
 
 
 
 
 
 
 
 

ABSTRACT 
 

Optimal Planning and Control of Grid-connected 
Distributed Generations in Power systems 

 
Guiying Wu, Ph.D. 

 
Mentor: Kwang Y. Lee, Ph.D. 

 
 

With the rise of concerns about environment and depleting energy resources, a 

significant penetration of distributed generation (DG) into distribution systems has been 

increasing around the world in recent years. The DG sources can bring several technical 

benefits to distribution systems such as loss reduction, voltage profile improvement, 

voltage stability and reliability. There may have several aspects of the challenges on the 

DG applications, we focus on the two challenges of loss reduction and controllability. 

The challenges in DG applications for loss reduction are the selections of proper 

locations, appropriate sizes and operating strategies. Even if the location is fixed due to 

some other reasons, the improper size would increase the losses in the system beyond the 

losses for the case without DG sources. Another challenge is controllability of DG 

sources under the intermittent condition. As one of important DG sources, solar PV and 

wind power both have intermittent and unpredictable generation; hence, they may cause 

stability issues for voltage and frequency. This thesis work starts from the optimal size 

and operating strategies of DG sources in both transmission and distribution systems with 



the semidefinite programming technique. The optimal sizing problem is formulated with 

the multiobjective performance index which includes the size of DGs and loss reductions 

subject to the load flow and restrictions of voltage magnitude for each bus. The second 

goal of this work is to design a disturbance rejection control of the grid-connected DGs in 

power systems. The integration of DG can enhance the performance and stability of 

systems when solving the issues caused by the intermittency of renewable energy. 

Interface of a DG to power grid is challenging because of the high nonlinearities of DGs 

and the power conditioning system (PCS). A final goal of this work is to show that the 

coordinate control in a microgrid which connects to the distribution system. Microgrid 

worked on this thesis consists of solar photovoltaic (PV) unit, SOFC and ultra-capacitor. 

Through the coordinate control, SOFC and ultra-capacitor keep maintaining power 

balances between the power demand and the output power of the solar PV. 
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CHAPTER ONE 
 

Introduction 
 
 

1.1. Background and Motivation 
 

The electricity generated today comes mostly from large and centralized power 

plants which rely on the combustion of fossil fuel (coal, oil and gas) or nuclear power. 

However, the recognition of the environmental concerns makes a rapid transformation of 

the electric power system to an intelligent electric grid which is also called as smart grid 

or microgrid. A microgrid is a small-scale distributed power system with control 

capability; hence, it can be disconnected from the traditional grid and operate 

autonomously when a severe fault occurs in the power grid. 

A microgrid is powered by distributed generation (DG) that produces electricity 

close to the end users of power. The small, decentralized power plants in DG are 

categorized as wind, solar, bio fuel, microturbines and fuel cells. DGs are becoming 

attractive due to less pollutant emissions and improvement in efficiency and reliability 

[1]. Wind turbines and photovoltaic (PV) have gained a high interest because they do not 

harm the environment. But the difficulty of wind and solar is the intermittency in power 

outputs, which causes the power system to be under constant stress in maintaining power 

balance and voltage and frequency regulation. Compared to them, fuel cells and 

microturbines can provide reliable power since they are not dependent on variable energy 

sources [2].  
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Fuel cells are static energy conversion devices that convert the chemical energy of 

fuels, such as hydrogen, methanol, ethanol, and natural gas, directly into electrical 

energy; hence, fuel cells inherently have a significantly higher efficiency than that of 

conventional energy conversion technologies which goes through additional processes of 

converting to thermal energy and then to mechanical energy. Moreover, the fuels can be 

utilized more completely with the only by-productions of water. Therefore, fuel cells can 

achieve efficient, quiet and clean operations. With these high operational performances, 

fuel cells are expected to be a major source of distributed generation in future. 

The DGs are expected to be connected to distribution networks as well as 

customer loads. Therefore, they need to be autonomous and remotely controlled, and 

capable of responding to the unit load demand signals. They should be able to overcome 

disturbances from the grid or handle faults within the plant. With the strained power 

system grid, it is even more important that power plants have autonomous control. This is 

not only to provide more efficient power and reduce pollution, but additionally to provide 

stability to the grid. Figure 1.1 shows a common topology of a microgrid, where a 

structure of hybrid system is exhibited and solid-oxide fuel cell (SOFC) works as a 

stationary backup to the load demand [3], [4]. 

 
1.2. Statement of Problem 

 
In a radial feeder, depending on the technology, DG units can deliver a portion of 

the total real and/or reactive power to loads so that the feeder current can be reduced from 

the source to the location of DG units. However, studies [5]-[7] have indicated that if DG 

units are improperly allocated and sized, the reverse power flow from larger DG units can 

lead to higher system losses. Hence, to minimize losses, it is important to find the best 
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location and size given the option of resource availability. It will also relieve capacity 

from transmission and distribution systems. 

 

 

Figure 1.1. A common architecture of an AC-coupled microgrid. 
 
 

To connect DG units into the network system, a power conditioning system (PCS) 

is required to interface between DG units and the power grid to convert DC power into 

AC power. To meet the requirements of power demands, the PCS is controlled by high-

frequency switches turned on or off to modulate the output current of the PCS. The 

output current of the PCS is controlled to generate a smooth AC waveform with low 

harmonics in order to provide high quality power to the load and the grid. However, since 

the voltage of DG units changes over a wide range as load demand changes, the dc link 

voltage is fluctuating and the inverter current contains harmonics [8]-[10]. Moreover, the 

network parameter changes not only affect the power quality of the inverter, but also 

challenge the control of the grid-connected inverter and the grid filter design in terms of 

stability. 
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The hybrid system is commonly used to construct a microgrid since the 

generation of renewable energy source, like wind and solar, is intermittent and 

unpredictable. Thus, renewable energy source combined with energy storage units or 

controllable units is one of solutions for the drawback of renewable energy source. In this 

thesis, the hybrid system included PV, fuel cells and ultra-capacitor. The outputs of 

photovoltaic (PV) arrays highly depend on the irradiance and temperature. When the PV 

arrays are mostly or partly shadowed by the clouds, the output power of PV array is 

lower than in the sunny condition. Therefore, the output power of PV array is difficult to 

predict even though weather forecasting is available. Due to the intermittence of PV 

power, the supplementary energy is required to compensate the power unbalances. To 

this end, SOFC can be a candidate for the supplementary energy source since it can 

generate power as long as fuels are supplied. Hence, a power management of PV array 

and SOFC is needed to provide the uninterruptable power to the load.  

 
1.3. Literature Search 

 

1.3.1. Optimal Placement of DGs 
 

A technique for DG placement using “2/3 rule,” which is traditionally applied to 

capacitor allocation in distribution systems with uniformly distributed loads, has been 

presented [6]. Although simple and easy to apply, this technique cannot be applied 

directly to a feeder with other types of load distribution or to a meshed distribution 

system. In [11], an analytical approach has been presented to identify the location to 

optimally place single DG with unity power factor in radial as well as meshed networks 

to minimize losses. However, in this approach, the optimal sizing is not considered. The 
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genetic algorithm (GA)-based method has been presented to determine the size and 

location of DGs [12], [13]. The GA is suitable for multiobjective problems and can lead 

to a near optimal solution but demand higher computational time. An analytical approach 

based on an exact loss formula has been presented to find the optimal size and location of 

a single DG [5]. In this method, a new methodology has been proposed to quickly 

calculate approximate losses for identifying the best location, where the load flow is 

required to be performed only twice. First, it is applied to calculate the loss of the base 

case, and then it is used to find the minimum total loss after the DG placement. However, 

this method cannot guarantee to find the best case and the result may be deviated from 

the optimum solution due to the approximation. 

 
1.3.2. Control Design of Power Conditioning System 
 

Proportional-integral (PI) controllers are so far the most widely applied 

controllers in industry. A PI voltage controller is used to dc-dc boost converter to regulate 

the output voltage, and another PI controller is applied to grid-connected inverters to 

track a reference current so that a desired current can be injected into the grid. This is 

done in the synchronously rotating reference (dq) frame. 

The current practice is to use a conventional proportional-integral (PI) controller 

to control the dc link voltage and the inverter current due to its simple structure. The PI 

controllers give satisfactory performances in both dc-dc converter and dc-ac inverter 

during the steady-state operating condition and can deal with the small range of 

disturbances which are caused by load changes or grid network changes [14]-[16]. The 

power quality is measured by the Total Harmonic Distortions (THDs) of the output 

current of the inverter. According to the IEEE 519 standard [17], the THDs of current are 



6 
 

to be less than 5% over every 10 cycles. However, PI controller cannot guarantee that it 

can work properly in every operating condition. Therefore, a proper control is necessary 

to meet the requirement under all operating conditions. 

 
1.3.3. Coordinated Control in the Hybrid System 
 

To achieve full control authority over dc bus voltage and FC and UC current, the 

use of two power electronic devices is proposed. A dc-dc converter in voltage-control 

mode will regulate the bus voltage, and another dc-dc converter operating in current-

control mode enables active control of FC and UC currents. The power split ratio is 

determined by a supervisory controller which plays critical roles in improved load 

following, reduction of losses, and increased lifetime. In the literature, a number of 

control methods have been proposed for meeting similar objectives. 

Rule-based control (RB) is the control system based on human expertise 

(engineering knowledge), heuristic, intuition, even mathematical model. The RB control 

can be divided into deterministic rule-based methods and fuzzy rule-based methods [18]. 

Deterministic rule-based uses look-up tables (not a real-time data) to design deterministic 

rules. It can be sub-divided again into thermostat (on/off) control strategy, power 

follower (baseline) control strategy, modi ed power follower (baseline) strategy and state 

machine-based strategy. However, fuzzy rule-based methods use real-time parameter and 

suboptimal power split, which are nonlinear data and linguistic knowledge to calculate 

optimal output. Main advantages are robustness (tolerant to imprecise measurements) and 

adaptation (easy to tune) with real-time parameter. It can be sub-divided into 

conventional fuzzy strategy, fuzzy adaptive strategy and fuzzy predictive strategy [18]-

[21].  
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The power management strategies were presented in several papers where the 

coordinate control is proposed in its applications to EHV and microgrid. Limitations on 

the current of fuel cells were considered when the power management is applied [22]-

[24]. However, few works studied on the constraints of SOFC, UC and battery 

simultaneously. The fuel utilization factor is rarely considered when designing the power 

management strategy. The control strategy only considered the relationship between the 

power demand and the SOC of UC. 

 
1.4. Statement of Purpose 

 
This thesis will focus on three major issues on the analysis and operation of the 

microgrid which consists of a SOFC, solar PV and an ultra-capacitor and connection to 

the distribution system. The first goal of this work is the optimal placement of the DG 

sources in the distribution system. This will improve the voltage profile and minimize the 

power losses in the system with the proper selection of location and sizing. Thus, it can 

maximize the positive impact on installing DGs in the system. The second goal is to 

control properly the grid-connected DG units in order to improve the power quality. It 

turns out that cleaner power can be delivered to power grid through proper control. The 

third goal is to coordinate the control of the microgrid to supply power to the power grid 

continuously so that the power intermittency caused by solar PV can be avoided.  

