ABSTRACT
Early Elementary Students’ Fractional Understanding: Examination of Cases from a
Multi-Year Longitudinal Study
Dittika Gupta, Ph.D
Mentor: Dr. Trena L.Wilkerson, Ph.D.
For more than three decades fractions have been considered critical and
foundational, yet they represent a challenge for teaching and learning higher mathematics
by students, teachers, and teacher educators. The purpose of the study was to investigate
early elementary students’ understanding of fractions and growth in thinking about
fractional concepts over multiple years. This research study analyzed data from a larger
longitudinal research study that was conducted from 2007 to 2013 with students from
kindergarten to third grade. The study used purposeful criterion sampling to select
student cases to gain insight into students’ fractional understanding and thinking. This
study employed an explanatory multiple case study design to examine ten early
elementary students’ fractional understanding after they had participated in the larger
longitudinal research study for at least three years. Each student was examined as a
separate case before cross-case analysis was conducted to reveal common themes and
patterns. The study explored the relationship between early elementary students’
understanding and the use of manipulatives to teach fractional concepts such as part-

whole partitioning, fair share, unitizing, and equivalence over time. Findings of the study
relate to what early elementary students know and understand about fractions such as
understanding of one-half, interference of whole number knowledge, and difficulties with
symbolic representation of fractions. The study also presents findings that relate to the
relationship between use of manipulatives and students’ fractional understanding in terms
of selection and efficiency of various manipulatives. Results of the study also examined
the growth in students’ thinking about fractions over time. This research study aimed to
provide an understanding of the relationship between students’ fractional thinking and
use of manipulatives to better focus classroom instruction for deeper impact. The
researcher discusses the implications in relation to curriculum, use of manipulatives, and
development of students’ understanding of fractions.
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CHAPTER ONE
Introduction
For over three decades fractions have been considered as the turning point in
mathematics instruction, a stumbling point where confusions in mathematics begin (Ball,
1992; Behr, Lesh, Post, & Silver, 1983; Brizuela, 2005; Carraher, 1996; Empson, 1995;
Good et al., 2013; Jigyel & Afamasaga-Fuata'i, 2007; Lamon, 2005; Mack, 2001;
Misquitta, 2011; Peck & Jencks, 1981; Steffe & Oliver, 1991; Watanabe, 1996).
Fractions mark the beginning of a foundational base for proportional reasoning and
algebra. The National Mathematics Advisory Panel (2008) calls weak understanding of
fractions a reason for failure or difficulties in learning algebra. Booth and Newton’s
(2012) study confirm the National Mathematics Advisory Panel’s assertion by stating that
knowledge of fraction magnitudes are related to students’ skills in early algebra (p. 251).
Fractions are a link to many mathematical concepts and are also the first encounter
students have in the shift from whole numbers to rational numbers. Understanding
rational numbers requires a conceptual shift, a different way of thinking, of numbers to be
processed and perceived through multiplicative thinking rather than additive thinking
(Lamon, 1993; Lamon, 2005; Moss & Case, 1999). Fractions are cognitively complex
and a superficial understanding of fractions leads to weak understanding of other
mathematical concepts. Lamon (2005) extends this further by stating that
Fraction, ratio, and other multiplicative ideas are psychologically and
mathematically complex and interconnected. It is impossible to specify a linear
ordering of topics that can be used to plan instructions… concepts, operations,
contexts, representations, and ways of thinking develop in a web-like fashion,
1

rather than linear form. When students make progress in any one of these areas,
there are repercussions throughout the web of highly interconnected topics. (p. 9)
The complex nature of fractions poses great difficulties for students. Fractions
are introduced to elementary students after a long emphasis on whole number instruction
and mark the beginning of confusions and difficulties. It is the transition from whole
number concepts to fraction concepts that confuses students. Researchers have
conducted many longitudinal studies (Charalambous & Pitta-Pantazi, 2007; Empson,
1995; Empson, 1999; Ni & Yong-Di Zhou, 2005; Olive & Vomvoridi, 2006) that have
indicated that students’ attempt to utilize their knowledge of whole numbers (additive
thinking) to interpret and construct understanding of multiplicative relations and fraction
parts. For example, most children try to apply whole number concepts, such as
multiplication of numbers yields a larger number while division yields a smaller number,
to fraction operations, but the fact is that these change when fractions are introduced. In
her book, Teaching Fractions and Ratios for Understanding, Lamon (2005) highlights
the difficulties faced by children in moving from additive thinking, which they are so
familiar with, to multiplicative thinking that is crucial for understanding fractions. Other
ideas, such as for any fraction, however close, there is always another fraction between
them or that the numerator and denominator are not separate numbers but rather need to
be interpreted together to understand fractions, often contradicts students’ whole number
concepts. Pitsolantis & Osana (2013) highlight flawed fraction thinking by stating the
case of Mark, who thought of fractions to be “pieces” independent of the whole that can
be compared just as whole numbers. Thus, the experience with whole number operations
creates considerable confusion as elementary students encounter operations with fractions
(Lamon, 2005, p. 19). This conceptual shift in thinking; from whole numbers to
2

fractions, from concrete to formal operational thinking, is amplified by the need to also
understand the complex inter-relationship between the various sub-constructs of fractions
such as part-whole, ratios, and proportions (Behr & Post, 1992; Moseley & Okamoto,
2008). The multi-faceted nature of fractions was first explicated by Kieren (1976), who
questioned fractions as a single construct and proposed fractions to be a set of interrelated constructs: part-whole, ratio, operator, and measure. Each sub-construct requires
a different kind of fractional thinking from the students and hence makes it more difficult
to comprehend. Lamon (2005) supports that fractions have a complex nature and regards
a single fraction symbol to be comprised of a “world of meaning, multiple
representations, representations, and associated ways of thinking and operating” (p. 26).
There is yet another reason for the difficulties in understanding fractions – teaching of
fractions.
Current teaching of fractions does not provide children with enough experiences
that would help develop a deep understanding (Lamon, 2005; Mack, 2001; Peck &
Jencks, 1981; Pitkethly & Hunting, 1996; Pitsolantis & Osana, 2013). The researchers in
these studies highlight that students learn fractions by rote memorization rather than
understanding the concepts supporting the procedure. Osana and Pitsolantis (2013) assert
instruction to be a key in helping children make connections with concepts and in
providing assistance in solidifying their application of knowledge. But current teaching
of fractions is generally done by presenting rules and procedures rather than development
of fractional ideas. When procedures are applied without understanding, learning is
superficial and meaningless. Not having the understanding of concepts can confuse
students in spite of being drilled with procedures and rote memorization. The National
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Mathematics Advisory Panel (2008) calls teaching fractions as critical and of utmost
importance because a thorough understanding of positive and negative fractions is needed
before the beginning of algebra course-work. Thompson and Salandaha (2003) noted
that when students learn through instruction, their prior knowledge is influenced by the
interaction of instruction in which they participate.
Given these now widely recognized difficulties, many researchers (Ball, 1992;
Behr et al., 1983; Brizuela, 2005; Carpenter, Corbitt, Kepner, Lindquist, & Reys, 1980;
Carraher, 1996; Empson, Junk, Dominguez, & Turner, 2006; Jigyel & AfamasagaFuata'i, 2007; Lamon, 2005; Mack, 1995; Mack, 2001; Peck & Jencks, 1981; Saxe,
Taylor, McIntosh, & Gearhart, 2005; Steffe & Oliver, 1991) have sought ways to develop
depth in children’s fractional understanding. One way emphasized by researchers (Behr,
1976; Cramer & Wyberg, 2009; Lamon, 2005; Post, 1989) is the use of appropriate and
rich instructional hands-on materials that would help develop deep understanding of
fractions. To be able to fully understand fractions conceptually, students need the
opportunity to build from their whole number knowledge and prior knowledge to
understanding of fractions. Manipulatives encourage flexibility in thinking. This is in
stark contrast to common procedures that make children memorize rules rather than
understanding them (Weiss, 2006). Weiss (2006) and Moyer (2001) state that
manipulatives provide the concrete sensory experiences of concepts that helps students
understand mathematical ideas and their application. National Research Council (2009)
and National Council of Mathematics in Principles to Action (NCTM, 2014) recommend
the use of physical objects and acting out of processes for young learners to understand
mathematical concepts. The Common Core State Standards (2010) emphasize the use of
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visual models to teach for fraction understanding. Manipulatives model the real-world for
the students. They behave in a manner that parallels the real-world in attributes and
properties and can be manipulated to make conclusions and predictions about the realworld (Post, 1989). The National Council of Teacher of Mathematics (NCTM, 2000) in
the Principles and Standards for School Mathematics asserts the use of instruction that
assists students in acquiring deep understanding of concepts and principles along with the
ability to execute procedures flexibly while solving problems involving fractions. The
National Council of Teachers of Mathematics (NCTM, 2014) in Principles to Action
highlights that visual representations are important for students as they help make sense
of mathematical concepts and procedures and supports engagement in mathematical
discourse. NCTM (2000) states that “ beyond understanding whole numbers, young
children can be encouraged to understand and represent commonly used fractions in
context…and to see fractions as part of a unit whole or of a collection” (p. 33) in the
numbers and operations strand. Students, thus, need opportunities to build their fractional
understanding through use of manipulatives and best practices in teaching fractions.
Motivated by this argument, this study was designed to engage elementary
students in grades K-3 in six research-based lessons that incorporate manipulatives and
best practices to teach fractional concepts. The objective of this study was to examine the
use of best practices in teaching fractions combined with the use of stimulating hands-on
manipulatives on early elementary students’ development of fractional understanding.
This study details the relationship between fraction instruction and early elementary
students’ understanding. The study also reports the change in early elementary students’
thinking about fractions not only before instruction to after instruction but also over
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multiple years in the research study. The study analyzed cases from a four year
longitudinal study for a deeper in-depth understanding of students’ fractional thinking. It
is hypothesized that best practices, that include the use of appropriate manipulatives,
assist students in understanding fractional concepts and making connections between
different fractional concepts such as part-whole, fair share, equivalence, and unitizing.
The following paragraphs describe the theoretical framework for the study; identify the
statement problem; state the research questions; clarify the purpose, significance, and
limitations of the study; and provide the definitions of significant terms.
Theoretical Framework
The theoretical framework for this study is grounded in examining students’
fractional understanding in four areas –part-whole partitioning, fair sharing, equivalence,
and unitizing when exposed to best practices and using manipulatives in teaching
fractions. Even though there were many different potential areas of study, the goal is to
look at students’ fractional understanding segmented into these four areas. The use of
manipulatives is incorporated as they provide context and experience for students to
develop meaningful learning.
Part-whole Partitioning
Behr, Lesh, Post, & Silver (1983) consider the part-whole sub-construct along
with the process of partitioning to be fundamental in developing understanding of
fractions. According to Lamon (2005) partitioning is an “act of breaking or fracturing a
whole”; “process of dividing an object or objects into a number of disjoint and exhaustive
parts” (p. 90). Partitioning is the foundation and the very heart for any fractional concept
(Lamon, 2005; Norton & Wilkins, 2010). Partitioning forms the basis for part-whole
6

concepts that marks the beginning of the notion of fractions. According to Steffe (2004)
and Norton and Wilkins (2010), partitioning relates to part-whole as it is through the act
of partitioning that students produce a part of the whole by exhausting the whole. The
part-whole aspect of fractions, thus, deals with the ability of students to partition a
quantity whether continuous or discrete into equal-sized subparts or sets (Lamon, 1993;
Lamon, 1999; Pantziara & Philippou, 2012). Lamon (2005) and Moseley and Okamoto
(2008) support this by stating that part-whole representations are critical, and weak
understanding leads to an impoverished foundation of fractions and the rational number
system. Pitkethly and Hunting (1996) called fractions “the expression of the part-whole
relationship” (p. 6). There is clearly a need for focused instruction around part-whole
relations for successful fractional understanding (Moseley & Okamoto, 2008).
Fair Sharing
According to Wilson, Edgington, Nguyen, Pescosolido and Confrey (2011),
“students’ experiences of sharing collections and a single whole provide a foundation on
which more complex sharing activities involving multiple wholes can be built” (p. 233).
Lamon (2005) states that partitioning also extends to fair sharing that requires producing
equal sized groups or parts that can be distributed fairly. Students get many opportunities
in life to share things and experience the need for fractions when splitting something does
not work out evenly. Wilson et al. (2011) conjectures that children exhibit understanding
of producing equal sized groups through real-life experiences. NCTM (2000)
recommends that teachers recognize and build on students’ informal knowledge and their
encounters in everyday life. This study attempted to explore this by looking at the
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growth of early elementary students’ understanding of fair-share through the use of
manipulatives.
Equivalence
Lamon (2005) describes equivalence as referring to different fractions for the
same quantity, depending on how the quantity is subdivided. Ni (2001) identifies
equivalence as “one of the most important and abstract mathematical ideas that
elementary school children ever encounter; = is distinctly different from what they
have known about 1+2=2+1” (p. 400). Lamon further states that understanding fraction
equivalence not only requires students to have multiplicative thinking, but also to
understand the conservation of parts and the whole. Understanding fraction equivalence
is a stumbling block for students and it is critical for reasoning and operating with
fraction concepts. Jigyel and Afamasaga-Fuata’I (2007) consider equivalent fractions as
the stepping stone towards a better understanding of operations with fractions. It
becomes important for students to recognize that the same division could represent
different fractions like one-half or six-twelfths. The study explored early elementary
students’ understanding of equivalence when different manipulatives are used explicitly
during teaching.
Unitizing
Lamon (1993) identifies unitizing as the ability to construct a reference unit or a
unit whole. Lamon (1993) further calls being able to interpret a situation in terms of that
unit whole as “critical to the development of increasingly sophisticated mathematical
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ideas” (p. 133). The Common Core State Standards Initiative (2010) require 3rd grade
students to be able to
CCSS.Math.Content.3.NF.A.1: Understand a fraction 1/b as the quantity formed
by 1 part when a whole is partitioned into b equal parts; understand a fraction a/b
as the quantity formed by a parts of size 1/b. (CCSI, 2010)
Thus, according to Common Core State Standards Initiative (2010), students need to not
only begin working with unit fractions but also moving towards the concept of a non-unit
fraction being represented as iterations of a unit fraction. This sophistication in
understanding requires students to have a strong foundational base in understanding a
unit-fraction and also be able to flexibly think about iterating a unit-fraction for a nonunit fraction. This study examined early elementary students’ understanding within the
confines unitizing and its relation to non-unit fractions as a result of exposure to
intervention designed for developing fractional concepts.
Manipulatives
This study was designed and developed with the purpose of analyzing students’
understanding of part-whole partitioning, fair sharing, unitizing, and equivalence
concepts by providing them with hands-on tasks that require solving and working with
manipulatives. Several researchers (Hiebert & Carpenter, 1992; Raphael & Wahlstrom,
1989; Saxe et al., 2005; Weiss, 2006) associate use of manipulatives to greater gains in
students’ understanding of mathematical concepts. Providing concrete representations
gives students a platform to be more successful with fractions and develop a strong
understanding of fraction concepts (Bezuk & Cramer, 1989; Cramer & Wyberg, 2009;
Taube, 1995; Van de Walle, Karp, & Bay-Williams, 2010; Watanabe, 1996). According
to Post (1981) manipulatives parallel the real-world and the model helps students make
9

