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ABSTRACT 

In the study of matrices, we are always searching for tools which allow us 

to simplify our investigations. Because full rank factorizations exist for all 

matrices and their properties often help to simplify arguments, their uses are 

 There exist many matrix equations for which solutions are otherwise 

quite difficult to find. Full rank factorizations and generalized inverses allow us 

to easily f ind solutions to many such equations. Their properties can also be 

used to study the diagonalization of non-square matrices and to develop 

conditions  which matrices are simultaneously diagonalizable. Finally, the 

full rank factorization can be used to derive canonical forms and other 

factorizations such as the singular value decomposition. 
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CHAPTER I 

INTRODUCTION 

There are many applications of matrices that require the finding of 

solutions to matrix equations. Perhaps the most common is the general linear 

equation   D. The difficulty in solving for X lies in the matrices A and B. It 

is well known that if A and B are nonsingular, then the unique solution is 

X      However, if at least one of the two matrices is non-square or 

singular, a solution may not exist. Even when solutions do exist, they may be 

difficult to find. By making use of tools such as generalized inverses and full 

rank factorizations, we develop conditions that allow us to determine whether 

equations of this form have solutions. These tools will also help us to determine 

solutions to the equations. 

The properties of full rank factorizations and generalized inverses also 

allow us to s tudy the properties of diagonalization and simultaneous 

 of non-square matrices, which are otherwise quite difficult to 

investigate. In fact, we can develop necessary and sufficient conditions for 

matrices to have these properties. Full rank factorizations and generalized 

inverses can also be used to solve matrix equations other than linear equations, 

as well as to give alternate proofs to such important theorems as the Singular 

Value Decomposition Theorem. 
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GENERALIZED INVERSES 

For a nonsingular matrix A, the usual inverse, denoted A  is the unique 

matrix that satisfies 

AA      

where I is the identity matrix. This inverse has many useful properties that aid 

in the solving of matrix equations. However, the nonsingular matrices compose 

a relatively small subset of the class of all matrices. We would like to find a tool 

analogous to the inverse of a nonsingular matrix which would exist for singular 

matrices as well as nonsingular matrices. 

By a generalized inverse of a given matrix A, we mean a matrix X (asso

ciated with A) that exists for a larger class of matrices than the nonsingular 

matrices, that has some of the properties of the usual inverse, and that is simply 

the usual  when A happens to be nonsingular. In theory, there are many 

different generalized inverses that exist. We shall have need to consider just a 

few. 

The Moore-Penrose and  

Let  denote the class of all  x  complex matrices and let  

denote the class of all  complex matrices of rank r. 
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Definition 2.1: Let A  The  Generalized Inverse of 

A, denoted  is the unique matrix X  that satisfies the four Penrose 

 

where A denotes the conjugate transpose of A. 

Lemma 2.1: Let A  .  If  exists, then it is unique. 

Proof: Suppose X and Y are matrices which both satisfy the Penrose 

conditions. Then 

We will be able to use results f rom the next chapter to prove that  exists 

for every finite matrix A. Notice that if A is  then  exists and it 

satisfies each of the Penrose conditions. Since  is  w e mus t have that 

   for each nonsingular matrix A. 

The Moore-Penrose Inverse, also referred to as the pseudoinverse, exhibits 

some propert ies that are characteristic of the inverse of a nonsingular matrix. A 

few of these basic propert ies follow directly f rom the Penrose conditions: 

A X A  A , 

X A X  X, 

  A X , a n d 

  X A , 

(1) 

(2) 

(3) 

(4) 

X  X A X         

   X A X A Y  X A Y  X A Y A Y   

         Y A Y  Y.  

  A 

   

   

(5) 

(6) 

(7) 
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Others can be produced with a few minor algebraic manipulations: 

     

     

(8) 

(9) 

We can also classify certain types of generalized inverses by concentrating 

on matrices which satisfy some subset of the Penrose conditions. For example, 

w e will f ind it useful to consider the matrices which satisfy the first Penrose 

condition (1). 

Definition 2.2: Let A  . A matrix X  that satisfies the   

and k t h Penrose conditions is called an  of A. The set of all 

inverses of A is denoted by  and we denote an arbitrary element in  

 

Thus,  is a matrix which satisfies the first Penrose condition (1), and is 

called a (l)-inverse of A. Such (l)-inverses play an integral role in the solving of 

matrix equations. Notice that   the  element in  {1,2,3,4}. Also, 

because  satisfies each of the Penrose conditions,  is an element in each 

A{i,j,k}. Since we will be using (l)-inverses extensively, we state a few basic 

properties. Notice that each of these properties is t rue for  

Let   Then 

    rank(A), 

     only if    and 

   if and only if rank(A)   

(10) 

(11) 

(12) 
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Solutions of Linear Systems 

