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Abstract
In this paper hydrodynamic and kinetic approaches to model low-pressure capacitively
coupled complex radio-frequency discharges are discussed and applied to discharges under
micro-gravity. Complex plasmas contain dust grains with a large negative charge and are
characterized by a strong coupling between the properties of the plasma and those of the dust
grains. After a discussion of the physics and methods involved, examples are presented from
modelling of experiments under micro-gravity in the PKE-Nefedov reactor on board the
International Space Station. These discharges are simulated with a 2D cylindrically symmetric
hydrodynamic model.

Kinetic effects are studied with a 1D particle-in-cell plus Monte Carlo model in which
capture and scattering by dust grains is included. Since experiments are often performed at
low pressures, the electron energy distribution function is no longer determined by the local
plasma properties. This has consequences for the charging of the dust. Results of simulations
with this model are compared with the hydrodynamic results. In addition, we address the
behaviour of the dust charge in decaying plasmas.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Apart from electrons and ions, complex plasmas contain dust
grains with a size ranging from a few nanometres to several
micrometres. Usually, these grains obtain a large negative
charge of approximately 2–3 electrons nm−1 radius. When
their number density is high enough they have a significant
influence on the plasma properties. On the other hand, the
properties of the grains like the charge and density distribution
depend on the plasma parameters. The result is a strongly
coupled system, in which the grains can become so closely
packed that their Debye sheaths start to overlap, eventually
leading to incompressibility of the dust cloud and crystal
formation. The dust grain dynamics introduce a timescale
that is much longer than the typical plasma timescales and the
dust density distribution shows steep gradients. This makes
a simulation of the complex plasma behaviour a multi-scale
problem, both in space and time, requiring iterative methods.

Complex plasmas form a colloidal system that is well
suited to studying kinetic aspects of solid state physics and
fluid dynamics, on a scale visible to the eye. Typical topics are
wave propagation, Mach cones, viscosity, turbulence, phase
transitions, rheology, lane formation, etc [1–8]. Obviously,
for studies in three dimensions the formation of a sufficiently
large homogeneous spatial distribution of grains is of great
importance. On earth, however, gravity is the dominant force
for large grains, and when this force is balanced by the electric
field above the lower electrode of a discharge, only thin,
essentially two-dimensional structures can be made. The study
of three-dimensional distributions requires the compensation
or elimination of gravity. This can be done by applying
a temperature gradient that creates a thermophoretic force
[9, 10], or by performing experiments under micro-gravity
conditions during parabolic flights or on board space stations
like the MIR or ISS. Small ensembles of particles (Coulomb
balls) can be made using a combination of the thermophoretic
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force and a glass tube, creating a spherical potential
well [11].

The study of complex plasmas under micro-gravity
[12, 13] revealed that for micrometre sized particles the dust

distribution contained a dust free centre, a so-called void.
Initially, the generation of the void could not be simulated. The
thermophoretic force was too small and the ion drag, exerted
on the grains by positive ions moving from the discharge centre
towards the walls, also turned out to be insufficient when
the screened Coulomb interaction between ions and grains
was based on the linearized Debye length. This force was
a factor of 5 to 10 too small. Only by using the electron Debye
length [14] in the expressions for the Coulomb interaction did
the force become large enough, but this assumption of pure
electron screening was unrealistic in the centre of the discharge.
Since the first observations, the theoretical description of the
interaction of the ion flow with the dust particles has shown a
significant evolution [15–20]. It was realized that the high
floating potential of the dust causes deflection of the ions
beyond the Debye length, while ion–neutral collisions enhance
the probability for ion capture, reducing the dust charge and
enhancing the drag as compared with the electric force. Also
the influence of the ion drift was included [20, 21]. The
expression for the ion drag including these improvements
yields a force that is large enough to explain the generation
of the void.

Based on these new insights, we have developed a
hydrodynamic model for a complex radio-frequency discharge.
Other important aspects of the model are the loss of plasma
on the dust and the influence of the dust charge on the
distribution of the electric potential. This coupling makes
the model fully self-consistent. In the next sections, we will
first describe the model in more detail and discuss the physics
involved. Examples of application of the model address the
mechanism leading to formation of the void and the influence
of the background gas density. Experiments on board of the
International Space Station have shown that it is possible to
close the void by reducing the power applied to the discharge
[22]. Closure is obtained when the central ion density drops
below a critical level. Here, a study is made of the influence
of the pressure on closure of the void.

Since experiments are usually performed at low gas
pressures, the energy distribution of the electrons no longer
depends on the local plasma parameters only. Their mean free
path for energy loss becomes comparable to the characteristic
gradient lengths or even to the electrode distance. This has
large consequences for the charging of the dust, especially
in the discharge centre. Electrons bounce between the
oscillating sheaths and have their largest kinetic energy at the
centre [23, 24], enhancing the dust charge. A hydrodynamic
description fails to resolve this and a kinetic approach is
needed. An often applied technique is the particle-in-cell
plus Monte Carlo approach [25, 26]. Test electrons and ions,
each representing a large number of real ones (their weight)
are followed on their way through the discharge. Their
instantaneous spatial distribution enables the calculation of
the net space charge and the self-consistent electric field.
Collisions with dust grains can be added in the MC model

and the dust charge can be accounted for in the Poisson
equation. A description of a one-dimensional PIC/MC model
will be presented and applied to discharges with an immobile
prescribed distribution of grains similar to that obtained with
the hydrodynamic model. Another application of the PIC/MC
model addresses the behaviour of the grain charge in a decaying
plasma, after switching off the power.

