show stability of system (3.3) via Theorem 3.4, we begin by solving (DDLE) for

P (t).

Theorem 3.5. [38] The closed form solution of (DDLE) satisfying P (t0) = P0, when

it exists, is given by

P (t) = (ΦT
A(t, t0))

−1P (t0)(ΦA(t, t0))
−1 −

t∑
s=t0

ΦT
A(s, t)M(s)ΦA(s, t), (3.5)
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where ΦA(t, t0) is the transition matrix for (3.3), i.e., ΦA(t, t0) solves

∆X(t) = A(t)X(t), X(t0) = I.

For any choice of initial condition, (3.5), when it exists, yields a Lyapunov

function candidate with ∆V (x) < 0. To verify that V (x) is a viable Lyapunov

function, one must still establish that V (x) > 0 for all x 6= 0, or equivalently, that

P (t) ∈ S+
n . Only then is V (x) shown to satisfy the requirements of (3.4), establishing

the stability of (3.3).

(DDLE) and its corresponding solution are most useful for stability analysis

of linear systems when the time dependent nature of the equation is relevant. For

example, (DDLE) is frequently seen in the context of the analysis of discrete periodic

systems [6, 38, 39]. However, when the time-dependent aspect is not of interest (e.g.,

A(t) ≡ A or A slowly time varying), it makes sense to simplify the problem (as we

did in the continuous case) to an algebraic problem by seeking steady state solutions

of (DDLE).

3.2.2 The Discrete-time Algebraic Lyapunov Equation

According to Theorem 3.4, to establish stability of (3.3) we need only show the

existence of a positive definite solution of (DDLE). A constant solution, if one exists,

will suffice. To seek such a solution, consider (DDLE) and assume P (t) ≡ P . Then

(DDLE) reduces to

A(t)P + PA(t) + A(t)PA(t) = −M(t). (DALE)

Equivalently, (DDLEr) reduces to the familiar discrete-time algebraic Lyapunov

equation,

AT
R(t)PAR(t)− P = −M(t). (DALEr)

This is the equation most often used in Lyapunov analysis of linear systems defined

on Z [33, 35, 37].
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In the case that A(t) ≡ A and M(t) ≡ M , the (constant) solution of (DALEr)

is given by the following theorem:

Theorem 3.6. [1, 35] For a stable matrix A, the (unique) solution of (DALEr), when

it exists, is given by

P =
∞∑

j=0

(AT
R)jMAj

R. (3.6)

The symmetric form of (3.6) shows that P ∈ S+
n whenever M ∈ S+

n . We also see

that (3.6), as a solution of (DALEr), when it exists, is also a stationary solution of

(DDLEr) and equivalently, of (DDLE). Hence, for a given A and M ∈ S+
n , if (3.6)

exists, the hypotheses of Theorem 3.4 are satisfied and the stability of solutions of

(3.3) is ensured. This parallels our findings in the continuous case. For the pur-

poses of stability analysis, it is generally sufficient to seek these stationary solutions,

utilizing the simpler algebraic Lyapunov equation rather than the corresponding

difference equation.

3.3 Stability of Dynamic Systems on Time Scales

Now we turn our attention to a generalization of the analysis presented in the

previous sections. Let T be a time scale, unbounded above with µ(t) < ∞ for all

t ∈ T. We consider the dynamic linear system

x∆(t) = A(t)x(t), (3.7)

for A(t) ∈ Rn×n, and t ∈ T, where x∆ is the generalized ∆-derivative. Notice that

(3.7) reduces to the familiar systems in (3.1) and (3.3) when T = R and T = Z,

respectively. Having seen how Lyapunov’s Second Method allowed us to analyze

stability of these systems on the familiar continuous and discrete domains, we would

now like to apply this method to the analysis of (3.7) defined on an arbitrary time

scale.

In a landmark paper presented in 2003, Pötzsche, Siegmund, and Wirth [34]

developed criteria for the exponential stability of (3.7) in the scalar case and in

32



the case that A(t) ≡ A. Then DaCunha, in his 2004 dissertation [10], was able to

extend these results by adapting the Second Method of Lyapunov to the analysis of a

certain class of nonautonomous linear systems (slowly time varying systems) defined

on time scales. Here we will explore and further extend those results, ultimately

developing and solving a time scale dynamic Lyapunov equation which unifies the

familiar Lyapunov equations on R and Z and is applicable to a much broader class

of systems than those DaCunha studied.

We begin by giving generalized characterizations of stability for dynamic linear

systems on time scales and then review a few necessary results from existing theory.

Without loss of generality, we assume (3.7) has equilibrium x = 0 and charac-

terize the stability of that equilibrium as follows:

Definition 3.10. For t ∈ T, an equilibrium x = 0 of (3.7) is Lyapunov stable or stable

in the sense of Lyapunov if, for every ε > 0, there exists a δ = δ(ε) > 0 such that

if ||x(t0)|| < δ, then ||x(t)|| < ε, for every t ≥ t0. An equilibrium x = 0 of (3.7) is

called uniformly stable if there exists a finite constant γ > 0 such that for any t0

and x(t0), the corresponding solution satisfies

||x(t)|| ≤ γ||x(t0)||, t ≥ t0.

Definition 3.11. For t ∈ T, an equilibrium x = 0 of (3.3) is asymptotically stable if it is

Lyapunov stable and there exists a δ > 0 such that if ||x(t0)|| < δ, then limt→∞ x(t) =

0. Furthermore, an equilibrium x = 0 of (3.3) is uniformly asymptotically stable if

it is uniformly stable and if given any δ > 0 there exists a T > 0 such that for any

t0 and x(t0) the corresponding solution satisfies

||x(t)|| ≤ δ||x(t0)||, t ≥ t0 + T.

Definition 3.12. For t ∈ T, an equilibrium x = 0 of (3.3) is exponentially stable if it

is asymptotically stable and there exist constants γ, λ, δ > 0 with −λ ∈ R+ such
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that if ||x(t0)|| < δ, then

||x(t)|| ≤ γe−λ(t, t0)||x(t0)||, t ≥ t0.

Furthermore, x = 0 of (3.3) is uniformly exponentially stable if there exist γ, λ > 0

with −λ ∈ R+ such that for any t0 and x(t0), the corresponding solution satisfies

||x(t)|| ≤ ||x(t0)||γe−λ(t, t0), t ≥ t0.

These characterizations of stability for system (3.7) are generalizations of the

corresponding characterizations of stability for systems defined on R and Z. Specif-

ically, the condition that −λ ∈ R+ in the characterization of uniform exponential

stability reduces to λ > 0 and 0 < λ < 1 for T = R and T = Z, respectively.

In the 2003 paper by Pötzsche, Siegmund, and Wirth [34], a necessary and

sufficient condition for the stability of (3.7) (in the scalar case) is given via the

following theorem.

Theorem 3.7. [34] Let T be a time scale which is unbounded above and let λ ∈ C.

Then the scalar equation

x∆(t) = λx(t), x(t0) = x0,

is exponentially stable if and only if one of the following conditions is satisfied for

arbitrary t0 ∈ T:

(i) γ(λ) := lim sup
T→∞

1

T − t0

∫ T

t0

lim
s↘µ(t)

log |1 + sλ|
s

∆t < 0,

(ii) For every T ∈ T, there exists a t ∈ T with t > T such that 1 + µ(t)λ = 0,

where we use the convention log 0 = −∞ in (i).

Then, according to the conditions in the above theorem, the set of exponential

stability is defined as follows:
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Definition 3.13. [34] Given a time scale T which is unbounded above, define for

arbitrary t0 ∈ T,

SC(T) := {λ ∈ C : lim sup
T→∞

1

T − t0

∫ T

t0

lim
s↘µ(t)

log |1 + sλ|
s

∆t < 0}.

and

SR(T) := {λ ∈ R : ∀T ∈ T∃ t ∈ T with t > T such that 1 + µ(t)λ = 0}.

Then the set of exponential stability for the time scale T is defined by

S(T) := SC(T) ∪ SR(T).

They are then able to extend Theorem 3.7 to the autonomous matrix case.

Theorem 3.8. [34] Let T be a time scale that is unbounded above and let A ∈ Rn×n

be regressive. Then the following hold:

(i) If the system (3.7) is exponentially stable, then spec(A) ⊂ SC(T).

(ii) If all eigenvalues λ of A are uniformly regressive, (i.e., ∃γ > 0 such that

γ−1 ≥ |1 + µ(t)λ(t)|, t ∈ T) and if spec(A) ⊂ SC(T), then (3.7) is exponen-

tially stable.

The above theorem gives a powerful result for the case when A(t) ≡ A. However,

it has limitations in practice as the set S can be very difficult to compute for an

arbitrary time scale. Motivated by this difficulty, Hoffacker and Gard showed in [14]

that, for any time scale, SC has a very nice subset, namely, Hmin corresponding to

µmax. This result yields a stability region that is much more easily calculable, albeit

more conservative. From this we may conclude that spec A ⊂ Hmin is a sufficient

condition for the stability of (3.7) when A(t) ≡ A. For this reason, we define the set

Rn×n
Hµ

to be the set of all real valued n× n matrices such that spec(A) ⊂ Hµ.
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Having established the above results for the scalar and autonomous cases, we

turn our attention back to the general case. In order to extend Lyapunov’s Sec-

ond Method to dynamic equations on time scales, we define a time scale Lyapunov

function and give a unifying generalization of Theorems 3.1 and 3.4.

Definition 3.14. A function V (x) : Rn → R is called a generalized or time scale

Lyapunov function for system (3.7) if

(i) V (x) ≥ 0 with equality if and only if x = 0, and

(ii) V ∆(x(t)) ≤ 0.

Theorem 3.9 (Lyapunov’s Second Theorem on T [27]). Given system (3.3) with equi-

librium x = 0, if there exists an associated Lyapunov function V (x), then x = 0 is

Lyapunov stable. Furthermore, if V ∆(x(t)) < 0, then x = 0 is asymptotically stable.

3.3.1 The Time Scale Dynamic Lyapunov Equation

We begin with the same choice of quadratic Lyapunov function candidate, V (x) =

xT (t)P (t)x(t). Differentiating with respect to t ∈ T yields

V ∆(x) =[xT (t)P (t)x(t)]∆

=xT (t)[AT (t)P (t) + (I + µ(t)AT (t))(P∆(t) + P (t)A(t) + µ(t)P∆(t)A(t))]x(t)

=xT (t)[AT (t)P (t) + P (t)A(t) + µ(t)AT (t)P (t)A(t)

+ (I + µ(t)AT (t))P∆(t)(I + µ(t)A(t))]x(t).

Proceeding as in the T = R and T = Z domains, we utilize the quadratic form of

the derivative: V ∆(x) < 0 if

AT (t)P (t)+P (t)A(t)+µ(t)AT (t)P (t)A(t)+(I +µ(t)AT (t))P∆(t)(I +µ(t)A(t)) < 0.
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Thus, to establish stability via Theorem 3.9, it is sufficient to solve the matrix

dynamic equation

AT (t)P (t) + P (t)A(t) + µ(t)AT (t)P (t)A(t)

+ (I + µ(t)AT (t))P∆(t)(I + µ(t)A(t)) = −M(t),

(TSDLE)

for M(t) ∈ S+
n . We refer to the above equation as the time scale dynamic Lyapunov

equation. Not only does this equation unify (CDLE) and (DDLE) on R and Z,

respectively, it also generalizes those types of equations to arbitrary time scales.

This will prove to be a powerful tool in analyzing the stability of a much wider class

of systems.

Notice that for T = R, we have µ(t) ≡ 0 and the ∆-derivative becomes the

usual continuous domain derivative. Thus (TSDLE) quickly reduces to (CDLE).

For T = Z, we have µ(t) ≡ 1, and the ∆-derivative becomes the forward difference.

Thus (TSDLE) reduces, by way of

AT (t)P (t) + P (t)A(t) + AT (t)P (t)A(t)

+(I + A(t)T )[P (t + 1)− P (t)](I + A(t)) =−M(t)

(A(t) + I)T P (t + 1)(A(t) + I)− P (t) =−M(t)

AR(t)T P (t + 1)AR(t)− P (t) =−M(t),

to (DDLEr) as well.

The task of finding a viable Lyapunov function for (3.7) would be simplified

greatly in the presence of a closed form solution of (TSDLE). Herein lies the first

main result of the dissertation.

Theorem 3.10 (The Solution of (TSDLE)). Let A(t) ∈ R(T, Rn×n) and M(t) be

given. Then the unique solution of

AT P + PA + µAT PA + (I + µAT )P∆(I + µA) = −M(t), P (t0) = P0,
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when it exists, is given by

P (t) =(ΦT
A(t, t0))

−1P (t0)(ΦA(t, t0))
−1

− (ΦT
A(t, t0))

−1

[∫ t

t0

ΦT
A(s, t0)M(s)ΦA(s, t0) ∆s

]
(ΦA(t, t0))

−1,
(3.8)

where ΦA(t, t0) is the transition matrix for (3.3), i.e., ΦA(t, t0) solves

X∆(t) = A(t)X(t), X(t0) = I.

Proof. Consider

AT P + PA + µAT PA + (I + µAT )P∆(I + µA) = −M(t).

Multiply on the left and right by ΦT
A(t, t0) and ΦA(t, t0), respectively, to obtain

ΦT
A(t, t0)

[
AT P + PA + µAT PA + (I + µAT )P∆(I + µA)

]
ΦA(t, t0)

= −ΦT
A(t, t0)M(t)ΦA(t, t0).