As already indicated, the (l)-inverse plays a very important role in the 

solution of linear systems. The main theorem of this section and its proof are due 

to Penrose (Penrose  

Theorem 2.2: Let A  B  and D  Then the general 

linear matrix equation 

AXB  D (13) 

is consistent if and only if there are (l)-inverses  and  that satisfy 

   (14) 

 this case, the set of all solutions to (13) is given by 

{ X I X   + Y -   where Y  is arbitrary}. (15) 

Proof: If (14) holds, then X   is a solution of (13). Conversely, 

suppose that X is a solution of (13). Then 

D  A X B     

Furthermore, if X is an element in (15), then 

AXB    -     - AYB  

Conversely, suppose X is any solution of (13). Then 

X  X +  -    + X -  

which is an element of (15).  
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In practice, and are usually selected as the arbitrary  and  in 

(14). Notice now that 

    A , 

which means that AX A  A is consistent. This fact leads us to the following 

corollary. 

Corollary 2.3: Let A  Then 

A{1}        Z  is arbitrary} (16) 

Proof: (16) is obtained by using Y   + Z in the set (15).  

The set given by  can also be expressed by replacing  with any 

(l)-inverse of A. 

Finally, Theorem 2.2 can be used to give solutions to linear matrix 

equations that have special forms of (13). The proofs are obvious. 

Corollary 2.4: Let A  and B  Then the matrix equation 

A X  B (17) 

is consistent if and only if there exists an   that satisfies 

  B, (18) 

in which case, the set of all solutions is given by 

{ X I X   + (I -  Y , Y  is arbitrary}. (19) 

Corollary 2.5: Let A  and B  Then the matrix equation 

   (20) 
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is consistent if and only if there exists an  that satisfies 

   (21) 

in which case, the set of all solutions is given by 

{ X I X  B  + Y(I -   Y  is arbitrary}. (22) 

Corollary 2.6: Let A  Then the set of solutions to AX  0 is 

given by 

{ X I X  ( I -  , Y is arbitrary}, 

and the set of solutions to X A  0 is given by 

{ X I X  Y(I -  , Y  is arbitrary}. 



 ffl 

FULL RANK FACTORIZATION 

If a matrix A  is not of full rank, it can be expressed as a product of a 

matrix of full column rank and a matrix of full row rank. This type of 

factorization has many useful properties which play an important role in the 

study of generalized inverses and matrix equations. 

Definition 3.1: Let A  r  0. If F  and G  such that 

   (1) 

then we call FG a full rank factorization of A. 

For any A  we denote by 

R(A)  { y  I y  Ax for some x   the range of A, and 

 A)  { x GC" I Ax  0  the null space of A. 

Lemma 3.1: If A  r  0, then there exists a full rank 

factorization A  FG of A. 

Proof: Let F be any matrix whose  are a basis for R(A). Then 

F  It follows that there is a unique G  that satisfies A  FG, since 

each column of A is uniquely represented as a linear combination of the  

of F. Finally, 

r  rank(FG)  rank(G)  r 

gives us that rank (G)   (Ben-Israel and GreviUe 1974) 

8 



9 

There is an efficient algorithm for finding a full rank factorization of a 

given matrix which involves using the reduced row echelon form of the matrix. 

Algori thm 3.1: Let A  A full rank factorization can be obtained as 

follows. 

(I) Reduce A to its reduced row echelon form E. 

(n) Select the columns of A that correspond to  columns of E and 

place them as the columns in a matrix F in the same order as they appear in A. 

 Select the nonzero rows f rom E and place them as the rows in a 

matrix G in the same order as they appear in E. 

Then A  FG is a full rank factorization of A. (Campbell and Meyer 1979) 

Properties of Full Rank  

Note that if A  FG is a full rank factorization of A, then A   G for 

any nonsingular R  If we let   F R and     then A   is a 

 rank factorization of A for each nonsingular R. Hence, a full rank 

factorization is not unique. 

It is a  known fact that 

Using this  we see that given a  rank factorization A  FG, the matrices 

  and   mus t both be nonsingular. It can be verified using the Penrose 

conditions that 

rank(AA   

   a n d 

   

(2) 

(3) 

which also gives us that 
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   and 

   

(4) 

(5) 

Also notice that (4) and (5) imply that 

   (6) 

These few simple facts now enable us to prove the previously assumed existence 

of  mentioned in chapter 2. 

Lemma 3.2: Let A  have full rank factorization A    Then 

(2.1)  

(2.2)    

(2.3)        

(2.4)     

Notice that equations (4), (5), and (7) imply that 

We can combine equations (2), (3), and (7) to obtain another equation that 

is very useful in the computation of the Moore-Penrose Inverse: 

   

Proof: Check the four Penrose conditions: 

A A    and    

   (8) 

Note that since  is unique (Theorem 2.1), the full rank factorization that is 

chosen to initiate the computation is not important. Our next observation 

reinforces this point. 