2. Hydrodynamic modelling

2.1. Description of the plasma

To model complex radio-frequency discharges under micro-
gravity, a standard discharge model must be coupled to a
description of the dust grain fluid, accounting for all relevant
interactions that lead to the coupling between the plasma and
the dust. The description of the plasma is based on the particle
balance for electrons and positive ions, with drift-diffusion
expressions for the fluxes, ��j [27]:

∂nj

∂t
+ �∇ · ��j = Sj , ��j = njµj

�E − Dj
�∇nj . (1)

Here, µj is the mobility and Dj the diffusion coefficient for
species j . The source, Sj , contains plasma recombination
on the surface of the dust particles. The electric field, �E, is
found from the Poisson equation, that includes the dust particle
charge:

�V = − e

ε0
(n+ − ne − Zdnd), �E = −�∇V. (2)

Here, Zd is the dust particle charge number and n+, ne and
nd are the positive ion, electron and dust particle densities,
respectively. Since radio-frequency discharges are usually
driven at frequencies above the ion plasma frequency, inertia
inhibits an instantaneous adjustment of the ions to changes in
the electric field. This can be accounted for by replacing the
actual electric field in the expression for the flux by an effective
field �Eeff [28].
The energy balance for the electrons is solved using a similar
drift-diffusion approximation for the average electron energy
density w = neε, with ε the average electron energy. The
power input is Ohmic heating. Losses, Sw, come from inelastic
collisions with the background gas (computed with a two-term
Boltzmann solver) and capture of electrons by the dust.

∂w

∂t
+ �∇ · ��w = −e��w · �E + Sw, (3a)

��w = 5
3

(
µew �E − De �∇w

)
. (3b)

The electrons mainly lose their energy in inelastic collisions.
Only during part of the RF cycle they can reach the wall. Then,
the heat flux points towards the wall and heat is lost. This
contribution is largest at low pressures, when the transport
coefficients are large. The ions are assumed to dissipate their
power locally in collisions with the gas. Their energy balance
is not solved. Only the dissipated power is computed, being a
contribution to the total power balance of the discharge.
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2.2. Description of the dust fluid: charging

Dust particles introduced in a plasma collect ions and electrons
and charge up to the floating potential with respect to the
surrounding plasma. When the surface of the dust particle is
at floating potential, the currents of electrons and ions towards
the surface of the dust particles are equal. The current of ions
and electrons to a spherical dust particle of radius a is obtained
from the orbital motion limited (OML) theory [29].

I+ = 4πa2en+

√
E+

2m+

(
1 − eV (a)

E+

)
, (4)

Ie = −4πa2ene

√
kTe

2πme
exp

(
eV (a)

kTe

)
, (5)

where E+ is the energy of the ions consisting of the thermal
energy (assuming a Maxwellian distribution) and the kinetic
energy resulting from the drift velocity u+ in the electric field,
E+ = 4kTgas/π + m+u

2
+/2.

When the mean free path for ion–neutral collisions
becomes comparable to the Debye length, the ion current is
enhanced [16]. The modified current is given by

I+ = 4πa2en+

√
E+

2m+

[
1 − eV (a)

E+
+ 0.1

(
eV (a)

E+

)2
λD

lmfp

]
.

(6)

In the above equations a is the dust particle radius and Te the
electron temperature. λD and lmfp are the linearized Debye
length and the mean free path for ion–neutral collisions and
m+ the ion mass. Current equilibrium I+ = Ie gives the
floating potential, Vfl(a) and the dust charge is then given by
eZd = 4πε0aVfl(a).
At this floating potential, the electrons and ions arriving at
the dust particle will recombine at a rate ndIe/e. The energy
released is used to heat up the particle surface, and is mostly
cooled away in collisions with the atoms of the background
gas. This heats the gas, adding to the power dissipated by
the plasma ions, thus establishing a temperature gradient. The
energy flux absorbed by the dust grains, Jrec, is given by

Jrec = ndne

√
kBTe

2πme
exp

(
eVfl

kBTe

)
(Ei − eVfl + ε) , (7)

with Vfl the floating potential, Ei the ionization energy of the
gas and ε the average kinetic energy of the electrons. This
expression is based on the assumption that the energy released
by the recombination of the incoming ion and an electron from
the grain is totally absorbed by the grain. Added to that is
the kinetic energy acquired by the ion during its acceleration
through the sheath surrounding the grain and the contribution
of the electrons (3/2kTe). We neglect the initial kinetic energy
of the ions. For a Maxwellian distribution function, the
electron contribution is 2 kT [30], but since the distribution
function in low-pressure radio-frequency discharges usually
has a depleted high-energy tail, we reduced the contribution
slightly. In reality, the picture is more complex. The incoming
Ar ion will return as a neutral into the gas, because it does

not stick to the surface of the grain. Depending on the
accomodation coefficient, the returning neutral will retain part
of the initial kinetic energy of the ion. For the simulations
shown in this paper the power levels are quite low, and the
effects of a more complete description are negligible.
The power loss, Qout, consists of two contributions. Thermal
transfer to the gas, Jth, and radiative loss, Jrad. For the pressure
range in the micro-gravity experiments, the thermal transfer is
governed by the Knudsen theory [31, 32] and is given by

Jth = γ + 1

16(γ − 1)

p√
Tg

√
8kB

πmg
α(Tp − Tg). (8)

Here γ = cp/cv is the heat capacity ratio, mg is the gas
atomic mass, p is the gas pressure, Tp is the dust particle
surface temperature, Tg is the gas temperature and α is the
accommodation coefficient. For an argon discharge γ = 5/3
and α = 0.86 have been suggested in the literature [33]. The
radiative cooling term Jrad follows directly from the Stefan–
Boltzmann law:

Jrad = εσ
(
T 4

p − T 4
w

)
, (9)

in which ε is now the emissivity, σ is the Stefan–Boltzmann
constant and Tw is the reactor wall temperature. The emissivity
of the melamine-formaldehyde (MF) particles that are mostly
used in the experiments is assumed to be 0.9 [34]. Equations (8)
and (9) are coupled to the temperature balance for the gas and
solved with an iterative method.