conclusions and predictions about the real-world, thus gaining an insight into the
mathematical concept. Post calls manipulatives “vehicles through which children interact
with their environment to develop a conceptual understanding” (p. 109). Lesh (1979)
supports manipulatives as intermediary between the real-world and the mathematical
world by providing a vehicle through which students can model real-world situations (as
cited in Siegler, Thompson, & Schneider, 2011). Manipulatives use models that promote
understanding through the correspondence between the mathematical concept to be
developed and the context.
Models: Van de Walle et al. (2010) define models as “any object, picture or
drawing that represents the concept or onto which the relationship for that concept can be
imposed” (p. 27). According to Cramer and Wyberg (2009), concrete models help
students to construct new insights and mental representations that support understanding
at the symbolic level. There are many types of the models that use manipulatives to help
students understand fractional concepts such as discrete, continuous, and composite
models. Lamon (2005) defines the types of models as discrete if they are “separate
things, distinct parts such as a group of hard candies” or “arranged in a special way such
as eggs in a box”; continuous models as “one or more continuous items that may be
perforated or partitioned such as pie or candy bar”; and composite units as “single
packages that have multiple objects inside such as package of cupcakes or a pack of
gum” (p.69).
The use of manipulatives modeling the real-world helps develop understanding of
fractions. The experience of manipulating the models depicting the real-world helps
students to solidify their own understanding. Watanabe (1996) says that fraction
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knowledge is not constant but changes and matures continuously with experience (p.
463). Hiebert and Carpenter (1992) exhort teachers to use instruction that emphasizes
links that would help students “see” underlying meaning of mathematical concepts and
models supported by manipulatives help provide that link to accomplish the task. Hiebert
and Carpenter (1992) call incorporating pictures, models, and manipulatives as best
practices in mathematics that can help students learn the meaning of mathematical
symbols and concepts. Different types of models provide the platform needed by
students to gain understanding of fractions by developing their thinking through
manipulating the hands-on materials. Incorporating a variety of models helps students
develop flexibility in thinking as students encounter the same fractional concepts with
different models requiring different ways of thinking.
This study explored the relationship between fraction instruction and use of
manipulatives on early elementary students’ fractional understanding and growth over
time. The study analyzed the use of continuous, discrete, and composite models
supported by manipulatives to explore students’ fractional ideas. The study reports
development of early elementary students’ ideas of part-whole partitioning, fair sharing,
unitizing, and equivalence before and after instruction and from one year to another over
multiple years.
Statement of the Problem
Fractions are a challenge. National Assessment of Educational Progress (NAEP)
tests in 1996, 1998, 2004, 2005, and again in 2008 show that students have problems with
fractions (Good et al., 2013). For example, in 1996 and 2005 only 65% or 75%
respectively of eighth graders were able to correctly shade 1/3 of a rectangle. In 2004,
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only 55% of eighth graders could solve a word problem that required diving one fraction
by another. Mazzocco and Devlin (2008) report that only 59% of the 6th grades with a
mean I.Q. of 116 could correctly order a set of fractions. Fractions form a critical
conceptual base for proportional reasoning and other mathematical concepts; hence, it is
imperative to look deeply not only into students’ fractional thinking but also into ways of
developing conceptual understanding about fractions. Several researchers (Behr et al.,
1983; Boulet, 1998; Carraher, 1996; Charalambous & Pitta-Pantazi, 2007; Moseley &
Okamoto, 2008) have focused attention on the reasons behind confusions with fractions,
but few have provided a solution. Though some researchers (Brizuela, 2005; Lamon,
2005; Mack, 2001) have looked into ways to improve students understanding of fractions,
few if any have explored in-depth fractional understanding of students in grades K-3.
Examination of some recently conducted studies (Good et al., 2013; Wilson, Myers,
Edgington, & Confrey, 2012; Yim, 2010), revealed that none of the researchers seem to
look at the effect of early exposure to fractional concepts on students’ understanding.
The Common Core State Standard Initiative (2010) does not address fractions in early
grades but rather introduces it in third grade. Though fractions are introduced in third
grade, they require a cognitive leap in student thinking. It thus becomes important to look
into not only the prior knowledge that K-3 students bring to class but also ways to
develop foundational understanding of fractions for later mathematical concepts. This
study explored what early elementary students know and understand about fractions and
their thinking as they move from memorization of rules and procedures to understanding
fractions with depth and flexibility.
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Researchers advocate that one of the ways to help children understand fractions
conceptually is to improve instruction (Osana & Pitsolantis, 2013; Pitsolantis & Osana,
2013). Using manipulatives (Behr, Wachsmuth, & Post, 1988; Behr, 1976; Lamon,
2005) and building and integrating prior whole number knowledge (Ni & Yong-Di Zhou,
2005) has been highlighted in the literature for developing students’ fractional
understanding. But part of the problem is that very few researchers have looked at
students’ fractional understanding over time. Another insufficiency noted in research is
the lack of examination of students’ development of fractional concepts over time. Most
research is focused on a particular grade level and at a point in time. But Watanabe
(1996) regards fraction knowledge as “not something children possess but rather a
continuously changing information base that matures with experience” (p. 463). It is not
only important to examine the experience provided by the use of manipulatives, but also
important to review this experience over time.
This study was organized to examine data from early elementary students who
have been a part of a larger longitudinal study for three or more years and to determine
the evidence that might provide insight into their fractional understanding over time. The
purpose of the study was to provide insight into students’ thinking as they encounter
different fractional concepts through the use of various models and manipulatives over
time.
Research Questions
The research questions of the study focus on elementary students’ fractional
understanding.
1. What do early elementary students know or understand about fractions?
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2. How is the development of early elementary students’ fractional understanding
related to fraction instruction that incorporates the use of manipulatives?
3. How does early elementary students’ fractional understanding develop over multiple
years?
Purpose of the Study
The purpose of this study was to examine the relationship between fraction
instruction and early elementary students’ fractional understanding. This study explored
the fractional understanding of elementary students from grades K-3 in an urban school
district in Central Texas over multiple years. An intervention in the form of teaching six
research based lessons that incorporated manipulatives in teaching fractions took place.
The participants were selected purposefully with the criteria of being in the larger
longitudinal study for at least three years and having the most documented archival data.
The data was collected from various sources such as pre- and post-assessments, lesson
observations, teacher reflections, and student work in an attempt to provide an in-depth
look into the relationship between the instruction and students’ fractional understanding.
Results from this study shed light not only on what early elementary students know and
understand about fractions but also how their fractional knowledge develops with focused
instruction over time.
Significance of the Study
Using manipulatives to teach fractions were used in this study help develop
students’ fractional concepts and help them provide a platform for developing flexible
thinking. A review of the literature provided support for the use of manipulatives and
highlighted the need to incorporate manipulatives to improve instruction as a way to help
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students develop understanding of fractions. This study is significant as it contributes to
the growing literature on helping students understand fractions. The context for this
study incorporated the use of manipulatives to teach fractions to early elementary
students and examined the relationship between fraction instruction and the development
of students’ fractional understanding.
The study is also significant as it not only adds to the existing literature but also
provides a long term developmental examination into the fractional understanding of
children. The study looked at the development of fractional ideas in children as they
progressed through grades K-3. Fractions are critical as they mark the transition to a new
way of thinking by moving beyond a linear progression of whole numbers to rational
numbers. A study geared towards understanding early elementary students’ fractional
understanding is crucial from many perspectives such as described by Behr and
colleagues (1983):
a) from a practical perspective, the ability to deal effectively with these concepts
vastly improves one’s ability to understand and handle situations and problems in
real world, (b) from a psychological perceptive, rational numbers provide a rich
arena within which children can develop and expand the mental structures
necessary for continued intellectual development; and (c) from a mathematical
perspective, rational-number understandings provide the foundation upon which
elementary algebraic operations can later be based. (Behr et al., 1983)
This study was designed to extend the research on fractions by providing an in-depth
examination into the relationships between instruction and the development of early
elementary students’ understanding of fractions. The study not only reports students’
fractional understanding before and after intervention but also details changes over time.
Results provide a description of the impact of the use of manipulatives on early
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elementary students’ understanding and could potentially add significant findings to the
fraction literature.
Limitations of the Study
The research conducted in this study explored cases of students’ understanding as
a result of the research-based fractions lessons. But there were several factors that have
been identified as limitations of the study. The delivery of the lessons was limited by the
personal teaching and classroom management styles of the teacher candidates delivering
the research-based lessons. Even though the lessons were detailed, certain interpretations
occurred on the part of the teacher candidates. The researcher tried to account for this by
comparing lesson plans submitted by the teacher candidates and the actual lesson plans
used, but differences existed. It should also be noted that although the lessons were
developed after conducting an in-depth review of research in the area, students’ reaction
to the lessons cannot be pre-determined. Lessons could only be altered slightly and may
prove to limit students’ understanding and their responses to discussions.
Another important limitation to consider is timing. The students were exposed to
one class period (45-50 minutes) of research-based lessons on fractions once a week for
six weeks each year in the larger longitudinal research study. Hence, the changes seen in
the students’ fractional understanding were limited by the time frame. It may be that
more dramatic changes could have been seen after an extended time for the intervention.
There are a small number of participants in this study; hence it was difficult to
generalize the results statistically. Though this research study can establish analytical
generalizability, statistical generalizability was difficult to establish due to the small
number of participants. This could be identified as another limitation of the study, but
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the purpose of the study was not to generalize results, but rather show the relationship
between fraction instruction and students’ fractional understanding. The goal of the
study was to explore the use of manipulatives and best practices in helping students gain
conceptual understanding of a complex mathematical concept like fractions.
The nature of depending on children for data also means that there were
limitations based on students’ abilities to communicate and their willingness to share
their thoughts and understanding. Moreover, doubt with one’s own abilities of
mathematical concepts and hesitation may have limited students’ responses. To account
for this limitation, multiple ways of gathering students’ data were included in the study.
Along with pre- and post-assessments, lesson observations, student-work, teacher
candidate reflections, and teacher candidate assessment protocols were analyzed.
Moreover, care was taken to make students comfortable in responding and participating
through the use of hands-on materials and time to explore.
Definition of Terms
Fraction. “Is a number of the form a/b (where, a, b are integers and b is not zero)
with a set of well-defined and well-known operations and properties, such as
commutatively and association of addition and multiplication, identity operations, and so
on” (Carraher, 1996, p. 241). Lamon (2005) calls fractions bipartile symbols, a certain
form for writing numbers: a/b.
Understanding. “The ability to think and act flexibly with what one knows”
(Wiske, 1998, p. 40). “A mathematical idea or procedure is understood if it is a part of
the internal network and its mental representation is part of a network of representations.”
“A mathematical idea, procedure, or fact is understood thoroughly if it is linked to an
existing network with stronger and more numerous connections” (Hiebert & Carpenter,
1992, p. 67).
Manipulatives. “Physical objects that students and teachers use to illustrate and
discover mathematical concepts, like connecting cubes or objects that were created for
other purposes” (Van de Walle et al., 2010, p. 27).
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Models. “Diagrams or other depictions that show what fractions are” (Pitsolantis
& Osana, 2013, p. 21). Van de Walle, Karp, and Bay-Williams (2010) refer to models as
“any object, picture, or drawing that represents the concept or onto which the relationship
for that concept can be imposed” (p. 27).
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CHAPTER TWO
Literature Review
Introduction
Mathematics teaching aims at developing conceptual understanding of
mathematical concepts. Teaching and learning of fractions are considered one of the
most critical yet difficult areas in mathematics. Fractions are complex and hence efforts
are made to make them accessible and comprehendible to all students. In this chapter, a
description is provided to highlight the importance of fractions as foundational for
developing many critical mathematical concepts and explicate the various obstacles in
understanding fractions. This chapter then connects the literature review to the need for
the research study. As mentioned in chapter one, this research study explored the
relationship between the use of manipulatives and students’ fractional understanding.
Hence, the chapter provides a detailed rationale for the use of manipulatives in teaching
fractions and sets the context for the research study. The chapter concludes by
highlighting the fraction concepts fostered by the research study and connecting the
various components.
Importance of Fractions
Over three decades, fractions have been recognized as a challenge for teachers,
students, and mathematics educators (Behr & Post, 1992; Behr et al., 1983; Brizuela,
2005; Carraher, 1996; Charalambous & Pitta-Pantazi, 2007; Cramer, Post, & delMas,
2002; Jigyel & Afamasaga-Fuata'i, 2007; Lamon, 2005; Moseley & Okamoto, 2008;
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Moss & Case, 1999; National Mathematics Advisory Panel, 2008; National Research
Council, 2001; Ni & Yong-Di Zhou, 2005; Siegler et al., 2011; Siegler, Fazio, Bailey, &
Zhou, 2013; Sophian & Wood, 1997). Fractions pose a stumbling block for students to
gain understanding of many mathematical concepts. Good, Wood, Sabers, Olson,
Lavigne, and Kalinec-Craig (2013) state that improving students’ knowledge of fractions
and rational numbers is a large task. The National Assessment of Educational Progress
(NAEP), a United States report, indicates proficiency with fractions to be one of the
problematic areas that students have recurrently struggled with for over twenty years
(National Center for Educational Statistics, 2000). National Assessment of Educational
Progress (NAEP) tests in 1996, 1998, 2004, 2005, and again in 2008 have shown that
students have problems with fractions (Good et al., 2013). In 1996, only 65% and in
2005 only 75% of eighth graders could correctly shade of a rectangle. Only 55% of
eighth graders in 2004 could solve a problem that required dividing one fraction by
another. Moreover, only 59% of the sixth graders with an I.Q. of 116 could correctly
order a set of fractions (Mazzocco & Devlin, 2008). The National Mathematics Advisory
Panel (2008) reports the percentage of middle school students that face difficulties with
fractions as high as 40%. These findings demonstrate that students have difficulties with
fractions even in middle and high school. The foundation for understanding fractions is
formed in elementary grades. Hence it becomes important to give due attention to
develop conceptual understanding of fractions in early elementary grades.
According to researchers (Behr et al., 1983; National Mathematics Advisory
Panel, 2008; Siegler et al., 2013; Wu, 2001), development of fractional understanding is
important in elementary school as it forms the foundation for many mathematical ideas
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and concepts in further grades. Kieren (1992) regards fractions as critical for taking
students’ knowledge of numbers beyond whole numbers and as the “vehicle for relating
number knowledge to many aspects of mathematics and its application” (p. 327).
Superficial knowledge of fractions leads to a weak foundational base for further
mathematical concepts. Fractions form a critical conceptual base for proportional
reasoning and other mathematical concepts; hence it is imperative to look deeply not only
into students’ fractional thinking but also into ways of developing conceptual
understanding about fractions.
Fractions are the First Step to Rational Numbers and Proportional Reasoning
Fractions are the first experience that students have with rational numbers. Behr
et al. (1992) explicate the relationship between rational numbers and fractions by stating
that “rational numbers are elements of infinite quotient field consisting of infinite
equivalence classes, and the elements of equivalence classes are fractions” (p. 296). A
strong foundational base for rational numbers is necessary from several perspectives: the
practical perspective that relates to students’ abilities to handle situations and problems in
real-life; the psychological perspective of providing a platform for the development and
expansion of mental structures necessary for continued intellectual development; and
mathematical perspective of laying the foundational for further algebraic operations and
mathematical concepts (Behr et al., 1983). Numerous researchers (Behr et al., 1983;
Booth & Newton, 2012; Lamon, 1993; Lesh, Post, & Behr, 1988) have also cited the
importance of rational number concepts as critical in developing proportional-reasoning
abilities which in turn are the cornerstone for further mathematical concepts and ideas.
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According to Sophian and Wood (1997), proportional reasoning is defined as the
“process of comparing one relative amount with another” (p. 310). Lamon (2005) calls
proportional reasoning as “reasoning up and down in situations in which there exists an
invariant (constant) relationship between two quantities that are linked and varying
together” (p. 3). Proportional reasoning requires students to understand the relations
between quantities and compare those relations. Fraction sub-constructs such as ratio and
operators help students to conceptualize equivalence that is critical in understanding
proportionality. Students need fraction proficiency to fully understand proportional
reasoning and preservation of proportionality during equivalency. Additionally,
fractional concepts of part-whole and part-part lay the foundation for proportional
reasoning (Lamon, 2007; Lesh et al., 1988). Students also have to reason in the
multiplicative conceptual field for proportional reasoning (Thompson & Saldanha, 2003).
Fractions are elementary grade students’ first experience with multiplicative thinking.
Confusions and misunderstandings with fractions compound as students’ progress
through grades and leads to a weak foundational base for proportional reasoning and for
higher mathematical concepts. Students need to understand fractions conceptually to
build a strong foundational base for a firm grasp of rational numbers, proportional
reasoning and other mathematical ideas.
Algebraic Thinking
The importance of the conceptual development of fractions is that it plays a
crucial role in understanding algebra and gaining proficiency in algebraic reasoning
(National Mathematics Advisory Panel, 2008). Some researchers have conducted studies
(Booth & Newton, 2012; Brown & Quinn, 2007; Good et al., 2013; Wu, 2001) that have
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found that a weak understanding of basic operations with common fractions could lead to
errors in understanding algebra. Sigler et.al (2013) cite a study of high school students in
the U.S. which showed that fraction competence is highly associated with algebra
knowledge (rs>0.60). Concepts such as direct or indirect variation and probability are
based on understanding equivalent fractions; solving quadratic equations by completing
square requires fluency with fraction manipulation; and understanding linear equations is
dependent on understanding slope of a line, a fraction representing the rate of change
(Brown & Quinn, 2007; Wu, 2001). Wu (2001) adds that fractions provide students with
their first opportunity to engage in activities of reasoning that serves as a foundation for
algebra. If students do not understand fractions conceptually and only have superficial
procedural knowledge, then understanding algebra becomes problematic and frustrating.
Additionally, frustration associated with an inability to do fraction manipulation can lead
students to memorize algorithms in algebra thus making algebra a cumbersome collection
of unrelated facts and algorithms (Brown & Quinn, 2007). Understanding fractions leads
towards abstract reasoning and generalizations that help define algebra. Wu (2001) calls
fractions a “ramp” for understanding algebra, where defective or weak understanding of
fractions collapses the ramp leaving students to “scale the wall of algebra not at a gentle
slope but at a ninety degree angle” (p. 10).
Fractions mark the beginning of reasoning with arithmetic involving numbers
beyond natural numbers. Fractions are the transition from whole numbers to rational
numbers and different cognitive thinking. A study examining the impact of fraction and
whole number magnitude knowledge on different measures of algebra readiness
conducted by Booth and Newton (2012) concluded that it is the knowledge of fraction
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magnitude that relates more to skills in early algebra that whole number magnitude.
They attributed this to the fact that fraction magnitude is a better representation of deep
number knowledge than whole number magnitude. Sigler et al. (2013) support Booth
and Newton’s (2012) work by stating that even when variables like cognitive ability,
whole number knowledge, family income and education are controlled, it is poor fraction
knowledge in elementary school that predicts weak algebra knowledge in high school. It
is not possible to understand algebra without understanding fractions. According to
Brown and Quinn (2007), algebra is considered as the gateway for higher mathematics,
but if understanding algebra depends on understanding fractions, then it is appropriate to
say that ability to manipulate fractions is essential for success in algebra and higher
mathematical courses.
Difficulties with Fractions
In spite of fractions being critical for the development of mathematical concepts
like proportional reasoning and algebra, they are not understood conceptually by
students. Students face difficulty with conceptualizing a fraction as a number in the form
of a/b, where b is not zero. Fractions have their own set of well-defined and well-known
operations such as commutative and associative property of addition and multiplication,
identity operations, and others that require students to expand their realm of whole
numbers and its knowledge. Carraher (1996) iterates that viewing a fraction simply as a
number is “pedagogically naïve as well as historically and psychological inaccurate” (p.
241). Understanding fractions demands new and extended understanding of units and
their relationships (Hunting & Davis, 1991). Understanding fractions requires students to
understand the relationships between numbers and quantities and also how to express
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these relationships in diverse ways. For example, a fraction like “ ” is a powerful
mathematical idea that can present several different relationships. Lamon (2005) states
that the relative size of “ ”changes depending on the whole. Once again, this requires
students to think about fractions differently beyond cognitive structures of whole
numbers, thus creating difficulties and confusions. Researchers (Behr et al., 1983; Bezuk
& Cramer, 1989; Brown & Quinn, 2006; Brown & Quinn, 2007; Empson, 1999; Empson,
2003; Good et al., 2013; Lamon, 2005; Moss & Case, 1999; National Mathematics
Advisory Panel, 2008; Ni, 2001; Ni & Yong-Di Zhou, 2005) cite many reasons for the
difficulties with fractions, the most important ones being interference of whole number
knowledge, complex multifaceted nature of fractions, and ineffective teaching of
fractions.
Interference of Whole Number Knowledge
Fractions are first introduced in elementary classes after a long emphasis on
whole number knowledge. In numerous studies (Ball, 1992; Behr, Wachsmuth, & Post,
1985; Behr & Post, 1992; Behr et al., 1983; Empson, 1999; Empson, 2003; Mack, 1995;
Olive, 1999) researchers have shown that students use their whole number knowledge to
interpret fraction problems and multiplicative relations. Gelman and Williams (1998)
support this by saying that “children’s knowledge of natural numbers serves as a
conceptual barrier to later learning about other numbers and their mathematical
structures, for example, fractions” (p. 618). A study conducted by Mack (1995) on
informal knowledge of sixth grade students found that students constructed meaning for
fractions that were closely tied to their prior knowledge of whole-number concepts.
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Lamon (1999) further adds that fractions are rejected as numbers by students as they do
not fit in their initial number theory and counting sequence. Students tend to apply their
whole number knowledge to understanding fractions which leads to confusions and
difficulties (Good et al., 2013). Students confound the meanings of whole number and
fractions leading to many misunderstandings and misconceptions related to conceptual
and operational understanding of fractions (Vamvakoussi & Vosniadou, 2004). For
example, instead of comprehending a fraction as a single number, they conceptualize
numerator and denominator as two different numbers, thereby creating obstacles for
understanding fraction concepts and operations. According to Behr et al. (1983) and
Carpenter et al. (1980), students consider numerator and denominator isolated from each
other. For example, students, while adding two fractions such as