11 

Let   FR and    G for some   where FG is a  

rank factorization of some matrix A. Using the Penrose conditions, it is easy to 

show that   and    This then gives us that 

       

Some other useful observations involve the (l)-inverses of the full rank 

factors. Again let A  have full rank  A  FG. Then 

     a n d 

  

where  and  are appropriate arbitrary matrices as in (2.16). These equations 

then give us that 

     and      . 

However , 

   +  -    a n d 

   + (I -    

unless    or    respectively. 

Special Forms 

N o w w e consider certain types of matrices for which the full rank 

factorization takes on a special form. First note that if A  then a  rank 

factorization is A   and it  f r om (2.12) that    Similarly, if 

A  then a full rank factorization is A   and it follows f rom (2.11) that 
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Notice that in our characterizations of F{1} and G{1} we have the matrices 

(I -  and (I -  respectively, playing an important role. Later they will 

play an even more important role when we deal with diagonalization. Each of 

these matrices is a special type of matrix that has an extremely useful full rank 

factorization. First of all, each matrix is Hermitian, since 

(I -    -   (I -  

with a similar result for (I -  Second, each matrix is idempotent, since 

(I -   (I -  -   (I -  

Again, this property can be similarly shown for (I -  It turns out that the 

full rank factorization of a Hermitian idempotent matrix is extremely useful. 

Theorem 3.3: Let A  Hermitian idempotent. Then A has a full 

rank factorization 

 (9) 

where  

Proof: Since A is Hermitian, there exists a  matrix U  such 

that A   where A    is the matrix of eigenvalues of A. 

Since A is idempotent , its eigenvalues are all either 0 or 1. Assume that 

  . . .     and   . . .   0. Thus, 

  

Let C   O]  Then C   A, so that 



13 

A       

Letting B   we have that  and A   

Notice also that 

       

     

   a n d 

   

Since B satisfies all of the Penrose conditions, B  B  which also gives us that 

B - B. These facts allow us to prove a corollary to Theorem 3.3. 

Corollary 3.4: If A  is Hermitian idempotent, then   A. 

Proof: A has full rank factorization A  B B. Thus 

       A .  

Note that this proof could easily be completed using the Penrose 

conditions, but the full rank factorization simplifies the proof tremendously. The 

following observations will also serve to be quite useful. Let (I -  have full 

rank factorization B B. Then, 

       (10) 

          (I - F    0. (11) 

A similar result can be shown for (I -  

We can exhibit a similar full rank factorization for positive semidefinite 

matrices, which have many applications involving matrix equations. 
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Theorem 3.5: Let A  be a positive semidefinite matrix. Then A 

has a full rank factorization 

A   (12) 

where  

Proof: Since a positive semidefinite matrix is by definition a Hermitian 

matrix, w e again have that there is a unitary matrix U  such that A  U AU, 

where A   . . .  the matrix of eigenvalues of A. Since A is 

positive  the nonzero eigenvalues are positive. Thus, 

   
 0 

0 0 
 

where  Let   Then   

so that A     Letting B  C D U , we have that 

      

Finally, we consider the full rank factorization of a Hermitian matrix. 

Theorem 3.6: Let A  be Hermitian. Then A has a full rank 

factorization A  FG with 

  
 0 

0  P  

(13) 

where p is the number of positive eigenvalues of A. 

Proof: Since A is Hermitian, there exists a unitary matrix U  such 

that A  U AU, where A   0 , . . . , 0) is the matrix of eigenvalues 

of A. Since the eigenvalues of a Hermitian matrix are real, w e can assume that 
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the first p eigenvalues in A are positive and the next r - p eigenvalues are 

negative. Then A can be expressed as 

 

 0 0 

0  0 

0 0 0 

where D    . Let Q   and then 

partition Q as Q    Q3], where    and 

 e C " T h e n 

 0 0  

    Q3] 0  0  
Q2 

  

0 0 0 .  

  

Letting F    we have that F  and 

     
 0 

  J 



CHAPTER IV 

MATRIX EQUATIONS 

In chapter 2, we developed necessary and sufficient conditions under 

which several forms of the linear matrix equation have solutions. We also 

completely characterized the sets of solutions to these equations. However, just 

as the linear functions compose merely a small portion of the class of all 

functions, the set of all linear matrix equations constitutes only a small subset of 

the class of all matrix equations. Given an equation, we would  to know if it 

has a solution. If so, we would like to find either a set of solutions to the 

equation or, preferably, the set of all of its solutions. 

Bilinear Forms 

The general linear matrix equation   D involved only the single 

variable matrix, X. N o w we would like to consider a matrix equation of the form 

 YC  D, where X and Y are variable matrices. Such an equation would 

represent a system of equations with terms of the form  where k is a 

constant and x and y are variables. Since a real-valued function of this form is 

said to be bilinear, we will adopt that terminology for this matrix equation, even 

though we are dealing with complex valued matrices. 