2.3. Description of the dust fluid: forces

Regarding the forces, the electrostatic force and gravity follow
directly from the charge, the time-averaged electric field, �Eav

and mass md of the dust grains:

�Fel = eZd �Eav, �Fg = md �g = 4π

3
a3ρd �g. (10)

If the background gas is assumed to be at rest, the neutral
drag acting on the dust particles moving through the gas is
proportional to the dust drift velocity, �vd. The temperature
gradient in the background gas causes the thermophoretic
force.

�Fn = −4

3
πa2ρgasvth �vd, �Fth = −32

15

a2

vth
κT �∇Tgas. (11)

Here ρgas is the mass density and vth the average thermal
velocity of the background gas. κT is the translation part of
the thermal conductivity (0.0177 W K−1 m−1 for Ar at 300 K).
The spatial distribution of the gas temperature is obtained
from the heat balance, with a prescribed temperature at all parts
of the reactor wall and electrodes, and an axis of symmetry at
r = 0. The input comes from the dust grains and the ions
(averaged over one RF period, indicated by 〈〉).

�∇ · ( − κT �∇Tgas
) = 4πa2ndJth + e〈��i · �E〉. (12)

The ion drag consists of two parts: the transfer of
momentum by ions collected and the transfer of momentum by
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ions deflected by the dust particle. A comprehensive discussion
of the expression we use is given in [27]. The force is given by

�Fid = �F c
id + �F o

id, (13)

= n+m+v�u+ ×
{
σc(v) + πρ2

0 (v)

[
�(v) + K

(
λD(v)

lmfp

)]}
,

with σc(v) = πa2(1 + ρ0(v)/a) the OML cross section for ion
capture, ρ0(v) = ZDe2/2πε0m+v

2 the Coulomb radius and
�(v) the Coulomb logarithm,

�(v) = ln

[
ρ0(v) + λD(v)

ρ0(v) + a

]
. (14)

By using this expression, scattering of ions beyond the
screening length is taken into account [15]. λD(v) is the
linearized Debye length, based on the standard electron Debye
length, λD(ne, Te) and the ion Debye length, λD(n+, E+)

derived from the total ion energy, m+v
2/2 = E+. For large

drift speeds, the ion velocity in the expression for the Coulomb
logarithm should not be taken from m+v

2 = 8kTgas/π +m+u
2
+,

but changed into [35]:

v2 = 8kTgas

πm+
(15)

+ u2
+

[
1 +

(
u+

ub
/
(
0.5 + 0.05 ln(m̃+/Z+) + (Ti/Te)

1/2))3
]

,

where m̃+ is the ion mass in amu (m̃+/Z+ = 40 for argon ions).
The ‘collisional function’, K, is given by

K(x) = x arctan(x) +

(√
π

2
− 1

)
x2

1 + x2
−

√
π

2
ln (1 + x2).

(16)

This function, added to the Coulomb logarithm, accounts for
the influence of ion–neutral collisions on the ion scattering
[18, 19]. The argument is the ratio between the Debye length
and the collision mean free path λmfp.

2.4. Description of the dust fluid: drift-diffusion flux

When the density of the grains becomes so large that screening
is no longer complete, the potential energy at the average
particle distance exceeds the thermal energy of the grains. As
a result of that the dust fluid becomes incompressible, and the
internal pressure has to be added to the forces. The pressure
of a crystalline dust grain distribution, taken from [36], can be
written as

Pcr = 1 + βκ

3β
Nnn�Pd exp(−βκ), � = e2Z2

d

4πε0�kBTd
,

(17)

where � is the so-called coupling parameter, � = n
− 1

3
d is the

mean interparticle distance, κ = �/λD, with λD the linearized
Debye length and Pd = ndkBTd is the non-crystalline pressure.
Nnn, the number of nearest neighbours and β are lattice
parameters (Nnn = 8 and β = 1.09 for bcc and Nnn = 12
and β = 1.12 for both fcc and hcp lattices).

Pdf , the dust fluid pressure used, is an interpolation
between the non-crystalline and the crystalline pressure,

Pdf = xPcr + (1 − x)Pd, where the interpolation factor x

depends on the coupling factor. If � < 1 then x = 0 and if
� > �crit x = 1. In between we use a linear interpolation [36]:

x = � − 1

�crit − 1
, �crit = 106

exp(κ)

1 + κ + 0.5κ2
. (18)

This critical coupling factor is an approximation to the crystal–
liquid transition curve, obtained from molecular dynamics
simulations for a Yukawa system [37].

Assuming that the damping neutral drag force balances all
the other forces, we can now derive a drift-diffusion expression
for the dust particle flux:

��d = nd(mdνmd)
−1

[
�Fel + �Fth + �Fid

]
− Dd �∇nd, (19)

where the diffusion coefficient Dd is given by

Dd = 1

mdνmd

dPdf

dnd
(20)

and the momentum loss frequency, νmd is defined by

mdνmd = 4
3πa2ρgasvth. (21)

The forces in this drift-diffusion expression are all averaged
over one radio-frequency period. By using equation (19), we
also neglect the total time derivative in the momentum balance,
restricting ourselves to slowly varying or stationary dust grain
distributions. Modelling of waves and instabilities is thus
excluded.