The major research items are listed as follows: 

 Optimal placement of DG units in the distribution system 

 Formulation of optimal sizing problem  

 Search the best place of DG units by greedy algorithm 

 Disturbance rejection control of grid-connected DG units 
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 Design of linear active disturbance rejection control 

 Frequency domain analysis of PCS 

 Coordinated control for the hybrid system  

 Power management by Fuzzy logic control 

 Bi-directional control for ultra-capacitor  

 
1.5. Organization of the Thesis 

 
The model descriptions for the elements of DG sources, namely SOFC, solar PV 

and ultra-capacitor, are introduced in Chapter Two. Moreover, distribution systems to be 

tested in this thesis are described.  

In Chapter Three, the optimal placement of the DG sources with semidefinite 

programming and greedy algorithm is presented and the approach is verified by several 

benchmark distribution systems.  

Chapter Four introduces the disturbance rejection control and analyzes the 

characteristics in the frequency domain. Furthermore, it applies to the grid-connected 

DGs and the simulation results show the validation of the control strategy. In Chapter 

Five, the entire design from the optimal planning to the control of DGs in the distribution 

systems are demonstrated and power management by using fuzzy logic control is shown. 

Finally, conclusions are drawn and future works are anticipated in Chapter Six. 
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CHAPTER TWO 
 

Modeling of Distributed Generation and Power Converter 
 
 

A cluster of the inverter-based small-scale distributed generation (DG) units and 

loads forms a microgrid which can operate in the grid-connected or islanded mode in 

distribution systems. This chapter presents the modeling of SOFC, solar PV and ultra-

capacitor which is used in the microgrid. In addition, two distributed systems, for which 

the optimal planning problem is applied in the next chapter, are presented. 

 
2.1 SOFC Modeling 

 

2.1.1 Electrochemical Basics of SOFC 
 

The SOFCs are unique in that the circuit loop is closed by delivering negatively 

charged oxygen ions from the cathode to the anode instead of positively charged 

hydrogen ions travelling from the anode to the cathode, which is the scheme of other 

types of fuel cells. Thus the SOFC system can provide electricity continuously via the 

electrochemical reactions as follows: 

Anode Reaction: 2
2 22H 2O 2H O 4e  

Cathode Reaction: 2
2O 4e 2O  

Overall Cell Reaction: 2 2 22H O 2H O  

Although pure hydrogen gas is necessary for the anode reaction, the high-

temperature SOFC is capable of internally reforming light hydrocarbons such as natural 
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gas (CH4) into H2. The advantage on fuel flexibility makes SOFC interesting as power 

units in many application fields [25].  

 
2.1.2 Model Description 
 

The FC converts the chemical energy from fuel into electricity through a chemical 

reaction, and can produce electricity continuously for as long as fuel is supplied. The 

modeling of SOFC power plant used in this work is based on the model developed in 

[26]-[28] which considered both the electrochemical and the thermal dynamic aspects of 

chemical reactions.  

The voltage of SOFC is given as the summation of the Nernst’s equation and 

Ohm’s law, and it can be expressed as follows [27], [28]:  

0fc act ohm concV V V V V  (2.1)
 
where 0V  is the Nernst reversible voltage, actV  is the activation loss, ohmV  is the ohmic 

loss, and concV  is the concentration loss. The Nernst reversible voltage and each loss can 

be written with respect to the temperature as following: 

2 2

2

0.5

0 0 0 ln
2

H O

H O

p pRTV N E
F p

 (2.2)

 
2

0

0

1

2

exp

act

fc

act

RTV z z
F

z I I

I A E RT

 (2.3)

 
1 1expohm fc
o

V I
T T

 (2.4)

ln 1
2

fc
conc

L

IRTV
F i

 (2.5)
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where T is the fuel cell stack temperature, 
2Hp , 

2Op  and 
2H Op  are the reactant partial 

pressures of hydrogen, oxygen and water, respectively, and other parameters are listed in 

Table 2.1.  

 
Table 2.1. Parameters in SOFC System. 

 
Parameter Representation Value 

ratedP  Rated power 100kW 
F  Faraday’s constant 96486 C/mol 
R  Gas constant 8.31 J/(mol °K) 

0E  Ideal standard potential 1.1 V 

0N  Number of cells in series 384 

rK  Reaction Constant 0.996×10-3 mol/(s A) 

2HK  Valve molar constant for hydrogen 0.843 mol/(s atm) 

2H OK  Valve molar constant for water 0.281 mol/(s atm) 

2OK  Valve molar constant for oxygen 2.52  mol/(s atm) 

2H  Response time for hydrogen flow 26.1 s 

2H O  Response time for water flow 78.3 s 

2O  Response time for oxygen flow 2.91 s 

_H Or  Ratio of hydrogen to oxygen 1.145 s 

f  Fuel processor response time 5 s 
A  Preexponential factor 101.2 kA/cm2 

actE  Activation energy 120 kJ/mol 

Li  Limiting current 800 A/cm2 

 Ohmic resistance constant 0.2  
 Ohmic resistance constant -2870 °K 

0T  Constant temperature 973 °K 
 Efficiency 0.8 

effh  Thickness 10-3 m 

s  Thermal conductivity 2 W/ (m °K) 
t  Relaxation time 200 s 

 Density 6600 kg/m3

PC  Heat capacity 400 J/(kg °K) 
U  Optimal fuel utilization 0.8 

initT  Initial temperature 1273 °K 
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To achieve the Nernst voltage in (2.2), the partial pressure for each species can be 

found according to the electrochemical relationships [29]. They can be expressed as the 

following transfer functions: 

2

2

2

1 / 1 2
1 1

H
H f r fc

H f

K
p q K I

s s
 (2.6)

 

2

2

2

_1 / 1 /
1 1

O H O
O f r fc

O f

K r
p q K I

s s
 (2.7)

 
2

2

2

1 /
2

1
H O

H O r fc
H O

K
p K I

s
 (2.8)

 
The disturbance mainly comes from the external load current; furthermore, it 

shows that the relaxation time of the output voltage is highly related to the effect of 

temperature dynamics [26]. Thus, the modified thermal dynamic block is presented in 

[27] and [28] according to [26]. Thermal equations are introduced in a dimensionless 

form based on two major parameters which are the Fourier number ( 0F ) and the source 

term number ( 0S ) [26]: 

0 2
s

P eff

tF
C h

 (2.9)

 

0
1 fc fc

s eff

V I
S

T h
 (2.10)

 
where t is the relaxation time, which is defined as the period necessary to reach 90% of 

the new steady-state value, and T is the rise in temperature from the initial temperature 

at no load that will occur after a laps of the relaxation time. 0F  is a constant and 0S  is a 

variable governed by fuel cell voltage, current and temperature, and is constrained by 
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1.1
0 00.72F S  (2.11)

 
An approximate equation for the change in the stack temperature T can be 

derived from (2.9)-(2.11), and the output temperature of fuel cell stack can be updated as 

following [30]: 

init
out

T T TT T dt
t

 (2.12)

 
where outT  is the output temperature, T is the present temperature of the fuel cell under 

load, initT  is the initial temperature at no load, and dt is the Simulink time step. The 

dynamic model of the SOFC plant and the detailed thermal dynamic block are shown in 

Figures 2.1 and 2.2. Note that the memory blocks used in the clock and outT  should be 

initialized to ‘0’ and initT , respectively. 

Fuel utilization factor ( fu ) is the ratio between the fuel flow reacted and the input 

fuel flow and it can be expressed in terms of the fuel cell current fcI  as 

2 2 2

2 2 2

2in o r
H H H r fc

f in in in
H H H

q q q K I
u

q q q
 (2.13)

 
where 

2

in
Hq , 

2

o
Hq  and 

2

r
Hq are  the hydrogen input, output, and reacted flow rates, 

respectively, and rK  is the reaction constant. 

The fuel utilization factor is one of the most important operating variables which 

may affect the performance of the SOFC [31]. For instances, the desired range of fu  is 

0.7-0.9; however, overused-fuel condition ( fu > 0.9) can cause permanent damages to the 

cells because of fuel starvations, while it may have unexpectedly high voltages with the 

under-used condition ( fu < 0.7). Along with the varying load demand, the current of 
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SOFC varies, resulting in the perturbation of fu . To maintain the fuel utilization factor 

constant in the safe operation range, the natural gas input to the stack can be calculated 

by solving (2.13), yielding a feedforward control law,  

2 r fc
f

fs

K I
q

u
 (2.14)

 
where fq  is the fuel feed 

2

in
Hq  and fsu  is the desired value of fu .  

Since a constant fuel utilization factor causes small deviations in the terminal 

voltage [31], the desired fsu  is set to 0.8, which is in the middle of the safe operation 

region. A conventional PI controller is used to control the flow rate of fuel as shown in 

Figure 2.1. 
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Figure 2.1. Dynamic model of a SOFC plant. 
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Figure 2.2. Thermal dynamic block of SOFC model. 
 
 

2.2 Solar Photovolatic 
 

The electric power generated by a solar array fluctuates with the solar radiation 

and temperature changing. Figure 2.3 shows the equivalent circuit of a solar array. The 

solar array is a nonlinear device and can be represented as a current source model as 

shown in Figure 2.3. 

The traditional mathematical model of a PV array, when neglecting the internal 

shunt resistance, can be expressed as in [32]-[34]: 

exp 1o g sat o o s
qI I I V I R

AKT
 (2.15)

 
3

1 1exp GO
sat or

r r

T qEI I
T KT T T

 (2.16)

 

25
100g sc I cI I K T  (2.17)

 
where 0I  and 0V  are the output current and voltage of the solar array, gI  is the generated 

current under a given insolation, satI  is the reverse saturation current, q is the charge of 

an electron, K is the Boltzmann’s constant, A is the ideality factor for a p-n junction, T is 

the temperature, sR  is the intrinsic series resistance of the solar array, orI  is the 
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saturation current at the reference temperature rT , GOE  is the band-gap energy of the 

semiconductor, IK  is the short-circuit current temperature coefficient and  is the 

insolation in mW/cm2. 

 

gI D shR
sR

oI

oV oR

 

Figure 2.3. Equivalent circuit of a PV array. 
 
 

The computer simulation of the PV array is implemented by using equations 

(2.15)-(2.17). In this paper, the SunPower SPR-415E-WHT-D which can be found in 

Matlab/Simulink is used.  

 
2.3 Ultra-capacitor 

 
The classical equivalent circuit of UC unit is shown in Figure 2.4. The 

mathematical modelling of the UC bank can be expressed as follows [35], [36]: 

expi

t
V t V

RC
 (2.18)

 
2 21

2UC i fE C V V  (2.19)

 
where V(t) is the voltage after time t, iV  is the initial voltage before discharging starts, fV  

is the final voltage after discharging starts, C is a capacitance, R is an internal resistance, 

UCE  is the amount of energy drawn from the UC bank, ESR is equivalent series resistance 

and EPR is equivalent parallel resistance. 
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Figure 2.4. Equivalent circuit of a UC unit. 
 