By using the properties associated with full rank factorizations, we can 

determine necessary and sufficient conditions for a bilinear matrix equation to be 

consistent. Also, we can exhibit a set of solutions to any consistent bilinear 

matrix equation. 

16 
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Theorem 4.1: Let A      and D  Then the 

bilinear matrix equat ion 

A X B Y C  D (1) 

is consistent if and only if 

   (2) 

Proof: Suppose  and  are a solution to (1). Then 

      D. 

Conversely, suppose that (2) is satisfied. Let A    and B   be  rank 

factorizations, and let P  and Q  be matrices that satisfy PQ   

Then, since 

   

  

  

  

w e have that X   and Y   are a solution to (1). (Notice that if 

r  s, then P is a nonsingular matrix and Q is its inverse.)  

The  result characterizes a set of solutions to equation (1). O u r 

intuition tells u s that this may be the set of all solutions. However , w e are not 

able to p rove that a solution mus t be of the given form. 

Lemma 4.2: Suppose the bilinear matrix equation (1) in Theorem 4.1 

is consistent. Then a set of solutions is given by the set of all matrix pairs 

           (3) 
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where A    and B   are full rank factorizations, P  and Q  

are matrices that satisfy PQ   and   and  are arbitrary. 

Proof: Substitute each matrix in (3) into equation (1).  

As with the linear equations, we want to consider other forms of the 

bilinear equation (1). In particular, we are interested in the equation 

XAY  B, (4) 

where A  and B  .  Notice that this equation can be thought of as 

  B. 

Since the Moore-Penrose inverse of an identity matrix is itself, we see by (2) that 

(4) is consistent regardless of A and B. 

Corollary 4.3: Let A  and B  Then (4) is consistent and a 

set of solutions is given by the set of all matrix pairs 

{ X , Y I X   +   Y   +  }, (5) 

where A    and B   are full rank factorizations, P  and Q  

are  that satisfy PQ   and   and   are  

Proof: The proof  f rom Lemma 4.2.  

Note, once again, that if r  s, then P is a nonsingular  and Q is its 

inverse. 

Quadrat ic Forms 

Closely related to the bilinear form (4) is the case when the Y variable 

 is desired to be  Notice tiiat this requires A and B to be square 

 Such a  equation  represent a system of equations in 
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which the terms of each equation would be either bilinear or second degree. For 

example, suppose 

   1  

where X is real-valued. Then, 

  +   

Thus we will refer to this type of equation as a quadratic form. 

Since positive semidefinite matrices abound in mathematical applications, 

we wan t to focus in on the case when A and B are positive semidefinite. In other 

words, w e want to concentrate on finding solutions to the quadratic form 

   

where A and B are positive semidefinite matrices. Recall f rom Theorem 3.5 that 

a positive semidefinite matrix has a special full rank factorization, A  B B. Note 

that by letting C  B , this factorization can be expressed as A  C C . The 

special factorization will play an important role in characterizing solutions to the 

quadrat ic matrix equation. 

Theorem 4.4: Let A  and B  be positive semidefinite 

matrices. Then the quadratic matrix equation 

  B (6) 

is consistent and a set of solutions is given by 

   }, (7) 
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where A    and B   are full  factorizations, Q  is 

 and   is  

Proof: Recall f rom chapter 3 that    and    Substituting a 

matrix of the form (7) into equation (6), w e get 

   +  -  + (I -  

  

    

since Q is orthonormal. Since w e have exhibited that solutions d o exist, the 

equat ion (6) mus t be consistent.  

Notice that if r  s, then Q is a  matrix. 

Other Forms 

N o w w e tu rn our focus to extensions of equation (4). Consider the matrix 

equation 

  D , (8) 

where A  B  and D  We can  solutions using full 

 factorizations. Suppose the matrices have full rank factorizations given by 

A    B   and D   Then a solution of (8) is 

X   Y   a n d Z   (9) 

where     and  are chosen so tiiat    

Notice that in order to expand the set of solutions, null space elements could be 

added onto X, Y, a n d Z, as in (5). The general procedure exhibited here can be 

extended to any finite  of variables. 
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Theorem 4.5: For   let   let each matrix have full 

rank factorization given by    Then the matrix equation given by 

 (10) 

has a set of solutions given by 

{       and X,   for each i    (11) 

where   and   i  are chosen so that   

Proof: Substitute each matrix in (11) into equation (10).  



 V 

DIAGONALIZATION WITH RESPECT TO EQUIVALENCE 

Recall that a square matrix A is  with respect to similarity, 

or  if there is a nonsingular matrix S that satisfies S    where 

D is a diagonal matrix. It is frequently quite  to know when a matrix 

satisfies this property, as it often simplifies the tasks of manipulating a matrix. 