2.5. Numerics

The transport of all species is described by a drift-diffusion
expression for the flux. We use the Sharfetter–Gummel
exponential scheme to advance the density profiles in time [38].
Stability of the electron behaviour is enhanced by coupling
the discretized electron transport to the Poisson equation
implicitly. The set of non-linear equations is solved with a
Newton method. To speed up the RF simulation, the changes in
the profiles over each time step are stored and added during the
simulation of the next RF cycle. This provides an excellent first
guess for the Newton iteration. A typical grid consists of 64
axial points between the electrodes by 48 radial points from the
axis to the cylindrical wall. The grid is extended with 16 points
along the sides of the electrodes, making a total of 96 points.
The iterative procedure needed to solve the coupled plasma
and dust behaviour consists of following the plasma during a
number of RF cycles, at a fixed dust grain distribution. When
the plasma profiles are periodic, the time-averaged quantities
are computed that are relevant for the dust transport. Then the
dust is advanced, typically over 1000 RF periods, introducing
dust from a source near the electrodes. Especially when the
grains are still far from equilibrium, the evolution of the dust
leads to generation and transport of a significant number of
negative charge, leaving net positive charge behind. Before
restarting the plasma simulation, quasi-neutrality has to be
restored. This is done by adjusting the density profile of the
positive ions. During the plasma simulation, the ions will again
adapt to the new dust charge density profile. This cycle is
repeated until sufficiently converged. The final relative error in
the last iteration cycle is typically 10−7, ensuring an anticipated
maximum error of approximately 10−4.
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(a)

(b)

Figure 1. Dust density in 1010 m−3 (a) and electron density in
1015 m−3 (b), for a discharge with 500 000 particles of 3.4 µm
radius, driven at 64 V peak-to-peak, at a pressure of 200 mTorr.

3. Sustainment of the void

In this section, we will present simulations of dust grain
distributions under micro-gravity conditions, concentrating on
the behaviour of the void. We have simulated discharges
in the PKE-Nefedov reactor [13]. This reactor is up–down
symmetric, with an electrode separation of 3 cm. The total
radius is 5 cm, the radii of the electrodes and the electrode
shield are 2.1 cm and 2.4 cm, respectively. The discharge is
driven at 13.56 MHz, in push–pull mode.

The first item addressed is the sustainment of the void.
The ion drag force is generated by the ions created inside
the void, so the ionization rate must have its maximum there.
Figures 1(a) and (b) show the dust density and the electron
density, figures 2(a) and (b) the ionization rate and the Ohmic
heating of the electrons in a discharge containing 500 000
particles of 3.4 µm radius, driven at a peak-to-peak voltage of
64 V, at a pressure of 200 mTorr. The plots only show the region
between the electrodes, up to a radius of 35 mm. The electron
heating takes place inside the dust cloud, where the electron
density is depleted and the electric field is high. However, the
heat is transported via the drift of electrons against the electric
field, towards the centre, inside the void, where it is used for
ionization. This is illustrated in figure 3, where the electron
energy flux along the symmetry axis is shown. Inside the dust
cloud the flux builds up, while in the void it decreases due to

(a)

(b)

Figure 2. Ionization rate in 1020 m−3 s−1 (a) and Ohmic electron
heating in kWm−3 (b) for the discharge of figure 1.

Figure 3. The electron energy flux, weEz, along the symmetry axis
for the discharge of figure 1. The flux is built up in the presheath
and the dust cloud and decreases towards the centre. For
comparison the situation in a dust free discharge is also shown.

ionization and excitation losses. This mechanism also exists in
a dust free discharge. A detailed discussion of this mechanism
can be found in [39].

One way to close the void, is by reducing the power
supplied to the discharge. In the experiment discussed in
[22], the RF voltage was gradually decreased, resulting in
a decrease in the size of the void. The experiment was
analysed with a model for a dust free discharge, studying
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Figure 4. Density of the dust grains along the axis of the
PKE-Nefedov reactor, for various pressures. At low pressures a
central void is formed. Closure occurs around 200 mTorr.

the behaviour of the so-called virtual void, that is the region
inaccessible to a dust particle in a situation where the dust
density is too low to change the plasma parameters. From
the calculated ion drag and electric force along the symmetry
axis, one could derive that the void closes when the central
ion density is below a critical value [22]. We have simulated
the experiment with our self-consistent model, considering the
contour with 109 particles cm−3 as the void edge. Simulations
with various total numbers of dust confirmed this dependence
of void closure on the ion density at the discharge centre
[40] and showed the possibility to create large homogeneous
Yukawa balls in which the external forces cancel almost
completely [41].

Here, we address the behaviour of the void with pressure.
Since the sustaining mechanism depends on the generation
of electron energy outside the void and inward transport,
the pressure can be expected to have a large influence. A
higher pressure implies a more local dissipation of the electron
energy in inelastic collisions, leaving a smaller fraction of the
energy to be transported towards the centre. Furthermore, the
transport is reduced by the smaller diffusion and mobility.
This would reduce the void size. On the other hand, the
reduced transport will lead to a higher central ion density,
favouring void formation. Obviously, for a small number of
dust, the increase in the central density is the most important
aspect, and the void will widen. To study the influence of the
pressure, we have simulated discharges in the PKE-Nefedov
reactor operated at a peak-to-peak voltage of 50 V. Injected are
130 000 dust grains with a radius of 3.4 µm. In the calculation
of the charge on the grains the effect of collisions is included.
Figure 4 shows the profile of the dust density along the axis
of the discharge, going from the bottom electrode at 12 mm to
the top electrode at 42 mm. At low pressures there is a void,
with a size that first changes little with the pressure. Then
around a pressure of 200 mTorr, it closes and the density profile
broadens, while lowering the maximum density. This void
behaviour is consistent with experimental observations [42].