Recognizing the left-hand side of the above equation as a derivative,

[
ΦT

A(t, t0)P (t)ΦA(t, t0)
]∆

= −ΦT
A(t, t0)M(t)ΦA(t, t0),

and integrating yields

ΦT
A(t, t0)P (t)ΦA(t, t0)− P (t0) = −

∫ t

t0

ΦT
A(t, t0)M(t)ΦA(t, t0) ∆t.

Rearranging, we obtain

P (t) =(ΦT
A(t, t0))

−1P (t0)(ΦA(t, t0))
−1

− (ΦT
A(t, t0))

−1

[∫ t

t0

ΦT
A(s, t0)M(s)ΦA(s, t0) ∆s

]
(ΦA(t, t0))

−1,

the solution of (TSDLE). Note that one sufficient condition for the existence of this

solution, when A(t) ≡ A, is that spec A ⊂ Hmin.
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We have already seen that (TSDLE) is a generalized form unifying Lyapunov

equations (CDLE) and (DDLE) for systems on R and Z, respectively, and extending

to analogous equations on arbitrary time domains. Equation (3.8) is also a general-

ized form unifying the solutions of (CDLE) and (DDLE) with solutions of (TSDLE)

on arbitrary time domains.

3.3.2 The Time Scale Algebraic Lyapunov Equation

In the cases of T = R and T = Z, we were able to simplify differential Lya-

punov equations to algebraic Lyapunov equations by seeking steady state solutions

of (CDLE) and (DDLE), respectively. Now we attempt to do the same for systems

defined on arbitrary time scales. If any stationary solution of the (TSDLE) exists,

it would certainly satisfy

AT (t)P (t) + P (t)A(t) + µAT (t)P (t)A(t) = −M(t), (TSALE)

since P (t) constant would imply P∆(t) ≡ 0. We will refer to the above as the time

scale algebraic Lyapunov equation. DaCunha [10, 11] showed that this algebraic

equation unifies familiar matrix algebraic Lyapunov equations on R and Z. Recall

that for T = R, µ(t) ≡ 0, and the (TSALE) reduces to

AT (t)P (t) + P (t)A(t) = −M(t).

For P (t) constant, we recognize this as the familiar matrix algebraic equation (CALE)

derived from the continuous system. For T = Z, observe that µ(t) ≡ 1. In this case,

(TSALE) becomes

AT (t)P (t) + P (t)A(t) + AT (t)P (t)A(t) = −M(t),

or equivalently,

(AT (t) + I)P (t)(A(t) + I)− P (t) = −M(t).

Substituting AR(t) = A(t) + I yields

AT
R(t)P (t)AR(t)− P (t) = −M(t),
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which, for P (t) constant, is the well known discrete matrix equation (DALE), for

the recursive system given in (3.4).

Furthermore, a unique closed form solution of (TSALE) is known.

Theorem 3.11 (DaCunha [10, 11]). For each fixed t ∈ T, define

St :=


µ(t)N0, if µ(t) 6= 0,

R+
0 , if µ(t) = 0.

Then for A(t) ∈ Rn×n
Hµ

, the unique solution of (TSALE), when it exists, is given by

P (t) =

∫
St

ΦT
A(s, 0)M(t)ΦA(s, 0)∆s. (3.9)

Moreover, if M(t) ∈ S+
n , then P (t) ∈ S+

n .

At this point, the analysis diverges from what we have seen on R and Z. (CALE)

and (DALE) were obtained by choosing P (t) constant so that P∆(t) ≡ 0 and their

respective solutions (for A(t) ≡ A) were steady state solutions of corresponding

dynamic equations. Here, if we take A(t) ≡ A, on examination of (3.9), we see that

this (unique) solution of (TSALE) is still time varying, as the domain of integration

is dependent upon µ(t). Only when operating on time scales of constant graininess,

such as R, Z, and T = hZ, is the solution of (TSALE) constant. On R and Z,

(3.9) agrees with the solutions of (CALE) and (DALE) and gives a steady state

solution of (CDLE) and (DDLE) as desired. However, on an arbitrary T, (3.9) is

not a stationary solution of (TSDLE) because P (t) is not constant.

Thus, (TSALE) is not a “legitimate” Lyapunov equation in the sense that it is not

an appropriate equation to use in a search for Lyapunov function candidates (even

when A(t) ≡ A). For time varying P (t), recall that the derivative of V (x) = xT P (t)x

is given by

V ∆(x) = AT P (t) + P (t)A + µ(t)AT P (t)A + (I + µ(t)AT )P∆(t)(I + µ(t)A).
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Since there are, generally, no steady state solutions of (TSDLE), the existence of

a solution of (TSALE) does not allow us to conclude V ∆(x) < 0. Although we

will find that (TSALE) is still useful for investigating the stability of (3.7) on an

arbitrary time scale, by itself it is insufficient. We cannot reduce stability analysis

of (3.7) to the solution of an algebraic equation. We are forced to confront the more

difficult (TSDLE).

3.3.3 Further Notes on (TSDLE)

For a given dynamic linear system (3.7) and choice of initial condition P0, the

closed form solution of (TSDLE) is known. Thus if (3.8) exists, the existence of

a V (x) such that V ∆(x) < 0 follows immediately. However, from the form of the

solution given in (3.8) we cannot deduce that it satisfies V (x) > 0. This obstacle is

overcome by making a special choice of initial condition.

Theorem 3.12. In Theorem 3.10, if the initial condition is

P (t0) = P0 :=

∫ ∞

t0

ΦT
A(s, t0)M(s)ΦA(s, t0) ∆s, (3.10)

then (3.8) becomes

P (t) =

∫ ∞

t

ΦT
A(s, t)M(s)ΦA(s, t) ∆s, (3.11)

and M(t) ∈ S+
n implies P (t) ∈ S+

n .

Proof. The solution of (TSDLE) given in (3.8) holds for an arbitrary choice of P (t0).

Making the specific choice of P0 given in (3.10) allows the following simplification:

P (t) =(ΦT
A(t, t0))

−1P (t0)(ΦA(t, t0))
−1

− (ΦT
A(t, t0))

−1

[∫ t

t0

ΦT
A(s, t0)M(s)ΦA(s, t0) ∆s

]
(ΦA(t, t0))

−1,
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may be written as

P (t) =(ΦT
A(t, t0))

−1

[∫ ∞

t0

ΦT
A(s, t0)M(s)ΦA(s, t0) ∆s

]
(ΦA(t, t0))

−1

− (ΦT
A(t, t0))

−1

[∫ t

t0

ΦT
A(s, t0)M(s)ΦA(s, t0) ∆s

]
(ΦA(t, t0))

−1

=(ΦT
A(t, t0))

−1

[∫ ∞

t0

ΦT
A(s, t0)M(s)ΦA(s, t0) ∆s

−
∫ t

t0

ΦT
A(s, t0)M(s)ΦA(s, t0) ∆s

]
(ΦA(t, t0))

−1

=(ΦT
A(t, t0))

−1

[∫ ∞

t

ΦT
A(s, t0)M(s)ΦA(s, t0) ∆s

]
(ΦA(t, t0))

−1

=(ΦT
A(t, t0))

−1

[∫ ∞

t

ΦT
A(t, t0)Φ

T
A(s, t)M(s)ΦA(s, t)ΦA(t, t0) ∆s

]
(ΦA(t, t0))

−1

=

∫ ∞

t

ΦT
A(s, t)M(s)ΦA(s, t) ∆s.

From the resulting quadratic form of P (t), we can conclude that M(t) ∈ S+
n forces

P (t) ∈ S+
n .

The choice of initial condition given in Theorem 3.12 is necessary. Choosing any

other initial condition results in (3.8) being unbounded. For P (t0) = P0 + ε, (3.8)

becomes

P (t) =(ΦT
A(t, t0))

−1(P0 + ε)(ΦA(t, t0))
−1

− (ΦT
A(t, t0))

−1

[∫ t

t0

ΦT
A(s, t0)M(s)ΦA(s, t0) ∆s

]
(ΦA(t, t0))

−1

=(ΦT
A(t, t0))

−1ε(ΦA(t, t0))
−1 + (ΦT

A(t, t0))
−1(P0)(ΦA(t, t0))

−1

− (ΦT
A(t, t0))

−1

[∫ t

t0

ΦT
A(s, t0)M(s)ΦA(s, t0) ∆s

]
(ΦA(t, t0))

−1

=(ΦT
A(t, t0))

−1ε(ΦA(t, t0))
−1 +

∫ ∞

t

ΦT
A(s, t)M(s)ΦA(s, t) ∆s.

For stable A, ΦA(s, t) is a decaying matrix exponential. Thus while the integral term

may converge, the quantity ‖(ΦT
A(t, t0))

−1ε(ΦA(t, t0))
−1‖ → ∞ as t →∞.

This choice of initial condition is also helpful in that with this special choice of

initial condition, P (t) reduces to a useful form. First, on time scales of constant
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graininess, (3.11) coincides with the solution of (TSALE) given in (3.9), and there-

fore agrees with the solutions of (CALE) and (DALE) on R and Z, respectively.

Thus this solution also yields steady state solutions of (CDLE) and (DDLE).

Second, and most importantly, the form of (3.11) shows that when M(t) ∈ S+
n ,

P (t) inherits that property. In that case, it also follows that V (x) = xT P (t)x is

positive definite (with V ∆(x) < 0). Thus, for any given time scale T and matrix

A(t), the existence of (3.11) is sufficient to establish stability of the dynamic linear

system given in (3.7).

We have successfully unified the familiar results on T = R and T = Z. More

importantly, we have extended these results for use in stability analysis of linear

systems on arbitrary time scales.
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CHAPTER FOUR

Switched Systems

In industry and the sciences, we find many systems which may be characterized

by a combination of continuous dynamics and discrete events. These systems present

themselves in a variety of settings. Consider the dynamics of an automobile changing

abruptly as wheels lock and unlock on ice, or as the driver presses the break or

changes gears. Consider also any system involving a valve opening and closing or a

power switch being turned on and off. We can characterize such systems as switched

systems, systems whose dynamics are determined by switching between a number

of controllers according to some switching signal. A switched system can be defined

more generally as follows.

Definition 4.1. Given a family of matrices, Ap ∈ Rn×n, for p ∈ P , where P is some

index set, a corresponding family of (sub)systems, ẋ(t) = Apx, and a piecewise

continuous switching signal s : R+ → P , the system

ẋ(t) = As(t)x(t), (4.1)

is called a switched system.

The role of the switching signal s is to determine which of the family of system

models will govern the switched system (4.1) at any given time t. Such switching

may be time-dependent or state-dependent; it may be autonomous or controlled.

Time-dependent switching is characterized by the switching signal s = s(t) which

determines the trajectory (or subsystem) controlling the system at time t. State-

dependent switching can be characterized more generally by a state space (e.g., Rn)

partitioned into a (finite or infinite) number of regions by a family of switching

surfaces. Each region corresponds to a subsystem of the switched system and the
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switching surface subsumes the role of the switching signal. As the system trajectory

intersects a switching surface, the system state and/or trajectory jumps instanta-

neously to a (new) value determined by the switching surface. In the case that the

regions are in one-to-one correspondence with the elements of P , with an appro-

priately defined switching signal s(t), a state-dependent switched system may be

expressed as a time-dependent switched system. Autonomous switching refers to a

predetermined switching scheme and/or the natural evolution of a system (e.g., un-

predictable environmental influences and component failures). Alternatively, switch-

ing which is imposed as the system evolves over time in order to achieve a desired

outcome or to counter unpredictable influences would constitute controlled switch-

ing (e.g., logic-based mechanisms and fault correcting actions). Any or all of these

types of switching may coexist in a given switched system.

The dynamics associated with switched systems can exhibit surprising behavior.

To see this, consider ẋ = Apx where P = {1, 2}. Let A1 and A2 be such that

each subsystem is asymptotically stable according to Definition 3.3. One might

conjecture that switching between stable systems should result in a stable switched

system. However, this is not necessarily true. Though switching may result in a

stable system, it is also possible to switch between these systems in such a way that

the resulting switched system is unstable. See Figure 4.1.

Alternatively, let A1 and A2 be such that each corresponding subsystem is unsta-

ble. Though one might think that the resulting switched system would be inherently

unstable, it is possible to switch between these systems so that the resulting system

is stable. See Figure 4.2.

Thus, for an arbitrary switching signal, the stability or instability of the under-

lying subsystems alone is insufficient to determine the stability or instability of the

resulting switched system. The switching signal must be considered as well. In light

of this, several questions present themselves. For example,
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Figure 4.1: Top: Switching between the stable systems in this way leads to a stable
switched system. Bottom: Switching between the same two stable systems in another
way results in an unstable switched system. Here stability is determined by the switching
regime, not the stability of the subsystems.

Question 1: Under what conditions on the family of matrices {Ap}p∈P can we

guarantee that the switched system is asymptotically stable for an arbitrary

switching signal s?

Question 2: For a given collection of {Ap}p∈P , under what conditions on the switch-

ing signal s is it possible for s to stabilize a (inherently unstable) switched

system?

Stability and control of switched systems comprise a relatively new yet active

area of research, growing in popularity significantly over the past few years. Much

research has been conducted regarding conditions for stability of linear and nonlinear
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Figure 4.2: Top: Switching between the two unstable systems in this way leads to a stable
switched system. Bottom: Switching between the same two unstable systems in another
way results in a stable switched system. Again, stability is determined by the switching
regime, not the stability of the subsystems.

switched systems on continuous and uniformly discrete domains [28, 29, 30, 33].

With the intention of extending this research to the context of switched systems on

time scales, we review a few of the relevant results in the following section.

4.1 A Common Lyapunov Approach to Stability

A useful tool in the analysis of switched systems is the existence of a common

Lyapunov function for all of the subsystems of a given switched system.