Since non-square matrices play an important role in applications, we would like 

to have some type of diagonalization property for non-square matrices. Notice 

that because a non-square matrix has a different number of rows than columns, 

we can not simply look for a sole nonsingular matrix. The inverse would not be 

of the proper dimensions for the multiplication. 

Definition 5.1: Let A . We say that A is diagonalizable with 

respect to (an) equivalence if there are nonsingular matrices S  and 

T  that satisfy 

SAT  
 0 

0 0 
(1) 

where  is diagonal. 

Notice that if r  m, then (1) is expressed as 

   O], 

22 
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and if r   then (1) is expressed as 

S A T  
0 

Since all of the material discussed deals with diagonalization with respect 

to equivalence, we will refer to it simply as diagonalization. The following result 

will allow us to narrow our definition. 

Lemma 5.1: Let A  There exist  matrices X  

and  that satisfy 

  
  
0 0 

(2) 

if and only if A is diagonalizable. 

Proof: Suppose X and Y satisfy (2). Let  be a diagonal matrix. 

Then the matrix 

  
 0 

0  

is nonsingular, and hence, so is D X. Let S  DX and T  Y. Then these choices of 

S and T satisfy (1). So A is diagonalizable. Conversely, suppose A is 

diagonalizable. Then there exist S, T, and  that satisfy (1). Let D be defined as 

above. Then (1) can be expressed as 

  

Let X   S and Y  T. These choices of X and Y satisfy (2).  

So we are able to replace in equation (1) with   which gives us a 

simpler definition of diagonalizable. N o w we can turn our attention to 
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discovering which matrices are diagonalizable. We know that not all square 

matrices are semisimple. However, all matrices turn out to be diagonalizable 

with respect to equivalence. 

Theorem 5.2: Every matrix A  is diagonalizable. 

Proof: Let A   I -    and I -    be  rank 

factorizations.  let 

  
B 

    

S and T are  and their inverses are given by 

     
G 

C 

That these are the inverses follows from equations (3.10) and (3.11) and their 

 for I -  Also, these choices of S and T and the equations just 

mentioned give us 

SAT  
 

6 
   

   0 

  0 0 

Thus A is diagonalizable.  

This result would seem to indicate that diagonalization with respect to 

equivalence would not be of much use. However, given a matrix A, being able to 

find the set of matrices which diagonalize A will help us tremendously in 

determining the property of simultaneous diagonalization in the next chapter. 

Let A  and let A  FG be a full rank factorization. Then by Theorem 

5.2, there exist nonsingular matrices S  and T  that satisfy 



S A T  

The matrices S and T can be partit ioned as 

  
0 0 

25 

(3) 

  
 

 
and T     

where     and   Substituting these 

partit ions into (3) and using the fact that corresponding elements of equal 

matrices are equal gives us a set of four matrix equations: 

 (4) 

   (5) 

  0, a n d (6) 

  0. (7) 

Using equation (4), w e see that 

r    rank   r. 

So  F is nonsingular.  G  is also nonsingular. We use these facts to 

simplify equations (5) and (6). Since (5) is satisfied, so is 

     

Then by Corollary 2.6, we mus t have that 

   (8) 

 some  Similarly, 

   (9) 
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for some   Notice that these equations, (8) and (9), satisfy (7), since 

   and    

Now, since (4) is satisfied and G  is nonsingular, we must have that 

   Thus, because (G      2.5 teUs us that 

where  

Thus, we have determined that  depends on  which is any matrix 

which makes  nonsingular. In order to obtain a more specific answer, we 

note that  can be selected to make  any nonsingular matrix. 

Lemma 5.3: If G  and R  is any nonsingular matrix, then 

there is a solution to the equation   R. 

Proof: The proof follows f rom Corollary 2.4 and the fact that   R. 

A solution is    + (I -  where    

So, we can choose any nonsingular R  and we have that 

Notice that  and  are simply (l)-inverses of  and  , respectively. 

We also mus t consider the fact that S and T are nonsingular. To this point, 

w e have exhibited that S mus t have the form 

    

    

     

(10) 

(11) 
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Since S is  there mus t be an inverse S   [ x  such that 

 

This also gives us four matrix equations which will allow us to simplify S 

and f ind  First consider that 

     -    

where C  is a full rank factorization of I -  We can also note that 

 mus t be nonsingular, so that     Using an a rgument 

similar to that used in f inding (10) and (11), w e get that 

  +  -    +  -  and 

     , 

where  and   are arbitrary and P  an 

arbitrary nonsingular matrix. More importantly, this  gives us that 

  

    

    

  (13) 

This is as far as w e will be able to  S. The other three equations 

resulting f rom (12) allow the description of  Above, w e found that 

Y   (I -     

[X     
0  

(12) 
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We also get f rom (12) that 

0  

  +  -   

     +  (I -     

   

This gives us the equation 

   

which, by Corollary 2.4, has solution 

    (I -  

where L is arbitrary. Substituting back into the equation for Y and simplifying 

gives us that 

    

In order to f ind X, we employ the final two equations f rom (12) and 

Corollaries 2.6 and 2.4. Since 0    CX, then CX  0. By Corollary 2.6, w e 

must have that X  (I -    for some  We also have that 

     

  

This equation is consistent and by Corollary 2.4,   FR + (I -  Finally, by 

substituting this result into X    w e get that 
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In summary , w e have determined that 

  
  

    

whe re R P  and  are arbitrary. 