Figures 5(a) and (b) show the energy taken up by the
electrons. At high pressures the heating shifts towards the
electrodes, as expected. Since the discharges are driven at

(a)

(b)

Figure 5. Power (Wm−3) acquired by the electrons at 153 mTorr (a)
and at 612 mTorr (b), showing the shift of the electron heating
towards the electrodes as well as an overall increase.

the same voltage, the dissipated power also increases with
pressure. The more local use of the acquired energy for
ionization is illustrated in figures 6(a) and (b). The ionization
rate for low-pressures peaks in the centre, while at high
pressures also the maximum ionization rate shifts towards the
electrodes.

Figure 7(a) shows the ion density profile, again along the
axis of the discharge. Clearly, at high pressures the density
increases significantly. From that increase, one would expect
the void to grow. With the pressure increase, however, the grain
charge is reduced, because the ion flux to the grain surface is
enhanced by collisions, and the electron flux decreases because
the central electron temperature drops. The dust charge is
shown in figure 7(b). In particular, a reduced charge reduces
the scattering of the ions, see equation (13). Also, the mobility
of the ions decreases when the pressure is enhanced, reducing
the drift velocity. As discussed in [22], the ratio of the ion drag
and the electric force becomes independent of the electric field
at low field strengths. To lowest order, this ratio is proportional
to µ+n+, so to n+/pg, with pg the gas pressure. The comparison
of two simulations, one at 204 mTorr and one at 306 mTorr, in
which the ion drag force and the electric force in the discharge
centre are equal in magnitude, and the void is just closed, shows
that n+/pg is a reasonable parameter. At 204 mTorr the ion
density is 3.6×1014 m−3 and at 306 mTorr it is 6.7×1014 m−3.
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(a)

(b)

Figure 6. Ionization rate in 1020 m−3 s−1 at 153 mTorr (a) and at
612 mTorr (b), showing the more local use of the acquired power for
ionization at high pressures.

The deviation from the simple scaling is caused by the change
in the Coulomb logarithm, equation (14).

4. Particle-in-cell plus Monte Carlo modelling

4.1. Including collisions with dust grains

Complex plasma experiments are usually performed in low-
pressure discharges, where the mean free path for energy loss of
the electrons can easily exceed characteristic gradient lengths.
This holds especially for the scale length of the electric field in
the sheath. Next to that is the characteristic time for electron
energy loss, to be compared with the frequency of the applied
RF voltage. Since the charge of a dust particle is governed by
the high-energy tail of the electron energy distribution function,
typically beyond a few times the average energy kT , kinetic
effects can become very important.

An appropriate way to model these effects is the particle-
in-cell plus Monte Carlo approach. This method is based
on following a limited number of electrons and ions on their
way through the discharge. Each particle represents a (large)
number of real electrons or ions, enabling the calculation of
the net space charge, and from that the self-consistent electric
field. For a detailed discussion of the method, applied to low-
temperature plasmas, we refer to [25, 26]. Here we concentrate
on adding collisions with dust grains.

(a)

(b)

Figure 7. Ion density profiles (a) and profiles of the grain charge
(b) for various pressures.

Collisions with the background gas are usually easily
implemented in the Monte Carlo part of the simulation. The
gas density is constant, rendering the collision probabilities
independent of the position in the discharge. This is different
for collisions with dust grains. The dust density has a non-
uniform distribution with a zero density in the void and in the
sheaths, and also the dust charge may vary through the dust
fluid or crystal. This implies we have to define the collision
probabilities on a computational grid, where the dust density
and dust charge are both defined.

The cross sections for capture and scattering of electrons
and ions by a dust grain of radius a, with a charge Q, can
be approximated by the truncated Coulomb cross section,
assuming no screening up to the linearized Debye length and
full screening beyond that distance. With this assumption we
obtain for capture:

σcapt = min

[
πa2

(
1 ± Q

4πε0wa

)
, πL2

nn

]
, (22)

where w is the kinetic energy and the cross section is cut off at

a distance Lnn = n
− 1

3
d , the average distance between the dust

grains. The + sign applies for electrons, the − sign for ions in
the case of a negative charge Q. The scattering cross section is:

σscatt = min
(
πλ2

D, πL2
nn

) − σcapt. (23)
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The local linearized Debye length, λD is obtained from the
time-averaged energies and densities as

λ−2
D = λ−2

De + λ−2
Di , λ

2
De,i = 2ε0〈we,i〉

3e2〈ne,i〉 (24)

The scattering angle, ξ is given by

tan

(
ξ

2

)
= b0

b
, b0 = Q

8πε0w
. (25)

Another approach to account for screening in the scattering is
by using the Coulomb logarithm [43]. The model presented
here is one-dimensional. Thus in a grid cell of height dz and
an area equal to the electrode, πR2

el, there are Nd dzπR2
el dust

particles. If an electron or ion is captured within the cell, its
charge, multiplied by the number of real particles it represents,
is added to the dust charge in the cell. Thus, we keep track of
the total number of charge in the cell and the charge of a single
dust grain, needed for the cross section is obtained by dividing
this total charge by the number of dust grains in the cell. With
a prescribed grain density, only the charge varies in space and
time.