 

To achieve the desired amount of energy drawn from the UC bank and a 

reasonable charge and discharge efficiency (above 90%), the total resistance and 

capacitance of UC bank can be calculated as following [35], [36]: 

UC_total s
p

ESR
R n

n
 (2.20)

 

UC_total p
s

C
C n

n
 (2.21)

 
In practical applications, the required amount of terminal voltage, energy and 

capacitance of a UC bank system can be built using the multiple UC units in series and 

parallel. The terminal voltage determines the number of capacitors that are connected in 

series to form a bank, and the total capacitance determines the number of capacitors that 

are connected in parallel in the bank as shown in Figure 2.5. 

 
2.4 Distribution Systems 

 
Two test distribution systems have been used in this thesis for studying the 

optimal placement of DGs in the radial network system. These test systems are widely 

used in the literature of distribution system planning and operation. Single line diagrams 

of the test systems along with pertinent basic information for DG planning are presented 

below. 
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Figure 2.5. Arrangement of capacitors in a UC bank. 
 
 
2.4.1 33-Bus Test System 
 

Figure 2.6 shows a single line diagram of the 12.66 kV, 33-bus test radial 

distribution system [37]. It has one feeder with four different laterals, 32 branches and a 

total peak load of 3,715 kW and 2,300 kVAr. The total loss of the base case system is 

211.20 kW. This system has been used in Chapter 4. 

 

 

Figure 2.6. The 33-bus test distribution system. 
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2.4.2 69-Bus Test System 
 

A single line diagram of the 12.66 kV, 69-bus test radial distribution system [38] 

is shown in Figure 2.7. It has one feeder with eight laterals, 68 branches, a total peak load 

of 3,800 kW and 2,690 kVAr and its corresponding loss of 224.93 kW. This system has 

been used in Chapter 4. 

 

 

Figure 2.7. The 69-bus one feeder test distribution system. 
 
 

2.5 Modeling of Power Converter 
 

2.5.1 Modeling of DC-DC Converter 
 

As shown in Figure 2.8, the voltage of the SOFC drops significantly with the load 

current increase. Therefore, a dc-dc converter regulates the voltage and boosts the SOFC 

voltage into a higher level (650V) as shown in Figure 2.9. 

The boost converter is written as two nonlinear state-space averaged equations as 

following [39]: 
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1

1

fcL L dc
L

dc L o

Vdi R Vi d
dt L L L
dV i id
dt C C

 (2.22)

 
where d is the duty cycle to the converter. 

To properly control the output of the dc-dc boost converter, active disturbance 

rejection control (ADRC) is adapted to generate the duty cycle, which will be presented 

in Chapter Four.  

 

 

Figure 2.8. Voltage-current characteristics of the SOFC stack model. 
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Figure 2.9. System configuration for the grid-connected SOFC Power Grid. 
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2.5.2 Modeling of DC-AC Three-phase Inverter  
 

After increasing to a higher dc voltage, the regulated ac current is needed so that 

power generated by the SOFC power plant can be delivered to the power grid. A three-

phase equivalent circuit of dc-ac inverter is shown in Figure 2.9. An LC filter is 

connected between the inverter and the utility grid to reduce the harmonics, and a local 

load is located between them.  

The dynamic model of the three-phase inverter is written as [8]  

1 1 2
1 1 1 1

2 1 2
2 2 2 2

1 2

1

1

1 1

1

1 1

d d dc
i i i ci i

d d
i i i ci gi

ci i i
f

dc i i o

d R R vi i i v d
dt L L L L
d R Ri i i v v
dt L L L L
d v i i
dt C
d v d i i
dt C C

 (2.23)

 
where , ,i a b c  and di is the duty cycle for inverter. 

Synchronously rotating reference (d-q) frame is taken to simplify the control from 

3 variables to 2 variables as listed in (2.24). The parameters used in the PCS are listed in 

Table 2.2. 

1 1 21

1 1 21 1 1 1

2 1 22

2 1 222 2 2

1

1 1

d d d cd dd d dc

q q q cq qd

d d d cd gddd

q q q cq gqd

cd

cq

i i i v dR Ld R v
i i i v dR Ldt L L L

i i i v vR Ld R
i i i v vR Ldt L L L

vd
vdt

1 2

1 2

T
1

1

0 1
0

1 1

cd d d

cq q qf

d d
dc o

q q

v i i
v i iC

d id v i
d idt C C

 (2.24)
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Table 2.2. Parameters of PCS. 
 

Parameter Representation Value 

L  Inductor of boost converter 5×10-3 H 
C  Capacitor of boost converter 24×10-3 F 

1iL  Inductor of VSI 1.8×10-3 H 

2iL  Grid impedance [0.05×10-3   0.30×10-3]H 

fC  Capacitor of VSI 25×10-3 F 

dR  Internal resistor of capacitor 0.3  
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CHAPTER THREE 
 

Optimal Placement of DGs in the Distributed System 
 
 

The DG sources usually are installed near a heavy load in the distribution level so 

that they can provide some portions of the total real and reactive power to reduce power 

losses in the system [40]-[46]. However, an improper placement of DG sources may 

result in higher system losses caused by the reverse power flow from larger DG sources 

[5]-[7], [47]. Therefore, it is important to find the best location and size given the options 

of resource availability to minimize the power losses. 

This work proposes the methods i) of finding the best location for multiple DGs 

using the greedy algorithm, and ii) of optimal sizing of DGs in both meshed and radial 

network systems using semidefinite optimization. We formulate the optimization problem 

in the form of semidefinte optimization to solve the optimal sizing of one or multiple 

DGs subject to the load flow and bus voltage constraints. 

 
3.1 Optimal Placement of Single and Multiple DGs 

 
To apply the semidefinite optimization approach on minimizing the size of DGs 

to be installed, the rectangular phasor variables are chosen, as shown in Figure 3.1, to 

represent the nonlinear terms of power flow equations into the quadratic polynomials 

without trigonometric functions.  
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ij ij ijY G jB
i ie jf j je jf

ij ijP jQ
Di DiP jQ Dj DjP jQ

 

Figure 3.1. Distribution line model in the rectangular form. 
 
 
3.1.1 Formulation of Optimal Sizing of DGs Problem 
 

In this section, we only consider the problem for the optimal sizing of DGs. We 

formulate the optimization problem based on minimizing the power losses and the size of 

DGs subject to the load flow and the restrictions of bus voltage and power output and 

power factor of DGs. Below are main steps to formulate the optimal sizing problem.  

1. Objective function: 

2 22 2 2 2
1 1 1 2 3

1 1 1
injection power 
from substation the size of DGs power losses

min .  
k k

DG B Bn n n

G R DG DG ij i j i j
i i j

w P Q w P Q w G e e f f  
(3.1)

 
where 1w , 2w  and 3w  are the weights for the power injecting from the substation, the 

size of DGs and power losses, respectively. They can be determined by how many 

penalties you would like to give to the size of DGs and the power losses. The ranges of 

three parameters are between 0 and 1. 

2. Power flow equations: 

,    
B

Gi i j ij j ij i j ij j ij Di B
j S

P e e G f B f f G e B P i S  (3.2)

 
,    

B

Ri i j ij j ij i j ij j ij Di B
j S

Q f e G f B e f G e B Q i S  (3.3)
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The power flow equations are required to update (3.2) and (3.3) with corresponding 

locations when single or multiple DGs are installed in the systems. Two power flow 

equations with the selected locations to install DGs can be expressed as following: 

,    
k

B

DG Gk k j kj k j kj k j kj k j kj Dk DG
j S

P P e e G e f B f f G f e B P k S  (3.4)

 
,   

k

B

DG Rk k j kj k j kj k j kj k j kj Dk DG
j S

Q Q f e G f f B e f G e e B Q k S  (3.5)

 
3. The real and imaginary part of voltage at bus 1: 

1 11, 0e f  (3.6)
 
4. Limits of real and reactive power at bus i: 

,    Gi Gi Gi GP P P i S  (3.7)
 

,    Ri Ri Ri RQ Q Q i S  (3.8)
 
5. Limits of voltage at bus i:  

2 2 2 2 ,     i i i i BV e f V i S  (3.9)
 
6. Power factor limits for DGs: 

In this work, we consider that the minimum power factor for DGs is 0.8. It indicates that 

the ratio of the reactive power and the real power is 0.75, thus, the maximum reactive 

power of DGs injected to the system can be derived based on the relationship with the 

real power of DGs 

0 0.75    ,
k kDG DG DGQ P k S  (3.10)

 
7. Limits on the total size of DGs: 

1

,    
DGn

DGT DGk DGT DG
i

P P P k S  (3.11)
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Variables used in (3.1)-(3.11) are summarized in Table 3.1. 

 
Table 3.1. Descriptions of Symbols in (3.1)-(3.11). 

 
GiP , RiQ  dispatchable real and reactive power at bus i 

DiP , DiQ  real and reactive power demand at bus i 

DGkP , DGkQ  DG real and reactive power injected to bus k 

GiP , GiP , RiQ , RiQ  limits of dispatchable real and reactive power at bus i 

DGTP , DGTP  upper and lower limit for the total size of DGs 

ie , if  real and imaginary parts of voltage at bus i 

ijG , ijB  real and imaginary parts of admittance between bus i and j 
2

iV , 2
iV  upper and lower limit for the square of voltage at bus i 

BS , GS , RS , DGS  set of buses, real power sources, reactive power sources and DGs 

Bn , DGn   number of buses and number of DGs  

 
 
3.1.2 Problem Formulated in Quadratic Form 
 

Note that the auxiliary variables and slack variables are introduced to transfer the 

linear terms into quadratic terms and to convert the inequality constraints into equality 

ones. 

1. Objective function: 

1 2

3

2 2 2 2
1 1

1

2 2

1 1 1

                 

minimize   

2 4

DG

k k

B B B

n

G R DG DG
i

n n n

i i ij ii ij i j i j
i j j i

w w

w

P Q P Q

e f G G G e e f f

                    (3.12) 

2. Power flow equations: 

,    
B

BGi Gi i j ij i j ij i j ij i j ij Di
j S

i SP d e e G e f B f f G f e B P  (3.13)

 
,    

B

Ri Ri i j ij i j ij i j ij i j ij Di B
j S

Q d f e G f f B e f G e e B Q i S  (3.14)

 
where the auxiliary variables 1Gid and 1Rid for Gi S . 
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The power flow equations in terms of the location where to install DGs are 

updated as following,  

,    
B

k kDG DG Gk Gk k j kj k j kj k j kj k j kj Dk DG
j S

P d P d e e G e f B f f G f e B P k S  (3.15)

 
,  

k k

B

DG DGR Rk Rk k j kj k j kj k j kj k j kj Dk DG
j S

Q d Q d f e G f f B e f G e e B Q k S  (3.16)

 
where the auxiliary variables 1

kDGd  and 1
kDGRd for DGk S . 

3. The real and imaginary part of voltage at bus 1: 

1 11, 0e f  (3.17)
 
4. The equality constraints of real and reactive power at bus i: 

2 ,    Gi Gi Gi Gi GP d u P i S  (3.18)
 

2 ,    Gi Gi Gi Gi GP d l P i S  (3.19)
 

2 ,    Ri Ri Ri Ri RQ d u Q i S  (3.20)
 

2 ,    Ri Ri Ri Ri RQ d l Q i S  (3.21)
 
where, 2 2 2 2,  ,  ,  and Gi Gi Ri Riu l u l  are slack variables converting the inequality constraints into 

equality ones. 