and , students arrive

at 19 or 21 by adding the numerators or the denominators together. Bezuk and Cramer
(1989) cite conflicts faced when ordering fractions such as and . Students tend to use
whole-number knowledge of 3 is greater than 2 rather than coordinating the inverse
relation between the size of denominator and size of fraction. A study on fraction
instruction by Pitsolantis and Osana (2013) cites the example of Mack, who regarded
fractions as “pieces” completely independent of each other and compared as whole
numbers rather than being a composite single number. For understanding fractions,
students need to coordinate numerator and denominator and think of a fraction as a single
unique value (English & Halford, 1995; English, 1997; National Research Council,
2001).
There are also other conceptual interferences because of whole number
knowledge for understanding fractions: unlike whole numbers, fractions do not follow
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fixed progression; there is always a fraction in between any two fractions however close;
and unlike whole numbers, multiplication of fractions may yield a smaller quantity and
division may yield a bigger quantity unlike whole numbers. These properties of whole
numbers as having unique successors, being countable, never decreasing with
multiplication, never increasing with division, and being represented by a single symbol
are some of the properties that become cognitive obstacles for understanding fractions
(Siegler et al., 2013). Ni and Zhou (2005) call the interference of whole number
knowledge as “whole number bias” stating that the discrete nature of mental magnitude
representations impedes students’ acquisition of fractions. Students tend to interpret
fractions on the basis of whole numbers, thus making it difficult for students to
understand fractions.
Learning fractions thus require students to reorganize their numerical knowledge
of whole numbers and think differently beyond the scope of whole numbers. Students
have to think beyond additive thinking of whole numbers and move towards
understanding multiplicative thinking or relationship between elements of discrete sets
like two thirds of a population of individuals or between continuous quantities like two
thirds of a pie (Saxe et al., 2005). The understanding of multiplicative relationships,
fundamental to understanding fractions, requires different cognitive thinking and poses a
challenge and stumbling block for understanding fractions. The process of transition
from whole numbers to fractions should be paced and accompanied with numerous
opportunities to develop conceptual understanding. Use of physical representation like a
pie can help students realize that if a pie is divided into three equal parts, each piece will
be smaller than when divided into two equal parts (Bezuk & Cramer, 1989). Siegler and
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colleagues (2011) advocate the development of fractional ideas by emphasizing
commonalities between whole number and fraction understanding as well as differences
between the acquisitions. Fractions are a challenge and thus emphasizing continuities
and commonalities as well as differences and discontinuities helps build fractional ideas
in a more balanced way (Siegler et al., 2011). In spite of all the efforts to help students
overcome the interference of whole number knowledge, fractions themselves have a
complex nature that poses yet another barrier for developing conceptual understanding.
Complex Nature of Fractions
Kieren (1976) first proposed the idea of fractions consisting of four interrelated
sub-constructs: ratio, operator, quotient, and measure. Later work by Behr et al. (1983)
extended Kieren’s (1976) work by adding part-whole as a separate and distinct subconstruct. Though each of the fraction sub-constructs are linked to each other, each one
has a separate meaning and numerical thinking and needs to be understood completely
for a thorough understanding of fractions (Behr & Post, 1992; Behr et al., 1983). Lamon
(2005) and Behr, Harel, Post and Lesh (1992) state that the complex nature of fractions
also contributes to fraction difficulties. According to Charalambos and Pitta-Pantazi
(2007), the part-whole sub-construct is fundamental for understanding fractions and other
sub-construct; the ratio sub-construct is the most “natural path” to understanding
equivalence; the operator sub-construct helps in understanding multiplicative operations
on fractions; the quotient sub-construct helps students see fraction as a result of a division
situation; and the measurement sub-construct leads to students developing additive
operations on fractions. Each of the sub-constructs provides complexity and confusion to
understanding fractions. For example, the fraction can be interpreted in different ways:
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“one as three-fourths as parts of a whole are three one-fourth units, i.e., 3( -units), or
three-fourths as a composite part of a whole is one three-fourths unit, i.e., 1( -unit)” (p.
402). For a full understanding of fractions, students need to understand the different
meanings of fractions and their confluence (Charalambous & Pitta-Pantazi, 2007) and
need to be able to interpret a fraction in multiple ways.
Fractions are interwoven explicitly and implicitly with ratio and proportion
concepts, multiplication and division, functions and operations, and measurement
(Carraher, 1996). Each sub-construct of fractions, part-whole, quotient, ratio, measure,
and operator, encompasses a world of meaning and interpretations for “big ideas” of
rational numbers (Thompson & Saldanha, 2003). Rich understanding of fractions helps
build a strong foundational base for other mathematical ideas. Behr et al. (1983) state
that “rational numbers can be interpreted in several different ways: a part-whole
comparison, a domain, a ratio, an indicated division (quotient), an operator, and a
measure of continuous or discrete quantities” (p. 92). Hence, complete understanding of
rational numbers requires understanding of each of the sub-constructs of fractions and
their inter-relationships (Behr et al., 1983; Kieren, 1976). Considering teaching fractions
as numbers is too simple as they have a complex nature that consists of a multitude of
meanings and relationships. Operations with fractions produce new quantities from the
relationships between two other quantities. For example, 24 candies divided among 4
party bags produces a new quantity that is neither candies nor bags (Lamon, 2005).
Another example cited by Ni (2001) is the multiple representations of a fraction, say .
The fraction can be thought of as “3 of 5 members of set or 3 of 5 equal parts of
regional area or by the length 3 of 5 equal parts between 0 and 1 on a number line” (p.
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140). Thus, the complex nature of fractions poses a major obstacle towards conceptual
understanding. Instruction that makes different aspects and components of fractions
more explicit through numerous activities and experiences can help simplify
understanding fractions. This poses yet another difficulty to consider as research cites
many flaws with the teaching of fractions.
Ineffective Teaching of Fractions
Moss and Case (1999) cite several weaknesses of fractions teaching methods such
as: overemphasis on procedures for manipulating fractions and rational numbers, less
time for developing conceptual meaning, no consideration for children’s spontaneous
attempts to make sense of rational numbers, insufficient differentiation between whole
numbers and fractions or rational numbers, and merely presenting the definition of
rational numbers and ignoring the underlying structure. Good and colleagues (2013) add
that pressure to cover material also pushes teachers to simply state procedures without
taking sufficient time to develop conceptual understanding. Brown and Quinn (2006;
2007) further state that the disconnect between understanding and algorithm or procedure
leaves students with a prescribed step-by-step set of instructions with no conceptual
understanding. This often leads students to retreat back to whole number understanding
when memorized fraction procedures are forgotten, thus creating more misunderstandings
and misconceptions. Highlighting the poor quality of U.S. lessons and instruction
through the TIMSS report for eighth-grade mathematics classroom, Stigler and
colleagues (1999) concluded through their video study that as compared to 39% of
Japanese lessons and 29% German lessons, none of U.S. lessons received a high rating.
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Rather, over 89% of U.S. lessons received the lowest rating when evaluated for quality of
mathematics content by an independent group of U.S. college mathematics teachers.
The weaknesses associated with teaching fractions are one of the reasons for the
difficulties faced by students in understanding fractions. Teaching makes a marked
difference in the understanding of fractions as a focused attention on rules does not help
students to think about the meaning and reasoning behind applying the rules. A study
conducted by Moss and Case (1999) concluded that even though students may perform
well knowing the rules and procedures, they were significantly incapable of solving
fraction problems that had misleading cues. This is because students have not developed
deep conceptual understanding of fractions. Pitsolantis and Osana (2013) state that the
disconnect between concepts and procedures of fractions leads to superficial and
meaningless learning. Students tend to just use techniques and procedures superficially
rather than understanding the rationale behind using the procedure. Superficial learning
inhibits students’ abilities to generalize and apply their understanding to new and
different problems (Weiss, 2006). Researchers (Mack, 1995; Thompson & Saldanha,
2003; Weiss, 2006) show that fraction instruction often does not emphasize development
of robust ideas that can be confusing, generalized and that different ideas can be related
to one another. Only when procedures are linked to understanding of concepts can
teaching foster understanding of mathematical ideas and lead to meaningful learning.
Researchers Thomspson and Saldanha (2003) also state that learning at any given
time is dependent on students’ prior knowledge and the instruction in which they
participate. It is thus crucial for instruction to not only provide opportunities for students
to discover mathematical concepts and ideas but also link students’ prior knowledge to
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new information. Fractions are difficult to understand, but this difficulty is compounded
by instruction that encourages rote memorization of facts, rules, and procedures with no
regard to prior knowledge. Moss and Case (1999) thus urge the need for creating a
curriculum and teaching methods that will help develop concepts of fractions as a whole
and link students’ knowledge of whole number with fraction knowledge. Watanabe
(1996) advocates the need for time as the development of fractions as numbers is
complex and abstract. According to Mack (1995), focused and paced instruction can help
avoid students’ overgeneralization from whole numbers to fractions and also construct
appropriate meanings for fractions.
Clearly, the teaching of fractions needs to be improved as supported by the
previous discussion of research in teaching. The complexity of fraction concepts can be
simplified with instruction that shifts development of algorithms to development of
understanding of fractions. Osana and Pitasolantis (2013) state that instruction should
assist students in acquiring key concepts that helps them gain flexibility in solving
problems. Researchers (Lamon, 1993; Lamon, 2005; Park, Güçler, & McCrory, 2013)
advocate that “good” instruction can help students connect prior knowledge of whole
numbers to understanding fractions, and making sense of operations and properties of
fractions can lead to strong conceptual knowledge. Saxe, Gearhart, and Seltzer (1999)
further recommend that instruction include the consideration of prior knowledge such as
whole number knowledge and representational forms embedded in the mathematical
lessons. Instruction that links conceptual understanding and procedural knowledge helps
build a strong foundation about mathematical concepts. Using instruction that engages
students, highlights the connection between whole numbers and fractions, and clarifies
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the complex nature of fractions is instrumental in helping students discover fraction
concepts. NCTM (2000) urges teachers to actively engage students in constructing
conceptual knowledge about fraction concepts as they progress through fraction concepts.
Development of fraction concepts requires students to develop an understanding of
quantitative size of fractions, and this can be facilitated by use of physical models and
instruction that emphasize meaning rather than procedures (Bezuk & Cramer, 1989).
Even though teaching rules and procedures may sometimes be easier and less time
consuming, it is very important for students to be able to comprehend, explain, and
communicate their thinking for in-depth understanding of fractions (Lamon, 2005). It is
thus the instruction that make the difference between superficial and conceptual fraction
understanding. This current research study adopts the same view by exposing students in
grades K-3 to explicit fraction instruction incorporating manipulatives. The research
study also adopts the view that working with hands-on tasks that require solving and
working with manipulatives best develops fractional concepts. The following sections
provide a rationale for incorporating manipulatives as best practices to teach fractions
along with further descriptions and details of the research study.
Rationale for Use of Manipulatives
Researchers (Behr et al., 1988; Behr, 1976; Cramer & Wyberg, 2009; Moyer,
2001; Moyer-Packenham, Ulmer, & Anderson, 2012; Post, 1981; Sowell, 1989; UribeFlórez & Wilkins, 2010; Van de Walle et al., 2010; Weiss, 2006) have cited the use of
manipulatives to be an effective way to develop conceptual understanding. The National
Mathematics Advisory Panel (2008) supports instruction that focuses on developing
conceptual knowledge of fractions for the “broadest and largest impact on problem33

