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Abstract
In this paper, we report the first experimental observation of internal resonance in a dusty plasma,
which shows the intrinsic nonlinearities of dust interactions in plasmas.When driving a systemof
vertically aligned dust particle pairs in the vertical direction, the horizontalmotion is found to be
excited during onset of internal resonancewhen the higher-frequency horizontal sloshingmode is
nonlinearly coupled to the vertical breathingmode through the 1:2 commensurable relation. A
theoreticalmodel of the nonlinear interaction of dust particles in plasma is also provided and the
results of the theoreticalmodel are shown tomatch experimental observations.

1. Introduction

Adusty plasma is defined as a systemwheremicron-sized particles are immersed inweakly ionized gas. A dusty
plasma can act as an analog system for both liquids and solidswith the advantage of being able tomonitor the
motion of each individual dust particle at a fully resolved kinetic level [1, 2]. Dust particles levitating in the
plasma sheath region [3, 4] are recognized to exhibit a screenedCoulomb interaction [5, 6] and are found to
form self-organized structures such as chain structures [7, 8], monolayer crystals [9, 10] and 3DCoulombballs
[5]. The dynamics of the resulting vibrationalmodes have been studied for these structures, such as the dust-
lattice (DL)modes produced in a 1Dhorizontal chain [11–14], a 2D crystal [15–20] andfinite clusters [21].
Mode coupling between the longitudinal and vertical transverseDLmode has also been shown to cause
instability andmelting [16] for 2Dplasma crystals [17–20]. However, these studies have been limited to linear
interaction regions, where the resonance betweenmodes occurs only when themodes are at equal frequencies.

In reality, dust particles confined in a plasma sheath are not in a linear environment [22, 23] and the particle–
particle restoring interaction [24] is determined by nonlinear functions of displacement. In addition, charge
fluctuations can also drive particlemotion into the nonlinear regime [25, 26]. Under these conditions, dusty
plasma should be considered a nonlinear systemwhere typical nonlinear phenomena, such as internal
resonance, should be predictable.

Internal resonance, a type of resonance created by nonlinearmode coupling in systems havingmultiple
degrees of freedom, plays a fundamental role in applications germane to various fields, such asmechanical
energy harvesters [27–29], frequency stabilization [30], and nanomechanical systems [31, 32]. A system exhibits
internal resonance whenever the natural frequency of twomodes satisfies a commensurable relation. In this
case, there is a specific ratio (1:2, 1:3, etc) between the frequencies of the coupledmodes, or there are specific
equality relations among the resonance frequencies ofmore than twomodes, e.g. the resonance frequency of one
mode equals the sumof the resonance frequencies of two othermodes [33]. Internal resonance can exist for
cases with andwithout external excitations. In the presence of external excitations, the energy in the primary
mode that is driven externally increases with increasing excitation amplitude until a saturation point is reached.
Beyond this point, the energy begins to be channeled to the secondarymodewhich is commensurate with the
excitedmode [34]. In the absence of external excitations, the energy oscillates between the two commensurate
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modes [35] (with dissipation in the presence of damping), resulting in a system that is continuously switching
between those twomodes.

In this paper, we report thefirst direct observation of internal resonance in a dusty plasma for a dust particle
pair vertically aligned along the direction of the ionflow [36–42]. This configuration is the simplest 1D structure
involving the ionwake effect [43–45]. Horizontalmotion has been found to be excited by a vertical excitation
through the 1: 2 internal resonance. The experimental observation is explained by a provided theoreticalmodel,
which reveals the intrinsic nonlinearities of the interaction of dust particles in plasmas. As a fundamental
phenomena in nonlinear physics, this internal resonance observed in a dusty plasma shows the possibility of
dusty plasmas as platforms for studying nonlinear dynamics of liquids and solids at a fully resolved kinetic level.

2. Experiment and results

This experimentwas conducted in amodifiedGaseous Electronics Conference RF reference cell with a lower
electrode powered at 13.56MHz and coupled to a signal generator through an attenuator of 20 dBm in
order to allowmanipulation of the voltage on the lower electrode (figure 1). A 20mm× 18mm× 18 mm
(height× length×width) glass boxwas placed on the lower electrode to provide the radial confinement
necessary to facilitate the formation of the vertical structure examined [46]. All experimentswere conducted in
argon gas. A vertically aligned pair ofmelamine formaldehyde particles with particle diameter of 8.89±0.09μm
was formed in the plasma inside the glass box byfirst trapping a cloud of dust particles inside the box and then
lowering the plasmapower to dropparticles until only twoparticles were left. Illuminated by a laser sheet, the
trajectory of these dust particles was recorded by a high speed cameramounted on both the side and the top of the
chamber at a frame rate of 250 fps.