Definition 4.2. If a function V (x) is a Lyapunov function for each of the subsystems

of a given switched system, then we refer to V (x) as a common Lyapunov function
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for the switched system. If V (x) is of a quadratic form then it may be referred to

as a common quadratic Lyapunov function.

In fact, a sufficient condition for stability of (4.1) in the presence of an arbitrary

switching signal is given by Liberzon via the following theorem.

Theorem 4.1. [28] If all subsystems of (4.1) share a radially unbounded common

Lyapunov function, then solutions of the switched system (4.1) are uniformly asymp-

totically stable.

With this tool in hand, the difficulty lies in determining the existence of such a

function. A particular construction of interest is given by Narendra and Balakrish-

nan in the subsequent theorem. Here the stability and pairwise commutativity of the

matrices underlying the individual subsystems is sufficient to insure stability of the

corresponding switched system under arbitrary switching. Though the theorem may

be extended to an arbitrary finite number of pairwise commuting Ai, we consider

the theorem (and subsequent proof) for the N = 2 case.

Theorem 4.2. [33] Consider the switched system (4.1) with P = {1, 2}. Assume that

A1,A2 are asymptotically stable matrices such that A1A2 = A2A1. Then

(i) The system is exponentially stable for any arbitrary switching sequence be-

tween the Ai.

(ii) Given P0 ∈ S+
n , let P1, P2 ∈ S+

n be the unique solutions to the (continuous-

time algebraic) Lyapunov equations

AT
1 P1 + P1A1 = −P0, (4.2)

AT
2 P2 + P2A2 = −P1. (4.3)

Then the function V (x) = xT P2x is a common Lyapunov function for the

switched system (4.1).
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(iii) For a given choice of the matrix P0, the matrices A1 and A2 can be chosen

in any order in (4.2), (4.3) to yield the same solution P2; i.e., if P3 solves

AT
2 P3 + P3A2 = −P0,

then the solution P2 of (4.3) also solves

AT
1 P2 + P2A1 = −P3,

yielding the same common Lyapunov function, V (x) = xT P2x, for the switched

system.

The proof of the above theorem may be found in its entirety in [33]. We highlight

the proof of part (ii). Here the Pi(t) are assumed to be constant. In the context

of R, recall that we have the luxury of seeking steady state solutions of Lyapunov

equations, effectively allowing us to consider algebraic Lyapunov equations of the

form of (CALE) rather than the corresponding differential Lyapunov equations given

by (CDLE). This observation will play an important role in subsequent analysis.

Proof of Theorem 4.2 (ii). Let V (x) = xT P2x. For the system ẋ = A2x, using (4.3),

the derivative of V is given by

V̇ = xT (AT
2 P2 + P2A2)x = −xT P1x < 0.

Thus V (x) is a viable Lyapunov function for the A2-active subsystem.

To show that V (x) is also a valid Lyapunov function for the A1-active subsystem,

ẋ = A1x, we begin by considering the derivative of V along this trajectory,

V̇ = xT (AT
1 P2 + P2A1)x,

and show that V̇ < 0, or equivalently, that AT
1 P2 + P2A1 ∈ S−n . Substituting for P1

from (4.3) into (4.2) and utilizing the commutativity of A1 and A2, we obtain

P0 = AT
1 [AT

2 P2 + P2A2] + [AT
2 P2 + P2A2]A1

= AT
2 [AT

1 P2 + P2A1] + [AT
1 P2 + P2A1]A2.
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For P0 ∈ S+
n , any solution Q of the Lyapunov equation

P0 = AT
2 Q + QA2,

satisfies Q ∈ S−n (because A2 is assumed to be stable). This follows from the form

of solutions of (CALE) given in Theorem 3.3. Thus AT
1 P2 + P2A1 ∈ S−n . Therefore,

V̇ (t) < 0 along each of the possible trajectories of the switched system. Thus

V (x) = xT P2x is a common Lyapunov function for the switched system.

The proof of (iii) follows similarly. The stability of the switched system—and

the proof of (i)—follows directly by Theorem 4.1 from the existence of a Lyapunov

function for the switched system. Notice that the consequence of (iii) is that the

resulting common Lyapunov function is independent of the order in which the sub-

systems are chosen.

4.2 Extending Results to Switched Systems on Time Scales

Motivated by the definition of a switched system given in (4.1), we define the

dynamic switched system on an arbitrary time scale as follows:

Definition 4.3. Given a family of matrices, Ap ∈ Rn×n, for p ∈ P , where P is some

index set, a corresponding family of (sub)systems, x∆(t) = Apx, and a piecewise

continuous switching signal s : T → P , the system

x∆(t) = Asx(t), (4.4)

is called a dynamic switched system.

In this setting, even the domain of the switched system becomes a player in the

stability of the system. It is possible (under certain conditions) to affect the stability

or instability of a given (unswitched) system by adjusting the graininess, µ, of the

underlying domain [16]. In light of this, and motivated by our earlier questions

concerning switched systems, we consider the following:
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Question 1: Under what conditions on the time scale T and the family of matrices

{Ap}p∈P can we guarantee that the switched system is asymptotically stable

for an arbitrary switching signal s?

Question 2: For a given collection of {Ap}p∈P , under what conditions on the time

scale T and the switching signal s is it possible for s to stabilize a (inherently

unstable) switched system?

In the process of exploring these questions, we extend known results for switched

systems on the uniform domains of R and Z to systems defined on arbitrary time

scales. The results developed here not only unify results for R and Z but also extend

the analysis to switched systems defined on well known time scales of nonuniform

graininess (e.g., switched systems on the quantum time scale qZ).

Investigations into switched systems led to two different but closely related prob-

lems: an analysis problem and a design problem. From an analysis standpoint,

we consider a switched system on a known time scale, controlled by an arbitrary

switching signal, and seek verifiable conditions under which the stability of the given

switched system may be established. This is a global problem in the sense that the

entire system is known a priori and analyzed as a whole. Contrast that with a design

perspective: for a given switched system controlled by an arbitrary switching signal,

we seek to impose conditions on the time scale such that the system will remain sta-

ble. Such conditions would allow the design of the time domain “on the fly” while

maintaining stability. In contrast to the analysis problem, the design problem is

local (rather than global) in that it considers the stability of the system as it evolves

in real time. We now direct our attention to the aforementioned analysis problem.

4.3 The Analysis Problem

Consider the dynamic switched system given in (4.4), where the collection of

subsystems {Ap}p∈P and time scale T are known a priori. Here we seek to formu-
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late criteria which allow us to establish the stability of the switched system for an

arbitrary switching signal.

We begin by proving an analogue to Theorem 4.1 for systems defined on time

scales.

Theorem 4.3. If all subsystems of (4.4) share a radially unbounded common Lya-

punov function, then solutions of the switched system (4.4) are asymptotically stable.

Proof. Let V (x(t)) be a radially unbounded common Lyapunov function for the

(sub)systems of (4.4). Then, for each p ∈ P , V (x(t)) > 0 and V ∆
p (x(t)) < 0 where

V ∆
p denotes the derivative of V along the trajectory of the subsystem x∆ = Apx. V ∆

is piecewise continuous with V ∆ = V ∆
p when s(t) = p. Let Ωp = {t ∈ T : s(t) = p}.

Notice that the
⋃

p∈P Ωp = T. For all t ∈ T, V ∆(x(t)) = V ∆
p (x(t)) for some p ∈ P

so that for all t ∈ T, V ∆(x(t)) < 0. Thus V (x) is a Lyapunov function for the

switched system. According to Theorem 3.9, it follows that solutions of (4.4) are

asymptotically stable.

Next, we pursue an analogue of Theorem 4.2. We investigate the possibility of

showing the stability of (4.4) by using an approach similar to that of Narendra and

Balakrishnan in [33]. To highlight the complexities which arise in the context of time

scales, consider these hypotheses, analogous to those in Theorem 4.2: Let T be a time

scale, unbounded above, with µ(t) ≤ µmax < ∞ for all t ∈ T. Consider the switched

system (4.4) with P = {1, .., N}. Assume that the {Aj}N
j=1 are asymptotically stable

matrices (in the sense of Definition 3.11) with the eigenvalues of Aj contained within

Hmin and such that AjAk = AkAj for all j, k.

Narendra and Balakrishnan began by solving (recursively) a system of algebraic

Lyapunov equations. The time scale analogue is given by a system of (TSALE)

equations. Motivated by the form of the (TSALE), we define the following:
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Definition 4.4. Define the algebraic Lyapunov operator, La : Rn×n×S+
n → S−n given

by

La[A, P ] := AT P (t) + P (t)A + µ(t)AT P (t)A.

Following the spirit of the proof of Theorem 4.2, we assume P0 ∈ S+
n and consider

the recursive system

La[Aj, Pj] = −Pj−1, j = 1, ..., N. (4.5)

Theorem 4.4 (Common Solution to System of (TSALE)). Let T be a time scale,

unbounded above, with 0 ≤ µ(t) ≤ µmax < ∞ for all t ∈ T. Consider a collection

{Aj}N
j=1 ⊂ Rn×n

Hmin
of pairwise commuting matrices. Then for P0 ∈ S+

n , the system

(4.5) has solutions Pj ∈ S+
n , for j = 1, ..., N . Moreover, PN satisfies

La[Aj, PN ] < 0, j = 1, ..., N.

Proof. Let P0 ∈ S+
n be given. Then, utilizing Theorem 3.11, we can solve (4.5)

recursively for the subsequent Pj and may further conclude that Pj ∈ S+
n for all

j = 1, ..., N .

We proceed to show that PN satisfies La[Aj, PN ] < 0, for j = 1, ..., N . We

establish the claim for N = 2. The proof may then be extended inductively for any

finite N .

Let N = 2. For j = 2, (4.5) shows that La[A2, P2] = −P1 < 0. For j = 1, notice

that

P0 =La[A1, La[A2, P2(t)]] (4.6)

=AT
1 [AT

2 P2 + P2A2 + µAT
2 P2A2] + [AT

2 P2 + P2A2 + µAT
2 P2A2]A1

+ µAT
1 [AT

2 P2 + P2A2 + µAT
2 P2A2]A1

=A1A
T
2 P2 + A1P2A2 + µA1A

T
2 P2A2 + AT

2 P2A1 + P2A2A1 + µAT
2 P2A2A1

+ A1A
T
2 P2A1 + A1P2A2A1 + µA1A

T
2 P2A2A1

53



= AT
2 [AT

1 P2 + P2A1 + µAT
1 P2A1] + [AT

1 P2 + P2A1 + µAT
1 P2A1]A2

+ µAT
2 [AT

1 P2 + P2A1 + µAT
1 P2A1]A2

= La[A2, La[A1, P2(t)]]. (4.7)

Thus, Q := AT
1 P2 + P2A1 + µAT

1 P2A1 = La[A1, P2] solves La[A2, Q] = P0. From

Theorem 3.11, it follows that La[A1, P2] < 0. The proof then proceeds inductively

to show that, for any finite N , La[Aj, PN ] < 0 for all j = 1, ..., N .

Here the analysis on time scales diverges from what we saw in the T = R case.

Although PN satisfies La[Aj, PN ] ∈ S−n for all j, unfortunately, PN does not (gener-

ally) lead to a viable Lyapunov function. In Section 3.3, we found that the derivative

of V (x) is directly tied to the (TSDLE). In the case of T = R (and in fact for any

time scale of constant graininess), it is sufficient to seek steady state solutions of

the dynamic Lyapunov equation by seeking solutions of the corresponding algebraic

equation. This is acceptable because such solutions actually exist on time scales of

constant graininess. However, on time scales of nonconstant graininess, solutions of

the (TSALE) are time varying (i.e., are not steady state solutions). Thus solutions

of (TSALE) do not allow us to draw conclusions about the derivative of V (x) along

the trajectories of the system as they inherently disregard the (nonzero) P∆ term

of the derivative. We cannot assume—as we did in the proof of Theorem 4.2—that

it is sufficient to seek steady state solutions. With this in mind, we proceed to con-

sider a system of dynamic (TSDLE) Lyapunov equations. Motivated by the form of

(TSDLE), we define the following:

Definition 4.5. Define the dynamic Lyapunov operator, Ld : Rn×n × S+
n → S−n by

Ld[A, P ] := AT P (t) + P (t)A + µ(t)AT P (t)A + GT (t)P∆(t)G(t),

where G(t) := I + µ(t)A.
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Theorem 4.5 (Recursive Solution to System of (TSDLE)). Let T be a time scale,

unbounded above, with 0 ≤ µ(t) ≤ µmax < ∞ for all t ∈ T. Consider a collection

{Aj}N
j=1 ⊂ Rn×n

Hmin
of pairwise commuting matrices. Then for P0 ∈ S+

n , the system

Ld[Aj, Pj] = −Pj−1, j = 1, ..., N, (4.8)

has solutions Pj ∈ S+
n , for j = 1, ..., N .

Proof. Let P0 ∈ S+
n . Then with the above assumptions on {Aj}N

j=1, we apply The-

orem 3.10 to solve recursively for the subsequent Pj. Furthermore, Theorem 3.10

allows us to conclude that Pj ∈ S+
n , for j = 1, ..., N .

Having solved the system recursively, we (once again) propose V (x) = xT PNx as

a common Lyapunov function candidate. Recall that for a viable Lyapunov function

V (x) = xT P (t)x, we require

Ld[Aj, P (t)] < 0, j = 1, .., N. (4.9)

Let N = 2 and consider Ld[Aj, P2(t)]. For j = 2, note that

Ld[Aj, P2] = Ld[A2, P2(t)] = −P1 < 0.