solving performance” (p. xix). Moreover, knowledge is not constant and rigid but rather
a “continuously changing information base that matures with experience” (Watanabe,
1996, p. 463). Children constantly adjust their understanding of fractions with
experience, and hence variety of manipulatives helps provide the experiences and
opportunities for students to interact and develop fractional understanding. Instruction
that engages students in tasks with the use of manipulatives can help develop conceptual
understanding. NCTM (2000) advocates providing students with opportunities to
experience mathematical concepts, especially fractions, through hands-on explorations,
discussion, and discovery. According to Post (1981), children learn through a direct
experience with the environment and manipulatives act as the vehicle that provides the
connection between the concept and developing an understanding of the concept. Hiebert
and Carpenter (1992) state the use of pictures and manipulatives help children learn by
making them think about the problem and reason about ways to solve them. As students
interact with manipulatives and manipulate them, they have the opportunity to understand
the concepts in-depth. Brown and Quinn (2006) recommend providing students with
ample opportunities to experience basic fraction concepts through an abundance of
concrete referents. This is supported by Bezuk and Cramer (1989) who advocate the use
of manipulatives as fundamental in the development of students’ fractional
understanding. Weiss (2006) recommends the use of manipulatives to help build
understanding of abstract ideas. The manipulatives provide opportunities for sense
experiences and mental images that help form cognitive structures to aid understanding of
concepts.
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No unique definition of manipulatives exists in the literature, but manipulatives
are defined in several ways. Moyer (2001) calls manipulatives objects that represent
“explicitly and concretely mathematical ideas that are abstract” (p. 176) while Van de
Walle, Karp and Bay-Williams (2010) define manipulatives as “physical objects that
students and teachers use to illustrate and discover mathematical concepts, whether made
specifically for mathematics, like connecting cubes, or objects that were created for other
purposes” (p. 27). A more recent study by Swan and Marshall (2010) defines
manipulatives as “an object that can be handled by an individual in a sensory manner
during which conscious and unconscious mathematical thinking will be fostered” (p. 14).
In all the definitions, the common thread is manipulatives helping students to understand
difficult concepts through concrete experiences. English and Halford (1995) describe
manipulatives as “analogues” that draw a concept of analogical reasoning to map one
structure to another. Gentner (1982) refers to analogy as being a mapping from a certain
base or source to a certain target, and so manipulatives can be thought of as being the
bridge that connects the representation (one structure or source) to the concept (another
structure or target). Manipulatives help provide the platform needed to build conceptual
understanding of mathematical ideas that are abstract and difficult, like fractions. Using
manipulatives for teaching fraction concepts helps students to think contextually and
“see” the meaning of fraction concepts. Swan and Marshall (2010) and the National
Research Council (2001) recommend the use of manipulatives especially for difficult
topics like fractions for awareness and development of concepts. In a study of teacher
effectiveness by Bain, Lintz and Word (1989), they found that the best teachers, whose
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students’ achievement was in the top 15%, used manipulatives to teach mathematics, and
98% of the best teachers used concrete objects in their classroom.
Use of manipulatives connects abstract fraction ideas to real-life by providing
concrete representations for the fraction ideas (Bezuk & Cramer, 1989; Cramer & Henry,
2002). Manipulatives open pathways to learning by providing a catalyst to understanding
fraction concepts. Manipulatives help introduce, practice, and reinforce mathematical
concepts. This visualization helps students “see” their work and monitor their progress
when working with fractions. They help learners to understand the relationships between
quantities in gaining conceptual understanding of fractions. For example, to order
fractions correctly students need to estimate fractions and judge the reasonableness of the
inverse relationship between the number of pieces of the whole and the magnitude of
each piece. They need to be able to comprehend the inverse relationship between the
denominator and the size of the fraction (Bezuk & Cramer, 1989). Manipulatives can
help students see the inverse relationship by comparing the fractions for their relative
size. Manipulatives provide support to students’ thinking beyond routines and
procedures and moves them towards reasoning in meaningful ways. Stein, Bovalino and
Smith (2001) state that manipulatives allow students to compare and operate on quantities
that contribute towards development of well-grounded, interconnected understanding of
mathematical ideas such as fractions. According to Cramer and Henry (2002),
elementary-aged children are at Piaget’s (1969) concrete operational stage of
development and can learn from objects that can be touched and seen. Concrete
experiences through manipulatives support meaningful learning as students make sense
of the fraction in context. Manipulatives mirror the structure of the concept and this
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enables learners to construct mental models for the concept (Cramer et al., 2002; Cramer
& Wyberg, 2009; Post, 1981). Students need to connect fraction concepts, and
manipulatives provide them with concrete models to build processes and concepts
through actions with manipulatives. Manipulatives provide the necessary scaffolding to
help students develop profound understandings of fractions at their own pace. Concrete
manipulatives are referred to as models as they represent concepts in the real-world.
Thus, models supported by manipulatives help develop visualization through mental
images.
Models
Van de Walle, Karp, and Bay-Williams (2010) defines a model as “any object,
picture, or drawing that represents the concept or onto which the relationship for that
concept can be imposed” and call models a “testing ground for emerging ideas” (p. 27).
Models provide students with mental representations that allow students to compare and
contrast the relative size of a fraction and enable them to think reasonably about fraction
tasks and concepts. For example, models could help students see the need for a common
denominator thereby creating a strong connection between action with the model and the
procedure (Cramer & Wyberg, 2009; Pitsolantis & Osana, 2013). National Council of
Teachers of Mathematics in Principles to Action (2014) recommends the use of physical
objects and acting out of processes for young learners to understand mathematical
concepts. Cramer, Wyberg and Leavitt (2008) state that “concrete models are critical
forms of representation and are needed to support students’ understanding of, and
operations with, fractions” (p. 490). Students find it difficult to think about abstract ideas
and relationships like fractions. Models and manipulatives can become the bridge that
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helps them overcome their difficulties and move towards conceptual understanding. The
Common Core State Standards (2010) and Pitsolantis and Osana (2013) emphasize that
visual models can illustrate a fraction through different diagrams and representations.
Strong mental representations developed by the use of models help students to
manipulate fractions mentally and judge the reasonableness of answers to fraction
operations. Post (1981) states that a model can behave in a way that parallels the realworld and manipulations with the model can help make predictions about the real-world,
thus developing an understanding of fraction concepts. National curriculum standards for
elementary grades stress the need for developing competency in fraction concepts
through context and support of models (NCTM, 2000). Models support understanding of
fractions concepts by providing students with concrete experiences to manipulate and
develop flexibility in thinking. Bezuk and Cramer (1989) recommend students to be
exposed to activities that ask them to name fractions represented by physical models and
diagrams and that ask students to model or draw pictures for fractions names or symbols.
Different models provide different experiences and different context for students to
develop understanding of fractions.
Debate on Types of Fractional Models
There are different types of models related to fractions such as discrete,
continuous, and linear. This research study explores the use of discrete and continuous
models and students’ fractional understanding. Therefore, for the context of the study,
the discussion of various models is focused on discrete and continuous.
Lamon (1999) defines the types of models as discrete if they are separate distinct
things or arranged in certain patterns such as hard candies or eggs in a carton and
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continuous models as one or more continuous items that may be perforated or partitioned
such as pie or a candy bar. The difference between discrete and continuous models is
significant as the number of items is crucial in a discrete model and not the size and
shape. On the other hand, the shape and size matter while working with continuous
models (Behr et al., 1988). The debate exists on whether discrete or continuous models
are most beneficial to use to facilitate teaching fractions. English (1997) supports
continuous models over discrete models as the students develop part-whole concepts by
comparing shaded parts and the whole unit. Even the Rational Number Project (RNP,
1979) group suggests the use of continuous models before discrete models because due to
“top down thinking,” the student will be able to re-conceptualize the concept to fit a new
manipulative. According to the RNP group, continuous models have more salient
features that are more effective in developing fraction concepts. Bezuk and Cramer
(1989) support use of continuous models (circles, paper folding) first and introducing
discrete models in relation to circles. Cramer, Wyberg and Levitt (2008) call the fraction
circle model the most powerful model for developing understanding of part-whole
fraction concept and the meaning of the relative size of fractions. For example, the
fraction circle helps students understand the inverse relationship between the size of the
denominator and the size of the fractional piece by “seeing” that the more the circle is
partitioned into equal-sized parts, the smaller each part becomes (Cramer et al., 2008).
On the other hand Moss (2005) argues for discrete models being more effective by citing
limitations of most common continuous model –the circle. According to Moss, a circle
representation supports additive thinking rather than multiplicative thinking. For
example, students tend to consider and to be equal as they both have one piece
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missing from the whole. Saxe, Taylor, McIntosh and Gearhart (2005) recommend the
use of discrete models because discrete models can be treated as an “extension of whole
number interpretations of parts of areas” and can be useful when introducing area or
continuous models for area already partitioned into equal parts. Researchers Wilkerson,
Cooper, Montgomery, Gupta, Mechell, Artebury, Moore, Baker, and Sharp (In Press) cite
advantages of both continuous and discrete models. They state that continuous models
are most familiar to students through real-life contexts like rectangular cakes, paper
plates, pizza, or a flower bed while discrete models are advantageous as they represent
sets of objects that can be counted and hence students can partition them without cutting.
Thus, the choice of a model can significantly impact understanding due to each model’s
distinct and unique nature.
Exploring the use of different concrete models used in fraction instruction,
Cramer and Wyberg (2009) advocate the use of multiple models for learning fractions as
the most effective way to ensure students develop meaningful understanding. Different
models provide students with opportunities to think about fraction concepts in different
contexts and hence develop flexibility in thinking. In early studies (Behr et al., 1988;
Behr & Post, 1992; Behr et al., 1983; Fennema, 1972) researchers have also supported
that students’ learning of mathematical concepts are assisted through the use of models
and manipulatives that vary in features. The use of different models supported by
manipulatives “enhances students understanding and promotes abstraction of the concept
from irrelevant perceptual features of manipulatives, such as color, size, or shape (Bezuk
and Cramer, 1989, p. 162). The use of varying models encourages students to think
flexibly by aiding translating knowledge between different models, thus moving towards
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model independent thinking rather than dependent thinking. Jigyel and AfamasagaFuataí (2007) support the use of multiple contexts and representations to challenge and
extend students’ understanding, develop flexible interpretations, and consolidate fraction
understanding. Wilkerson et. al, (In Press) states that the goal should be to provide
students with experiences within both models so that they can move flexibly between
models and towards conceptual understanding. Van de Walle, Karp, and Bay-Williams
(2010) state that the students who have difficulty translating a concept from one
representation or model to another often face difficulties in solving problems and
developing conceptual understanding. According to Post (1981), opportunities to see a
concept in different ways using a variety of manipulatives and models promotes
abstraction of mathematical concepts, and students are more likely to perceive the
concept irrespective of its concrete embodiment. Hence, the use of multiple models
facilitates students’ understanding and retention because if the use of a model is unable to
clearly illustrate an idea, another model may help develop or even reinforce the fraction
idea.
Rationale for this Research Study
Motivated by research on using manipulatives and models to teach fractions, this
research study was designed to further explore the relationship between the use of
manipulatives and models and early elementary students’ fractional understanding. This
research study adopted the view that active involvement with multiple models will
provide the most conducive learning environment for children to learn fraction concepts.
Early elementary students were exposed to fraction instruction supported by a variety of
models to develop understanding of fraction concepts. The research study regarded the
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need to explore the relationship between classroom instruction and early elementary
students’ fractional understanding to be critical as it will provide insight into improving
the quality of mathematics education in today’s schools. The students engaged in tasks in
the classroom context and used manipulatives as a part of the regular instruction of the
classroom. Examining these tasks and students’ elicited thinking provided insights into
ways to improve instruction and thereby help students understand difficult concepts like
fractions in greater depth. The study aimed at examining students’ fractional
understanding in early grades such as kindergarten to third grades. This does require a
brief discussion on the debate about teaching fractions in early grades.
Mathematics Professor DeTurck (2002), from Pennsylavia State University,
declared that fractions should not be taught in elementary grades in his Down with
Fractions lecture. According to him, fractions pose a cognitive leap for students and
hence actually replace confidence and understanding with confusion and memorization.
Common Core State Standards for Mathematics (2010) lists a significant introduction of
fraction in third grade with a slight mention in second grade and no mention in
kindergarten and first grades. But this research study adopts a contrasting view
advocating the introduction of fractions in early grades. This research study concurs with
Piaget (1975, 1976) who said that abstract mathematical concepts can be taught to
elementary students when accompanied by concrete experiences. The elementary
students develop understanding of the abstract concepts by reflecting on their own
concrete activities (Arnon, Nesher, & Nirenburg, 2001; Piaget, 1976).
The study reports relationships between fraction instruction incorporating
manipulatives and early elementary students’ developmental change before instruction to
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after instruction and change over time. The research study was designed to examine early
elementary students’ misconceptions and misunderstandings as they also provided
valuable information for a holistic in-depth analysis of students’ thinking. The research