The grid where the dust charge is stored coincides with
the grid used for the calculation of the potential distribution in
the discharge, obtained by solving the Poisson equation:

d2V

dz2
= − 1

ε0
[eni(z) − ene(z) + Q(z)nd(z)] . (26)

4.2. Results

To illustrate the need for a kinetic description, figure 8(a)
shows the time-averaged electron energy distribution function
at the centre of the discharges at 153 and 612 mTorr that
were also simulated with the 2D hydrodynamic model. The
discharge is driven at 13.56 MHz and 50 V (since now one
electrode is grounded). Shown are the energy distributions in
a dust free discharge and in a discharge with a dust density
distribution resembling the one presented in figure 4. So, for
153 mTorr there is a void, surrounded by two (homogeneous)
dust clouds and for 612 mTorr there is no void and a
homogeneous cloud at a lower density. The distributions show
a depleted tail due to the inelastic processes. When the dust is
present, the average electron energy increases, to compensate
for the extra loss by recombination. The shape of the energy
distribution changes, favouring a larger population of the high-
energy tail. Similar results are reported in [44].
The resulting charge on the grains, expressed in number of
electrons, is shown in figure 8(b), together with the results
from the hydrodynamic model, taken from figure 7(b). At
high pressures the hydrodynamic model predicts a much lower
charge. This is due to the large influence of the correction on
the ion current, the quadratic contribution in equation (6). This
correction appears to be too large, as we also concluded from
the simulation of void closure at reduced applied power [40].
Hydrodynamic simulations without the correction yield dust
charges comparable to those from the particle-in-cell model.
We used our PIC/MC model in the past for various studies,
including decay of the charge when the discharge is switched

(a)

(b)

Figure 8. The time-averaged electron energy distribution function
of a radio-frequency discharge at a low (153 mTorr) and a high
(612 mTorr) background pressure, with and without the dust
distribution taken from figure 4(a) and the charge acquired by the
grains (b).

off, the behaviour of the charge in modulated discharges,
manipulation of the charge with a source of UV photons, and
changes in the discharge current waveform induced by changes
in the resistivity [45–47].

Here, we present a study of the decay of a dusty plasma
after switching off the power. Modelling this situation is, for
instance, of importance for understanding the behaviour of
the dust grains in industrial processes. The dust charge is
the key parameter determining this behaviour. After switch-
off, the grain charge is reduced by ion capture, but due to
transport processes the charge is not completely reduced to
zero [48]. On average a small negative charge remains, and
charge fluctuations lead to a mixture of positive and negative
charges that promote coagulation. In our model, only the
average charge is computed. Grains at a certain position all
have the same charge.

In the simulation we assume a dust density distribution that
consists of two clouds, in the regions 11L/32 < x < 15L/32
and 17L/32 < x < 21L/32. In the clouds the grains
of 3.4 µm radius have a uniform density of 1010 m−3. The
electrode distance L = 3 cm and the gas density is 4×1021 m−3

(126 mTorr). The RF driving voltage before switch-off was
64 V. This situation represents a complex plasma with a
dust free void, similar to the distributions in figure 4. For

8
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Figure 9. Decay of the ion and electron density and the dust charge
density after switching off the power. Values are averaged over the
dust clouds. For comparison the decay of the electron density in a
dust free discharge is also shown.

comparison, we also simulated a dust free discharge, operated
at the same settings.

Figure 9 shows the behaviour of the ion and electron
density and the total charge on the dust grains, averaged over
the dust cloud. After an initial fast decay of all parameters, the
decay continues on a much longer timescale. The fast decay
just after switch-off is induced by the capture of ions (and
electrons) by the dust grains. In a later stage, the floating
potential of the dust becomes small, reducing the capture
frequency [49]. After approximately 0.4 ms, the electron
density exceeds the dust charge and the discharge behaves
more and more like a dust free discharge. This is visible when
comparing with the decay of a dust free discharge, also shown
in figure 9. After 1 ms the decay time for the electrons is the
same. The ions in the dusty discharge still decay somewhat
faster, due to capture.
As discussed in [50, 51], the characteristic time for adjustment
of the grain charge to the changes in the plasma parameters
is initially set by the ion capture. This time is much less
than the decay time for the average electron energy, so the
charge remains in equilibrium and decays with the plasma
parameters. Our conditions are similar to those in [50]. From
the simulation we find an initial characteristic time for both
the electron energy decay and the charge reduction of 50 µs,
indicating this equilibrium. Over the whole simulated time
interval this tight coupling remains. This is in agreement with
the analysis of Couëdel et al [51].

A particle-in-cell simulation for a time interval of many
seconds is beyond reach. For an estimate of the rest charge
on the grains we can use the average net charge in the dust
cloud, as this would be the remaining charge after annihilation
of all electron–ion pairs and capture of the remaining ions, so
when all plasma particles would be gone. Figure 10 shows this
remaining charge, divided by the grain density. To obtain the
final charge, the simulation should have been continued much
longer. Instead, we have made a fit to the charge, according
to an exponential decay with a fast and a slow contribution
(y0 + y1 exp(t/τ1) + y2 exp(t/τ2)). This fit is also shown in
figure 10. It yields a (negative) rest charge of about two
electrons. According to [50], the equilibrium charge of a

Figure 10. Rest charge of the dust grains, deduced from the average
net charge in the dust cloud. The fit with a double exponential decay
predicts a final value of two electrons.

3.4 µm radius grain reached when the electrons are cooled
down to room temperature would be approximately 1.6% of
the initial charge. This corresponds to 200 electrons.

Although the losses on the dust grains have less influence
in the final stage of the plasma decay, the grains do still
influence the profiles of the plasma species and their properties.
Figure 11(a) shows the initial density profiles and figure 11(b)
the profiles after 0.9 ms. The presence of the dust grains
results in the generation of double layers that have a significant
influence. The average electric field may even change sign, and
especially the electron density distribution is affected. As an
example, figure 12 shows the average potential profile at 0.47
and 0.94 ms.