5. The equality constraints of voltage at bus i:  

2 2 2 2 ,     i i Bi i Be f u V i S  (3.22)
 

2 2 2 2 ,     i i Bi i Be f l V i S  (3.23)
 
where, 2 2 and Bi Biu l  are slack variables converting the inequality constraints into equality 

ones. 
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6. Power factor limits for DGs: 

20.75 0,    DG DGR DG DG PF DGk k k k
Q d P d u k S  (3.24)

 
2 0,    DG DGR PF DGk k

Q d l k S  (3.25)
 
where the auxiliary variables =1 and 1

k kDG DGRd d  for DGi S , 2 2 and PF PFu l  are slack 

variables. 

7. Limits on the total size of DGs: 

2

1

,    
DGn

DGk DGk DGT DGT DG
i

P d u P k S  (3.26)

 
2

1

,    
DGn

DGk DGk DGT DGT DG
i

P d l P k S  (3.27)

 
where 2 2 and DGT DGTu l  are slack variables. 

 
3.1.3 Problem Reformulated in the SDP Form 
 

Recently, a novel method using the semidefinite programming (SDP) technique to 

solve OPF problems has attracted researcher’s attention [48]-[52]. It has been proven that 

the SDP is convex and the primal-dual interior point algorithms for SDP may possess 

theoretically superlinear convergence [53]. Therefore, OPF in the SDP model can 

guarantee the global optimal solution in polynomial time. Researchers have made efforts 

on solving the OPF problem which can be formulated into the primal and dual styles of 

SDP and have proved that SDP can successfully solve the OPF problem with the 

benchmark systems of IEEE for different number of buses. The main advantage of the 

SDP is that it can avoid deriving and computing the linearization of power balance 

equations to get the Jacobian matrices. In addition, the SDP has better convergence 
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performance for the distribution systems as was proven in [49], [50]. Thus, this paper 

extends these characteristics of the SDP technique to the radial distribution system. 

The semidefinite programming [53] is concerned with the optimization of a linear 

objective function over linear constraints. Therefore, it generalizes the well-known linear 

programming and quadratic programming by replacing the vector of variables and the 

nonnegative constraints with a symmetric matrix and a positive semidefinte constraint, 

respectively. A semidefinte programming problem is formulated in the following 

standard form, namely, the primal one and its dual: 

0min tr

Primal: s.t.   tr , 1, ,

        0
i i

A X

A X b i m

X

 (3.28)

 

0
1

max 
Dual:

s.t.   0

T

m

i i
i

b y

A y A
 (3.29)

 
where , my b , n nX and positive semidefinite, and , 1, ,n n

iA i m . To 

reformulate the optimal sizing problem in the standard SDP form (3.28), the matrices iA  

and X should be constructed. The matrix iA  consists of the coefficients of each equation 

listed in (3.12)-(3.27) with respect to the matrix X. In order to easily understand the 

procedures of constructing the matrices iA , we take a simple system shown in Figure 3.2 

as an example with four nodes that contains one substation and one DG with unit power 

factor at node 2. 
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Figure 3.2. Example for 4-node radial distribution system. 
 
 
All variables in the problem are grouped into a single vector 1 2 3 4x x x x x , where  

1. Group of real power of resources: 

1 1 1G Gx P d  (3.30)
 
2. Group of slack variables for real power of resources: 

2 1 1G Gx u l  (3.31)
 
3. Group of reactive power of resources: 

3 1 1R Rx Q d  (3.32)
 
4. Group of slack variables for reactive power of resources: 

4 1 1R Rx u l  (3.33)
 
5. Group of voltage at each bus: 

5 1 1 2 2 3 3 4 4x e f e f e f e f  (3.34)
 
6. Group of slack variables for voltage at each bus: 

6 1 1 2 2 3 3 4 4B B B B B B B Bx u l u l u l u l  (3.35)
 
7. Group of real power of DG: 

7 1 1DG DGx P d  (3.36)
 
8. Group of slack variables for real power of DG: 

8 1 1DG DGx u l  (3.37)
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9. Group of slack variables for real power of DG: 

9 PF PFx u l  (3.38)
 

The SDP variables are defined in a matrix form with the variables denoted in 

(3.20)-(3.28) as following: 

TX x x  (3.39)
 
The matrix X is obviously positive definite or semidefinite [49], and in this example, X 

has the dimension 2 2 2 2 2 2 2 2 2 30G R B DG DGTn n n n n n . The 

matrix X is shown as below. 

1

2

3

4

5

6

7

8

9 30 30

0 0 0
0 0

0

0
0 0

X
X

X
X

X X
X

X
X

X

 (3.40)

 
where the elements of X are  

2
1 1 1

1 2
1 1 1 2 2

G G G

G G G

P P d
X

P d d
 (3.41)

 
 

2
1 1 1

2 2
1 1 1 2 2

G G G

G G G

u u l
X

u l l
 (3.42)

 
2

1 1 1
3 2

1 1 1 2 2

R R R

R R R

Q Q d
X

Q d d
 (3.43)

 
2

1 1 1
4 2

1 1 1 2 2

R R R

R R R

u u l
X

u l l
 (3.44)
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2
1 1 1 1 2 1 2 1 3 1 3 1 4 1 4

2
1 1 1 1 2 1 2 1 3 1 3 1 4 1 4

2
2 1 2 1 2 2 2 2 3 2 3 2 4 2 4

2
2 1 2 1 2 2 2 2 3 2 3 2 4 2 4

5 2
3 1 3 1 3 2 3 2 3 3 3 3 4 3 4

2
3 1 3 1 3 2 3 2 3 3 3 3 4 3 4

4 1 12 1 4

e e f e e e f e e e f e e e f
f e f f e f f f e f f f e f f
e e e f e e f e e e f e e e f
f e f f f e f f e f f f e f f

X
e e e f e e e f e e f e e e f
f e f f e f f f e f f e f f
e e e f e

f
2

2 4 2 4 3 4 3 4 4 4
2

4 1 4 1 4 2 4 2 4 3 4 3 4 4 4 8 8
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2

9 2
2 2

DGT DGT DGT

DGT DGT DGT

u u l
X

u l l
 (3.49)

 
For the coefficient matrices iA , they have the same dimension as X and they can 

be easily found from (3.12)-(3.27). The general structures of iA  can be written as 

following: 
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W

W
W
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where the diagonal elements of iA , GiW  to DGTiW , correspond to 1X to 9X in (3.40) one by 

one. They can be zero or nonzero depending on the coefficients of the objective function 

and the constraints in the problem. Furthermore, 0A is corresponding to the coefficients of 

the objective function in (3.12), and the rest of iA corresponds to the coefficients of the 

constraints listed in (3.13)-(3.27). The detailed relationships between iA and the 

constraints are listed below. In addition, the vector b can be found in the right-hand side 

of the constraints (3.12)-(3.27). 

0 (3.12)A  11 (3.18)A  19 20 21 22, , , (3.23)A A A A

1 2 3 4, , , (3.13) or (3.15)A A A A  12 (3.19)A  23 (3.24)A  

5 6 7 8, , , (3.14) or (3.16)A A A A 13 (3.20)A  24 (3.25)A  

9 (3.17)A  14 (3.21)A  25 (3.26)A  

10 (3.17)A  15 16 17 18, , , (3.22)A A A A 26 (3.27)A  
 

2 2 2 2 2 2 2 2
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4, , , , , , , ,1,0, , , , , , , , , , , , ,

0,0, ,
D D D D D D D D Gi Gi Ri Ri

DGT DGT

P P P P Q Q Q Q P P Q Q V V V V V V V V
b

P P
 

To clarify how to construct the coefficient matrices iA , the details using the 

objective function and power flow equation at the substation bus is given as an example. 

The cost function (3.12) is related to quadratic forms of the real and reactive power from 

the substation, real power injected from DGs and the voltages of buses. Therefore, we 
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can expect that the coefficient matrix 0A contains the elements corresponding to 1X , 3X ,

5X and 7X in matrix X. Eq. (3.12) is expanded as following: 

11 2 3

2 2 2 2 2
1 1

1 1 1

1 2 3

0

0 1 0 3 0 7 0 5

tr 2 4
B B Bn n n

G R DG i i ij ii ij i j i j
i j j i

G R DG B

w w wP Q P e f G G G e e f f

w w w

A X

W X W X W X W X
(3.51) 
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0 01 1
2 2 2 2

1 0 1 0
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0 0 0 0G RW w W w  (3.53)
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G G
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G G G G

G G G G

G G

G G

W (3.55) 

 

The constraint (3.13) is the active power flow equation at bus i where a generator is 

connected. The coefficient 7A of the active power flow equation at bus 1 is constructed as 
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below, where the coefficient is related to the variables of real power and quadratic forms 

of voltage corresponding to 1X and 5X in X: 

2

7 1 1 1 1 1 1 1 1 1 1 1
1

tr G G j j j j j j j j D
j

A X P d e e G e f B f f G f e B P  (3.56)

 
where  
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7 1
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G G B
G B G

G B
B G

W  (3.59)

 
 

3.2 The Best Location using the Greedy Algorithm 
 

3.2.1 Single DG Installation 
 

Consider a single DG to be installed in the system, since it might be easier than 

installing the multiple DGs. It can reduce the computational time because the cases tried 
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out to find the minimum power losses are depending on the number of buses which is 

much smaller than the large combinations of multiple DGs. In this paper, we select a bus 

one by one except for the substation bus and run the optimal placement algorithm which 

was presented in the previous section and then choose the one which has the minimum 

power loss. It would be the optimal location for setting up a single DG.  

The purpose of installing DGs is to reduce the power losses in the system. One 

practical way is to select several heavier load buses and to start from the bus with 

heaviest load and try out the next heaviest one and to find the lowest power losses among 

them.  

 
3.2.2 Multiple DG Installation 
 

Installing multiple DGs in the system is a complicated combinatorial problem. 

The problem becomes bigger and more complicated along with the number of multiple 

DGs increasing. To find the best location where DGs are installed, the greedy algorithm 

[54] is applied in this work. An original concept of the greedy algorithm is that follows 

the problem solving heuristics of making the locally optimal choice at each stage with the 

hope of finding a global optimum. In many problems, a greedy strategy does not in 

general produce an optimal solution, but nonetheless a greedy heuristic may yield locally 

optimal solutions that approximate a global optimal solution in a reasonable time.  

For an instance of installing two DGs, we use the result from the installment of a 

single DG and take this bus as the optimal location at the first stage. We take Figure 3.3 

as an example and the first optimal location of two DGs is bus 3 which is solved from a 

single DG installation. We fix the first location (bus 3) and find an optimal location 

which is Bus 7 at the second stage. Then this combination of (3, 7) should be the best 
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combination in the second stage. However, instead of thinking this pair of combination 

may be closer to the optimal solution, we take an additional step to check with the hope 

of finding a better one. Thus, the optimal location with the combination of bus 7 is bus 5 

in the third stage. Since we found a new location (bus 5) that is a different location than 

in the first stage, we do more steps until we have the same pair between the current and 

the previous stages. At stage 3, we fix bus 5 and then find another optimal location which 

is bus 7. Now, we have a pair of (5, 7) which is the same as (7, 5). Thus, we choose this 

combination as a “global” solution.  