As the result of the interaction between the two vertically aligned dust particles, there is a sloshingmode and
a breathingmode for the dust pair in the vertical directionwhichwill be referred to as the S and theBmodes in
this paper. The samewould be expected in the horizontal direction.However, in the experiment, bothmodes in
the horizontal direction become sloshingmodes indicating an attractive ionwake interaction [45, 47]. The
horizontal sloshingmodewith lower resonance frequencywill be denoted as the S1mode and the horizontal
sloshingmodewith higher resonance frequency as the S2mode.

Figure 2 shows the frequency of each of thesemodes at varying plasma powers and operating pressures.
As shown infigures 2(a) and (b), the frequency of the horizontal S2mode (dark green line) is approximately

equal to half that observed for the vertical breathingmode (dashed line) for low pressures (i.e. typically lower
than 100mTorr). For higher pressure (figure 2(c)), the S2mode frequency is significantly less than half of the
breathingmode frequency. This indicates that a 1: 2 commensurable relationship between the horizontal S2
mode and the verticalBmode frequency exists for low pressures.

In order to examine the nonlinearmode coupling and internal resonance, an external sinusoidal voltage of
varying amplitude and frequencywas applied to the lower electrode providing a vertical excitation to the particle
pair. Figures 3(a)–(c) shows the particles’ horizontalmotion (side view) under an excitation (amplitude of 1.5V)
with frequencies at 13.8, 14.0 and 15.2 Hz (which are close to theBmode resonance frequency), at a plasma

Figure 1. Sketch for the experimental setup.
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power of 2.45Wand a pressure of 40mTorr. The corresponding side-view and top-view trajectories of the
upstreamparticle are shown infigures 3(d)–(f) and (g)–(i), respectively. As shown, the particles exhibit primarily
random thermalfluctuation at 13.8 and 15.2 Hz (figures 3(a) and (c)). However, at a driving frequency of
14.0 Hz, a sloshing type horizontalmotion having an amplitude of approximately 20μmand 40μmwas excited
for the upstream and downstreamparticle, respectively (figure 3(b)). This clearly shows that the horizontal
motion observed is excited through vertical excitation as a result of the onset of an internal resonance at
frequency of 14.0 Hz, which is equal to the frequency of theBmode and twice that of the S2mode at this pressure
and power as shown infigure 2(a).

To illustrate the energy distribution and determine the couplingmodes, the power spectra density (PSD)
averaged for the horizontalmotion over the two particles is shown infigure 4. As can be seen, at an excitation
frequency of 14.0 Hz (dark blue line) a significant energy boost is observed centered around 7.1 Hz, the
frequency of the S2mode, with no significant increase in the vicinity of the S1mode frequency (∼5.0Hz). This
indicates that energy has been transferred into the S2modewhich is coupled to theBmode through the 1:2
commensurable relationship. It is noticed that thismode coupling between the S2 and theBmode is not in the
linear regime. This is a typical nonlinearmode coupling since the resonance frequencies of themodes are not
identical.

Figure 2.Mode frequencies as functions of plasma power at varying pressures (a) 40mTorr, (b) 80mTorr, (c) 120mTorr. Dark blue
and light blue lines represent the verticalB and Smodes, while dark green and light green lines show the horizontal S2 and S1modes,
respectively. The dashed blue line indicates

1

2
of the frequency of the verticalBmode.

Figure 3.Particles’ horizontalmotion (side view) under a 1.5V external sinusoidal excitation at (a) 13.8 Hz, (b) 14.0 Hz and (c)
15.2 Hzwith the blue line for the upstreamparticle and red line for the downstreamparticle. (d)–(f)Corresponding trajectories of
both particles recorded from the side view camera. (g)–(i)Corresponding trajectories of the upstreamparticle recorded from the top
view camera.
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Such an energy transfer can only be triggered under an external excitationwith a large enough amplitude (i.e.
saturated excitation). The light blue line infigure 4 shows the averaged PSD for the same experimental
conditions but at a driving voltage of 0.8 V.With this unsaturated excitation, no energy boost is observed in the
S2mode.