For j = 1, we begin by substituting the expression for P1(t) from (4.8) into the

similar expression for P0 yielding

P0 =Ld[A1,−P1]] = Ld[A1, Ld[A2, P2(t)]] (4.10)

=AT
1 [AT

2 P2 + P2A2 + µAT
2 P2A2 + (I + µAT

2 )P∆
2 (I + µA2)]

+ [AT
2 P2 + P2A2 + µAT

2 P2A2 + (I + µAT
2 )P∆

2 (I + µA2)]A1

+ µAT
1 [AT

2 P2 + P2A2 + µAT
2 P2A2 + (I + µAT

2 )P∆
2 (I + µA2)]A1

+ (I + µAT
1 ) [AT

2 P2 + P2A2 + µAT
2 P2A2 + (I + µAT

2 )P∆
2 (I + µA2)]

∆ (I + µA1),
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where the derivative central to the last term is given by

[AT
2 P2 + P2A2 + µAT

2 P2A2 + (I + µAT
2 )P∆

2 (I + µA2)]
∆

=AT
2 P∆

2 + P∆
2 A2 + µAT

2 P∆
2 A2 + µ∆AT

2 P σ
2 A2 + P∆∆

2

+ µAT
2 P∆∆

2 + µ∆AT
2 P∆

2

σ
+ µP∆∆

2 A2 + µ∆P∆
2

σ
A2

+ µ2AT
2 P∆∆

2 A2 + 2µµ∆AT
2 P∆

2

σ
A2.

Following the method utilized in the proof of Theorem 4.2, we attempt to rearrange

(4.10) into the form

P0 =AT
2 [AT

1 P2 + P2A1 + µAT
1 P2A1 + (I + µAT

1 )P∆
2 (I + µA1)]

+ [AT
1 P2 + P2A1 + µAT

1 P2A1 + (I + µAT
1 )P∆

2 (I + µA1)]A2

+ µAT
2 [AT

1 P2 + P2A1 + µAT
1 P2A1 + (I + µAT

1 )P∆
2 (I + µA1)]A2

+ (I + µAT
2 )[AT

1 P2 + P2A1 + µAT
1 P2A1 + (I + µAT

1 )P∆
2 (I + µA1)]

∆(I + µA2)

=Ld[A2, Ld[A1, P2(t)]], (4.11)

in order to show that Ld[A1, P2(t)] < 0. Recall that when dealing with the algebraic

analogue in the previous section, we were able to show that (4.6) was equivalent to

(4.7). Unfortunately, here we see that (4.10) is not generally equivalent to (4.11).

In fact, on an arbitrary time scale, after some tedious computations, we find that

Ld[A1, Ld[A2, P2]] = Ld[A2, Ld[A1, P2]] + Σ(t),

where

Σ(t) := µ∆[AT
2 P σ

2 A2 + AT
2 P∆

2

σ
+ P∆

2

σ
A2 + 2µAT

2 P∆
2

σ
A2 + µ2AT

2 P∆
2

σ
A2A1

+ µ2AT
1 AT

2 P∆
2

σ
A2 + µAT

2 P σ
2 A2A1 + µAT

1 AT
2 P σ

2 A2 − AT
1 P σ

2 A1

+ AT
1 P∆

2

σ − P∆
2

σ
A1 − 2µAT

1 P∆
2

σ
A1 − µ2AT

1 P∆
2

σ
A2A1

− µ2AT
1 AT

2 P∆
2

σ
A1 − µAT

1 P σ
2 A2A1 − µAT

1 AT
2 P σ

2 A1].

(4.12)

For systems defined on time scales of nonconstant graininess, the additional terms

in (4.12) do not vanish. However, the form of (4.12) yields insight. The dependence
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of the error term, Σ(t), on µ∆, µ, and µσ suggests that we may be able to establish

conditions on the time scale under which a common Lyapunov function exists.

4.3.1 On Time Scales of Constant Graininess

One natural example of such a condition is that T be of constant graininess. In

that case, µ∆ ≡ 0 so that Σ(t) = 0 for all t ∈ T and

P0 = Ld[A1, Ld[A2, P2]] = Ld[A2, Ld[A1, P2]].

It follows that Ld[A1, P2] satisfies this Lyapunov equation in terms of (stable) A2 so

that Ld[A1, P2] < 0. Hence, on time scales of constant graininess, Ld[Aj, PN ] < 0 for

j = 1, ..., N holds for the N = 2 case. One could continue this analysis inductively

to show that the following theorem holds for any finite N .

Theorem 4.6. Let T be a time scale of constant graininess. Under the assumptions

of Theorem 4.5, the solution PN in (4.8) satisfies Ld[Aj, PN ] < 0 for j = 1, ..., N .

As an immediate consequence, we gain the following corollary.

Corollary 4.1. Let T be a time scale of constant graininess. Then, under the as-

sumptions of Theorem 4.5, V (x) = xT PNx is a common Lyapunov function for the

switched system (4.4).

The new results here successfully extend the similar results in [33] to any time

scale of constant graininess. However, these are unsatisfying in that they do not

yield a common Lyapunov function for systems evolving on arbitrary time scales—

only for systems evolving on time scales of constant graininess. In the next section,

motivated by the dependence of (4.12) on µ∆, we develop an alternate approach

which will allow us to establish conditions on the switched system and time scale

T (of possibly nonconstant graininess) under which a common Lyapunov function

exists. The result is an affirmative answer to Question 1 above; that is, sufficient
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conditions on the time scale and matrices {Aj} to conclude stability of the switched

system in the presence of an arbitrary switching signal.

4.3.2 On Arbitrary Time Scales

In the preceding analysis, we were able to establish a common solution of

La[Aj, P ] < 0 but found that solution did not lead to a viable Lyapunov func-

tion. On the other hand, while we were unable to establish a common solution of

(4.9) on arbitrary time scales, we recognize that the existence of such a solution

would lead to a common Lyapunov function for the switched system (4.4).

As the dynamic terms were the source of difficulty in the preceeding analysis,

let us separate the algebraic and dynamic parts of the dynamic Lyapunov operator

and rewrite (4.9) as

Ld[Aj, P (t)] = La[Aj, P (t)] + GT
j (t)P∆(t)Gj(t) < 0, (4.13)

where Gj(t) := I + µ(t)Aj.

Since we were able to establish the existence of a common solution P = PN of

La[Aj, P (t)] < 0, j = 1, ..., N, (4.14)

we would like to use this result to aid us in finding a solution of (4.9) (or equivalently,

(4.13)). A direct way to accomplish this is to design positive definite matrices Mj

so that there exists a common solution P (t) of

La[Aj, P (t)] = −Mj(t), (4.15)

and then recast (4.13) as

Ld[Aj, P (t)] = −Mj + GT
i (t)P∆(t)Gj(t) < 0.

Theorem 4.7. Let N = 2 and let M1 ∈ S+
n be given. Then there exists a common

solution P (t) of (4.15) if and only if M2 satisfies

vec M2 = (AT
2 ⊕ AT

2 + µ(AT
2 ⊗ AT

2 ))(AT
1 ⊕ AT

1 + µ(AT
1 ⊗ AT

1 ))−1 vec M1.

58



Proof. Let M1 be given. To construct a form of M2 sufficient to ensure that a

common solution of (4.15) exists, assume P (t) solves the system La[Aj, P ] = −Mj.

That is, assume

AT
j P (t) + P (t)Aj + µAT

j P (t)Aj = −Mj, j = 1, 2.

Vectorizing these equations leads to

[(I ⊗ AT
j ) + (AT

j ⊗ I) + µ(AT
j ⊗ AT

j )] vec P = vec Mj

[AT
j ⊕ AT

j + µ(AT
j ⊗ AT

j )] vec P = vec Mj, j = 1, 2.

Solving for vec P in the last equation (for i = 1 and i = 2) and equating allows us

to solve for vec M2, i.e.,

[(I ⊗AT
2 ) + (AT

2 ⊗ I) + µ(AT
2 ⊗AT

2 )]−1 vec M2 = [AT
1 ⊕AT

1 + µ(AT
1 ⊗AT

1 )]−1 vec M1,

yields

vec M2 = (AT
2 ⊕ AT

2 + µ(AT
2 ⊗ AT

2 ))(AT
1 ⊕ AT

1 + µ(AT
1 ⊗ AT

1 ))−1 vec M1.

This concludes the proof.

This result indicates that it is possible to construct a collection of Mj such

that (4.15) will have a common solution. In fact, we have done so for N = 2.

For an arbitrary choice of M1, we can calculate M2 so that a common solution P

exists. However, from the form of this construction we have no way of determining

the definiteness of M2. Since we require that Mj ∈ S+
n for all j, we consider this

alternate but equivalent construction.

Theorem 4.8 (Construction of the Mj). Given a collection {Aj}N
j=1 ⊂ Rn×n

Hmin
of pair-

wise commuting matrices, there exists a collection {Mj(t)}N
j=1 ⊂ S+

n , for which there

is a common solution P (t) of (4.15) with P (t) ∈ S+
n .
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Proof. Let P0 ∈ S+
n . Consider the system of Lyapunov operator inequalities given

by

La[Aj, Pj(t)] = −Pj−1(t), j = 1, ..., N. (4.16)

By Theorem 4.4, this system may be solved recursively. Furthermore, Pj(t) ∈ S+
n

for all j.

Let N = 2. We proceed to construct Mj so that P2 is a common solution of

La[Aj, P ] = −Mj, for j = 1, ..., N . For j = 2,

La[Aj, P2(t)] = La[A2, P2(t)] = −P1(t) < 0.

Let j = 1. Then La[Aj, P2(t)] = La[A1, P2(t)]. We seek M1 ∈ S+
n such that

La[A1, P2(t)] = −M1, or equivalently, such that

P2(t) =

∫
St

ΦT
A1

(s, 0)M1(t)ΦA1(s, 0)∆s.

From the recursive system (4.16),

P2(t) =

∫
St

ΦT
A2

(s, 0)P1(t)ΦA2(s, 0)∆s.

Substituting similarly for P1 and utilizing the commutativity of the (constant) ma-

trices A1 and A2 allows us to write

P2(t) =

∫
St

ΦT
A2

(s, 0)

∫
St

ΦT
A1

(s, 0)P0ΦA1(s, 0)∆s ΦA2(s, 0)∆s

=

∫
St

ΦT
A1

(s, 0)

∫
St

ΦT
A2

(s, 0)P0ΦA2(s, 0)∆s ΦA1(s, 0)∆s

=

∫
St

ΦT
A1

(s, 0)M1ΦA1(s, 0)∆s,

where

M1 :=

∫
St

ΦT
A2

(τ, 0)P0ΦA2(τ, 0)∆τ.

Then the quantity

P2 =

∫
St

ΦT
A1

(s, 0)M1ΦA1(s, 0)∆s,
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solves

La[A1, P2(t)] = −M1.

Thus in the N = 2 case, P2 is a common solution to the system of inequalities given

in (4.14) as well as a solution to the system of equations given by (4.15) with M1 as

defined above and M2 = P1.

Now let N = 3. Here, we construct each Mj so that P3 is the common solution

of La[Aj, P ] = −Mj, for j = 1, ..., N . For j = 3, the recursive system in (4.16)

yields

La[Aj, P3] = La[A3, P3] = −P2 < 0.

Thus, we choose M3 := P2.

Let j = 2. Then La[Aj, P3] = La[A2, P3]. We seek M2 ∈ S+
n such that

La[A2, P3] = −M2, or equivalently, such that

P3(t) =

∫
St

ΦT
A2

(s, 0)M2(t)ΦA2(s, 0) ∆s.

As P3 solves La[A3, P3] = −P2, use Theorem 3.11 to write P3 in the form

P3(t) =

∫
St

ΦT
A3

(s, 0)P2(t)ΦA3(s, 0)∆s.

Substituting according to the similar form for P2 yields

P3(t) =

∫
St

ΦT
A3

(s, 0)P2(t)ΦA3(s, 0)∆s

=

∫
St

ΦT
A3

(s, 0)

∫
St

ΦT
A2

(τ, 0)P1ΦA2(τ, 0)∆τ ΦA3(s, 0)∆s.

Utilizing the commutativity of the (constant) matrices A2 and A3 allows us to write

P3(t) =

∫
St

ΦT
A3

(s, 0)

∫
St

ΦT
A2

(τ, 0)P1ΦA2(τ, 0) ∆τ ΦA3(s, 0) ∆s

=

∫
St

ΦT
A2

(s, 0)

∫
St

ΦT
A3

(τ, 0)P1ΦA3(τ, 0) ∆τ ΦA2(s, 0) ∆s

=

∫
St

ΦT
A2

(s, 0)M2(t)ΦA2(s, 0) ∆s, (4.17)

61



where

M2 :=

∫
St

ΦT
A3

(τ, 0)P1ΦA3(τ, 0)∆τ

=

∫
St

ΦT
A3

(τ, 0)

∫
St

ΦT
A1

(s, 0)P0(t)ΦA1(s, 0)∆s ΦA3(τ, 0)∆τ. (4.18)

Then P3 solves La[A2, P ] = −M2. From the symmetric form of M2, we conclude

that M2 ∈ S+
n . Also, (4.17) with (4.18) shows that P3 has the form

P3 =

∫
St

ΦT
A3

(s3, 0)

(∫
St

ΦT
A2

(s2, 0)

(∫
St

ΦT
A1

(s1, 0)P0(t)

ΦA1(s1, 0)∆s1

)
ΦA2(s2, 0)∆s2

)
ΦA3(s3, 0)∆s3. (4.19)

Finally, let j = 1. Then La[Aj, P3] = La[A1, P3(t)], and we seek M1 ∈ S+
n such that

La[A1, P3] = −M1. Using (4.19) and the commutativity of the {Aj} allows us to

write

P3 =

∫
St

ΦT
A1

(κ, 0)M1(t) ΦA1(κ, 0)∆κ,

where

M1 :=

∫
St

ΦT
A2

(τ, 0)

∫
St

ΦT
A3

(s, 0)P0(t)ΦA3(s, 0)∆s ΦA2(τ, 0)∆τ.