study also details changes in early elementary students’ thinking as a function of time.
Though there are many fraction ideas, the focus of this research study will be on the
domains of fraction concepts of part-whole partitioning, fair-share, equivalence, and
unitizing. The following section describes the fraction context of this research study.
Fraction Concepts of this Research Study
Watanabe (1996) explores introducing fractions in early grades by examining the
change in second graders notion of one-half from one task to another. His study showed
that Ben’s, a second grader, notion of one-half was concrete and contextual and
developed with experiences provided to him. This is supported by Bigelow, Davis, and
Hunting (1989) who determined that children in early graders are able to understand
fractions, such as one-half, in a variety of contexts. It is important to examine fractional
understanding of students in early grades so that appropriate exposure and opportunities
can be provided to them for a stronger foundation of further complex mathematical ideas.
On the other hand Common Core State Standards (2010) recommend introducing
fractions in third grade because students are not prepared to deal with them in lower
grades. Though this provides controversy for this research study as it explores K-3rd
grade students’ fractional understanding, there are some important aspects to be
considered. This research study was initially developed before the Common Core State
Standards (2010) and was developed from the Texas Essential Knowledge and Skills
(TEKS, 2006). The TEKS actually introduces fraction in kindergarten by asking students
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to recognize quantities less than whole and share a whole in parts. This research study is
based on the TEKS that recommends exposing K-3 graders to fractions. Analyzing early
elementary students’ fractional understanding can provide rich information about gaps
that need to be filled for developing conceptual understanding. It is important to note that
though Common Core State Standards (2010) formally introduces fractions in third
grade, they do want second graders to be able to explain partition of circles and
rectangles through words such as halves, thirds, half of, and third of. This requires
students to know about fraction concepts. Furthermore, the standards also include
expectations for students to describe a whole as two halves, three thirds, or four fourths,
thus highlighting a need for understanding of the concept of equivalence of fractions.
Also, the shift to expressing a non-unit fraction as iterations of unit fractions in third
grade (CCSM, 2010) requires sophisticated thinking about fractions that can only happen
when students have deep conceptual understanding of basic fraction concepts. It is
crucial to look at the instruction that can help develop fraction concepts and ideas.
Support is also provided through a recent study by Cwikla (2014) who provides
compelling evidence that children between the ages of three and six indeed have
“precurricular understanding of fair sharing and fractions” (p. 362). According to Cwikla
(2014),
allowing children to contemplate and consider mixed numbers and the space
between whole numbers on the number line might help bridge the understanding
gap that majority of students encounter when beginning fraction arithmetic and
manipulation in later elementary grades. (p. 362)
This provides a rationale for conducting the research study in grades K-3 as it was
important to explore the instruction needed to develop foundational understanding of
fractions. The goal of the research study is to explore the relationship between early
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elementary students’ thinking about fraction concepts and use of manipulatives in the
context of a classroom. The study will also examine the development and growth of
students’ thinking about fraction concepts over time. This could provide important
information for the mathematics education community about ways to best support
development of complex mathematical fraction concepts. As said before, fractional
knowledge is a critical area that needs to be developed so that students can be prepared
for further mathematical ideas and also be cognitively ready for higher mathematics.
Researchers (Behr, 1976; Cramer & Wyberg, 2009; Lamon, 2005; Post, 1981; Sowell,
1989; Weiss, 2006) cite that manipulatives can help develop mathematical concepts, but
this research study is designed to examine the “how” relationship: how do manipulatives
help develop the concepts of fractions. The focus of this research study will be on the
part-whole partitioning, fair-share, equivalence, and unitizing fractional concepts as
highlighted by the TEKS for grades K-3. Each of the concepts, though linked to each
other, require students to understand them in their own entity.
Part-Whole Partitioning
The part-whole concept of fractions is defined as the ability to partition either a
continuous quantity or a set of discrete objects into equal-sized parts (Behr et al., 1983;
Lamon, 2005) Lamon (2005) calls partitioning as the “act of breaking or fracturing a
whole” (p. 90). Partitioning is fundamental in building fraction concepts and ideas.
Partitioning is the very heart of developing part-whole fraction concept. According to
Pothier and Sawada (1990), “partitioning activities enhance the development of logical
part-part and part-whole relationships” (p. 15). Partitioning links fractions with students’
counting knowledge as “it creates fractional parts that can be treated as units to be
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counted and combined arithmetically just as whole-number quantities” (Sophian &
Wood, 1997, p. 324). Cramer, Wyberg and Leavitt (2008) conclude that understanding
of part-whole models of fractions is needed for developing understanding of operations
with fractions. Lamon (2005) regards part-whole to be fundamental in developing a
foundation for building fraction knowledge. Understanding of part-whole also helps
students understand the inverse relationship between the denominator and the size of the
fractions parts as the more parts the whole is divided into, the smaller the produced parts
become. Researchers (Behr & Post, 1992; Behr et al., 1983; Lamon, 2005) cite that partwhole partitioning has always occupied a dominant place in understanding fractions.
Pitkethy and Hunting (1996) refer to fractions as “expressions of the part-whole
relationship” (p. 6). The crux of developing deep understanding about the part-whole
construct of fractions is for students to realize that the relationship between the parts and
whole needs to be conserved regardless of the shape, size, or arrangement of the
equivalent parts (Pantziara & Philippou, 2012). A variety of models provides the context
needed for students to look beyond the physical aspects of the model and concentrate on
the concept of part-whole. This research study provided focused fraction instruction that
aimed to develop part-whole partitioning concepts through the use of different models.
Fair Share
A fair share fraction concept is defined as distributing a whole equally between a
given number of people or situation. Research (Wilson et al., 2011; Wilson et al., 2012)
cites fair-sharing as the most common practice encountered by students inside and
outside the classroom through experiences of sharing foods that have circular (e.g., pizza)
or rectangular (e.g., cakes) shapes or while playing games. It has been well documented
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that students bring informal knowledge of fair-share while solving tasks related to fairshare (Pitkethly & Hunting, 1996; Saxe et al., 2005). According to Wilkerson and
colleagues (In Press) a study of different fraction concepts in kindergarten and third
grade, revealed that students possessed the most pre-knowledge about fair-share;
kindergartens could share fairly among a given number of people, and third graders
understood that fair share meant everyone gets the same amount. Even though
kindergarteners and third graders showed success with fair-share, the study showed that
students were confused and had difficulty fair-sharing when the amount could not be
divided evenly.
Thus, in spite of many informal experiences, students still face difficulty while
working with problems of fair-share. Wilson et al. (2012) cite the three conditions that
students have to keep in mind while creating fair-shares as creating the correct number of
parts or groups, making sure that groups or parts are equal-sized, and exhausting the
whole. They further state that it is difficult for students to coordinate all three conditions
at the same time while working on sharing problems, hence leading to a struggle with
understanding the concept. Wilson et al. (2012) recommend using multiple models,
strategies, and explanations to show fair-shares and thereby cultivate flexible thinking
and understanding of fractions. Use of manipulatives and context also helps students to
“see” and understand the significance of equal size in fair sharing while exhausting the
whole (Empson, 1995). This research study exposed students to multiple models to
support their development of ideas of fair-sharing in different context. The aim of the
research study was to see how the use of manipulatives guides and develops the concept
of fair sharing and how to best facilitate that understanding.
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Fraction Equivalence
Ni (2001) described fraction equivalence as one of the most difficult, abstract, and
important mathematical ideas in primary school. Jigyel and Afamasaga-Fuataí (2007)
highlight the importance of understanding fraction equivalence as a stepping stone for
thorough understanding of fraction operations. Saxe et al. (2005) cite that the difficulty
with understanding equivalence is that students need to view the numerator and
denominator only as elements in an “expression of a quotient or multiplicative relations
between values such as = = ” (p. 138). Ni and Zhou (2005) further state that the
equivalence idea of = is distinctly different from the 1+2=2+1 that students have
encountered in whole numbers. Understanding fraction equivalence requires students to
comprehend multiplicative thinking and conservation of the parts and the whole (p. 401).
Clarke and Roche (2009) claim that students consider and as equivalent as they focus
on the gap between 5 and 6 and the gap between 7 and 8 rather than considering the size
of the pieces. This stems from their whole number knowledge that further adds to
confusion with understanding equivalence. Empson, Junk, Dominguez, and Turner
(2006) state that equivalence relationships require students to coordinate between
quantities and also between actions upon the quantities. They further define coordination
of quantities as “how a child physically or mentally manipulates the number of items to
be shared in conjunction with the number of people sharing them to produce an
exhaustive and equal partition of the items” (p. 5). These highlight some of the reasons
that the concept of equivalence is difficult for students to comprehend and poses as a
stumbling block in understanding how two numbers (fractions) can represent the same
thing. This is further compounded by the fact that teaching of equivalent fractions is
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reduced to the mastery of the rule that you multiple or divide the numerator and
denominator of a fraction by the same number (Ni, 2001).
The concept of equivalence requires students to understand that a subunit can be
divided into finer and finer subunits, hence different fraction names can be used
representing the same distance from zero, the same number and hence the fractions are
equivalent (English & Halford, 1995; Ni, 2001). Students need to link and extend
partitioning to equivalence through the understanding that different partitions on the same
amount can result in the same relative amounts (Lamon, 2005). Students need to be
provided with opportunities to “see” that different partitions can result in the same
amount when all the sharing material is used. Ni (2001) advocates the use of models in
contexts to help students understand the concept of fraction equivalence. Empson (2001)
states that students’ acts of equal-sharing can also be extended to understanding
equivalence as students move toward partitioning or transforming shares into the biggest
possible pieces. Fraction concepts should make sense to students, and models can help
students to clear confusion and bridge understanding by having them “see” that two
fractions can be equivalent. Models bring transparency in comprehending the size of
fractions, such as splitting a pizza between different numbers of people and in different
ways, and helps them move towards understanding the concept. This research study used
numerous discrete and continuous models to help students compare and contrast the size
of the fractions and to develop the concept of equivalence.
Unitizing
Lamon (2005) defines unitizing as “the process of constructing chunks in terms of
which to think about a given commodity” (p. 78). According to research (Common Core
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State Standards Initiative (CCSSI), 2010; Lamon, 1993; Lamon, 2005) unitizing is
considered critical in developing sophisticated thinking about mathematical ideas.
Common Core State Standards for Mathematics (2010) for third grade states that students
should be able to understand “fraction a/b as the quantity formed by a parts of size 1/b.”
This shows that students not only have to think about a unit fraction but also think about
a non-unit fraction as iterations of unit fraction. This sophistication of understanding
requires strong conceptual understanding of unitizing. Manipulatives help students to
visually see the construction of a whole or a non-unit fraction from a unit fraction. They
provide the physical manipulation needed for students to develop flexibility in thinking
about unit fractions. This research study was designed to explore students’ thinking
within the confines of unitizing as a result of exposure to different manipulatives aimed at
developing the concept of unitizing.
Summary
All fraction concepts, part-whole partitioning, fair-share, equivalence, and
unitizing, do not have a clear boundary but rather overlap each other. It is through
partitioning that students move towards sharing a continuous or discrete whole fairly
between a given numbers of people. The aim of sharing into biggest possible pieces
builds the idea of fraction equivalence. Connections between part-whole and unitizing
can be realized when students understand that iterations of a unit fraction should
reproduce the whole.
The context of this research study exposed students to fraction lessons that aimed
to develop the part-whole partitioning, fair-share, equivalence, and unitizing concepts.
Since the concepts overlap, the concepts were not developed or discovered in isolation
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but rather connected to each other. Hence, different manipulatives and models were used
to develop the fraction concepts together so that students would not only understand the
concepts but would also be able to understand the relationships between the fractions
concepts. The researcher reports the development of ideas related to the concepts of partwhole partitioning, fair-share, equivalence, and unitizing as well as the connections
between them.
The various fractions lessons utilized in the study incorporated manipulatives and
models to help develop the fractional ideas of part-whole partitioning, fair share,
unitizing, and equivalence. As highlighted by previous discussions on the use of
manipulatives and models, they help students understand the abstract fraction ideas
through visual representations and physical sensory experiences. The fraction lessons
engaged the students in hands-on tasks through the use of discrete and continuous models
that provided different perspectives in developing the concepts of part-whole partitioning,
fair-share, equivalence, and unitizing. This research study was designed to examine the
relationship between the fraction instruction that incorporated manipulatives and
students’ fractional understanding. The researcher posits that by examining the
relationship valuable information will emerge that will help to answer the questions
“What do students know and understand about fractions?” and “How is students’
fractional understanding related to fraction instruction incorporating manipulatives?” As
explicated through three decades of research, fractions are a challenge for students,
teachers, and educators and pose a stumbling block in developing conceptual
understanding for other critical mathematical concepts like proportional reasoning and
algebra. Moreover, though many obstacles block the path towards understanding
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fractions, effective teaching instruction can bridge the gap between superficial and
conceptual understanding. It is instruction that can help students make the transition
from whole numbers to fractions or understand the complicated nature of fraction
concepts. The researcher used this as the rationale for the study and purports that explicit
instruction involving engaging hands-on tasks will help the mathematics community
understand some of the ways to overcome the difficulties in comprehending fractions.