 

 

Figure 3.3. The procedures for selecting locations installed DGs. 
 
 

3.3 Simulation Results 
 

Several case studies were carried out to verify the results obtained by using 

semidefinite optimization for both radial and transmission systems. In the first part of this 

section, two radial distribution systems which are 33-bus and 69-bus test systems are 

used. Then the following part is used the IEEE 30-bus test transmission system. Based on 

the proposed methodology, an analytical software tool has been developed in MATLAB 

environment with the semidefinite programming algorithm [55] to identify the optimal 

size and location of single and multiple DG units. In this work, two types of DGs, 
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capable of injecting active power only and of injecting both active power and reactive 

power, are considered at the peak load level.  The lower and upper voltage thresholds are 

set at 0.90 pu and 1.05 pu, respectively, and the maximum number of DGs installed is to 

be three. The maximum capacity of a DG is 3MW for the radial distributed systems, and 

is 5% of the total load for the IEEE 30-bus transmission system. 

 
3.3.1 Radial Distributed Network Systems 
 
 

33-bus Test System.  The first test system is a 33-bus test radial distribution 

system with a total load of 3.7 MW and 2.3 MVAr [37] and the total power loss is 

202.68kW. For installing one DG in the system, the optimal sizing and location are 

achieved by minimizing the objective function (3.1). The result that has the minimum 

power loss is chosen to be the best location installing a DG. Note that the objective 

function contains three terms to be minimized in terms of three parameters ( 1w , 2w  and 

3w ) which are dependent on the applications.  

Figure 3.4 shows the results of the more weights added on the terms of power 

losses, that is, it’s the most interesting term to be minimized and there are not many stress 

on deciding the size of a DG. The best location of the 33-bus test system is bus 6 as 

shown in Figure 3.4(a) and the corresponding size of single DG to reach a minimum 

power loss at that specific location is shown in Figure 3.4(b).  

It can be summarized from the Figure 3.4 as following: 1) the power losses cannot 

be markedly reduced even though the DG is installed at some locations with the size 

close to the upper bound of the maximum capacity like at bus 2 and bus 19-22, 2) the size 

of the DG is notably different under the same level of power losses at some locations. For 
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specific bus as shown in Figure 3.5 and Tables 3.2 and 3.3. It can not only improve the 

voltage profile but also have the minimum power losses.  

The greedy algorithm described in Section 2.2 is applied for where multiple DGs 

are installed. The searching procedure is shown in Figure 3.7.  Starting from the start 

point Bus 6, the next best location based on the first stage is calculated and we have the 

pair of (6, 14) in the second stage. Iterate the greedy algorithm to find the best locations 

until the pairs are repeated. Eventually, it converges in the pair of (13, 30) and it becomes 

the best pair of locations. 

 

 

Figure 3.7. The procedure of searching the locations for installing two DGs. 
 
 

Table 3.2. DG Placement for 33-Bus Test System with Unity Power Factor. 
 

Cases Installed optimal size of DG (kW) DG capacity 
(kW) Ploss (kW) 

Loss 
Reduction 

(%) 
No DG      202.68  
1DG Bus 6      

 Size 2530   2530 104.06 48.65 
 Size (limits) 1906   1906 109.39 46.02 

2DG Bus 13 30     
 Size 855 1165  2020 85.91 57.61 
 Size(limits) 814 1044  1858 86.49 57.32 

3DG Bus 13 24 30    
 Size 790 1084 1055 2929 71.50 64.72 
 Size(limits) 766 838 969 2573 72.85 64.05 
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Table 3.3. DG Placement for 33-Bus Test System with Non-Unity Power Factor. 
 

Cases Installed optimal size of DG 
(kW/kVar) 

DG 
capacity 
(kVA) 

Ploss 
(kW) 

Loss 
Reduction 

(%) 
No DG         202.68  

1DG 
Bus 6         
Size 2499 1710     3028.05 61.41 69.63 
Size(limits) 1394 1045     1742.02 66.26 66.34 

2DG 
Bus 13  30       
Size 819 442 1244 933   2485.66 29.28 82.43 
Size(limits) 784 431 1101 826   2271.06 30.38 81.30 

3DG 
Bus 13  24  30     
Size 751 412 1039 550 1144 858 3462.18 12.65 90.38 
Size(limits) 734 408 1033 431 1033 775 3250.48 14.58 89.94 

 
 

69-bus Test System.  The second test system is a 69-bus test radial distributed 

system with a total load of 3.8 MW and 2.69 MVAr [38]. For installing a single DG in 

the 69-bus test system, the procedure is the same as the previous 33-bus test system. The 

minimum power loss occurs when a DG is installed at bus 61 as shown in Figure 3.8. We 

can also tell that the bad location selection can lead to worthless result since there is no 

effect on reducing the power loss. Moreover, Figure 3.10 and Tables 3.4 and 3.5 show 

that DGs with non-unity power factor improve the voltage profile significantly compared 

to DGs with unity power factor.  
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3.3.2 Transmission Network Systems 
 

An IEEE 30-bus test system [56] is chosen to test the proposed method on a meshed 

transmission system with the total power loss 17MW. This system has eight 132kV 

buses, one 69kV bus, nineteen 33kV buses and two 11kV buses as shown in Figure 

3.12(a). We consider the maximum capacity of a 15MW DG which is about 5% of the 

total system load of 283 MW and 126.2 MVar.  

Since the power transmission level in the transmission system is much higher than the 

radial network system, it’s a realistic problem to minimize the power losses under the 

limited size of DGs and where to locate. There may be several considerations where the 

DGs are to be located, however, we can categorize them as two types. The first type is to 

install the DGs with a size of 15MW in one or several different locations. The second 

type is to set up the DGs with a fixed total size of 15MW in one or several different 

locations. We investigate the effect of distributing the DGs in several locations instead of 

one location with the fixed amount of power injected by the DGs. The minimum power 

loss achieved is highlighted in red in the following figures. 

 
Table 3.4. DG Placement for 69-Bus Test System with Unity Power Factor. 

 

Cases Installed optimal size of DG (kW) DG capacity 
(kW) Ploss (kW) 

Loss 
Reduction 

(%) 
No DG      225.07  
1DG Bus 61      
 Size 1875   1875 83.20 63.03 
 Size (limits) 1670   1670 84.65 62.38 
2DG Bus 17 61     
 Size 545 1776  2321 71.67 68.15 
 Size(limits) 517 1587  2104 73.05 67.54 
3DG Bus 11 17 61    
 Size 557 383 1707 2647 69.43 69.15 
 Size(limits) 470 394 1534 2398 70.77 68.55 

 
 
 



46 
 

Table 3.5. DG Placement for 69-Bus Test System with Non-Unity Power Factor. 
 

Cases Installed optimal size of DG 
(kW) (kVar) 

DG 
capacity 
(kVA) 

Ploss 
(kW) 

Loss 
Reduction 

(%) 
No DG         225.077  
1DG Bus 61         

 Size 183
1 1302     2246.72 23.15 89.71 

 Size(limits) 162
4 1156     1993.42 25.28 88.76 

2DG Bus 17  61       
 Size 536 364 1770 1235   2806.18 7.20 96.80 
 Size(limits) 509 349 1540 1099   2509.09 9.21 95.90 
3DG Bus 11  17  61     
 Size 527 377 382 254 1662 1187 3149.06 4.28 98.09 
 Size(limits) 449 319 390 262 1487 1062 2847.91 6.22 97.23 

 
 

The Fixed Size for each DG.  We start from installing one DG with 15MW to 

minimize the power loss of the system. The minimum power loss is achieved when a DG 

is installed at Bus 5 as shown in Figure 3.12(b). Considering that a DG may not be 

directly connected to a 132kV bus, the eight buses from Bus 1-8 are not counted as the 

locations for DG installation. Figure 3.12(c) shows the power losses when DG is located 

at the low voltage level and the total power loss reaches the minimum value when DG is 

connected at Bus 30. 

Figure 3.13 shows the cases that more than one DG is located in the different 

locations and the maximum capacity for each DG is 15MW. The results can be expected 

that the more DGs installed, the less power losses achieved. Thus, the minimum power 

loss for three DGs installed is 12.1MW which is a 28.6% loss reduction. 

 
The Fixed Total Size for single or multiple DGs.  Now, instead of installing the 

fixed size of each DG, the total size of DGs is fixed. Therefore, we distribute the total 

fixed size of DGs in two or three locations. Two types, unity power factor and non-unity 

power factor, of DGs are installed in the system. The maximum capacity is 15MW for the 
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case of unity power factor and 15MVA for the non-unity power factor which is about 5% 

of the total system load of 283 MW and 126.2 MVar. Similar to Part 1, buses 1-8 are 

excluded due to the high voltage level.  

The cases with unity power factor DGs are investigated in Figure 3.14. Figure 

3.14(a) shows the power loss when a DG is installed in the different location. The case in 

Figure 3.14(b) is to identify where two DGs are to be located.  Since the minimum power 

loss occurs when a single DG is installed at bus 30, bus 30 is selected to install one DG 

and the second location is searched based on reaching the minimum power loss. The 

result shows that the lowest power loss is the second DG is installed at bus 19. Figure 

3.14(c) shows the search for the third location while buses 19 and 30 are fixed with 

installed DGs, and the minimum found appears be at bus 26. To sum up, the lower power 

losses can be achieved with the fixed amount of power when distributing the DGs in the 

more locations instead of concentrating on one location. 

Figures 3.15 and 3.16 show the power losses in terms of the non-unity power 

factor with and without limitation for the total size of DGs. The fixed locations are 

marked in dark green and the location selected is highlighted in red. It can be seen in 

Figure 3.14 that the method of distributing the DGs under the constraints on the total size 

yields the lower power losses.  
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CHAPTER FOUR 
 

Disturbance Rejection Control in a Grid-connected System 
 
 

This chapter focuses on the control of grid-connected solid-oxide fuel cell 

(SOFC) power plant that is subjected to varying load and network parameters. To this 

end, Active Disturbance Rejection Control (ADRC) is utilized to improve the 

performance of the power converter system (PCS) which consists of a dc-dc converter 

and a dc-ac inverter. The ADRC is used in the dc-dc converter to stabilize the dc link 

voltage and present a robust performance against the nonlinearity. It is also utilized in the 

dc-ac inverter, eliminating the steady-state error and high frequency noise. Simulation 

results show that, for grid current control, ADRC achieves a more robust performance 

than the conventional proportional-integral (PI) controller. Moreover, the total harmonic 

distortions (THDs) of the output current controlled by ADRC are always below 5% in 

spite of the variation in the load demand and network parameters, which satisfies the 

requirement of the IEEE Standard [17]. 