Thus, P3 solves La[A1, P3] = −M1.

Finally, recall that we chose M3 = P2 because La[A3, P3] = −P2. Thus M3 has

the form

M3 = P2 =

∫
St

ΦT
A2

(s, 0)P1ΦA2(s, 0)∆s,

=

∫
St

ΦT
A2

(s, 0)

∫
St

ΦT
A1

(τ, 0)P0(t)ΦA1(τ, 0)∆τΦA2(s, 0)∆s.

Here we observe that each constructed Mj is determined by Ai, i = 1, ..., N , i 6= j

and the initial seed matrix P0. For this collection of Mj, P3 solves La[Aj, P3] = −Mj

in the N = 3 case.

We can continue inductively to see that the conclusion holds for any arbitrary

but finite N .
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This constructive proof of the existence of the desired collection of Mj matrices

yields the form of the common solution P (t) of (4.15) as the next theorem demon-

strates.

Theorem 4.9 (Form of the Common Solution of (TSALE) System). Given a collec-

tion {Ai}N
i=1 ⊂ Rn×n

Hmin
of pairwise commuting matrices, there exists a one (matrix)

parameter family of common solutions of (4.15) given by

P (t) =

∫
St

ΦT
Aj

(s, 0)Mj(t)ΦAj
(s, 0)∆s, (4.20)

for any j = 1, . . . , N , or equivalently,

P (t) =

∫
St

ΦT
AN

(sN , 0)

∫
St

ΦT
AN−1

(sN−1, 0) · · ·
∫

St

ΦT
A1

(s1, 0)P0ΦA1(s1, 0)∆s1

· · · ΦAN−1
(sN−1, 0)∆sN−1 ΦAN

(sN , 0)∆sN ,

for some P0 ∈ S+
n . Moreover, Mj ∈ S+

n implies P ∈ S+
n .

Notice that this result gives an implicit definition for the form of the {Mj}

matrices and allows us to state the following theorem.

Theorem 4.10. With P (t) as in (4.20), so that La[Aj, P (t)] = −Mj, we may recast

(4.9) as

−Mj(t) + GT
j (t)P∆(t)Gj(t) < 0, j = 1, ..., N. (4.21)

Recasting (4.9) in this way yields a verifiable, sufficient condition for the exis-

tence of a common Lyapunov function for a class of arbitrarily switched systems.

The preceeding analysis allows us to formalize this in the following theorem, estab-

lishing sufficient conditions on the time scale and underlying subsystems sufficient

to conclude the stability of (4.4) under arbitrary switching. Herein lies the main

result of the dissertation.

Theorem 4.11 (Stability Criteria for Arbitrarily Switched Systems). Let T be a time

scale, unbounded above, with 0 < µ(t) < ∞ for all t ∈ T. Let P = {1, ..., N} and
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let {Aj}N
j=1 ⊂ Rn×n

Hmin
be a collection of pairwise commuting matrices. Then, for P (t)

and {Mj}N
j=1 as in Theorem 4.9, the following are equivalent:

(i) V (x) = xT P (t)x is a common Lyapunov function for (4.4),

(ii) −Mj(t) + GT
j (t)P∆(t)Gj(t) < 0, j = 1, ..., N , is satisfied for all t ∈ T.

If (i) or (ii) holds, then solutions of (4.4) are asymptotically stable for all switching

signals s.

Thus for any given (finite) collection of appropriate matrices Ai and known time

scale T, we have the tools to analyze the stability of solutions of the associated

switched system (4.4). We simply check that (4.21) is satisfied for every t ∈ T.

This is equivalent to checking (4.9) for every t ∈ T, although somewhat simpler in

execution as one can directly calculate the requisite quantities −Mj, Gj, and P∆.

If (4.21) holds for all t ∈ T, the switched system has a common Lyapunov function

and solutions of the switched system will remain stable for any arbitrary switching

signal s.

The subtlety here is that (4.9) (equivalently (4.21)) is inherently dependent on

µ(t) and thus dependent on the underlying time scale. That is, given the switched

system (4.4), a given V (x) may constitute a viable (common) Lyapunov function

on one time scale, but fail on another. In fact on another time scale, the switched

system might not be stable at all. This observation leads to consideration of a related

design problem.

4.4 The Design Problem

The global nature of the analysis approach necessarily depends on foreknowledge

of the time scale T. In the case where the underlying subsystems are known but

the time scale is not known a priori, constructing a time domain which will main-

tain stability of the switched system presents an interesting design problem. For a
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given switched system (i.e., a given collection of stable {Ai}), we seek to establish

conditions on the time scale under which solutions of (4.4) will remain stable for an

arbitrary switching signal. Specifically, we seek sufficient conditions on µ such that

the hypotheses of Theorem 4.11 are satisfied and (4.21) is satisfied for all t ∈ T.

For a linear system x∆ = Ax, on a given time scale T, recall that a sufficient

condition for stability is that all eigenvalues of A are contained within Hmin which

is defined with respect to the largest graininess, µmax, associated with the time scale

domain.

Consider the dynamic switched system (4.4) controlled by fixed subsystem ma-

trices {Aj}N
j=1 with spec(Aj) := {aj i}

n
i=1, j = 1, ..., N . To maintain the asymptotic

stability of each of the individual subsystems, relative to the underlying time scale,

we require that spec(Aj) ⊂ Hµ(t), j = 1, ..., N , holds for all t ∈ T. Let Hmin be

the smallest Hilger circle such that spec(Aj) ⊂ Hmin, j = 1, ..., N . Then Hmin cor-

responds to a graininess µmax inducing an upper bound for the graininess µ(t) of

the time scale. (In the case that all of the eigenvalues of the Ai matrices are real,

an upper bound for µmax is given explicitly by µmax ≤ −2
c

where c := minj,i aj,i for

j = 1, ..., N , i = 1, ..., n. Note that c < 0.) Imposing this upper bound for µmax satis-

fies the requirement in the preceeding theory that each subsystem be asymptotically

stable with respect to the time scale.

The objective of this design approach is to enable us to design our time domain,

as the system evolves, in such a way as to maintain stability. That is, at each point,

we need to design the next graininess to ensure stability. Let t ∈ T be fixed with

0 < µ(t) ≤ µmax. We seek conditions on µσ such that (4.21) is satisfied for all

t ∈ T. That is, for P (t) satisfying La[Aj, P ] = −Mj, as expressed in Theorem 4.9,

we seek conditions on µσ such that Ld[Aj, P ] < 0. Although the dependence of this

quantity on µσ may not be readily apparent, we will show that µσ does in fact play

an important role.
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4.4.1 Bounds for µσ(t) for Diagonal Ai

First we consider the case where the underlying system matrices Aj ∈ Rn×n are

diagonal. In order to obtain bounds on µσ, we need to develop some machinery

specific to the diagonal case.

Theorem 4.12. Let t ∈ T be fixed with µ(t) > 0 and let M(t) ∈ S+
n be diagonal. If

A ∈ Rn×n
Hµ

is diagonal then the solution P (t) of La[A, P (t)] = −M(t) has the form

P (t) = µ(t)M(t)[−µ(t)AT − µ(t)A− µ(t)2AT A]−1.

Specifically, the solution of (4.15), for Mj(t) ∈ S+
n diagonal, is given by

P (t) = µ(t)Mj(t)[−µ(t)AT
j − µ(t)Aj − µ(t)2AT

j Aj]
−1

for any j = 1, ..., N .

Proof. Let t ∈ T be fixed with µ(t) > 0 and let M(t) ∈ S+
n be diagonal. According

to Theorem 3.11, the solution of La[A, P (t)] = −M(t) is given by

P (t) =

∫
St

ΦT
A(s, 0)M(t)ΦA(s, 0) ∆s.

Recall that for s ∈ µ(t)N0, µ(s) ≡ µ(t) > 0 so that

ΦA(s, 0) = (I + µ(s)A)
s

µ(s) . (4.22)

Thus, P (t) can be expressed as a geometric series:

P (t) =

∫
St

(I + µ(s)AT )
s

µ(s) M(t)(I + µ(s)A)
s

µ(s) ∆s

=µ(t)
∑

s∈µ(t)N0

(I + µ(s)AT )
s

µ(s) M(t)(I + µ(s)A)
s

µ(s)

=µ(t)M(t)
∑

s∈µ(t)N0

[(I + µ(s)AT )(I + µ(s)A)]
s

µ(s)

=µ(t)M(t)
∞∑

k=0

[(I + µ(t)AT )(I + µ(t)A)]k

=µ(t)M(t)
∞∑

k=0

[‖I + µ(t)A‖2]k.
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The condition spec(A) ⊂ Hµ ensures ‖I + µ(t)A)‖ < 1 so that the above geometric

sum converges. To see this, notice spec(A) = {ai}n
i=1 ⊂ Hµ yields

0 <

∣∣∣∣ai +
1

µ

∣∣∣∣ < 1

µ
,

which implies

0 < |1 + µai| < 1.

As these are the eigenvalues of I + µA, it follows that ‖I + µ(t)A)‖ < 1. Thus, we

may sum the geometric series to write

P (t) =µM(t)[I − (I + µ(t)AT )(I + µ(t)A)]−1

=µM(t)[−µ(t)AT − µ(t)A− µ(t)2AT A]−1.

Similarly, (4.20) may be expressed in terms of any one of the Aj, Mj pairs. Choose

any j = 1, ..., N . For diagonal Mj,

P (t) =

∫
St

ΦT
Aj

(s, 0)Mj(t)ΦAj
(s, 0) ∆s

=µ(t)Mj(t)[−µ(t)AT
j − µ(t)Aj − µ(t)2AT

j Aj]
−1.

This concludes the proof.

Considering the characterization of Mi given in Theorem 4.9, we see that the

Mj are determined by the choice of P0. However, that choice of P0 is arbitrary as

long as P0 ∈ S+
n . The following theorem demonstrates that, in this diagonal case, it

is convenient to choose P0 = I. Most importantly, this choice leads to a collection

of Mj which are diagonal (as required in the preceeding theorem).

Theorem 4.13. Let t ∈ T be fixed with µ(t) > 0 and let P0 = I. If {Aj}N
j=1 ⊂ Rn×n

Hµ

are diagonal, then each Mj from Theorem 4.9 is diagonal and has the form

Mj(µ) =
N∏

k=1
k 6=j

−La[Ak, I]−1.
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Proof. We will prove the N = 3 case, as this reveals the salient features of the

argument. The general result follows by induction. Let N = 3. Let the diagonal

entries of each Aj be given by {aji}n
i=1. Fix t ∈ T with µ > 0 so that aji ∈ Hµ for

all j = 1, 2, 3, i = 1, ..., n.

Choosing P0 = I,

M1(µ) =

∫
St

ΦT
A2

(τ, 0)

∫
St

ΦT
A3

(s, 0)P0(t)ΦA3(t)(s, 0)∆s ΦA2(t)(τ, 0)∆τ

=µ
∑

τ∈µN0

(I + µAT
2 )

τ
µ

(
µ
∑

s∈µN0

(I + µAT
3 )

s
µ (I + µA3)

s
µ

)
(I + µA2)

τ
µ

=µ2

∞∑
k=0

(I + µAT
2 )k

(
∞∑

j=0

[(I + µAT
3 )(I + µA3)]

j

)
(I + µA2)

k

=µ2

∞∑
k=0

(I + µAT
2 )k

(
∞∑

j=0

[‖I + µA3‖2]j

)
(I + µA2)

k.

Again, the assumption spec(Aj) ⊂ Hµ implies ‖I + µAj‖ < 1 and allows us to sum

the geometric series in the center. Summing and factoring this matrix sum out to

the right (allowable as a result of the diagonal nature of the matrices) yields

M1(µ) =µ2

∞∑
k=0

(I + µAT
2 )k
[
I − (I + µAT

3 )(I + µA3)
]−1

(I + µA2)
k

=µ2

(
∞∑

k=0

[(I + µAT
2 )(I + µA2)]

k

)[
I − (I + µAT

3 )(I + µA3)
]−1

=µ2
[
−µAT

2 − µA2 − µ2AT
2 A2

]−1 [−µAT
3 − µA3 − µ2AT

3 A3

]−1

=
[
−AT

2 − A2 − µAT
2 A2

]−1 [−AT
3 − A3 − µAT

3 A3

]−1
.

We recognize the bracketed elements as being of the form of La[Aj, I], allowing us

to write

M1(µ) = (−La[A2, I])−1 (−La[A3, I])−1 .

Because the Ai are diagonal, M1 is diagonal with entries

M1(µ)[i, i] := m1i(µ) :=
1

(2a2i + µa2
2i)(2a3i + µa2

3i)
.
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Similarly,

M2(µ)[i, i] := m2i(µ) :=
1

(2a3i + µa2
3i)(2a3i + µa2

3i)
,

and

M3(µ)[i, i] := m3i(µ) :=
1

(2a1i + µa2
1i)(2a2i + µa2

2i)
.

Note that Mj is a function of every Ak, k = 1, ..., N except k = j. Continuing

inductively, for an arbitrary N , Mj is diagonal and is of the form

Mj(µ) =
N∏

k=1
k 6=j

−La[Ak, I]−1, j = 1, ..., N,

with diagonal entries mji given by

Mj(µ)[i, i] := mij(µ) :=
N∏

k=1
k 6=j

1

(2aji + µa2
ji)

,

for i = 1, ..., n, j = 1, ..., N.