We go through a similar process to simplify T and f ind  The details are 

 to the reader. 

Theorem 5.4: Let A   Then the matrices S  and T  

that satisfy (3) mus t have the form 

where A   I -    and I -    are full rank factorizations; 

R  P  and  are arbitrary nonsingular matrices; 

and   and   are arbitrary. Furthermore, 

  
  

 
      

  (I -  and  
 

 -   

Proof: The proof follows f r o m the preceding discussion.  



 VI 

SIMULTANEOUS DIAGONALIZATION 

It is  desired to know if two matrices can be diagonalized by the same 

transformation matrices. For example, two square semisimple matrices A and B 

are said to be simultaneously diagonalizable with respect to similarity if there is a 

nonsingular matrix S that satisfies  A S   and  BS    where  and 

 are diagonal. A n important theorem for square matrices says that if A and B 

are semisimple, then A and B are  diagonalizable wi th respect to 

similarity if and only if A and B commute. 

We now seek to discover w h e n matrices are simultaneously 

diagonalizable wi th respect to equivalence. Since we know that all matrices are 

diagonalizable, w e need not include that statement in our definition. Also, since 

w e  be considering non-square matrices, we need to define what is meant by 

a non-square diagonal matrix. 

Definit ion 6.1: A matrix D  where m n, is said to be diagonal if 

  0 w h e n i  Thus the only possible nonzero elements of D are 

     where k  min{m,n}. 

Definit ion 6.2: Let A  and B  A and B are said to be 

simultaneously diagonalizable wi th respect to equivalence if and only if there 

exist nonsingular matrices S  and T  that satisfy 

  
0 

and S A T  
 0 

.  0 
and S A T  

0  
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where  and   are diagonal. Notice that if A and B are 

square,  is simply a square diagonal matrix. 

We n o w consider a series of lemmas which will allow us to develop 

necessary and sufficient conditions  which two matrices are simultaneously 

 wi th respect to equivalence. 

Lemma 6.1: Let B  Then B and 0 (the zero matrix) are 

simultaneously diagonalizable wi th respect to equivalence. 

Proof: The proof is trivial.  

Lemma 6.2: Let A  Then A and  are simultaneously 

diagonalizable wi th respect to  if and only if A is semisimple. 

Proof: Suppose  and A are simultaneously diagonalizable. Then there 

are nonsingular matrices S and T that satisfy    and SAT   where D is 

diagonal. Since     ST, we must have that S   Thus 

     

So A is semisimple. The converse statement is trivially true by the properties of 

the inverse of a nonsingular matrix.  

N o w that w e have looked at a few speda l cases, w e direct our focus 

toward developing necessary and  conditions for arbitrary matrices to 

be simultaneously diagonalizable with respect to equivalence. 

Lemma 6.3: Let A  and B  be matrices of the form 

 0 
and A  

0 

.  0 
and A  

0  
(1) 

where   and  Then  and B are simultaneously 

diagonalizable wi th respect to equivalence if and only if  is semisimple. 
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Proof: Suppose  is semisimple, then there is a nonsingular matrix 

 that satisfies    where  is diagonal. By Theorem 

5.2, there exist nonsingular matrices  and  that 

satisfy    where   diagonal. Let 

   0 
0  

and T   
0  

Then S and T satisfy definition 6.2. Conversely, suppose A and B are 

simultaneously diagonalizable. Then there exist nonsingular matrices S EC" 

and T  that satisfy definition 6.2 and can be partitioned as 

  
and T    

.   .   

where    and   be 

nonsingular. Since 

SBT  

we mus t have that      0, and   0. We also know that 

        
 S21 S22 0  .     

  
0  

 0 
0  

     ][  0  0 
0  0    

 +   

    

Since   0 and  is nonsingular, w e must have that   0. But this 

means that   0, and hence,    Thus,  is semisimple.  

So we have shown that matrices of these special forms (1) are 

simultaneously diagonalizable. N o w we exhibit that any two matrices which can 
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be p u t into these forms by an equivalence transformation must also be 

simultaneously diagonalizable. 