The excitation saturation can be illustrated by experimentallymeasuring the amplitude-frequency response
following themethod described in [24]. In thismethod, particlemotions are transferred into the coordinate of
eachmode employing linear combinations of the original particle trajectories. A Fourier transformation is then
implemented on the time series ofmotion in the new coordinates corresponding to eachmode. Primary
responses for theBmode aremeasured from the amplitude of the FFT spectrum (of themotion inBmode
coordinate) at the excitation frequency, while sub-harmonic responses for the S2mode are determined using the
amplitude of the FFT spectrum (of themotion in the S2mode coordinate) at half the excitation frequency.

The experimentallymeasured amplitude-frequency responses of the primaryBmode and the sub-harmonic
S2mode under a plasma power of 2.45Wand a pressure of 40mTorr are shown infigure 5. As can be seen, at an
unsaturated excitation amplitude of 0.8 V (light lines), the primary breathing response curve is smooth andwith
a single peak unperturbed by internal resonances. Correspondingly, the sub-harmonic S2mode does not show
any excitation. At a saturated excitation (1.5V, dark lines), internal resonance is triggered. Due to this internal
resonance, the primary breathing response (dark line infigure 5(a)) decreases while the sub-harmonic S2
response (light line infigure 5(b)) increases over the frequency range from approximately 13.8–15.2 Hz,
indicating an energy transfer from theB to the S2mode.However, there is no sign of such an energy transfer
channel existing between the horizontal S2mode and the verticalBmode observed for pressures higher than
120mTorr, where the 1:2 commensurable relation is no longer satisfied.

Figure 4.The power spectra density (PSD) averaged for the horizontalmotion over two dust particles. The dark blue line shows the
PSD for a saturated excitation (1.5V) at a frequency of 14 Hz. The light blue line shows the unsaturated excitation (0.8V) at the same
frequency. The PSDof a saturated excitation (1.5V) at an off-resonance excitation frequency of 13.8 Hz is shown by the green line.

Figure 5.Experimentallymeasured frequency response curves for (a)primaryBmode and (b) sub-harmonic S2mode. The dark line
indicates saturated excitation at 1.5 V,while the light line shows the unsaturated response at 0.8 V.
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3. Theoreticalmodel

In order to explain the nonlinearmode coupling and internal resonance theoretically, the particle–particle
interactionsmust be investigated to the nonlinear regime and the vertically aligned particles pair aremodeled as
two coupled oscillators [36, 37, 48, 49] each of which has two degrees of freedom.Horizontal displacements
from equilibrium for the upstream and downstreamparticles are denoted as x1 and x2, and the vertical
displacements are y1 and y2. Assuming an equilibriumpositionwith vertical separation of r0 and horizontal

separation zero, the particle–particle distance is = - + + -( ) ( )r x x r y y1 2
2

0 1 2
2 . Amultivariant Taylor

series expansion to the second order of the particle–particle interaction force in units of acceleration
(normalized by the particlemass) in the general formof a radial function F(r) at equilibrium yields a horizontal
component:
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where F(r0), F′(r0) and F″(r0) are the zeroth, first and second derivatives of the interaction forcewith respect to
particle–particle spacing r at a vertical equilibrium separation r0, respectively. Due to the non-reciprocal nature
[48, 50] of the grain–grain interaction under the influence of the ionwake, the interaction force from
downstreamparticle to upstreamparticle (denoted by Fdu(r)) is in general not identical to the interaction force
fromupstreamparticle to downstreamparticle (denoted by Fud(r)) [36, 37, 51], i.e. ¹( ) ( )F r F rdu ud .

The equations ofmotion for the particle pair aligned along the ion flowwith vertical sinusoidal driving force
are derived according to the above interaction forces (equation (1) and (2))with non-reciprocal natural being
considered, and have the components in the vertical direction as:

m w+ + + - + - + - = W +̈ ( ) ( ) ( ) ( ) ( )y y y k y y L x x G y y F t aexp i c.c ., 3y y1 1 1
2

1 1 1 2 1 1 2
2

1 1 2
2

1

m w+ + + - + - + - = W +̈ ( ) ( ) ( ) ( ) ( )y y y k y y L x x G y y F t bexp i c.c ., 3y y2 2 2
2

2 2 2 1 2 2 1
2

2 2 1
2

2

whereμ is the neutral drag coefficient andωy1 andωy2 are the frequencies of the vertical background
confinement due to the balance between gravity and the sheath electric field. F1, F2 are the driving amplitude (in
units of acceleration),Ω is the driving frequency and ‘c.c.’ stands for the complex conjugate.Meanwhile, the
equations ofmotion in the horizontal direction are

m w+ + + - + - - =̈ ( ) ( )( ) ( )x x x k x x M x x y y a0, 4x x1 1 1
2

1 1 1 2 1 1 2 1 2

m w+ + + - + - - =̈ ( ) ( )( ) ( )x x x k x x M x x y y b0, 4x x2 2 2
2

2 2 2 1 2 1 2 1 2

whereωx1 andωx2 are the frequencies of the horizontal restoring confinement. The driving terms do not appear
in the horizontal equations ofmotion because sinusoidal driving is only applied in the vertical direction.