 
4.1 Active Disturbance Rejection Control 

 
The ADRC was first proposed by [57], and the basic idea of ADRC is to convert a 

nonlinear system into a linear system by estimating and compensating the external 

disturbances and internal uncertainties in real time [58], [59]. The ADRC can deal with 

the uncertain dynamics and disturbances of the plants through the extended state observer 

(ESO) [60]. 
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4.1.1 Design of Linear ADRC 
 

The ADRC was originally formulated with nonlinear gains, which made 

difficulties for frequency response analysis [61], [62]. Simplification of ADRC was 

proposed with linear and parameterized gains. It is not only easier to implement, but also 

enables an evaluation of ADRC in the frequency domain [63], [65]. 

Consider a general first-order plant: 

, ,y g y w t bu  (4.1)
 
where y is the system output, u is the control signal, g denotes the unknown model, w is 

the external disturbance, and b is an unknown parameter and may be time-varying. 

Equation (4.1) can be rewritten as 

0y f b u  (4.2)
 
where 0f g b b u , represents “total disturbance” which contains the internal 

dynamics and external disturbances and needs to be estimated by an extended state 

observer (ESO). To estimate the “total disturbance”, consider f as an extended state x2. 

Assume f is differentiable and define f h . 

Then an augmented model of (4.2) is 

1 1 0

2 2

1

2

0 1 0
0 0 0 1

1 0

x x b
u h

x x

x
y

x

 (4.3)

 
The ESO is a state observer of the augmented plant 

1 2 0 1 1

2 2 1

z z b u y z

z y z
 (4.4)
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where the observer gains 1  and 2  are chosen such that all the observer eigenvalues are 

located at - o  [66]. That is, 

2
1 22 ,o o  (4.5)

 
If the control law is set to 

0 2

0

u zu
b

 (4.6)

 
then the original plant (4.2) becomes approximately equal to an integral plant 

0 2 0
0 0 0

0 0

u z u fy f b f b u
b b

 (4.7)

 
where f  is an estimate of f. Thus the plant can be controlled by a proportional controller 

0 1pu k r z  (4.8)
 

The structure of the ADRC controller is illustrated in Figure 4.1, where r is input, 

y is output, pk  and ob  are controller parameters, PG  is the plant, and 1z  and 2z  are the 

estimations of the system output y and “total disturbance” f [66]. The first-order ADRC 

controller shown in Figure 4.1 can be treated as a modified version of PI controller by 

replacing integrator with ESO [67]. Inherited from the PID controller, ADRC is 

advantageous in terms of the simplicity and ease of use. The ADRC can be readily 

implemented via many hardware platforms. As shown in Figure 4.1, the structure of 

ADRC and ESO can be realized via the basic computation operation, such as integration, 

adder and multiplier. Thus, the implementation of ADRC is not only simple but also its 

cost is low. The current industry practice confirms the feasibility and simplicity of ADRC 

in the power plant distributed control system (DCS) and field-programmable gate array 

(FPGA) [67], [68]. 
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Figure 4.1. Structure of the linear ADRC Controller. 
 
 
4.1.2 Transfer Function of Linear ADRC 
 

Figure 4.2 shows the transfer function of the linear ADRC in the form of two 

degrees of freedom (2-dof) closed-loop system [63]. R(s) and Y(s) are the input and 

output, respectively, ( )pG s  is the transfer function of the plant, and H(s) and ( )cG s  

represent the set-point filter and feedback controller, respectively. 

H(s) and ( )cG s  are derived by using the Laplace transform to the equations (4.4)-

(4.8) of ADRC: 

2
1 2

2 1 2

( ) p p p

p p

k s k s k
H s

k s k
 (4.9)

 

1 2 2
2

0 0 1

( ) p p
c

p

k s k
G s

b s b k
 (4.10)

 
The loop transfer function and the closed-loop system transfer function are readily 

derived from Figure 4.2: 

( ) ( ) (s)lg c pG s G s G  (4.11)
 

( ) ( ) ( )
( )

1 ( ) ( )
c p

YR
c p

H s G s G s
G s

G s G s
 (4.12)
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( )R s
( )H s

( )Y s( )cG s ( )pG s

 

Figure 4.2. Block diagram of the linear ADRC in transfer function form. 
 
 
4.1.3 ADRC Controller for PCS 
 

Two controllers are utilized in the PCS, a voltage controller for the dc-dc boost 

converter, and a current controller for the dc-ac three-phase inverter as shown in Figure 

2.9.  

For the dc-dc converter, a voltage controller using ADRC is utilized as shown in 

Figure 4.3. Similar to the PI controller, the inputs of ADRC are only the reference and 

actual output voltages. The duty cycle for the switch is generated using the ADRC 

controller, and control signals of the converter are generated by PWM generator.  

 
refV

dcV

D P
d

r

y
u

 

Figure 4.3. Illustration of ADRC controller in the dc-dc converter. 
 
 

For the dc-ac inverter, the current control of inverter is adopted in the 

synchronous d-q frame because the steady-state error is eliminated and it achieves fast 

transient responses by a decoupling control [69], [70]. The feedback decoupling method 

is used with the decoupling term L as shown in Figure 4.4. 
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Figure 4.4. Illustration of ADRC controller in the dc-ac inverter. 
 
 

Since the grid-connected mode is studied in this paper, the d-axis of the 

synchronous frame is aligned with the grid voltage. Therefore, the d-axis grid voltage is 

equal to its magnitude, and the resultant q-axis voltage is equal to zero. Thus the power 

injection to the grid becomes as following: 

3 3
2 2
3 3
2 2

g dg dg qg qg dg dg

g qg dg dg qg dg qg

P v i v i v i

Q v i v i v i
 (4.13)

 
Therefore, the current reference in the d-q frame is presented as 

_ _

2 2
,    

3 3
g g

gd ref gq ref
dg dg

P Q
i i

v v
 (4.14)

 
 

4.2 Analysis in Frequency Domain 
 

As shown in (2.22) and (2.24), the models of the dc-dc converter and the dc-ac 

inverter are nonlinear because they involve multiplications of time-varying variables, 

which results in difficulties in controlling them properly.  

To investigate the system stability and performance, a small-signal approximation 

is used to obtain the linearized models of the dc-dc converter and the dc-ac inverter. 
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4.2.1 Small-signal Modeling of Three-phase Inverter 
 

The model is derived by perturbing the averaged variables around an operating 

point. The small-signal model of inverter is introduced and calculated in [8]. Using the 

same method in the inverter model (2.24), the linearized model can be derived as follows: 

x Ax Bu
y Cx

 (4.15)

 
where 

1 1 2 2d q d q cd cqx i i i i v v ,     d q gd gqu d d v v  
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The operating points in the state-space model are derived by setting the 

derivatives of all states zero in the model. Moreover, the transfer function from duty 

cycle to the current can also be derived from this linearized state-space model. 
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4.2.2 Small-signal Modeling of Boost Converter 
 

The average model of the boost converter is given in (2.22), thus, the small-signal 

model of the converter can be constructed by using the perturbation around the operating 

point, which can be written as follows: 

1(1 )
0(1 ) 1

dcL

L

LL

fcdcdc

V L LR L D L
I CD C CR

dii
vvv

 (4.16)

 
where D is the value of duty cycle at an operating point, and R is the equivalent resistance 

that is looked into from the inverter, which and can be calculated based on the dc link 

voltage and the power supplied to the grid. 

To design the controller for the boost converter, the control-to-output transfer 

function is derived from (4.16). Tables 4.1 and 4.2 show the parameters used in the PI 

controller and ADRC controller in this study. There are two groups of PI parameters to be 

tuned. One is for the dc-dc boost converter and the other one is for the dc-ac inverter. For 

tuning the dc-dc boost converter, pole-zero cancellation is used to alleviate the resonance 

phenomenon and improve the dynamic response [71]. The trial-and-error method is 

mainly applied to tune the parameters of the dc-ac inverter according to frequency 

response which is calculated from the small-signal of the inverter. Based on the 

frequency response of uncompensated inverter model, adding a pole at the origin reduces 

the steady-state error. In addition, adjusting the location of zero achieves the appropriate 

system response. 

 
Table 4.1. Parameters of Controller for Boost Converter. 

 
PI  ADRC 

pvk  ivk  dvk  1vb  1cv  1ov  
8.3350e-5 0.0355 2e-5 7e-6 700 70 
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Table 4.2. Parameters of Controller for Inverter. 
 

PI in d-channel PI in q-channel 
1pk  1ik  2pk  2ik  

1 200 5 250 
ADRC in d-channel ADRC in q-channel 

1b  1c  1o  2b  2c  2o  
20 3500 75 8 3500 75 

 
 
4.2.3 Frequency Domain Analysis of Open-loop System 
 

Figure 4.5 shows the current control of inverter in d- and q- channels. The open-

loop transfer functions of the current loop gains to study the stability are expressed as 

following: 

(s)
( ) ( ) ( ) ( )

( )
gd

id c c id
d

i
T s G s G s G s

d s
 (4.17)

 
(s)

( ) ( ) ( ) ( )
( )

gq
iq c c iq

d

i
T s G s G s G s

d s
 (4.18)

 
where gdi  and gqi  are equal to the current of inductor 2L , which are 2di  and 2qi , 

respectively. 

 

( ) ( )id iqG s G s gdi_gd refi

gqi_gq refi
dd

qd

 

Figure 4.5. Current control of inverter with feedback decoupling method. 
 
 

Figures 4.6 and 4.7 show the comparison of the open-loop system transfer 

functions with ADRC and PI controllers for the inverter. It is interesting to see that 

ADRC shows an obvious advantage in the frequency domain although it was designed in 

the time domain for better disturbance estimation and rejection. Compared with the PI 
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controller, the ADRC controller results in higher loop gains around the line frequency 

while decreasing drastically in high frequencies, implying that the control effort is very 

strong just where it is needed. The high gains around the line frequency will enhance the 

ability to deal with nonlinearity and mitigate the unknown disturbances in this frequency 

range. The smaller gains in other frequencies will help to prevent the unnecessary control 

actions and to filter out the harmonics. Figures 4.8 and 4.9 present the close-loop systems 

of the current control with feedback decoupling method by using PI and ADRC. The 

ADRC compared to PI controller has larger bandwidth and enough phase margins to have 

a quicker and more stable response for the entire system. 

 

 

Figure 4.6. Bode plots of the current loop gain of inverter d-channel. 
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Figure 4.7. Bode plots of the current loop gain of inverter q-channel. 
 
 

 

Figure 4.8. Close-loop transfer function for the current control of inverter d-channel. 
 
 

Figure 4.10 shows the comparison of open-loop system transfer functions for the 

boost converter. It is seen that ADRC has the larger gains in the low frequencies where 

the unknown disturbances exist. Moreover, the magnitude of ADRC in high frequency 
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decreases significantly, resulting in a good robustness and insensitivity to the 

measurement noise [72]. 

 

 

Figure 4.9. Close-loop transfer function for the current control of inverter q-channel. 
 
 

 

Figure 4.10. Bode plot of the loop transfer function of boost converter. 
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4.3 Simulation Results 
 

The performance of the proposed ADRC controller is verified in simulation via 

Matlab/Simulink, and comparisons are made with a conventional PI controller. In this 

study, SOFC operates in a normal condition in the beginning and then generates power 

based on the load demand increase or decrease. It means that SOFC can only supply a 

portion of the local load demand in the beginning and the power grid should provide the 

rest of the local load demand. Thus, both the power grid and SOFC provide the power to 

the local load, simultaneously. As the output power of the SOFC increases, it can provide 

enough power to meet the local load demand and the remaining is sent to the power grid. 