Lemma 6.4: Let A and B  Suppose there exist 

nonsingular matrices  and  that satisfy 

    
0 0 

and P A Q  
 0 

0  
(2) 

where  and  Then A and B are simultaneously 

diagonalizable wi th respect to equivalence if and only if  is semisimple. 

Proof: Suppose  is semisimple.  by Lemma 6.3, P A Q and P B Q 

are simultaneously diagonalizable. Thus, there exist nonsingular matrices 

S  and T  that satisfy 

    
0 0 

and S P A Q T  
 0 

0  

where  and  are diagonal. Since   

nonsingular matrices which satisfy definition 6.2, A and B are simultaneously 

diagonalizable. Conversely, suppose that A and B are simultaneously 

diagonalizable. Then there exist nonsingular matrices S  and T  that 

satisfy 

  Ir  
0 0 

and S A T  
 0 

0  

where   and   are diagonal. But then w e also have that 

  
 0 

0 0 
  

  
0  
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Since  and  are  P A Q and  are simultaneously 

 Thus, by Lemma 6.3,  is semisimple.  

By Theorem 5.2, w e know that a given matrix B can be t ransformed as in 

(2). The remaining question then is to discover unde r wha t conditions a given A 

can be t ransformed by the same matrices to the form in (2). The fo rm of S and T 

given in Theorem 5.4 manda te three necessary and sufficient conditions. 

Theorem 6.5: Let A  and B  Then A and B are 

s imultaneously diagonalizable wi th respect to equivalence if and only if there 

exist full rank factorizations B  FG, I -    and I -    a 

nonsmgula r matrix R  and matrices  and   such that 

three condit ions are satisfied: 

(i)  +  (I -   0, 

(ii)      

(iii)  +  -  + (I -  is s e m i s i m p l e . 

Proof: Suppose A and B are simultaneously diagonalizable. Then there 

exist nonsingular matrices S  and T that satisfy 

   0 
and S A T  

0 

0 0 
and S A T  

0  

where   and   are diagonal. Theorem 5.4 then gives us 

that S and T mus t be 

a n d T   + (I -   

for some full rank factorizations B  FG, I - FF - C C, and I - G G  H H; 

some nonsingular matrices, P, Q, and R; and some  and  
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Since 

we must have that 

 +  -   0, 

 + (I -   0, a n d 

 +  -  + (I -    . 

Since P and Q are nonsingular and  is trivially  the conditions are 

satisfied. Conversely, suppose that factorizations and matrices exist so that the 

three conditions are satisfied. Then use these to define X and Y as 

a n d Y   + (I -    

where  and  are arbitrary nonsingular matrices. 

Since conditions (i) and (ii) are satisfied, this choice of X and Y satisfies (2), with 

   +  -  + (I -  

R    

 

which is semisimple by condition (iii). Thus by Lemma 6.4, A and B are 

simultaneously diagonalizable.  



  

SINGULAR VALUE DECOMPOSITION 

We have seen h o w properties of general  rank factorizations help in 

solving matrix equations and diagonalizing matrices with respect to equivalence. 

 rank factorization can also be used to provide simpler or alternative proofs 

to impor tant theorems in matrix theory. For example, if we choose our 

factorization carefully, we can derive the singular value decomposition. 

Theorem 7.1: (The Singular Value Decomposition Theorem) 

Let   There exist unitary   and  that satisfy 

  

where      and { } is the set of the positive square roots of 

the positive eigenvalues of  A , also k n o w n as the singular values of A. 

Proof: Let {    }  be an orthonormal set of eigenvectors of A A 

corresponding to the nonzero eigenvalues. Then {  ,   }  is an 

or thonormal basis for R(AA )  R(A). Also let {    }  be an 

orthonormal basis of N( A ). Note then that this gives us that 

(2) 

for all i and j in the index set { 1, 2 , . . . , m }. 
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N o w define the matrices 

       and U    

Then because of (2), w e have that         0, and 

  0. This means that    and hence U is unitary. Notice that this 

also means that  +    Since   0 for i  r   then 

  0 for i  r  m. Hence   0. Finally, this gives us that 

     

Define F   and G   Then A  EG is a full rank factorization of A. N o w 

let    and let   (I -  where W  .  We  add another 

restriction to W in a moment . Then let V  [   This selection of U and V 

gives us that 

 0 
 

So (1) is satisfied. N o w w e mus t exhibit that V is unitary. Since   the matrix 

of the positive square roots of the eigenvalues of  A  we mus t have that 

   

Thus, by equat ion (3.2), 

         

   
   

  
0 0 
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So    N o w , 

   -   0, a n d 

    -    -   0. 

Finally, since there is a full rank factorization I -    we have that 

      

Since   must be  we must select  so that B  is  This can be 

done since, by Theorem 4.4,  B    is consistent. (A Hermitian 

idempotent matrix must also be positive semidefinite.) Doing so completes the 

proof.  