The connection of the parameters k k k k M M L L, , , , , , ,x x y y1 2 1 2 1 2 1 2 to the interaction forces given by
equation (1) and (2) are shown in the table A1 of the appendix. Since kx1, kx2, ky1, ky2 and r0 can all be easily
measured experimentally (e.g. from the ScanningMode Spectra [52]),M1,M2, L1 and L2 can in turn also be

determined experimentally as = =
-

M L2
k k

r1 1
y x1 1

0
and = =

-
M L2

k k

r2 2
x y2 2

0
. However, sinceG1 andG2 depend

on the second derivative of the interaction force, they cannot be directlymeasured experimentally.
The equations ofmotion equations (3) and (4) are solved inmode coordinates (q) by employing the

decoupling process [24]:
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whereαS2,αS1,βB andβS are the ratios of the oscillation amplitudes of the particles for the corresponding
modes. Inmode coordinates, the couplings appear only in the nonlinear regime and the corresponding
equations ofmotion are

m w+ + + + + =̈ ( )( ) ( )q q q M C q C q C q C q a0, 6S S S S S S S B S2 2 2
2

2 2 1 2 2 1 3 4
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2
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m w+ + + + + + = W +̈ ( ) ( ) ( ) ( )q q q L C q C q G C q C q F t dexp i c.c .. 6S S S S S S S S B S S
2

1 2 2 1
2

3 4
2

In the above, the subscripts S2, S1, andB, S correspond to the experimentally observedmodeswith
resonance frequencies denoted byωS2,ωS1,ωB andωS. The transformation of the remainder of the parameters
can be found in the table A2 of the appendix.We solve equations (6) in the framework ofmultiple-scale
perturbation [35] by introducing a fast scale time òtwhere ò is a dimensionless parameter indicating the order of
approximation.

Assuminganexternal driving frequency close to the resonance frequencyof the verticalBmode (i.e.
Ω=ωB+òδ1) anda1:2 commensurable relationbetween theS2andBmode (i.e. w w d= +2 S B2 2), the steady state
responses of theB andS2mode (i.e. the response amplitudes ∣ ∣AB and ∣ ∣AS2 ) aredeterminedbyeliminating secular
terms in the equationsofmotion to the approximationof order ofO(ò2) andare found tobe governedby equations:
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where *AS2 is the complex conjugate ofAS2. Note that the second term d( ) ( )L C A texp iB S1
2

2
2

2 in equation (7a) and
the second term * d-( ) ( )M C C A A texp iS S B2 1 3 2 2 in equation (7b) are caused by the nonlinearity, while the third

term *  d d-
w-W +( ) ( )A t texp i iF M C C

S2 1 2
S S

S

2 1 4
2 2 in equation (7b) is due the non-reciprocal nature of the interaction as it

goes to zerowhen the interactions become reciprocal (see equations (9) in the discussion section). On the other
hand, without presuming the commensurable relationship w w d= +2 S B2 2, the governing equations are


w mw d
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A F t ai 2 exp i 0, 8B
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Equations (8) can be solved analytically while equations (7)must be solved numerically (due to the coupling
betweenAB andAS2). This ismost easily accomplished by substituting the test solutions = q∣ ∣A A eB B

i B and
= q∣ ∣A A eS S2 2

i S2 and separately equating the real and imaginary parts of the resulting equations.
Theparameters needed todetermine solutions for equations (7) and (8) are given in table1,which are consistent

with the result fromCarstensen et al [36] in that the downstreamparticle yields lower confinement frequencies (e.g.
ωy2<ωy1)but larger linear coupling constants (e.g. ky2>ky1). The excitation amplitudesF1 andF2 are estimated to
be m´ -2.3 10 m s5 2 for an excitation amplitude of 1.5Vwithdiscrepancies betweenF1 andF2 being ignored. The
neutral drag coefficient set to be 9.0 s−1 as a reasonable value at the plasmapressure of 40mTorr [53].