The rated power of SOFC is 100kW and the maximum power that SOFC can reach is 

170kW under given conditions [73]. 

 
4.3.1 The Voltage of DC Link 
 

The role of the boost converter is not only to boost the voltage, but also to 

regulate the voltage to a given reference voltage (650V). This results in a better 

performance of the inverter since dc link voltage is input to the inverter. 

Figure 4.11 shows the comparison of different combinations of PI and ADRC 

controllers of the dc-dc converter and the dc-ac inverter. There are four disturbances: load 

demand increase of 30kW and 40kW, respectively at 2 sec. and 4 sec., and decrease of 

20kW and 30kW, respectively at 3 sec. and 5 sec. 
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Figure 4.11. Comparison of the different combinations of converter and inverter controllers for PCS. (solid 
in green: PI controller for converter and inverter; dash-dot in red: ADRC for converter and PI for inverter; 
dash in blue: ADRC for both converter and inverter) 
 
 

The different controller combinations are: PI controller for both converter and 

inverter, ADRC for converter and PI for inverter, and finally ADRC for both converter 

and inverter. As shown in Figure 4.11, the performance of the PI-PI combination is the 

worst because the output becomes oscillatory and tends to become unstable. Replacing PI 

controller of converter to ADRC results in better performance and makes the system 

stable. The ADRC-ADRC combination gives the best performance even though there are 

voltage drops during the transient but they are in the safe operation range (<10% of the 

nominal voltage). As we can expect, the fuel utilization factor is fluctuating within a 

smaller range and the SOFC output power changes are smoother in the ADRC-ADRC 

combination.  
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4.3.2 Transient Response without Grid Impedance 
 

Based on IEEE 519 standard, the THD should be below 5% in every operating 

condition.  In this study, it is noteworthy that only the grid-connected mode is considered 

and the voltage and frequency are following those of the power grid. Therefore, the 

currents of inverter are the control variables. Table 4.3 shows the THDs of grid current in 

each case. Here, to compare the transient response between PI and ADRC controllers, the 

first ten cycles of the current for each transient are selected to measure the THD.  

Three different control combinations are compared under the same condition. As 

shown in Figure 4.12 and the results in Table 4.3, the overall performances of three 

different combinations of controllers are acceptable with the increments and decrement 

by 20kW, respectively; however, the transient response of ADRC-ADRC is better than 

other two controllers with the load demand increasing. The THDs of ADRC and PI are 

both lower than 5% in the each operating condition.  

 

 

Figure 4.12. Comparison in the small step changes in load demand. 
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Table 4.3. THDs of the Current (in percentage). 
 

Transient response without grid impedance 
Grid 
Impedance 

Control 
Method 100kW 120kW 140kW 120kW 100kW 

0mH 
PI-PI 2.36 3.18 3.56 3.31 3.45 
ADRC-PI 2.36 3.09 3.39 3.20 3.35 
ADRC-ADRC 2.02 2.14 1.92 2.79 3.20 

Transient response with grid impedance 
Grid 
Impedance 

Control 
Method 100kW 130kW 110kW 150kW 120kW 

0.15mH 
PI-PI 2.37 4.89 3.31 10.32 5.44 
ADRC-PI 2.37 4.60 3.28 8.93 5.46 
ADRC-ADRC 2.51 2.40 3.19 3.45 3.23 

0.3mH 
PI-PI 2.56 5.64 3.62 12.49 7.91 
ADRC-PI 2.53 5.26 3.69 11.34 6.64 
ADRC-ADRC 3.69 2.46 3.76 4.84 3.75 

 
 
4.3.3 Transient Response with Grid Impedance Variances  
 

Network disturbance can be represented by the grid impedance at the point of 

interconnection (POI). The grid impedance variation affects the performance of the 

current control, and challenges the control of grid-connected inverter in the stability 

aspect [74]. To investigate the performance, three different conditions are demonstrated.  

 
Case 1: Stiff grid condition.  Figure 4.13 shows the simulation results of PI-PI, 

ADRC-PI and ADRC-ADRC controllers with the stiff grid condition, which is 0-

0.15mH. Figure 4.13(a) demonstrates the real and reactive powers for three different 

combinations of controllers, and Figure 4.13(b) shows the grid currents during the 

transient response for the first ten cycles at 4 seconds.  

The PI-PI and ADRC-PI controllers can deal with smaller step changes of the 

load demand, which are corresponding to before 4 seconds in Figure 4.13(a); however, 

the system exhibits oscillations and results in high THD which is not acceptable, where 

the changes in load demand are rapid after 4 seconds as shown in Figure 4.13(a). 

Moreover, the amplitude of the current is not consistent during the transient response in 
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Figure 4.13(b). That results in the high THDs for PI-PI and ADRC-PI controllers, which 

is shown in Table 4.3. 

Compared to PI-PI and ADRC-PI controllers, ADRC-ADRC gives better tracking 

performances with acceptable harmonic distortions in every operation stage. It can be 

seen from the figure that ADRC-ADRC has a smoother transient response than PI-PI and 

ADRC-PI controller in Figure 4.13(a) and (b). 

 
Case 2: Weak grid condition.  In this case, the grid impedance is increased from 

0.15mH to 0.30mH without changing other parameters. As shown in Figure 4.14, PI-PI 

and ADRC-PI controllers have oscillations with large step changes in the load demand 

and take long time to reach the steady-state status. However, ADRC-ADRC works 

properly in every operating conditions, and it can maintain good performances during the 

different working conditions. It gives lower overshoot and fast settling time compared 

with PI controller. 
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(b) 
 

Figure 4.13. Comparisons in the stiff grid condition. 
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(b) 

Figure 4.14. Comparisons in the weak grid condition. 
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CHAPTER FIVE 
 

Power Management of Microgrids 
 
 

This chapter proposes a coordinated control strategy between SOFC and UC in 

order to keep them from power unbalances which may be caused by the intermittency of 

renewable energy. The microgrid used in this work consists of a solar PV, SOFC and UC, 

which is shown in Figure 5.1. As the weather forecasting technology improves, the 

prediction of power output of PV array can be achieved, thus, it can be viewed as the 

scheduled power output of the PV array in the Unit commitment. However, power 

mismatch occurs due to several uncertain factors such as variances in irradiance or 

temperature on solar PV array. Here, the SOFC works as a backup to reduce the gap and 

also to supply power to local load. To compensate for the slow response of SOFC, UC 

works in transient to discharge or charge the power. Thus, the total performance is 

improved and within the safe range of operations of SOFC and UC. 

 

 

Figure 5.1. Structure of a microgrid. 
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5.1 The Intermittency of Solar PV 
 

With the increasing awareness of environmental concerns, the inverter-based 

small-scale distributed generations (DGs) are widely used. A cluster of DG units and 

loads forms a concept of a microgrid which can operate in the grid-connected or islanded 

mode in a distribution system. However, the difficulty of integrating DGs such as wind 

turbines or solar photovoltaic (PV) is the intermittency in power outputs [74]-[75], which 

causes the power system to be under constant stress in maintaining power balance and 

voltage and frequency regulation. Conversely, a solid-oxide fuel cell (SOFC) as a DG can 

provide reliable power since it is not dependent on weather variables and it has high fuel 

efficiency, thus, SOFCs can play an important role in the microgrid [15], [73]. 

Considering the shortfalls of fuel cell of slow response and no energy storage capacity, an 

auxiliary energy sources such as ultra-capacitor needs to be added to the fuel cell system 

to enhance the dynamic characteristic. They can compensate the power imbalance caused 

by wind or solar PV, and also supply power to its own local loads. 

The sharp power demand changes are expected due to the intermittency of 

renewable energy sources such as wind or solar irradiation, thus, the main object of 

SOFC is to fill the power gap between the scheduled power output and actual power 

output of renewable energy. However, it results in exceeding the safe operation range 

which is defined by the fuel utilization factor. This factor is important to SOFC due to its 

connection to the lifetime of SOFC. To keep SOFC in the safe operation range, ultra-

capacitor (UC) as a supplementary source works for the transient. For a UC, it also has a 

constraint defined by the state-of-charge (SOC) which should be in the normal operation 

range in order to avoid the starving or fully charged conditions. 
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5.2 Control Algorithms 
 

To design the power management strategy, several power signals are required to 

measure and define. They are namely the output power of PV array and SOFC and the 

predicted output power of PV. We define one reference power that is the one comparing 

to the output power of SOFC and determining the fuel input to the SOFC. The reference 

power is the sum of the minimum output power of SOFC and the difference between 

predicted power output and actual power output of PV array. We denote this reference 

power as Pd. The main control strategy for the entire system can be summarized as 

follows: 

 When power difference is positive, that is, the reference power is larger than 

power output of SOFC; SOFC increases the output power in order to fill up the 

power gap. In this case, the increment amount of SOFC slowly changes and ultra-

capacitor discharges the power to the grid in transient.  

 When power difference is negative, that is, the reference power is smaller than 

power output of SOFC; SOFC decreases the output power until it can satisfy the 

power demand of the load. To keep in the safe operation range for SOFC, the 

command to SOFC slowly changes and ultra-capacitor starts to absorb the excess 

power in transient.  

 
5.2.1 Control of PV 
 

The power generated from a PV array varies with respect to the solar radiation 

and temperature. Thus, the purpose of controlling a PV array is to extract the maximum 

power under the different conditions. In the voltage control, the reference dc link voltage 

is achieved from the output voltage at maximum power point tracking (MPPT). The 
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current reference for the inverter is calculated from the previous step in the voltage 

control. Thus, the output power drawn from the PV array always tracks the maximum 

power. The duty cycle of the inverter is adjusted with respect to the current changes as 

shown in Figure 5.2. 

 

 

Figure 5.2. Control diagram of a PV array. 
 
 
5.2.2 Control of SOFC 
 

In order to prevent the fuel utilization rate of SOFC out of the safety range, the 

variation of reference power command to SOFC is to be minimized as much as possible. 

The purpose of doing this is to minimize the stress on the SOFC. In addition, SOFC 

should work around the operating point where the fuel utilization equals to 0.8.  

The overall control strategy is shown in the first figure of Figure 5.3. The original 

reference power demand (Pd), depending on the different amount power of the predictive 

and actual power output of PV array, compares to P taken from the power management 

which is explained in the next section. Through taking the error of between the reference 
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power demand and P, the reference power ( _d rP ) of SOFC is generated and the input 

fuel ( fq ) amount is determined by using the feedback.  

The output power amount of SOFC supplied to the system is determined by the 

current reference, _ 0.8fcI , which forces the current drawn from SOFC following the fuel 

utilization factor around 0.8. 
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Figure 5.3. Control of SOFC output. 
 
 
5.2.3 Control of UC 
 

The UC bank is designed to match up the difference between the reference power 

command and actual power output of SOFC, thus, it can improve the transient response. 