5. Conclusions and a view on future modelling

The theoretical insight in the ion drag force exerted on a
dust particle has reached a level where realistic simulations of
complex plasmas are possible. Simulations can now be used
to assist in the analysis and design of experiments. This has
been illustrated by the analysis of the mechanism sustaining the
void and by an investigation of the influence of the pressure.
When comparing with a previous study of void closure at a
constant pressure and reduced powers, we found that a void is
generated when the product of the ion density and the inverse
of the pressure exceeds a certain threshold.

For studies of kinetic effects the particle-in-cell approach
provides excellent possibilities. Non-local effects can easily be
captured and dynamics of dust charging and de-charging can be
studied over the whole pressure range accessed by experiments.
This has been illustrated by a simulation of the effect of dust
on the electron energy distribution function and the analysis of
the behaviour of the dust charge in a decaying plasma.

The effect of collisions between ions and the background
gas is expected to lead to enhanced capture of the ions by the
dust grains. This reduces the equilibrium negative charge of
the grains. Both hydrodynamic simulations of experiments and
particle-in-cell simulations show that the proposed correction
of the ion current overestimates this effect.
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(a)

(b)

Figure 11. Density profiles at switch-off (a) and after 0.9 ms (b).
Shown are the ion and electron density, the dust charge density and
the net charge.

Figure 12. Spatial distribution of the average potential, showing the
influence of the double layers formed at the edges of the dust cloud.

The 2D hydrodynamic model is a good basis for non-linear
simulations of waves and instabilities such as the heartbeat
instability [52]. For that, the full dust momentum balance
needs to be incorporated, while maintaining the full dust–
plasma interaction to deal with large amplitudes.

PIC/MC models can also assist in revealing the details
of a plasma interacting with a crystalline region. For that,
the PIC/MC models must be made at least 2D-3V, they must
resolve two dimensions, as will be clear from the discussion of
the mechanism sustaining the void. The maximum heating of
the electrons takes place off axis, inside the dust cloud. At low

pressures the heated electrons will move through the whole
dust cloud and have their maximum kinetic energy inside the
void, where the plasma potential has its maximum.
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and Morfill G E 2007 Phys. Rev. Lett. 98 145003

[4] Rubin-Zuzic M, Thomas H M, Zhdanov S K and Morfill G E
2007 New J. Phys. 9 39

[5] Khrapak S A, Morfill G E, Ivlev A V, Thomas H M,
Beysens D A, Zappoli B, Fortov V E, Lipaev A M and
Molotkov V I 2006 Phys. Rev. Lett. 96 015001

[6] Ivanov Y and Melzer A 2005 Phys. Plasmas 12 072110
[7] Ichiki R, Ivanov Y, Wolter M, Kawai Y and Melzer A 2004

Phys. Rev. E 70 066404
[8] Morfill G E, Konopka U, Kretschmer M, Rubin-Zuzic M,

Thomas H M, Zhdanov S K and Tsytovich V 2006 New J.
Phys. 8 7

[9] Rothermel H, Hagl T, Morfill G E, Thoma M H and
Thomas H M 2002 Phys. Rev. Lett. 89 175001

[10] Schwabe M, Rubin-Zuzic M, Zhdanov S, Thomas H M and
Morfill G E 2007 Phys. Rev. Lett. 99 095002

[11] Arp O, Block D, Klindworth M and Piel A 2005
Phys. Plasmas 12 122102

[12] Morfill G E, Thomas H M, Konopka U, Rothermel H,
Zuzic M, Ivlev A and Goree J 1999 Phys. Rev. Lett.
83 1598–1601

[13] Nefedov A P et al 2003 New J. Phys. 5 33
[14] Akdim M R and Goedheer W J 2001 Phys. Rev. E

65 015401(R)
[15] Khrapak S A, Ivlev A V, Morfill G E and Thomas H M 2002

Phys. Rev. E 66 046414
[16] Khrapak S A et al 2005 Phys. Rev. E 72 016406
[17] Lampe M et al 2003 Phys. Plasmas 10 1500–13
[18] Ivlev A V, Khrapak S A, Zhdanov S K, Morfill G E and

Joyce G 2004 Phys. Rev. Lett. 92 205007
[19] Ivlev A V, Zhdanov S K, Khrapak S A and Morfill G E 2005

Phys. Rev. E 71 016405
[20] Hutchinson I H 2006 Plasma Phys. Control. Fusion

48 185–202
[21] Lampe M, Joyce G and Ganguli G 2005 IEEE Trans. Plasma

Sci. 33 57–69
[22] Lipaev A M et al 2007 Phys. Rev. Lett. 98 265006
[23] Berezhnoi S V, Kaganovich I D and Tsendin L D 1998

Plasma Sources Sci. Technol. 7 268–81
[24] Tsendin L D 2003 Plasma Sources Sci. Technol. 12 S51–S64
[25] Birdsall C K 1991 IEEE Trans. Plasma Sci. 19 65–85
[26] Matyash K et al 2007 Contrib. Plasma Phys. 47 595–634
[27] Land V and Goedheer W J 2006 New J. Phys. 8 8