The researcher also examined the fractional understanding of students over multiple years
to see the long term effect of the intervention. The researcher proposed that by
examining students’ understanding as a function of time, an answer to the question “How
does students’ fractional understanding develop over multiple years?” could be developed
and thereby provide insights into strategies and aids that can help foster meaningful
learning.
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CHAPTER THREE
Methodology
Introduction
The purpose of the case study was to examine the relationship between fraction
instruction that incorporates manipulatives and early elementary students’ fractional
understanding. According to Osana and Pitsolantis (2013) and Hiebert and Carpenter
(1992), instruction should help students “see” the meaning of mathematical concepts. The
use of manipulatives helps learners understand mathematical concepts by linking the
concept to context. This study attempted to explore the fractional understanding of
elementary students from grades K-3 in an urban school district in Central Texas through
the use of manipulatives. By analyzing the work of a small group of students, this study
was also designed to examine the development of students’ fractional understanding with
multiple years in a larger longitudinal study. Results from this study provided
information about the effect of manipulatives in developing conceptual understanding of
fractions but also about the growth of early elementary students’ fractional understanding
over time. This research study adopted an exploratory multiple case study methodology
for exploring the student cases in-depth. All aspects of the research methodology used in
this study are reported in this chapter. This information is organized into two sections.
The first section describes the current research study that used archival data from a larger
longitudinal study. The second section describes the larger research study in detail to
provide context for the current research study.
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Current Research Study - Research Questions
This study was designed to explore early elementary students’ thinking and
development of fractional concepts influenced by the use of manipulatives for teaching
fractions. The research questions that provided focus to the study are:
1. What do early elementary students know or understand about fractions?
2. How is the development of early elementary students’ fractional understanding
related to fraction instruction that incorporates the use of manipulatives?
3. How does early elementary students’ fractional understanding develop over multiple
years?
Research Design
The research design chosen for this study was an explanatory multiple-case study
method. According to Merriam (1998), “a qualitative case study is an intensive, holistic
description, and analysis of a single instance, phenomenon, or social unit” (p. 21).
Though quantitative data also yields information about an issue, students’ responses
cannot be easily quantified. According to Creswell (2007), quantitative design is
numerical data that can only prove or disapprove a hypothesis. Students’ understanding
is much more than just a number. Students apply their own thinking and interpret
instruction in their own unique way. Every student is different and hence every response
is different. Students interact with mathematical concepts and their thinking is always
changing and developing. A quantitative research design may capture some aspect of
descriptive statistics but cannot unravel this complex mystery of student responses. Thus,
qualitative research was used to unravel the complex nature of students’ fractional
understanding as a result of focused fraction instruction incorporating manipulatives.
Creswell (2007) recommends the use of qualitative research when “complex detailed
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understanding of the issue” is needed (p. 40). This research study, thus, adopted the case
study qualitative research design.
Multiple case study qualitative methodology was chosen so that each student
could be studied as a “case” for not only an in-depth analysis but also to retain the
holistic and real-world perspective (Yin, 2014). Merriam (1998) recommends the use of
case study to “gain an in-depth understanding of the situation and meaning of those
involved” (p. 19). Yin (2014) adds that case study research is used to demystify a
decision or set of decisions: why they are taken, how they are implemented, and with
what result. Since the focus of this study was students’ fractional understanding as a
result of intervention in the form of teaching fractions through the use of manipulatives,
the explanatory multiple case study methodology assisted in answering questions related
to the impact of manipulatives on students’ understanding and growth of students’
thinking about fractions. Explanatory multiple case study design helped examine the
intervention for its implementation and impact on students’ fractional understanding.
According to Yin (2014), case studies in explanatory mode help seek answers to “how”
and “why” an intervention actually worked (p. 216). This design allowed the researcher
to explore the relationship between the use of manipulatives and students’ fractional
understanding. The multiple cases in the study also allowed for examination of students’
understanding over time to better gauge the effect of the use of different types of
manipulatives on students’ fractional understanding. Using case study design allowed the
researcher to study students’ thinking while engaged in fraction instruction. The design
also allowed the researcher to gather data and conduct an in-depth analysis of student
“cases” to see growth and development over time with years spent in the study. The
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researcher connected data from various years to map the growth of a “student case” and
also compared and contrasted the growth with other “student cases.” Yin (2014)
describes case study as an empirical inquiry used when investigating “a contemporary
phenomenon in depth and within the context of real-world” (p. 16). Additionally, Yin
cites four applications of case study design
The most important is to explain the presumed causal links in real-world
interventions that are too complex for survey or experimental methods. A second
application is to describe an intervention and the real-world context in which it
occurred. Third, a case study can illustrate certain topics within an evaluation,
again in a descriptive mode. Fourth, case study research may be used to enlighten
those situations in which the intervention being evaluated has no clear, single set
of outcomes. (p. 19)
Through this multiple-case study design, the researcher studied each student case
in detail in order to fully understand the processes, difficulties, and growth of each of the
student cases. The purpose of the research study was to explore the impact of the fraction
instruction incorporating manipulatives on students’ understanding, and thus student
engagement was an integral part to be explored. Since the nature of student engagement
and participation is complex, the researcher studied each case separately and then
compared each of the cases to one another, conducting a cross-case analysis informing
the teaching and learning of fractions. Thus, for in-depth analysis of the students’
responses, understanding the complex nature of student thinking, and mapping the
growth in understanding and thinking about fractional ideas, qualitative case-study
methodology was needed.
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Setting
This research study was a part of a larger research study that started in 2007 as a
partnership between a local private university and neighboring elementary school in an
urban school district in Central Texas. The candidates enrolled in the teacher preparation
program, referred to as teacher candidates, at the local private university worked with
students in elementary schools under the supervision of classroom teachers. The teacher
candidates delivered research-based fraction lessons incorporating the use of
manipulatives in a small group setting once a week for six weeks to students in grades K3. Data was collected about students’ fractional understanding and its relation to the use
of manipulatives. The description of the larger research study and the details of the
research-based fraction lessons as the intervention along with other aspects are explained
later in this chapter. The current research study includes the examination of archival data
from the larger research study that engaged K-3 grade students in research-based lessons
focused on the development of fraction concepts as the intervention. The current
research study was organized to examine the data from students in the larger study as
they progressed from kindergarten to third grade. The current research aims to explore
early elementary students’ understanding of fractions in relation to the use of
manipulatives and their growth with multiple years in the study. This research was a part
of the larger research study that includes only the students who have been in the larger
research study for 3 or more years.
Population and Sample
As mentioned earlier, the population and sample for the current research study
were a subset of a larger research study. All the participants of the larger research study
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formed the population group for the current research study. The sample for the current
research study was a subset of all the participants in grades K- 3 from 2007 to 2013 of the
larger research study. The research study employed purposeful criterion sampling
procedure (Creswell, 2007; Creswell & Plano-Clark, 2011; Gay, Mills, & Airasian, 2006)
and subgroup sampling (Onwuegbuzie & Leech, 2007). According to Creswell (2007),
the rationale for purposeful sampling is because it could “purposefully inform an
understanding of the research problem and central phenomenon in the study” (p. 125).
All students satisfying the criteria of being been a part of the larger longitudinal study for
3 or more years were purposefully chosen. According to Gay, Mills, and Airasian
(2008), purposeful sampling helps a researcher to select participants “who best add to the
understanding of the phenomenon under study” (p. 114). Specifically, this research study
identified student cases from 4 longitudinal trajectories of the larger research study as
they progressed from kindergarten to third grade: one from 2007 to 2010, a second from
2008 to 2011, a third from 2009 to 2012, and the fourth from 2010 to 2013. As
mentioned, the student cases for the current research study were selected based on the
criterion that they had participated in the larger research study for at least 3 years and had
the most documented archival data. The selected student cases were further sub-grouped
based on the number of participating years in the larger fraction study. Onwuegbuzie and
Leech (2007) state that subgroup sampling allows the researcher to stratify the sample by
subgroup and then compare and contrast the subgroups or conduct a cross-case analysis
on the subgroups. The current research study used stratified subgroup sampling as the
students cases had to belong to one of the four subgroups: all 4 years in the study, three
consecutive years in the study, three non-consecutive years in the study, and repeating
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years in the study, all while fulfilling the criterion of being in the study for at least 3
years. The selection of cases and categorization into the various groups is explained in
detail in chapter four. The purpose of the current research study to use purposeful
criterion sampling and subgroup sampling was to look in-depth into not only the
relationship between fraction instruction incorporating manipulatives and early
elementary students’ fractional understanding but to also see the growth and development
of fraction ideas over time in the study.
Protection of Human Subjects
The plan for the current research study was to use only archival data from the
larger research study. No human subjects were directly involved in the research and
hence the research posed no risks for human subjects. Details of the protection of human
subjects during the larger research study will be described with the larger research study.
Additionally, the research used the same student codes as the larger study thus protecting
the identities of the students. The student work was only used for data analysis purposes
and was not shared or uploaded on the web.
Data Collection
In this section, a detailed explanation of each of the data collection instruments is
provided. As mentioned earlier, since the current research study was a part of the larger
longitudinal study, the data collection instruments were the same as the larger study. The
larger research study involved collection of both quantitative and qualitative data. Preand post-assessments were used to collect quantitative data and the lesson observation
protocol, teacher candidate reflections, teacher candidate assessment protocol, lesson
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plans, and student work were used to collect qualitative data. For the current research
study, the quantitative data collected from pre- and post-assessments were used for
descriptive purposes only. Since the pre- and post-assessment also had an open-ended
aspect, the researcher used the pre- and post-assessment for qualitative data for the
current research study. The other data instruments that were used to collect qualitative
data were lesson observations, teacher candidate reflections and assessment notes, student
work, and lesson plans. The following section provides a description of each of the data
collection instruments. The data collection instruments are available to view with
permission from the principal investigator of the larger research study, Dr. Trena L.
Wilkerson (Trena_Wilkerson@Baylor.edu).
Pre- and Post-Assessment
The aim of the pre- and post-assessments was to gather information about the
growth of students’ thinking and understanding of fractional concepts before and after the
intervention in the form of fraction lessons. The assessments were designed and
developed by the research team that designed and implemented the larger study and
utilized a variety of sources such as: Iowa Test of Basic Skills (ITBS), California
Achievement Test (CAT), Texas Assessment of Knowledge and Skills (TAKS) tests and
Lamon’s (2005) work on student fractional understanding. The ITBS and CAT tests are
norm-referenced teats that can provide information about the mastery of specific
instructional objectives. The TAKS was a mandated statewide test that was designed to
measure the extent to which a student has learned and understood the application of the
specific instructional objectives. The Texas Education Agency designed the TAKS to be
directly aligned to the Texas Essential Knowledge and Skills (TEKS) through numerous
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inputs from educators and assessment specialists across the state. These tests were
reliable and provided criteria to base the fraction assessment by identifying the depth
required for understanding fraction concepts in a specific grade level. Lamon’s (2005)
work also provided a rich resource of questions that would help elicit students’
understanding about the fraction concepts. The questions for the assessment were chosen
to best reflect students understanding of fractional concepts with the use of discrete and
continuous models. The assessments were also reviewed by a child psychologist to gauge
the language and developmental appropriateness for students in K-3. The same questions
were asked in the pre and post- assessment. The purpose behind using the same
questions was to have a measure of the growth in students’ thinking and understanding as
a result of the intervention.
All of the questions in the assessment were performance based with an openended component for students to explain their thinking. The open-ended aspect of the
pre- and post-assessment also provided qualitative data to compare the development of
fractional ideas by students. All questions used a physical object or a picture except the
first question in kindergarten and 1st grade and the first and second questions in 2nd and
3rd grade. The first question in all grades asked students “Can you show me one-half?”
The second question in 2nd and 3rd grades asked students “can you show me one-half
another way?” These questions were open-ended, but instead of using a physical model
or picture, they gave students the freedom to choose their own representations. Also,
though each grade level had its own assessment, there was an overlapping of some
questions. Some questions overlapped for all the grade levels, some for a few grade
levels, and some were unique to a specific grade level. The reasoning behind overlapping
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the questions was to see the growth in thinking about fractions as the students moved up
the grade levels. Table 3.1 shows the questions unique to specific grade level and the
Table 3.2 shows the questions that are repeated across grade levels.
Table 3.1 – Assessment Questions Unique to Specific Grade Level
Grades