Corollary 4.2. Let t ∈ T be fixed with 0 < µ(t), µσ(t) ≤ µmax and let M1 ∈ S+
n

be diagonal. If {Aj}N
j=1 ⊂ Rn×n

Hmin
is a collection of diagonal matrices, then the ∆-

derivative of P (from Theorem 4.12) is diagonal with entries

P∆[i, i] =
1

µ

[
m1i(µ

σ)

−2a1i − µσa2
1i

− m1i(µ)

−2a1i − µa2
1i

]
, i = 1, ..., n.

Proof. Suppose 0 < µ, µσ ≤ µmax. Utilize P∆(t) = P (σ(t))−P (t)
µ(t)

along with the form

of P given in Theorem 4.12 (with j = 1) to obtain

P∆(t) =
1

µ

[
µσM1(µ

σ)[−µσAT
1 − µσA1 − µσ2AT

1 A1]
−1

− µM1(µ)[−µAT
1 − µA1 − µ2AT

1 A1]
−1

]
.

Then, recognizing that the elements of P∆ are all diagonal, we may write

P∆[i, i] =
1

µ

[
µσm1i(µ

σ)

−2µσa1i − (µσ)2a2
1i

− µm1i(µ)

−2µa1i − µ2a2
1i

]
=

1

µ

[
m1i(µ

σ)

−2a1i − µσa2
1i

− m1i(µ)

−2a1i − µa2
1i

]
, i = 1, ..., n,

concluding the proof.
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With these tools in hand, we can now determine implicit upper bounds for µσ.

Theorem 4.14. Let P = {1, ..., N} and let {Aj}N
j=1 ⊂ Rn×n be a collection of diagonal

matrices. Let µmax be fixed so that spec(Aj) ⊂ Hmin for all j = 1, ..., N . Then the

switched system (4.4) will remain stable for any choice of switching signal s as long

as, for every t ∈ T, 0 < µ(t), µσ(t) ≤ µmax satisfies

−mji(µ) + (1 + µaji)
1

µ

[
m1i(µ

σ)

−2a1i − µσa2
1i

− m1i(µ)

−2a1i − µa2
1i

]
(1 + µaji) < 0,

for j = 1, ..., N and i = 1, ..., n, where aji and mji are the eigenvalues of Aj and Mj

respectively.

Proof. We will obtain stability of the switched system (4.4) by showing Theorem 4.11

holds.

The hypotheses of Theorem 4.11 are met by the hypotheses here. We need only

show that

−Mj(t) + (I + µAT
j )P∆(I + µAj) < 0, j = 1, ..., N,

is satisfied for all t ∈ T, where P (t) is as in Theorem 4.9. Recognizing that all

the elements are diagonal and utilizing the last several results, we can express this

matrix inequality as a system of scalar inequalities. Let aji and mji be the eigenvalues

(diagonal entries) of Ai and Mi respectively. Then for each j = 1, ..., N , we obtain

a set of n scalar inequalities given by

−mji(µ) + (1 + µaji)
1

µ

[
m1i(µ

σ)

−2a1i − µσa2
1i

− m1i(µ)

−2a1i − µa2
1i

]
(1 + µaji) < 0,

for i = 1, ..., n.

For example, let N = 2, and let the eigenvalues of A1 and A2 be given by {ai}n
i=1

and {bi}n
i=1 respectively. Then the resulting scalar inequalities for j = 1 are given

by

− 1

−2bi − µb2
i

+ (1 + µai)
1

µ

[
m1j(µ

σ)

−2ai − µσa2
i

− m1i(µ)

−2ai − µa2
i

]
(1 + µai) < 0,
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Figure 4.3: At each time t ∈ T, given µ(t), µσ(t) should be chosen so that (µ(t), µσ(t))
is in the allowable region. The region on the left was numerically generated and agrees
closely with the analytic region shown on the right.

for i = 1, ..., n. Similarly, j = 2 yields

− 1

−2ai − µa2
i

+ (1 + µbi)
1

µ

[
m1j(µ

σ)

−2ai − µσa2
i

− m1i(µ)

−2ai − µa2
i

]
(1 + µbi) < 0.

Thus we implicitly define a µ, µσ region, a subset of R2, for which the switched

system will remain stable. For several examples of the µ, µσ region associated with

a given switched system, see Figures 4.4 and 4.5.

It should be noted that these implicit (upper) bounds on µσ are matrix-order

invariant. That is, if the roles of A1 and A2 are reversed, the same set of upper

bounds results. This is a direct consequence of the pairwise commutativity.

4.4.2 Bounds for µσ(t) for Simultaneously Diagonalizable Ai

Having established the above results for a switched system governed by a col-

lection of diagonal, pairwise commuting {Aj}, we now relax this condition. Once

again consider the dynamic switched system as defined in (4.4), now with the as-

sumption that the Ai are stable, pairwise commuting, diagonalizable matrices. As in

the diagonal case, we seek conditions under which the hypotheses of Theorem 4.11
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Figure 4.4: A switched system, switching between A1 and A2 according to an arbitrary
switching signal will remain stable if (µ(t), µσ(t)) is contained in the (darkest) shaded
region for all t ∈ T. Each plot shows the stability region associated with the given pair of
matrices. The dotted line in each plot indicates the µσ = µ line.
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Figure 4.5: A switched system, switching between A1 and A2 according to an arbitrary
switching signal will remain stable if (µ(t), µσ(t)) is contained in the (darkest) shaded
region for all t ∈ T. Each plot shows the stability region associated with the given pair of
matrices. The dotted line in each plot indicates the µσ = µ line.
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and (4.21) are satisfied. First, we present the following useful definition and related

theorem.

Definition 4.6. [19] A collection of matrices {Aj}N
j=1 ⊂ Rn×n is simultaneously di-

agonalizable if there exists a single invertible matrix S such that Dj = SAjS
−1,

j = 1, ..., N , are diagonal matrices.

Theorem 4.15. [19] Let {Aj}N
j=1 ⊂ Rn×n be a collection of diagonalizable matrices.

Then there exists an invertible matrix S that simultaneously diagonalizes every Aj,

j = 1, ..., N , if and only if the Aj are pairwise commuting, i.e., AjAi = AiAj for

every i, j ∈ {1, ..., N}.

The fact that diagonalizable, pairwise commuting matrices are simultaneously

diagonalizable will prove essential to the subsequent analysis. With this tool in

hand, we proceed to develop some preliminary results. First, we consider the form

of P and Mj.

Theorem 4.16. Let t ∈ T be fixed with µ(t) > 0 and let M(t) ∈ S+
n . If A ∈ Rn×n

Hµ
is

diagonalizable with A = S−1DS, D ∈ Cn×n, then the solution P (t) of La[A, P ] =

−M has the form

P (t) = µS∗

[
∞∑

k=1

(I + µD∗)kS−T M(µ)S−1(I + µD)k

]
S.

Specifically, under the assumptions of Theorem 4.9, with Aj = S−1DjS the solution

of (4.15) may be expressed as

P (t) = µS∗

[
∞∑

k=1

(I + µD∗
j )

kS−∗Mj(µ)S−1(I + µDj)
k

]
S,

for any j = 1, ..., N .

Proof. Let t ∈ T be fixed with µ(t) > 0 and let M(t) ∈ S+
n . According to Theo-

rem 3.11,

P (t) =

∫
St

Φ∗A(s, 0)MΦA(s, 0) ∆s. (4.23)
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For µ > 0, using A = S−1DS and (4.22),

P (t) =µ
∑

s∈µN0

(I + µA∗)
s
µ M(t)(I + µA)

s
µ

=µ

∞∑
k=1

(I + µS∗D∗S−∗)kM(t)(I + µS−1DS)k

=µ

∞∑
k=1

S∗(I + µD∗)kS−∗M(t)S−1(I + µD)kS

=µS∗

[
∞∑

k=1

(I + µD∗)kS−∗M(t)S−1(I + µD)k

]
S.

Similarly, with Aj = S−1DjS, the solution of (4.15) may be expressed as

P (t) =

∫
St

ΦT
Aj

(s, 0)Mj(t)ΦAj
(s, 0) ∆s

=µS∗

[
∞∑

k=1

(I + µD∗
j )

kS−∗Mj(t)S
−1(I + µDj)

k

]
S,

for any choice of j ∈ 1, ..., N .

We would like to sum this series as we did in the diagonal case. To accomplish

this, we will make a judicious choice for P0, to determine the collection {Mj}N
j=1.

Theorem 4.17. Let t ∈ T be fixed with µ(t) > 0 and let P0 = S∗S. If {Aj}N
j=1 ⊂ Rn×n

Hµ

is a collection of diagonalizable, pairwise commuting matrices, then

Mj(µ) = S∗

 N∏
k=1
k 6=j

−La[Dk, I]−1

S, j = 1, ..., N. (4.24)

We will demonstrate this result for N = 3, and show that it may be extended

for any finite choice of N .

Proof. Let N = 3 and let {Aj}N
j=1 ⊂ Rn×n be a collection of diagonalizable, pairwise

commuting matrices. Then there exists some invertible matrix S that simultaneously

diagonalizes Aj = S−1DjS so that {Dj}N
j=1 ⊂ Cn×n are diagonal and the diagonal

entries of Dj are the eigenvalues of Aj; i.e., Dj has diagonal entries {aji}n
i=1, j =

1, ..., N . Fix t ∈ T with µ > 0 so that aji ∈ Hµ for all j = 1, ..., N , i = 1, ..., n.
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In the characterization of Mi given in Theorem 4.9, the Mj are determined by

a single parameter, P0. That choice of P0 is arbitrary as long as P0 ∈ S+
n . In this

diagonalizable case it is useful to choose P0 = S∗S. Then

M1(µ) =

∫
St

Φ∗A2
(τ, 0)

∫
St

Φ∗A3
(s, 0)P0ΦA3(s, 0)∆s ΦA2(τ, 0)∆τ

=µ
∑

τ∈µN0

S∗(I + µD∗
2)

τ
µ S−∗

(
µ
∑

s∈µN0

S∗(I + µD∗
3)

s
µ S−∗(S∗S)S−1(I + µD3)

s
µ S

)

S−1(I + µD2)
τ
µ S

=S∗

[
µ2

∞∑
k=0

(I + µD∗
2)

k

(
∞∑

j=0

[(I + µD∗
3)(I + µD3)]

j

)
(I + µD2)

k

]
S.

As in the diagonal case, the assumption that spec(Aj) ⊂ Hµ allows us to sum these

geometric series. Thus,

M1(µ) =S∗

[
µ2

∞∑
k=0

(I + µD∗
2)

k [I − (I + µD∗
3)(I + µD3)]

−1 (I + µD2)
k

]
S

=S∗

[
µ2 [I − (I + µD∗

3)(I + µD3)]
−1

∞∑
k=0

[(I + µD∗
2)(I + µD2)]

k

]
S

=S∗
[
µ2
[
−µD∗

2 − µD2 − µ2D∗
2D2

]−1 [−µD∗
3 − µD3 − µ2D∗

3D3

]−1
]
S

=S∗
[
[−D∗

2 −D2 − µD∗
2D2]

−1 [−D∗
3 −D3 − µD∗

3D3]
−1]S

=S∗
[
(−La[D2, I])−1 (−La[D3, I])−1]S.

Similarly,

M2(µ) = S∗
[
(−La[D1, I])−1 (−La[D3, I])−1]S,

and

M3(µ) = S∗
[
(−La[D1, I])−1 (−La[D2, I])−1]S.

In general, considering the form of Mj given in Theorem 4.9 we see that

Mj(µ) = S∗

 N∏
k=1
k 6=j

−La[Dk, I]−1

S, j = 1, ..., N,

holds for any finite choice of N .
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Remark 4.1. Notice that this formulation of Mj reduces to that which was developed

in the diagonal case (when the Aj are already diagonal so that S may be chosen to

be the identity). From (4.24),

Mj(µ) = S∗

 N∏
k=1
k 6=j

−La[Dk, I]−1

S = S∗M̂j(µ)S,

where

M̂j(µ) :=
N∏

k=1
k 6=j

−La[Dk, I]−1,

is a product of diagonal matrices and thus diagonal. Furthermore, the diagonal

entries of M̂j are given by

M̂j(µ)[i, i] = mji(µ) =
N∏

k=1
k 6=j

1

−2<aji − µ|aji|2
, i = 1, ..., n.

Corollary 4.3. Let t ∈ T be fixed with 0 < µ(t), µσ(t) ≤ µmax. If {Aj}N
j=1 ⊂ Rn×n

Hmin

are diagonalizable, pairwise commuting matrices, and {Mj}N
j=1 ⊂ S+

n is defined as

in (4.24), the solution P (t) of (4.21) is given by

P (t) = µS∗M̂j(µ)[−µD∗
j − µDj − µ2D∗

jDj]
−1S,

and the ∆-derivative of P is given by

P∆(t) =
1

µ
S∗
[
µσM̂j(µ

σ)[−µσD∗
j − µσDj − µσ2D∗

jDj)]
−1

−µM̂j(µ)[−µD∗
j − µDj − µ2D∗

jDj]
−1
]
S.

Proof. Fix t ∈ T with 0 < µ, µσ ≤ µmax. From Theorem 4.3, substituting

Mj = S∗M̂jS,
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(according to Remark 4.1) and summing the resulting geometric series, we find

P (t) =µS∗

[
∞∑

k=1

(I + µD∗
j )

kS−∗Mj(µ)S(I + µDj)
k

]
S

=µS∗

[
∞∑

k=1

(I + µD∗
j )

kM̂j(µ)(I + µDj)
k

]
S

=µS∗M̂j(µ)

[
∞∑

k=j

(I + µD∗
j )

k(I + µDj)
k

]
S

=µS∗M̂j(µ)[I − (I + µD∗
j )(I + µDj)]

−1S.