10

http://dx.doi.org/10.1103/PhysRevE.62.4162
http://dx.doi.org/10.1103/PhysRevLett.98.145003
http://dx.doi.org/10.1088/1367-2630/9/2/039
http://dx.doi.org/10.1103/PhysRevLett.96.015001
http://dx.doi.org/10.1063/1.1954607
http://dx.doi.org/10.1103/PhysRevE.70.066404
http://dx.doi.org/10.1088/1367-2630/8/1/007
http://dx.doi.org/10.1103/PhysRevLett.89.175001
http://dx.doi.org/10.1103/PhysRevLett.99.095002
http://dx.doi.org/10.1063/1.2147000
http://dx.doi.org/10.1103/PhysRevLett.83.1598
http://dx.doi.org/10.1088/1367-2630/5/1/333
http://dx.doi.org/10.1103/PhysRevE.65.015401
http://dx.doi.org/10.1103/PhysRevE.66.046414
http://dx.doi.org/10.1103/PhysRevE.72.016406
http://dx.doi.org/10.1063/1.1562163
http://dx.doi.org/10.1103/PhysRevLett.92.205007
http://dx.doi.org/10.1103/PhysRevE.71.016405
http://dx.doi.org/10.1088/0741-3335/48/2/002
http://dx.doi.org/10.1109/TPS.2004.841926
http://dx.doi.org/10.1103/PhysRevLett.98.265006
http://dx.doi.org/10.1088/0963-0252/7/3/004
http://dx.doi.org/10.1088/0963-0252/12/4/320
http://dx.doi.org/10.1109/27.106800
http://dx.doi.org/10.1002/ctpp.200710073
http://dx.doi.org/10.1088/1367-2630/8/1/008


J. Phys. D: Appl. Phys. 42 (2009) 194015 W J Goedheer et al

[28] Richards A D, Thompson B E and Sawin H H 1987
Appl. Phys. Lett. 50 492–4

[29] Allen J E 1992 Phys. Scr. 45 497–503
[30] Denysenko I et al 2006 Phys. Plasmas 13 073507
[31] Knudsen M 1911 Ann. Phys., Lpz. 339 593–656
[32] Swinkels G H M P, Kersten H, Deutsch H and

Kroesen G M W 2000 J. Appl. Phys. 88 1747–55
[33] Piejak R et al 1998 Plasma Sources Sci. Technol. 7 590
[34] Lide D R (ed) 2003 CRC Handbook of Chemistry and Physics

82nd edn (Boca Raton, FL: CRC Press) p 6-188
[35] Hutchinson I H 2005 New vistas in dusty plasmas Proc. 4th

Int. Conf. on the Physics of Dusty Plasmas (Orleans,
France) AIP Conf. Proc. 799 38

[36] Gozadinos G, Ivlev A V and Boeuf J-P 2003 New J. Phys. 5 32
[37] Vaulina O S and Khrapak S A 2000 JETP 90 287–9
[38] Sharfetter D L and Gummel H K 1969 IEEE Trans. Electr.

Dev. ED-16 64
[39] Land V and Goedheer W J 2007 New J. Phys. 9 246
[40] Goedheer W J and Land V 2008 Plasma Phys. Control.

Fusion 50 124022

[41] Land V and Goedheer W J 2008 New J. Phys. 10 123028
[42] Thomas H M and Ivlev A V 2009 private communication
[43] Chutov Y I and Goedheer W J 2003 IEEE Trans. Plasma Sci.

31 606–13
[44] Schweigert I V et al 2008 Phys. Rev. E 78 026410
[45] Land V and Goedheer W J 2007 IEEE Trans. Plasma Sci.

35 280–5
[46] Goedheer W J and Chutov Yu I 2004 IEEE Trans. Plasma Sci.

32 551–4
[47] Goedheer W J, Land V and Venema J 2009 Contrib. Plasma

Phys. 49 199–214
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[51] Couëdel L, Mikikian M and Boufendi L 2006 Phys. Rev. E

74 026403
[52] Mikikian M, Couëdel L, Cavarroc M, Tessier Y and

Boufendi L 2007 New J. Phys. 9 268

11

http://dx.doi.org/10.1063/1.98183
http://dx.doi.org/10.1088/0031-8949/45/5/013
http://dx.doi.org/10.1063/1.2222258
http://dx.doi.org/10.1002/andp.19113390402
http://dx.doi.org/10.1063/1.1302993
http://dx.doi.org/10.1088/0963-0252/7/4/016
http://dx.doi.org/10.1088/1367-2630/5/1/332
http://dx.doi.org/10.1134/1.559102
http://dx.doi.org/10.1109/T-ED.1969.16566
http://dx.doi.org/10.1088/1367-2630/9/8/246
http://dx.doi.org/10.1088/1367-2630/10/12/123028
http://dx.doi.org/10.1109/TPS.2003.815490
http://dx.doi.org/10.1103/PhysRevE.78.026410
http://dx.doi.org/10.1109/TPS.2007.893748
http://dx.doi.org/10.1109/TPS.2004.826104
http://dx.doi.org/10.1002/ctpp.200910023
http://dx.doi.org/10.1063/1.2938387
http://dx.doi.org/10.1016/j.physleta.2008.06.047
http://dx.doi.org/10.1103/PhysRevLett.90.055003
http://dx.doi.org/10.1103/PhysRevE.74.026403
http://dx.doi.org/10.1088/1367-2630/9/8/268
http://dx.doi.org/10.1088/0741-3335/50/12/124022

	1. Introduction
	2. Hydrodynamic modelling
	2.1. Description of the plasma
	2.2. Description of the dust fluid: charging
	2.3. Description of the dust fluid: forces
	2.4. Description of the dust fluid: drift-diffusion flux
	2.5. Numerics

	3. Sustainment of the void
	4. Particle-in-cell plus Monte Carlo modelling
	4.1. Including collisions with dust grains
	4.2. Results

	5. Conclusions and a view on future modelling
	 Acknowledgments
	 References