Some versions of the Singular Value Decomposition Theorem also state 

that the  of V are eigenvectors of A A. Notice that each  of  is 

of the form     Then, since AA  we also have that 

   

Thus each  of  is an eigenvector of A A. Also, since each column of  

is an element in N(A), each column of  is trivially an eigenvector of A A 

corresponding to a zero eigenvalue. 



 V m 

A NUMERICAL EXAMPLE 

We now want to apply some of the previous results to a numerical 

example. Consider the matrix 

Note that rank(A)  2. We will use our earlier results to find a full rank 

factorization of A, to compute  and to find matrices S and T that diagonalize 

A. 

To find a full rank factorization of A, we employ Algorithm 3.1. The 

reduced row echelon  of A is 

The first two columns of A correspond to unit columns in  and the first two 

rows of E are its nonzero rows. Thus, we have f rom Algorithm 3.1 that A  FG is 

a full rank factorization of A, where 

  
  

0  1 

 

  
  

0  1 

0 0 0 0 

  

1 0 " 

0 1 

1 1 

  
  

0  1 
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Since we will need both and when we diagonalize A, we use 

equations  (3.3), and (3.7) to find them and It is easy to verify that 
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 2 1  

and   
" 2 0  

1 
and   

0  
1 2 

and   
 0 2 . 

So, 

2 - 1 

-1 2 
   

1 0 

0 1 

Substituting these into equations (3.2) and (3.3) gives us that 

  
 2 - 1    1 2 - 1 1  

- 1 2  ~ 3  1 
and 

     

1 0 

0 1 

1 0 

0 1 

1 0 

0 1 

1 
2 

1 0 

0 1 

1 0 

0 1 

Finally, substituting these into equation (3.7) results in 

  1 " 

1 0 1 2 - 1 1  1  1 
6 1 0 - 1 2 1  6  

0 1 - 1 2 1 

N o w we want to find nonsingular matrices S and T that diagonalize A as 

in Theorem 5.4.  order to do so, w e must first determine full rank 

factorizations I -    and I -    Through straightforward 

computations, we f ind that 
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1 1 - 1 

 

- 1 - 1 1 

It is fairly obvious then that a full rank factorization of the proper form is 

obtained by letting 

  

 we obtain that 

 1 
  

and a full rank factorization of the desired form is found by letting 

1 0 - 1 0  

0 1 0 - 1 

- 1 0 1 0 

0 - 1 0 1 

1  0  0 

0  0  

Also recall that for this full rank factorization,  

N o w we are ready to construct our matrices S and T. To keep the 

computations simple, we select the arbitrary matrices f rom Theorem 5.4 in a very 

judicious manner. We choose the three nonsingular matrices, R , P, and Q, to be 

identity matrices of the appropriate sizes, and we select  and  to each be a 

zero matrix of the appropriate size. These choices place our matrices S and T 

into the forms used in the proof of Theorem 5.2. Substituting in f rom our earlier 

work, we obtain that 
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  and T 

 0  0 

0 0  

 0 0 

0  0 

To verify that these matrices are  simply note that they each are of 

full rank. Finally, to verify that these matrices satisfy equation (5.3), we perform 

the necessary multiplications. 

     
1 " 1 0 1 0 " 

0 1 0 1 

 1 1 1 1 . 

    

   0 

  0  

  

0  1 

0 0 0 0 

    
  0  

 0  0 

    

  ;   

    0 
0 0 

0  



 IX 

CONCLUDING REMARKS 

We have seen the power of the full rank factorization as it applies to the 

solving of matrix equations, to the diagonalization of matrices, and to the 

providing of alternative methods of proof. However, this has not been an 

exhaustive discussion of the topic. Probably the most obvious additions that 

could be explored involve the characterization of solutions to the many types of 

matrix equations. Of the class of all matrix equations, we have studied just a 

small fraction, to some of which we were able to give only partial answers. A 

formidable task would be to try to characterize all solutions to these matrix 

equations, as well as others not considered here. 

Similarly, there are many different canonical forms such as the singular 

value decomposition that could possibly be derived f rom full rank factorizations. 

For example, closely akin to the singular value decomposition is the polar 

decomposition. We could also investigate forms such as the Jordan Canonical 

Form and other factorizations such as the QR factorization. 

The final result in chapter six also seems as though it might not be very 

useful, since it depends on finding several specific matrices. It would probably 

be of great interest to simplify the three conditions of Theorem 6.5. Since 

simultaneous diagonalization is a tool used primarily for purposes of 

applications, it would presumably be in our best interests to at least try to 

determine conditions that are more adaptive to computational procedures. 
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The uses for full rank factorizations are many, and there is still much to 

discover and  concerning their properties. To learn to use them to 

their fullest would require much time and effort, but to fully understand their 

power as a manipulative tool would be extremely beneficial to the study of 

matrices. 
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