Then, utilizing P∆(t) = P (σ(t))−P (t)
µ(t)

yields

P∆ =
1

µ

[
µσS∗M̂j(µ

σ)[−µσD∗
j − µσDj − (µσ)2D∗

jDj)]
−1S

−µS∗M̂j(µ)[−µD∗
j − µDj − µ2D∗

jDj]
−1S

]
=

1

µ
S∗
[
µσM̂j(µ

σ)[−µσD∗
j − µσDj − (µσ)2D∗

jDj)]
−1

−µM̂j(µ)[−µD∗
j − µDj − µ2D∗

jDj]
−1
]
S,

concluding the proof.

Remark 4.2. The above forms for P and P∆ are useful in the proof of the next

theorem. However, under the same assumptions, we can express these quantities in

more concise form. Specifically, using

Mj(µ) = S∗

 N∏
k=1
k 6=j

−La[Dk, I]−1

S,

we see that P (t) may be expressed as a finite product

P (t) = S∗

[
N∏

k=1

−La[Dk, I]−1

]
S, (4.25)

so that

P∆(t) =
1

µ
S∗

[
N∏

k=1

−L σ
a [Dk, I]−1 −

N∏
k=1

−La[Dk, I]−1

]
S. (4.26)
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Theorem 4.18 (Implicit Bounds for µσ). Let P = {1, ..., N} and let {Aj} ⊂ Rn×n

be a collection of pairwise commuting, diagonalizable matrices. Let µmax be fixed

so that spec(Aj) ⊂ Hmin for all j = 1, ..., N . Then the switched system (4.4) will

remain stable for any choice of switching signal s as long as, for every t ∈ T,

0 < µ(t), µσ(t) ≤ µmax satisfy

−mji + (1 + µāji)
1

µ

[
m1i(µ

σ)

−2<a1i − µσ|a1i|2
− m1i(µ)

−2<a1i − µ|a1i|2

]
(1 + µaji) < 0,

for j = 1, ..., N and i = 1, ..., n, where aji and mji are the eigenvalues of Aj and M̂j

respectively.

Proof. We will obtain stability of the switched system (4.4) by showing that Theo-

rem 4.11 holds. The hypotheses of Theorem 4.11 are met by the hypotheses here.

We need only show that

−Mj + (I + µA∗
j)P

∆(I + µAj) < 0, j = 1, ..., N,

is satisfied for all t ∈ T, where P (t) is as in Theorem 4.9.

Without loss of generality, P∆ may be expressed in terms of any Aj, Mj pair.

Choose j = 1 so that

P∆(t) =
1

µ
S∗
[
µσM̂1(µ

σ)[I − µσD∗
1 − µσD1 − µσ2D∗

1D1)]
−1

−µM̂1(µ)[I − µD∗
1 − µD1 − µ2D∗

1D1]
−1
]
S.

Substituting this form of P∆ along with Mj = S∗M̂jS, and Aj = S−1DjS into the

system of inequalities given in (4.21) we obtain

−S∗M̂j(µ)S + (I + µS∗D∗
jS

−∗)
1

µ
S∗
[
µσM̂1(µ

σ)[I − (I + µσD∗
1)(I + µσD1)]

−1

− µM̂1(µ)[I − (I + µD∗
1)(I + µD1)]

−1
]
S(I + µS−1DjS) < 0,

for j = 1, ..., N . Multiplying by S−∗ on the left and S−1 on the right yields

−M̂j(µ) + (I + µD∗
j )

1

µ

[
µσM̂1(µ

σ)[I − (I + µσD∗
1)(I + µσD1)]

−1

−µM̂1(µ)[I − (I + µD∗
1)(I + µD1)]

−1
]
(I + µDj) < 0.
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Figure 4.6: A switched system, switching between A1 and A2 according to an arbitrary
switching signal will remain stable if (µ(t), µσ(t)) is contained in the (darkest) shaded
region for all t ∈ T. The dotted line indicates the µσ = µ line.

Recognizing that all components are diagonal, we obtain scalar inequalities:

−mji(µ) + (1 + µāji)
1

µ

[
m1i(µ

σ)

−2<a1i − µσ|a1i|2
− m1i(µ)

−2<a1i − µ|a1i|2

]
(1 + µaji) < 0,

for i = 1, ..., n,

Notice that this system of inequalities is identical to those in the diagonal case

(when the Aj are diagonal so that S may be chosen to be the identity).

As a consequence of the last theorem, we have established design parameters

under which a common Lyapunov function for a given switched system (4.4) exists.

As in the diagonal case, these parameters are characterized by a µ, µσ stability

region. For an example, see Figure 4.6. Starting with t0 ∈ T and µ(t0), if µσ(t)

is always chosen so that the above scalar inequalities are satisfied, then V ∆(x) will

remain negative along all of the possible trajectories of the system. Thus for any
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finite number of underlying subsystems, one can design the underlying time domain,

adjusting graininess “on the fly”, to maintain stability of (4.4) for an arbitrary

switching signal.

4.4.3 Discussion

In each example given in the context of the diagonal and diagonalizable cases

we see that the µ, µσ stability region includes the entire region below the µ = µσ

line (for 0 < µ, µσ ≤ µmax). In fact this must hold for any stable switched system.

We formalize this in the following theorem.

Theorem 4.19 (µσ ≤ µ Ensures Stability). Let {Aj}N
j=1 ⊂ Rn×n be a collection of

pairwise commuting, diagonalizable matrices and let µmax be fixed so that spec(Aj) ⊂

Hmin, j = 1, ..., N . Then (4.4) will remain stable (under arbitrary switching) on any

time scale satisfying 0 < µσ(t) ≤ µ(t) ≤ µmax for all t ∈ T.

Proof. Let µmax be fixed so that {Aj}N
j=1 ⊂ Rn×n

Hmin
. Then, according to Theorem 4.8,

there exists a collection {Mj(t)}N
j=1 such that Mj(t) ∈ S+

n for all t ∈ T and

La[Aj, P (t)] = −Mj(t), j = 1, ..., N,

has a solution P (t) as given in (4.20). Then, to ensure stability according to Theorem

4.11, we require that

Ld[Aj, P (t)] = −Mj(t) + (I + µAT
j )P∆(I + µAj) < 0, j = 1, ..., N,

for Mj as in Theorem 4.9.

For P0 = S∗S and 0 < µ(t), µσ(t) ≤ µmax, from Remarks 4.1 and 4.2,

−Mj(t) + (I + µ(t)AT
j )P∆(t)(I + µ(t)Aj),
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may be written as

−
N∏

k=1
k 6=j

(−La[Dk, I]−1)

+ (I + µ(t)D∗
j )

1

µ

[
N∏

k=1

−L σ
a [Dk, I]−1 −

N∏
k=1

−La[Dk, I]−1

]
(I + µ(t)Dj) < 0,

where

L σ
a [Dk, I] = D∗

k + Dk + µσD∗
kDk.

Rearranging, this condition may be expressed as follows:[(
N∏

k=1

−L σ
a [Dk, I]−1

)(
N∏

k=1

−La[Dk, I]

)
− I

]
‖I + µ(t)Dj‖2 < −µ(t)La(Dj, I),

or, equivalently,

N∏
k=1

(−L σ
a [Dk, I])

(
−La[Dk, I]−1

)
> ‖I + µ(t)Dj‖2I, j = 1, ..., N. (4.27)

As the left-hand side is a product of diagonal matrices, it is diagonal with the ith

diagonal entry given by
N∏

k=1

(
−2<aki − µσ|aki|2

−2<aki − µ|aki|2

)
,

where aki denotes the ith diagonal entry (eigenvalue) of Dk. Thus, (4.27) may be

rewritten as a collection of scalar inequalities

N∏
k=1

(
−2<aki − µσ|aki|2

−2<aki − µ|aki|2

)
< ‖I + µDj‖2.

Due to the condition spec Aj ⊂ Hmin, for any j we have ‖I+µDj‖2 < 1. Furthermore,

the aki have negative real part so that, for µσ ≤ µ,

N∏
k=1

(
−2<aki − µσ|aki|2

−2<aki − µ|aki|2

)
≥ 1.

Thus, when µσ ≤ µ,

N∏
k=1

(
−2<aki − µσ|aki|2

−2<aki − µ|aki|2

)
≥ 1 > ‖I + µDj‖2.
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Consequently, in the case where the graininess of the underlying time scale is con-

stant or decreasing, the inequality Ld[Aj, P ] < 0 is satisfied and a common Lyapunov

function for the switched system exists, ensuring stability.

Given a collection of subsystems characterized by diagonalizable, pairwise com-

muting matrices, with µmax determined so that spec Aj ⊂ Hmin, there exists a time

scale on which the switched system will remain stable under arbitrary switching.

Specifically, the above theorem ensures that such a system will remain stable on

any time scale of constant or decreasing graininess (so long as µ, µσ ≤ µmax). Thus

from a design perspective, this provides a simple (albeit conservative) criterion for

designing the time domain as it evolves to ensure stability.

The stability criteria provided in Theorem 4.18 give more complex, yet less

conservative bounds for the µ, µσ stability region. Numerous examples have shown

that the stability regions typically include a (µ, µσ) region where µσ > µ. Thus the

stability region that follows from Theorem 4.18, allows “upshifting” in the choice of

graininess as the time domain evolves while still maintaining stability as long as the

bounds on µσ are observed.

From this we may conclude that, in designing the time domain to ensure stability,

the graininess may be “downshifted” at will. However, such downshifting should be

done with care as the ability to upshift is more restricted.
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CHAPTER FIVE

Applications to Adaptive Control

Modern engineering systems such as those associated with robots, automation

systems, aircraft and automobiles demand that large systems of actuators and sen-

sors interact effectively and efficiently with the system environment. In the past,

it was common in such systems for each actuator or sensor to be given a dedi-

cated channel to or from a main (central) computational control node. However,

as the underlying systems are increasing in complexity, with more and more actu-

ators and sensors and possibly multiple controllers, this older centralized system

model is giving way to the notion of decentralized control, where controllers, ac-

tuators and sensors all communicate via one high-speed real time network. One

of the most reliable and well understood such network protocols is the Controller

Area Network (CAN) [16]. CAN is widely used by automobile manufacturers in Eu-

rope, and has been applied in various robotics and automation systems worldwide

[36, 40, 41, 42, 43, 44].

A typical CAN is composed of a high speed network with associated control

nodes, actuator nodes and sensor nodes. Control nodes request input from sensor

nodes and then generate responses for actuator nodes. Sensor nodes may gener-

ate data periodically or in response to a request. Generally, there are three types of

messages being transmitted: high-speed periodic messages, high-speed sporadic mes-

sages, and low-speed periodic messages. In the CAN environment, these messages

consist of 0 to 8 bytes of data with an 11 to 29 bit identifier. This identifier labels the

type of data being transmitted and also specifies the priority of the message. The

network is data-selective rather than address-selective in that every node “hears”

every message. In a decentralized network, with multiple messages being sent si-
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multaneously, “message collisions” are inevitable. In the event of such a collision,

higher priority messages transmit first [16].

This leads to potential pitfalls when implementing a CAN system. If controllers

with fixed control periods share the available bandwidth, little room for sporadic

high-priority messages remains. Such messages take priority and may cause delays

in other network control messages being sent and received. These delays could lead

to variation in the control period and potentially to instability. Thus the control

period must be adapted to allow for limited periods of high-speed sporadic traffic

while maintaining overall system stability.

Time scales theory has shown itself to be particularly useful for the stability

analysis of such systems [16]. As the continuous system evolves, let us consider the

collection of moments at which the controller exerts control over the system to be

the underlying time scale. Then variations in the control period correspond to a

varying graininess, µ(t).

In this chapter, we consider a continuous linear system, discretized to a time

scale. We are motivated by the notion of an engineering system evolving in real

time which is observed and controlled at discrete instants. We have already seen

that stability of a dynamic linear system may be determined by the graininess of the

underlying domain. Therefore, our goal is to show how a system evolving in real time

(with full state feedback control available) can be stabilized by appropriately timed

adjustments. Discretizing the continuous system will allow us to see how changes in

the control period impact the stability of the system. Specifically, we will show that

results from the previous chapter may be applied to effectively analyze the stability

of the continuous linear system as the control period varies.
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5.1 Discretizing a Linear System

We start with the assumption that the plant to be controlled can be approxi-

mated by a linear system of the form

ẋ = Ax(t) + Bu(t)

u(t) = Kx(t),

(5.1)

with A ∈ Rn×n, B ∈ Rn×m, and K ∈ Rm×n. Assume, for simplicity, that full-

state feedback control is available via K to make the system behave as desired.

We now discretize this continuous system to an isolated time scale T, consisting of

nonuniformly spaced points.

Theorem 5.1. Let T be a time scale with 0 < µ(t) < ∞ for all t ∈ T. Then, for A

invertible, the continuous system given in (5.1) may be discretized to a corresponding

dynamic system defined on T, given by

x∆(t) = A(t)x(t), (5.2)

where A(t) : T → R is given by A(t) := expc(µ(t)A)(A + BK)x(t).

Proof. According to [9], the solution x(t) of system (5.1) can be expressed as

x(t) = eA(t−t0)x(t0) +

∫ t

t0

eA(t−τ)Bu(t) dτ.