Questions

K

Number of
Unique
Questions
2

x
x

Share cupcake between 2 people (actual cupcake)
Identify and water in glasses (actual glasses)

1st

0

x

No Questions

2nd

0

x

No Questions

3rd

6

x
x
x
x

12 pencils shared between 5 people
Share 2 crackers between 6 people (pictures)
Share 1 Play Doh cookie between 3 people
Who gets more pizza or do they get the same amount?- both
different sizes
Who gets more pizza or do they get the same amount?-Both but
different shapes
James says that this figure shows and Jackie says that it is ?
Who is right or are they both correct? Explain your response.

x
x

Thus, the aim of the assessment was not only to see students’ fractional
understanding in a particular grade level but was also to gauge the change or growth in
understanding over time. Moreover, the progression in difficulty was not only seen
within a specific grade but was also seen across grades. This was done to gauge students’
understanding as a result of the intervention in the form of teaching fractions using
manipulatives and also to look at the growth and development in students’ thinking
across grades and over time in the study. The assessments were designed to be
administered verbally and individually in an interview format with the teacher candidate
following a script while administering the assessment. The teacher candidate noted
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student’s actions and language while also making observations about the student’s
understanding on the question.
Table 3.2 – Comparison of Assessments across Grades
Grades
K to 3rd

Number of
Repeated
Questions
2

K and 1st

1st and 2nd

2nd and 3rd

Questions
x
x

What is one-half?
12 Teddy Bear Counters (or pencils) shared between 3 people
(Grade 3 used pencils)

4

x
x
x
x

12 Teddy Bear Counters shared between 2 people
Share 2 Play Doh® cookies between 4people
Share 3 Twizzlers® between 2 people
Share 5 Twizzlers® between 4 people

2

x

Share of cracker (picture)

x

Share of 12 pencils (picture)

x
x
x
x

What is one-half? Another way
12 Teddy Bear Counters (or pencils) shared between between
6 people (Grade 3 used pencils
Share 2 crackers between 4 people (pictures)
Who gets more pizza or do they get the same amount? -both

x

Who gets more pizza or do they get the same amount? - &

5

K, 1st and
2nd

2

x
x

Share cracker between 3 people (picture)
Share 10 pencils between 5 people (picture)

1st, 2nd, and
3rd

1

x

What fraction of the eggs shown has spots?-Bird Egg fraction
with spots

Lesson Observation Protocol
The Lesson Observation Protocol was designed to collect information regarding
the relationship between the use of manipulatives and students’ fractional understanding.
The lesson observation protocol had the observer record time, script the discourse of the
lesson, and record the students’ actions and work with models in three separate columns
as shown in Figure 3.1.
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Figure 3.1. Lesson Observation Protocol
During the actual teaching of each of the research-based fraction lessons, a faculty
or graduate student with experience in mathematics education from the local private
university observed the lessons. The observers scripted the discourse of the lesson and
tried to capture students’ actions, language, and responses with the use of manipulatives.
The observers wrote down the teacher candidate’s questions and recorded students’
responses about the fraction concepts when presented with the aid of different types of
manipulatives. The observers also tried to record students’ representations by drawing
visuals of their work.
Teacher Candidate Reflection Protocol
Along with observations of the lessons, the teacher candidates were asked to
reflect on the fraction lessons taught. The teacher candidate reflection protocol was
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developed by the researchers of the larger longitudinal study. At the end of each lesson,
the teacher candidates wrote reflections about the lesson, classroom management issues
and strategies, mathematical content knowledge needed, use of manipulatives, necessary
instructional modifications, and techniques or challenges to student success. There were
eight questions on the reflection protocol with two questions having sub-parts. There was
one question that directly asked about the use of manipulatives and one question that
indirectly asked about manipulatives. Figure 3.2 shows all the questions on the teacher
candidate reflection protocol. Teacher candidates also answered questions on the
effectiveness and ineffectiveness of management and instructional strategies that
sometimes related to the use of manipulatives.
Teacher Candidate Assessment Protocol
Another instrument used for qualitative data collection was an assessment
protocol. The Assessment Protocol was adapted from the Bay-Williams (2007) book,
Field Experience Guide for Van de Walle, Elementary and Middle School Mathematics.
The Assessment Protocol was used to collect information about students’ understanding
and growth on a weekly basis. At the end of every research lesson, teacher candidates
were asked to recall and assess the students’ understanding and group students according
to their level of understanding. The teacher candidates grouped each student into
categories based on their own observations about students’ understanding of the day’s
lesson and their level of understanding of fractions with the use of manipulatives. The
teacher candidates categorized the students as either: “super,” “on target,” and “not yet”
after each lesson, thus providing valuable information about the students’ growth as the
lessons progressed (Figure 3.3). Additionally, teacher candidates’ justifications for
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assigning a student to a particular category provided insight into students’ understanding,
misunderstanding, misconceptions, and the effectiveness and impact of the particular
manipulative. The assessment protocol not only helped compare the development of
fractional ideas in students from one research lesson to another but also from one year to
another to map growth over time.

Figure 3.2. Teacher Candidate Reflection Protocol
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Figure 3.3. Teacher Candidate Assessment Protocol
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Lesson Plans
In addition to the lesson observation protocol, teacher candidate reflection
protocol, and assessment protocol, lesson plans were also collected from every teacher
candidate. The research-based fraction lessons were developed by the research team
based on a review of literature of best practices in teaching fractions. According to
research (Behr, 1976; Cramer & Wyberg, 2009; Jigyel & Afamasaga-Fuata'i, 2007;
Lamon, 2005; Post, 1981), using manipulatives to teach fractions best supports the
development of conceptual understanding of fraction ideas. Each fraction lesson
incorporated using a variety of models supported by manipulatives to teach fractions.
The research-based fraction lessons along with their development and correlation with
models and pre/post assessments are described in detail with the larger longitudinal
study. Though each fraction lesson was written in detail, teacher candidates could
modify the lesson based on individual student needs. So to gain insight into individual
student needs, the implemented lesson plans were collected from the teacher candidates
and compared with the original lesson plans to see if any differences existed.
Student Work
Student work generated during each lesson related to the use of manipulatives for
understanding fraction concepts was also collected. The aim of collecting student work
was to provide greater insight into understanding students’ thinking about fraction
concepts as they manipulated the different types of models while developing
understanding of the fraction concept. Student work related to the assessments was also
collected to better gauge the growth in students’ thinking about fractional concepts over
time.
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Data Analysis
In order to provide evidence for the research questions, each data collection
instrument was correlated to each research questions. Table 3.3 shows each research
question linked to the data collection instruments that assisted the researcher to make
certain that every data point was analyzed to thoroughly answer the research questions.
Table 3.3 Summary of the Data Analysis Methods Used to Answer Each of the Research Questions
Question

Data Collection

What do early elementary students know
and understand about fractional concepts?

x
x
x
x
x
x

Pre- and post-assessments
Teacher Candidate Reflection Protocol
Teacher Candidate Assessment Protocol
Lesson Observation Protocol
Student Work
Lesson Plans

How is the development of early
elementary students’ fractional
understanding related to fraction
instruction that incorporates the use of
manipulatives?

x
x
x
x
x

Lesson Observation Protocol
Teacher Candidate Reflection Protocol
Teacher Candidate Assessment Protocol
Student Work
Lesson Plan

How does early elementary students’
fractional understanding develop over
multiple years?

x
x
x
x
x

Pre and Post Assessments
Teacher Candidate Reflection Protocol
Teacher Candidate Assessment Protocol
Lesson Observation Protocol
Student Work