The control for UC is shown in Figure 5.4. By regulating the voltage at dc bus as a 

constant value 650V, the UC can charge or discharge depending on the current reference 

which is calculated from the voltage regulation.   
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Figure 5.4. Block diagram for UC control. 
 
 

5.3 Power Management with Fuzzy Logic Controller 
 
 
5.3.1 Restriction of Hybrid Systems 
 

Solar PV is one of the fastest-growing technologies in the distribution generation 

domain. However, the intermittent character is an evident drawback for solar PV to tie 

into the power grid, because it may cause problems for power balance and stability of 

power system. To mitigate the effect of intermittency, integration of energy storage with 

solar PV is one of the solutions. Therefore, the large size of energy storage may be 

required to supplement or to absorb the power depending on the actual power output of 

solar PV.  Compared to the energy storage, SOFC can autonomously generate the power 

as long as the fuels are supplied. The power output of SOFC can be adjusted based on the 

solar PV; thus, the size of energy storage can be significantly reduced even though it still 

can be used during the transient.  It is important for SOFC to track the power demand 

which is achieved from the power differences between predictive and actual power output 

of solar PV, however, one parameter called the fuel utilization rate is a critical safety 

indicator because an overused condition ( fu > 0.9) falls into a very dangerous situation 

due to the fuel starvation and finally breaks down the fuel cell system [26]. On the other 

hand, an underused condition ( fu  < 0.7) may result in an unexpected high voltage and 
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low power output. While keeping the SOFC running in the safe operation mode, in order 

to immediately compensate the power gaps caused by the differences between the 

predicted and actual power output of the PV array, UC serves as a supplementary source.  

The restrictions of solar PV, SOFC and ultra-capacitor are summarized as 

following:  

 the intermittency of solar PV 

 the fuel utilization rate of SOFC to be within the safety range 

 SOC of ultra-capacitor to be within the normal condition.  

 
5.3.2 Fuzzy Logic Control 
 

The fuzzy logic control is designed to distribute the power between the ultra-

capacitor and the fuel-cell system to fill up the power gaps under the dynamic restrictions 

such as fuel utilization rate, power demand, and the SOC of UC. Also, fuel-cell power 

needs to change smoothly so that the deviation of fuel-cell operating point is minimized 

and remains in the desired bounds.  

Fuzzy logic controller relates the controller output to the inputs using a list of if–

then statements called rules. The if-part of the rules refers to adjectives that describe 

regions of input variables. A particular input value belongs to these regions to a certain 

degree, represented by the degree of membership function. The then-part of rules refers 

to value of the output variable. To obtain the output of the controller, the degree of 

membership of the if-part of all rules are averaged and weighted by the degrees of 

membership. 

Figure 5.5 shows fuzzy logic control analysis method. The inputs of the fuzzy 

logic controller are the power gap between predicted and actual power of PV array and 
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the SOC of UC. The output of fuzzy logic controller is the amount of power changes for 

SOFC in order to avoid a rapid transient and to keep it in the safe operation range. 

 
210

410

410
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Figure 5.5. Power management using fuzzy logic control. 
 
 

Fuel cells are directly connected to dc-dc converter so that the power of fuel cell 

is determined by dc-dc converter control. If the power requirement of the hybrid system 

is low and the SOC is low then the greater part of the fuel cell power is used to charge the 

UC pack. If the power requirement is relatively high and the SOC is high then the fuel 

cell and the battery are concurrently used to supply the required power (Table 5.1). 

The membership function of inputs and output and rules were determined by 

simulation to increase the system ef ciency and to maintain the UC SOC. Experimental 

data of each component such as fuel cell, battery, dc-dc converter and dc-ac inverter were 

used in simulation. The membership function of inputs and output are represented in 

Figure 5.6. Table 5.1 presents the rules of the fuzzy logic controller (FLC).  

There are different levels for inputs and outputs of FLC in the membership as 

shown in Figure 5.6, where NH, NM, L, PM, PH, M, H, NLM and LM represent negative 

high, negative medium, low, positive medium, positive high, medium, high, negative 

low-medium, and low-medium, respectively.  

According to the rules listed on Table 5.1, the power management works as 

follows. If the power difference between the power demand and the power output of 
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SOFC is positive-high and the SOC of UC is medium, then P gets high-medium. It 

means that the amount of power changes to SOFC becomes smaller since UC can supply 

the power as well in the medium SOC status.  On the contrary, if the power difference 

between the power demand and the power output of SOFC is negative-high and the SOC 

is medium, then P is negative-medium which means the output power of SOFC gets 

higher so that it can charge the UC. 

 

 

(a) 

 

 

(b) 

 

 

(c) 

Figure 5.6. Membership functions. (a) Power differences between demand and SOFC power, (b) SOC of 
ultra-capacitor, (c) Fuzzy rule for output power of FLC. 
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Figure 5.8. Fuzzification of the input values. 
 
 

In the Mamnadi type fuzzy control, the AND method is adopted here in the 

fuzzification process, which means that the weight of each active fuzzy rule is the 

minimum value of the two input membership functions for each pair of input arguments, 

as given by 

* *
1 2min ,i SOC PDx x  (5.1)

 
Fuzzy inference processes are based on various fuzzy rules. In designing the 

fuzzy rules, the input fuzzy sets for the two inputs, the SOC and the power difference, are 

described by linguistic variables as shown in Table 5.1. The defuzzification process in 

Figure 5.7, which is a centroid defuzzification method, can be expressed by 

1

1

n

i i
i

n

i
i

c
P  (5.2)

 
where ic  is the center of output membership functions. Then the final output of the fuzzy 

logic controller is the center of gravity value of all the active fuzzy output rules and their 

corresponding weights.  
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Table 5.1. Rule table for fuzzy logic control. 
 

Power   
difference 

SOC 
NH NM L PM PH 

H NLM NLM LM LM PM 

M NM NLM NLM LM PM 

L NH NM NLM NLM LM 

 
 
5.3.3 Simulation Results and Analysis 
 

In this study, the power intermittency of PV array is demonstrated by the 

variances of irradiation as shown in Figure 5.9. The variance of the temperature is not 

considered and the temperature of PV array is set to a constant value. 

The simulation scenario in this study is that the predicted power of PV array is 

115kW and SOFC provides power to the local load which is 100kW at the beginning. 

However, the irradiance is dropped from 1000W/m2 to 400W/m2 at half seconds, and it 

yields that the output power of PV arrays is reduced to around 70kW as shown in Figure 

5.9. To compensate for the power imbalance of 70kW caused by the intermittency, SOFC 

is expected to work in the safe operating range and the reference power for it varies based 

on the SOC of UC. 

 
Case 1: UC in the normal condition.  According to the rules in Table 5.1, SOFC 

and UC supply the power to the grid concurrently when the UC is in the normal 

condition. SOFC increases the output power and ultra-capacitor discharges which can be 

found in Figures 5.10 and 5.11, respectively. To make sure that SOFC works in the safety 

range, we form a smoother transient to SOFC by fuzzy logic control. It can be seen from 

Figure 5.10 that the amount of the increased power of SOFC is 70kW which is caused by 
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the low irradiance of PV. The rest of power is provided by the ultra-capacitor as shown in 

Figure 5.11. The transient response of UC is much sharper than SOFC to compensate the 

power imbalance. Thus, the transient gets smoother for SOFC via fuzzy logic control to 

adjust P. 

 

 

Figure 5.9. Output power of PV array with irradiances. 
 
 

When the output power of PV array increases with the irradiance increasing, 

which is back to 1000W/m2, SOFC decreases the power output to have the amount of 

power which can supply for its own local load. For the ultra-capacitor, it starts charging 

to store the energy. 

The power changes of SOFC are smoother than the ultra-capacitor as shown in 

Figures 5.10 and 5.11. The reason is that the fuel utilization is monitored to be in the safe 

operation range. On the other hand, the ultra-capacitor plays a role to respond the sudden 

transient. 
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Figure 5.10. Output power and fuel utilization of SOFC with UC in the normal condition. 
 
 

 

Figure 5.11. Output power and SOC of UC with the UC in the normal condition. 
 
 

Case 2: UC in the low SOC condition.  When the SOC of UC is in the low 

condition, SOFC supplies the power to the grid and the UC so that the UC stores up the 
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energy for the next transient. SOFC increases the output power and ultra-capacitor 

charges which can be found in Figures 5.12 and 5.13, respectively.  

In this case, SOFC is the only power supplier to the grid, hence, the current 

reference to the dc-ac inverter should follow the power output of SOFC. It can be seen 

from Figure 5.14 that the total amount power of dc-ac side varies smoothly rather than 

jumping up to the new level since it matches up with the power output of SOFC. 

When the output power of PV array increases with the irradiance increasing, 

which is back to 1000W/m2, SOFC decreases the power output to have the amount of 

power which can supply for its own local load and the UC charging to store the energy. 

 

 

Figure 5.12. Output power and fuel utilization of SOFC with UC in the low condition 
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Figure 5.13. Output power and SOC of UC with the UC in the low condition. 
 
 

 

Figure 5.14. The total output power and the voltage at dc bus with the UC in the normal condition. 
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CHAPTER SIX 
 

Conclusions 
 
 

In this work we have developed optimal planning of DGs minimizing the power 

losses in the system, designed a disturbance rejection control for the grid-connected 

power conditioning system improving the power quality of DGs, and developed 

coordinated control using fuzzy logic control to enhance the performance of microgrid 

which consists of PV array, SOFC and Ultra-capacitor.   

This work has presented semidefinite optimization approach to determine the 

optimal size for placing single and multiple DGs with the unity and non-unity power 

factor to minimize power losses in both radial and meshed network systems. By 

formulating the optimal placement problem into a convex optimization problem, it has an 

advantage to find a global solution as long as it exists. Moreover, the best location of 

multiple DGs is identified through the practical approach using the greedy algorithm. A 

series of simulation results have shown the validity of the proposed approaches and that 

the proposed method works well. 

This work utilizes an ADRC controller, which is inherited from the PID controller 

and possesses simple features, and can address and deal with the nonlinearities and 

uncertainties in the grid-connected SOFC power plant. By analyzing in the frequency 

domain of small-signal modeling of PCS, the ADRC controller shows better 

performances than the PI controller which can keep a high gain in the low frequency and 

mitigate the harmonic effects in the high frequency. Simulation results show that ADRC 
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has a robust performance against load changes and network uncertainties and the SOFC-

ADRC system works properly within the range of operation. It regulates the dc link 

voltage with small fluctuations and acceptable variances, and maintains the THDs of the 

output current below 5% over a wide range of operation. 

This work has presented a coordinated fuzzy logic control strategy to manage the 

power flow in a hybrid distributed generation system. The proposed control strategy 

allows for managing the power within the generation system. The power division among 

SOFC and UC depends on the power difference between predicted and actual power 

output of PV array, power output of SOFC and SOC of the UC. Due to the intermittency 

of PV array, SOFC is treated as an auxiliary source to compensate for the gap between 

load demand and the actual output power of PV array. Moreover, ultra-capacitor provides 

the power during the transient. Simulation results show that the entire system achieves 

the smoother coordinated control and can provide the power to load continuously by 

adjusting the power demand to SOFC via fuzzy logic control. Also, it can make the 

whole system to work in the stable operation. 
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