Now, suppose T is a time scale with 0 < µ(t) < ∞ for all t ∈ T. Discretizing (5.1)

to the time scale yields a sample-and-hold behavior, so that u(t) = u(tk) = uk for

all t ∈ [tk, tk+1), where tk and tk+1 are successive points in the time scale. Thus, for

any t ∈ [tk, tk+1], we have

x(t) =eA(t−tk)x(tk) +

∫ t

tk

eA(t−τ)Bu(t) dτ

=eA(t−tk)x(tk) +

∫ t

tk

eA(t−τ) dτ Buk

=eA(t−tk)x(tk) + A−1(eA(t−tk) − I)Buk.
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Now, for t ∈ T, x∆(t) may be expressed as

x∆(t) =
x(σ(t))− x(t)

µ(t)
=

eA(σ(t)−t)x(t) + A−1(eA(σ(t)−t) − I)Bu(t)− x(t)

µ(t)

=
eAµ(t)x(t) + A−1(eAµ(t) − I)Bu(t)− x(t)

µ(t)

=
eAµ(t)x(t) + A−1(eAµ(t) − I)BKx(t)− x(t)

µ(t)

=
[eAµ(t) − I][I + A−1BK]x(t)

µ(t)

=

[
eAµ(t) − I

µ(t)

]
A−1[A + BK]x(t).

Using the series representation of the matrix exponential we may write

x∆(t) =

[
eAµ(t) − I

µ(t)

]
A−1[A + BK]x(t)

= expc(µ(t)A)(A + BK)x(t)

:=A(t)x(t),

where the expc function is the convergent power series,

expc(X) := I +
1

2
X +

1

6
X2 + · · ·+ 1

n!
Xn−1,

from Definition 2.1. Thus x∆(t) = A(t)x(t) is the dynamic time-dependent linear

system corresponding to system (5.1).

It should be noted that, according to the properties of the expc function in

Theorem 2.11, in the case that T = R (with µ(t) ≡ 0), expc(µ(t)A) reduces to an

identity matrix. Thus, for T = R, (5.2) simplifies to the original continuous system

ẋ(t) = (A + BK)x(t).

5.2 A Corresponding Switched System

Notice that the resulting system is time varying, but only in its dependence on

µ(t). That is, for all t ∈ T such that µ(t) ≡ µ, we have A(t) ≡ Aµ, where

Aµ := expc(µA)(A + BK). (5.3)
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Since the only time-dependence in this system is associated with the graininess at

time t, we will see that (5.2) may be interpreted as a switched system. Consider

(5.1) discretized to a time scale T with associated graininesses M = {µp}p∈P where

P is some indexing set. Then when µ(t) ≡ µp, the discretized system is a function

of µp controlled by

x∆(t) = Aµpx(t), p ∈ P . (5.4)

The system then switches between these subsystems depending on the graininess

µ(t) : T →M which plays the role of the switching signal.

The development of this switched system is fundamentally different from what we

saw in the previous chapter. Previously, we started with a collection of subsystems

and then determined values for µ(t) and µσ(t) for which the resulting system would

remain stable under arbitrary switching. Here, discretizing the single continuous

system to a time scale yields a collection of subsystems which are directly tied to

the graininesses of the time scale; i.e., the collection {µj} determines the collection

of subsystems.

Since we have successfully cast the discretized system in (5.2) as the switched

system in (5.4), we now seek conditions under which we may apply Theorem 4.11

to analyze the stability of this system. First, we require a finite number of sub-

systems. Since these subsystems are directly tied to the graininesses of the time

scale underlying the discretized system, this in turn requires that T have a finite

number of associated graininesses, i.e., M = {µj}N
j=1. These should be chosen so

that 0 < µ(t) ≤ µmax, ensuring that each subsystem satisfies Aµj
∈ Rn×n

Hmin
. Finally,

we require that the Aµj
matrices commute pairwise. From the form of the Aµj

, we

see that the following condition is sufficient to ensure this pairwise commutativity.

Lemma 5.1. Let A and BK be commuting matrices, with A invertible. Then for

any collection M = {µj}N
j=1, the corresponding collection of matrices {Aµj

}N
j=1 (as

defined in (5.3)) commutes pairwise.

88



Requiring that the A and BK commute may appear restrictive. However, for a

given A and B, there is often some latitude in choosing K so that these quantities

will commute.

Lemma 5.2. A and BK commute if and only if

(−AT ⊕ A)(I ⊗B) vec K = 0,

where ⊕ and ⊗ are the Kronecker sum and product, respectively.

Consequently, any choice of K for which vec K is in the null space of (−AT ⊕

A)(I ⊗B) will suffice.

From the previous discussion, the following analogue of Theorem 4.11 emerges:

Theorem 5.2. Let A and BK be commuting matrices, with A invertible, and let T be

a time scale such that M = {µj}N
j=1 and 0 < µj ≤ µmax, so that spec(Aµj

) ⊂ Hmin

for all j = 1, ..., N . Then the following are equivalent:

(i) V (x) = xT P (t)x with P (t) as in (4.20) is a common Lyapunov function for

(5.4),

(ii) −Mj(t) + GT
j (t)P∆(t)Gj(t) < 0, j = 1, ..., N , is satisfied for all t ∈ T.

If (i) or (ii) holds, then solutions of (5.2) are asymptotically stable.

In this way we may apply Theorem 4.11 to determine the stability of (5.2), and

equivalently, the continuous system (5.1).

5.3 Examples and Discussion

The primary condition for applying the theory from the previous chapter to

system (5.1) is that we choose to discretize it to an appropriate time scale, with a

finite number of graininesses and µmax small enough to maintain stability. In the

context of CAN systems, this is akin to specifying a collection of appropriate control
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periods—e.g., a base control period, and a longer control period to allow for sporadic

increases in network traffic as needed.

The result is nice in that it ensures stability of the continuously evolving linear

system as the control period varies (switches) between the specified graininesses (and

hence, the corresponding subsystems) so long as Theorem 5.2 is satisfied. In the

previous chapter, the graininess was divorced from the actual subsystems. In that

setting, we could switch arbitrarily between subsystems, so long as the underlying

time scale satisfied the corresponding bounds for µσ(t) for all t ∈ T. Here, the close

tie between the graininesses and the subsystems of the switched system leads to

some limitations. The constraints on the choice of graininess (i.e., the bounds on

µσ) now translate into constrained switching for the switched system. However, as

the only switching occurring here is directly tied to the graininess, this is what one

might expect.

Recall that, in the formulation of the Mj and P in Theorem 4.9, both of these

quantities are functions of all of the subsystems of the switched system. In the case

of this special type of switched system (where each subsystem is a function of some

µj), as the number of graininesses, N , increases so does the complexity of the system

of bounds resulting from −Mj + GT
j P∆Gj < 0. In fact, there is numerical evidence

that as N →∞, the appropriate switching region decreases to the region determined

by µσ ≤ µ. Thus, this analysis is most effective in the presence of a small number

of specified graininesses.

As an example, consider system (5.1) with

A =


0.661504 −0.20274 −0.194567

−0.0680725 0.953429 −0.12131

0.129586 0.0551198 .705179

 ,
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and

B =


−1.08631 −0.654088 −0.495341

0.0451807 −1.04051 0.751484

0.760284 −0.457105 −1.52539

 .

A is actually unstable, in the sense that the system ẋ(t) = Ax(t) is not stable.

However, we choose K so that A and BK commute and so that the eigenvalues of

A+BK are close to desired values, {−1.9,−1.2+0.3i,−1.2−0.3i}, in order to make

the overall system behave as desired. Thus K stabilizes the system and satisfies the

commutativity condition. Using Lemma 5.2, we choose

K =


1.39337 −0.63543 −0.922183

0.52425 1.56018 0.526928

0.618893 −0.736107 0.858151

 .

Whereas in the previous chapter we obtained a continuous stability region in terms of

µ and µσ, here we must specify a collection of µj which will make up our underlying

time scale. The matrices A and BK impose a maximum graininess µmax for which the

condition that specAµj
⊂ Hmin, j = 1, ..., N is satisfied. Here, µmax is determined

to be µ = .825.

To explore the nature of the stability region in this context, we propose three

different collections of {µj}. See Figures 5.1–5.3. First notice that instead of a

continuous µ, µσ region, we have a collection of discrete points in the µ, µσ plane.

This is a consequence of requiring a finite collection of graininesses. Each point

(µi, µj) answers the question, “Is it acceptable (according to the sufficient stability

criteria in Theorem 5.2) to switch from Aµi
to Aµj

?”. This is equivalent to asking if

the discretized system in (5.2) will remain stable on a time scale which jumps from

a graininess µi to µj. Points marked with the darker (red) + symbol represent an

affirmative response. These points lie on or below the indicated bounds.
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A =  
     0.970177     0.120182   0.0389049 
    ‐0.140526     0.716671  ‐0.0678287  
     0.290931    ‐0.180846     0.705789 
 
B =  
       ‐2.88163     ‐0.16925    ‐0.969981 
      0.205738            ‐2.39     0.535901 
     ‐0.899462    0.748734      ‐1.05831 
 
K =  
      0.620993    ‐0.996552     ‐1.43515 
     ‐0.165562       1.29897     0.807381 
      0.863426       3.01334       4.05773 
 
 
 
 
 
 

Figure 5.1: We have N = 10 specified values for µ, with range 0 < µj ≤ µmax = .825.
Notice that the stability region includes all points below the µ = µσ line. In this example,
it is possible to maintain stability as the graininess varies between .36 and .72. If the
system switches to a graininess less than .36, it loses the ability to upshift.

On further examination of Figures 5.1–5.3, we are able to draw the following

conclusions. First, it is always acceptable to switch to a smaller graininess. However,

such “downshifting” should be done with care, as it is not always possible to switch

back to the larger graininess and maintain stability. This agrees with what we saw

in examples in the previous chapter. Second, we find that the stability region varies

depending on the number and range of choices selected for the µj. Direct comparison

is difficult, as the same points are not represented in each example. However, there

are interesting qualitative differences. Notice that in Figure 5.1, if the graininess is

allowed to switch to .28, the system cannot shift to a larger graininess. On the other

hand, looking at the same system when the number and/or range of the µ is limited,

we see an increase in flexibility between the specified values. Specifically, in Figures

5.2 and 5.3, we see that it is possible to upshift from the smallest graininess, which

in both cases is much less than the .28 which presents a problem in Figure 5.1.
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Figure 5.2: We have N = 10 specified graininesses, but with a smaller range, .25µmax <
µj ≤ .75µmax. Notice that we now have much more flexibility to switch between the
specified graininesses. Here we also have the added ability to upshift even when the
graininess drops as low as µ = .20.
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Figure 5.3: Here we specify N = 4 values for µ with range .25µmax < µj ≤ .75µmax.
Compare this region to that in Figures 5.1 and 5.2. Limiting the number and range of
the µ values yields an increase in flexibility over the specified range. As in Figure 5.2, we
can upshift from the smallest graininess. However, here we can upshift from the smallest
graininess to the largest in just 3 steps (instead of 8, as in Figure 5.2).
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Limiting the number and/or range of the choices for {µj} impacts the ability to

upshift to larger graininesses. These conclusions are supported by numerous addi-

tional examples and numerical evidence. A further theoretical investigation of this

phenomenon is an interesting problem which we do not address here.

Discretizing a continuous system to a time varying domain introduces a number

of exploitable complexities which do not arise in the context of a continuous or

uniformly discrete domain. Taking this approach allows flexibility in choosing the

graininess and the ability to vary the control period as needed to maintain the

stability of a given system. More importantly, this approach allows us to investigate

the effect of changes in the graininess (or control period) on the overall stability of

the system and opens new avenues for application in adaptive control regimes.
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CHAPTER SIX

Conclusions and Future Directions

The generalized time scales theory that has developed from Stephan Hilger’s

calculus on measure chains has proven effective in the analysis of hybrid dynamic

systems, particularly in applications characterized by a combination of continuous

and discrete dynamics. In this work, we successfully extended this unified theory in

the direction of stability analysis of hybrid dynamic linear systems.

Building on the work of DaCunha [10, 11], a unified and extended version of

Lyapunov’s Second (Direct) Method was developed for application to hybrid linear

systems evolving on time scale domains. The resulting time scale dynamic Lyapunov

equation generalizes existing analogues in the discrete and continuous cases and

coincides with DaCunha’s time scale algebraic Lyapunov equation in the steady

state.

We then developed and implemented a common Lyapunov function approach

for the stability analysis of switched systems evolving on dynamic domains. This

method yielded a very robust conclusion (i.e., asymptotic stability under arbitrary

switching). However, the sufficient conditions for this stability imposed requirements

on the individual subsystems as well as the underlying time scale. This led to the

formulation of two very different but closely related problems in analysis and design.

The design perspective brought new insight into the dynamics of switched sys-

tems and provided a mechanism for adjusting the graininess in order to maintain

stability. This has natural applications to the areas of bandwidth optimization,

adaptive control, and µ-dynamics for hybrid systems evolving on time scales. We

concluded by applying this new theory to a problem in adaptive control, namely, a

CAN system as the control period varies. In that context, the subsystems of the
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switched system were functions of the graininess so that stability was achieved by

appropriately constrained switching.

The generalized Lyapunov theory presented in this work forms a basis for several

avenues of further research, especially in the context of switched systems. First,

the common Lyapunov function approach used here yields admittedly conservative

sufficient conditions for stability; a multiple Lyapunov function method may be the

natural next step. We studied stability under arbitrary switching; next, one might

consider various forms of constrained switching (e.g., switching order, average dwell

time, minimum dwell time, etc.). Although we answered Question 1 from Chapter 4,

Question 2—on how to use the switching signal to stabilize a system comprised

of inherently unstable subsystems—remains open. Finally, the results here were

developed for a finite number of subsystems. Perhaps they may be extended via Lie-

algebraic methods (as they have been on R) for an infinite collection of subsystems.

Each of these represents an interesting open problem in the time scales case, ripe

for further research.
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