Using themodel parameters determined from the experiment, steady-state responses are solved, and are
shown infigure 6. Solutions of equations (7), inwhich the S2 andBmodes are assumed to be commensurable,
are shown by the solid lines for both saturated (dark lines) and unsaturated (light lines, where
F1=F2=1.2×105μm s−2 for an experiment amplitude of 0.8V) responses. As shown, the energy transfer
from theB to the S2mode is observed over the same frequency range as in the experiment (figure 5). The
excitation of the S2mode and the depression of theBmode are successfully predicted.Without the assumption
of the commensurate relationship, the solution to equations (8), shown in red, shows no energy transfer from
theB to the S2mode.

Table 1.Model parameters determined for vertically
aligned dust pair inside the glass box at a plasma power of
2.45Wand a pressure of 40mTorr.

ωx1 5.1(Hz) L1 3.5(μm−1 s−2)
ωx2 3.8 L2 −2.0

ωy1 10.1 M1 7.1

ωy2 9.3 M2 −4.0

kx1 −645.0(s−2) αS1 0.74

kx2 2657.9 αS2 0.33

ky1 1053.3 bS 0.88

ky2 3627.8 βB −0.33

μ 9.0(s−1) F1 2.3×105(μms−2)
r0 240.0(μm) F2 2.3×105
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4.Discussion

Comparing equations (7) and (8), the energy loss for theBmode can be attributed to the term
d( ) ( )L C A texp iB S1

2
2

2
2 in equation (7a), whosemagnitude is determined by the amplitude of the S2mode (AS2

2 )
and the coupling strength L CB 1

2,while the excitation of the S2mode can be attributed to the last two terms in
equation (7b). Thefirst of these terms is a direct consequence of internal resonance, i.e. the coupling of the S2
mode to theBmode, whosemagnitude is determined by the amplitude of theBmode responseAB, aswell as the
coupling strength M C CS2 1 3. The second term is due to the coupling of the S2mode to the Smode.However,

since the Smode is not in resonancewith the external excitation, its primary response is of the form
w-W +

FS

S
2 2 .

Thus, this term can be understood as the coupling between the S2mode and the external excitation.
Experimentally, at external excitation frequencies close to the resonance frequency of theBmode (i.e. between
13 and 16.5Hz), themagnitude of the first termproportional to M C C AS B2 1 3 (»103 s−2) is one order greater than

themagnitude of the second termproportional to
w-W +

F M C CS S

S

2 1 4
2 2 (≈102 s−2), i.e. the ratio

w-W +( )( )M C C AS B
F M C C

2 1 3
S S

S

2 1 4
2 2

is in the range -8 24. Therefore, themajority of the energy gained by the S2mode comes from the coupling
established between the S2mode and theBmode, while the loss of the energy of theBmode is solely caused by
nonlinear coupling between theBmode and the S2mode. As such, the discrepancy between themagnitude of
the experimental and theoretical response curves (especially for theBmode) could be due to other coupling
resonances not considered in thismodel. The best likely of these is a coupling between the vertical S andBmode
given the resonance frequencies of the Smode are approximate half that of theBmode (figure 2). Also, the
assumption of the radial interaction function F(r) has a limited capability of describing the possible non-radial
effects of the interaction (e.g. the effect of the ion drag), especially for the downstream interactionwheremore
sophisticatedwake potentialmodels based on ion knentic theory have been presented [54–56]. In this case, the
assumption of the radial interaction function alsomight lead to this discrepancy.

It is helpful to discuss the reciprocal interaction case as a baseline for understanding nonlinearmode
couplings. Considering the situationwhen the grain–grain interaction is reciprocal (i.e. Fdu=Fud) and ignoring
the difference between the background confinements for both particles (i.e.ωx1=ωx2,ωy1=ωy2) yields perfect
sloshing (αS1=βS=1) and perfect breathing (αS2=βB=−1)modes in both the horizontal and vertical
directions (i.e. the S2mode in the horizontal direction becomes a breathing typemodeBx). As such, themodel
presented reduces to (in decoupledmode coordinates):

m w+ + + =̈ ( )q q q M q q a2 0, 9Bx Bx Bx Bx Bx By
2

1

m w+ + =̈ ( )q q q b0, 9Sx Sx Sx Sx
2

m w+ + + + = W +̈ ( ) ( )q q q L q G q F t c2 2 exp i cc, 9By By By By Bx By By
2

1
2

1
2

m w+ + = W +̈ ( ) ( )q q q F t dexp i cc, 9Sy Sy Sy Sy Sy
2

whereBx and Sx represent the horizontal breathing and sloshingmodes, andBy and Sy represent the vertical
breathing and sloshingmodes. Equation (9b) and (9d) show that the sloshingmodes (Sx and Sy) in both
directions are isolated, i.e. there is no coupling (neither linearly nor nonlinearly) between them to othermodes
in the system. Therefore, in the current experiment, any nonlinear coupling involving the horizontal S1 or

Figure 6.The theoretical response curves for (a)primaryBmode, (b) sub-harmonic S2mode. The dark blue lines and red dashed lines
are the responses under a saturated excitationwith andwithout the assumption that the S2 and theBmode are 1:2 commensurable.
The light blue lines are the response curves under an unsaturated excitation.
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vertical Smode (low frequency sloshing typemodes that characterize the environment background
confinements), for example, the coupling between the S2 and the Smode given by the last term in equation (7b),
would be the direct result of the nonreciprocal interaction due to the ionwake effect.

In the actual experimental environment, the particles’ dynamics are not only affected by the quadratic
nonlinearities that were considered in this research, but also by cubic nonlinearities. As direct evidence of the
existence of cubic nonlinearities in the system, the ‘spring hardening’ phenomenon (i.e. the response curve
being ‘bent’ towards the higher frequencies) is observed for the primary breathing response curve (see
figure 5(a)). However, cubic nonlinearities do not cause any internal resonance since there is no 1:3
commensurable relationship between any of themodes in this system.

An internal resonance, although never investigated in dusty plasma before, should be a ubiquitous
phenomenon. For example, itmay play a role in the bistable switching phenomenon reported recently for 2D
clusters [57]. In this case, the continuous switching between gas-like randommotion and vertical oscillations of
the condensed crystal latticemay be triggered due to an internal resonance between the in-plane and out-of-
planemodeswhose frequencies are not necessarily identical. This is bolstered by the perfect periodic kinetic
energyfluctuations in the horizontal direction (figure 2(k) in [57]) that resembles the continuous periodic
energy exchange occuring during internal resonance in an unexcited system.

5. Summary

In this paper, the first experimental observation of the 1: 2 internal resonance is reported in dusty plasma, for a
vertical dust pair, between the horizontal S2mode and the verticalBmode.Under low plasma pressures, these
twomodes become 1:2 commensurable, inwhich case the horizontal S2mode is found to be excited by vertical
drivingwith frequencies at the resonance frequency of theBmode at sufficiently large driving amplitude. Both
the PSD and the amplitude-frequency response curves obtained from the particlemotion show a clear energy
transfer from theBmode to the S2mode. A theoreticalmodel has also been established for vertical pair
structures with non-reciprocal interactions where the quadratic terms and the coupling between vertical and
horizontalmotionswere also considered. The 1:2 internal resonancewas theoretically illustrated by solving the
model employing amultiple scale perturbationmethod. The theoretical response curves were calculated for the
onset of internal resonance and show excellent agreementwith experimental results. The nonlinear couplings of
the systemof dust particles to the plasma environment (characterized by the low frequency sloshing typemode
couplings) are found to be caused by the influence of the ionwake.

This observation of internal resonance as a result of nonlinearmode coupling reveals the intrinsic
nonlinearities of the interaction of dust particles in plasmas, which also shows the capability of dusty plasmas as
platforms for study nonlinear dynamics of liquids and solids at a fully resolved kinetic level in the future.
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Appendix

Reference tables formodel parameters in equations (3), (4) and (6).

Table A1.Reference table for parameters in equations (3)
and (4). The subscriptions du and ud, respectively, refer to
the interaction from the downstreamparticle to the
upstreamparticle and the interaction from the upstream
particle to the downstreamparticle. Due to the non-
reciprocal nature of the interaction, the upstream
interaction needs to be treated separately from the
downstream interaction.

= - ( )kx
F r

r1
du 0

0
= = - ¢( ) ( )M L2 F r

r

F r

r1 1
du du0

0
2

0

0

= - ( )kx
F r

r2
ud 0

0
= = - - ¢( )( ) ( )M L2 F r

r

F r

r2 2
ud ud0

0
2

0

0

ky1=−F′du(r0) = - ( )G F rdu1
1

2 0

= - ¢ ( )k F ry ud2 0 = ( )G F rud2
1

2 0
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