Data Analysis Methodology
As the intent of the study was to document the relationship between students’
fractional understanding and use of manipulatives, a case study methodology was used
for analysis. Students were purposefully selected based on criteria that they had
participated in the larger research study for at least three years and had the most
documented data. Each student was treated as a separate case that included the pre- and
post-assessment, the lesson observation protocol, the teacher candidates’ reflection and
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assessment of the student performance, the lesson plans, and the student work. There
were ten student cases identified that were assigned to one of the four groups based on
the number of participating years in the larger research study. The description of the
selection of student cases along with categorization into groups is explained in detail in
chapter four. Chapter four provides a detailed explanation of the data analysis of each
case and cross case analysis. Each student case was analyzed using triangulation of data
from the different data collection sources and then a cross case analysis was conducted to
identify emerging themes and patterns.
Triangulation of Data
The research used triangulation as a tool to code students’ fractional
understanding and verify the data collected from various sources. Simons (2009) defines
triangulation as “means of cross-checking the relevance and significance of issues out
arguments and perspectives from different angles to generate ad strengthen evidence to
support key claims” (p. 129). Each student case was analyzed holistically through data
collected from various sources. Creswell (2007) explains that when using a case study
methodology, “the researcher establishes patterns and looks for a correspondence
between two or more categories” (p. 163).
The researcher used a constant comparative method for data analysis. According
to Creswell (2007), constant comparative method involves “taking information from data
collection and comparing it to emerging categories” (p. 64). The researcher took data
collected from the various data collection instruments for each case and compared it to
the themes established by the coding structure described in the next section. Colors were
assigned to each of the major themes as highlighted by Figure 3.4.
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Since the purpose of the current research study was to examine the relationship
between the use of manipulatives and early elementary students’ fractional
understanding, use of manipulatives was used as a separate code along with examining it
within the broad themes of part-whole partitioning, fair share, unitizing, and
equivalence. The researcher thus undertook one student case at a time and coded the data
under the five broad themes of part-whole partitioning, fair share, unitizing, equivalence,
and use of manipulatives. The researcher looked at the students’ understanding within a
year and also over the participating years by comparing the post-assessment from a
previous participating year to the pre-assessment of the next participating year. The first
pre-assessment for each student provided information about student’s entering knowledge
about fractions. Other data sources such as lesson observation protocols, teacher
candidate reflections, and teacher candidate assessment notes were also analyzed from
one particular year and over time to gather insight into students’ thinking and
understanding of fractional concepts. The lesson plans and student work provided
supporting evidence during data analysis. The researcher also accounted for any
emerging divergent themes. If the comparison revealed any themes that did not fit into
the existing theme, the researcher used axial coding for the themes diverging from the
coding structure. Creswell (2007) defines axial coding as a way for researcher to take an
open or divergent code and then go back to the data and create categories around the
existing coding structure. As mentioned before, the researcher first analyzed each case
separately by looking at the growth in fractional concepts within one year and over time
for that particular student case and then cross analyzed the cases within a group.
Analysis of each individual student case and each group analysis is detailed in chapter
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four along with details of the selection of cases and categorization in various groups.
After analyzing all individual student cases and group analysis, cross-case analysis for all
the students was conducted by comparing all the individual student cases for themes and
commonalities. Figure 3.5 shows the table used for cross-case analysis. The researcher
presents the cross-case analysis for all the groups in chapter five and connects it to the
research questions along with providing implications for the current research study.
Coding Structure
As mentioned earlier, the coding structure for this research study was the same as
that of the larger research study. The coding structure was informed by research on
fractions and using manipulatives to teach fractions. The coding structure was developed
through an exhaustive and rigorous literature review by the research team that designed
and implemented the larger longitudinal research. The process for the development of
coding structure started with an initial discussion about the fraction literature and the
research questions of the larger study. Every member of the research team then
independently developed a coding structure. The group convened and each coding
structure from the individual members of the research team was compared and contrasted
to develop one coding structure-keeping in mind the research on fractions. Major
discussions between the members of the research team were held in deciding whether the
data should be analyzed under the big umbrella of discrete or continuous models (types of
models) or under fraction concepts (part-whole, fair share, unitizing and equivalence).
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Language
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Understandings
U

Types of
Understandings

Continuous Models

Misunderstanding

Types of Models

Unitizing

Figure 3.4. Coding Visual for the Research Study
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Student Understanding

Misconceptions
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Figure 3.5. Cross-Case Analysis Spreadsheet

Note: - The names in the spreadsheet are pseudonyms for students in the current research study. Selection and description for
each of the student is detailed in Chapter four.

The research team discussed and revisited the research on fractions to solve the
disagreement. After a number of meetings and revisiting the theoretical framework, it
was decided that the analysis would yield more information when examined through the
part-whole, fair-share, equivalence, and unitizing big umbrella. It was determined that
this type of analysis would reveal more information as the students’ understanding would
be assessed on their work related to part-whole, fair-share, equivalence, and unitizing,
that is, the fraction concepts. Looking through the lens of fraction concepts would
provide insight into the ways students think and understand the concepts along with
development in their thinking related to the fraction concepts emphasized. Another
rationale for taking fraction concepts: part-whole partitioning, fair share, equivalence,
and unitizing, was that the main focus of the research study was to examine students’
thinking about the various fraction concepts. It thus justified taking fraction concepts to
be the big umbrella for analyzing students’ understanding.
The models formed a sub-category under the big umbrella of fraction concepts as
they supported the development of the fractional ideas. The rationale for assigning types
of models as a sub-category was that the various models were used to develop the same
fractional concepts and ideas and hence formed the sub-category. The instruction
exposed students to a variety of models aimed at teaching the same fraction concept by
providing different contexts and different physical attributes to manipulate. For example,
students explored the concept of part-whole partitioning through the use of counters
(discrete model) or Hershey’s® bar (continuous model. Yet another reason for models as
a sub-category was that students’ comfort level with the models was to be analyzed
within part-whole partitioning, fair share, unitizing, and fair share. It was concluded by
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the research team that the models supported the concepts of part-whole, fair-share,
equivalence, and unitizing. Figure 3.4 provides a visual map illustrating the coding
structure. For example, the visual shows that students’ understanding was analyzed
under part-whole and then further examined at the development of part-whole concept
through the discrete and continuous models. The coding structure was also given more
depth by providing third level categories as the types of representations used by the
students such as: language, pictorial, symbolic, and action. Additionally, the research
team was interested in not only exploring the students’ understanding but also looking at
students’ misunderstanding and misconceptions as they also reveal critical information
about students’ thinking and thought processes.
Reliability and Validity
Efforts were made to preserve the validity and reliability of this research study.
To preserve the validity of the research study, triangulation of data was conducted from
various data sources such as lesson observations, teacher candidates’ reflections, and
teacher candidates’ assessment notes. Additional support for the findings was given by
student work as applicable. The researcher also analyzed each case separately and then
conducted a cross-case analysis to further support internal validity of the study. Multiple
data collection instruments were used to gather the same information, providing further
dependability and validity of the data collected by triangulation of data through different
cases. Merriam (1998) recommends the use of “multiple sources of data and multiple
methods” for triangulating data to confirm emerging findings (p. 204). Foreman (1948)
states that the process of establishing validity in multiple case studies is through pooled
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judgment (as cited in Merriam, 1998). Moreover, triangulating the results from different
cases for commonalties further provided strength to the findings of the research study.
The researcher also used other ways to control for the internal validity of the
study. The researcher had been involved in the larger research study for multiple years
and provided detailed description of the context for supporting the internal validity of the
study. According to Merriam (1998), gathering data over a period of time increases the
validity of the findings. This research study analyzed data collected over time and
compared multiple years of data collected to validate the results of the research study.
The researcher also made efforts to control for researcher bias by clarifying any
researcher assumptions, adhering to the coding scheme of the larger longitudinal study,
and using the assessment scoring by other members of the research team and independent
graders. According to Gay, Mills and Airasian (2008), triangulation of data, detailed
description of context, long-term observations, addressing researcher bias, and overlap of
data collection methods provide validity to qualitative data analysis.
To ensure external validity and reliability of the data, the researcher attempted to
establish theoretical generalizability by using many cases to study the same phenomenon.
Cross-case analysis for commonalities across cases provided internal validity. Moreover,
the use of the same coding structure to compare themes enhanced the generalizability of
the results (Merriam, 1998; Yin, 2014). The researcher attempted to establish analytical
generalizability (Yin, 2014) by trying to shed empirical light on the cases and the
theoretical concepts and principals involved. The researcher provided a detailed, rich,
and thick description of all the data collection and analysis so that an observer can follow
all the evidence related to the study.
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Larger Research Study
Context
The larger longitudinal research study was developed as a partnership between a
Professional Development School (PDS) and a local private university. Professional
Development School (PDS) is defined as a “regular school that works in partnership with
a university to develop fine learning programs, thought-provoking preparation of
teachers, professional development for experienced teachers, and research projects for
further professional knowledge” (Campoy, 2000, p.6). The development of a PDS is
based on the Holmes Group (1990) report that recommended the establishment of PDS
“to enhance the quality of schooling through research and development and the
preparation of career professionals in teaching” (p. 1). The use of PDSs is to “reorganize
and renew both schools and teacher-training programs,” to provide a solution to
piecemeal reforms of the past, and to pave the way for simultaneous education reforms in
K-12 and university level (Campoy, 2000, p.4). According to Levine (2002), a PDS
shares “responsibility for the preparation of new teachers, the development of
experienced faculty members, and the improvement of practice- all with the goal of
enhancing student achievement” (p. 65). The larger longitudinal research study was
designed and developed as a need from the school district to provide research based
reforms to increase students’ fractional understanding. Local private university
researchers collaborated and partnered with a local elementary school for designing and
implementing the research study.
The longitudinal research study was developed and conducted every fall semester
from 2007 to 2013. The research study involved students enrolled in undergraduate
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classes for certification to teach Elementary to 6th grade at a local private university. The
undergraduate classes involved the teacher candidates in working with students in
elementary schools under the supervision of classroom teachers. The students enrolled at
the local private university are referred to as teacher candidates and had either taken or
were taking an elementary mathematics methods course. It was the teacher candidates
that administered the intervention in the form of fraction lessons to small groups of
students in the research study. The teacher candidates involved in the study were either
in their junior or senior year of the undergraduate program. Though the junior and senior
level teacher candidates had the same roles in the longitudinal study, they differed in their
level of involvement with the elementary school. The teacher candidates in their junior
level were designated as a teaching associate (TA) since they were in the school for 2
hours each day. The teaching associates were also assigned a classroom teacher as a
supervisor that mentored them during their field experience. Though the teaching
associates (TA) had some experience working one-on-one with elementary students
during their freshman and sophomore years, it is the junior year that marked the
beginning of the experience of being in school and interacting with groups of students
under the supervision of a classroom teacher. The larger longitudinal research study
provided TAs with the additional experience of working with a group of students
specifically teaching fractions. In the research study, the TAs taught fraction lessons in a
small group setting of students. The teacher candidates in their senior level were
designated as interns in the program. The interns were placed in a specific elementary
classroom all day for teaching throughout the year under the guidance and mentoring of
an experienced classroom teacher. Though interns were involved in planning and
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teaching throughout the year with their mentors, they were solely responsible for
planning and teaching all instruction in the class for set amounts of time. In the research
study, the interns also delivered the research-based fraction lessons in a small group
setting like the teaching associates. The number of teaching associates and interns in the
research study differed each year depending on enrolment in the course. Table 3.5 shows
the number of teaching associates and interns from 2007 to 2013 by grade level.
Training of Teacher Candidates
In order to prepare the teacher candidates for the research study, approximately
four hours of professional development was conducted prior to teaching the lessons. The
teacher candidates were exposed to the overall research study in terms of its structure and
their role during a three day orientation. The first day introduced the teacher candidates
to research on fractions: the difficulties faced by students with fractions, the need for
developing fractional knowledge, and the use of manipulatives for facilitating fraction
knowledge. Salient features from the literature review were discussed with the teacher
candidates. The structure of the research study was presented and various data collection
instruments were discussed. The teacher candidates were given specific research articles
to read that provided clarity and further understanding of the fraction research and its
need. For example, in year 2012, the teacher candidates were given articles by Behr and
Post (1981) and Moone and de Groot (2007) to provide them with background
knowledge and research on teaching and learning fractions. The articles were discussed
in whole group and an overview of the intervention was presented.
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Table 3.4. Teacher Candidate Composition Breakdown for Larger Research Study
Year

Total
Teacher
Candidates

2007-2008

6

Composition of Teacher
Candidates as TA or
Intern
5 TA
1 Intern

17

12 TA
5 Interns

2 Kindergarten (1 TA, 1 Intern)
2 First Grade (All TA)
8 Second Grade (7 TA, 1 Intern)
5 Third Grade (2 TAs, 3 Interns)

8

6 TA
2 Interns

3 Kindergarten (2 TAs, 1 Intern)
1 First Grade (TA)
3 Second Grade (2 TAs, 1 Intern)
1 Third Grade (TA)

14

10 TA
4 Interns

5 Kindergarten (All TAs)
1 First Grade (Intern)
5 Second Grade (All TAs)
3 Third Grade (All Interns)

18

14 TA
4 Interns

5 Kindergarten (4 TAs, 1 Intern)
2 First Grade (All TAs)
6 Second Grade (4 TAs, 2 Interns)
5 Third Grade (4 TAs, 1 Intern)

14

10 TA
4 Interns

6 Kindergarten (4 TAs, 2 Interns)
2 First Grade (All TAs)
4 Second Grade (3 TAs, 1 Intern)
2 Third Grade (1 TA, 1 Intern)

10 TA
4 Interns

6 Kindergarten (4 TAs, 2 Intern)
2 First Grade (All TAs)
4 Second Grade (3 TAs, 1 Intern)
2 Third Grade (1 TA, 1 Intern)

2008-2009

2009-2010

2010-2011

2011-2012

2012-2013

2013-2014

14

Composition of Teacher Candidates by
Grades
1 Kindergarten (Intern)
5 Third Grade (All TAs)

The second day of the orientation was focused on helping teacher candidates gain
insight into the assessment and evaluation protocols to be used in the study. In 2007, the
teacher candidates were asked to find a grade appropriate student outside of the classes
involved in the research on which they could pilot administering the assessment protocol.
In years after 2007, the assessment was also modeled by a member of the research team
during the orientation. An elementary child from outside the research study was brought
in to model the assessment. The child acted as a “real student” with the researcher
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administrating the assessment in an interview format. One of the researchers modeled
administering the assessment while the teacher candidates were asked to observe and take
notes using the recording instrument to be administered with the students. The teacher
candidates were paired after the modeling of the assessment and asked to share their
notes and thoughts on their recording of student responses. The teacher candidates were
also given time to practice scoring the assessment protocol rubric with a partner and then
shared their experience with the whole group. The researcher led the teacher candidates
through each part of the rubric to further strengthen their understanding of the assessment
protocol. The teacher candidates were encouraged to practice the assessment on an
elementary child not connected or involved in the research study but within the K-3
range. The second day of the orientation ended with a review of the schedule and a
discussion of logistics for data collection.
Once the background knowledge of the research, the need for development of the
research study, and the structure and data collection instruments of the larger research
study were presented and discussed during the first two days, the third day was focused
on the fraction lessons. The teacher candidates were provided with the appropriate grade
level lesson plans to be delivered in a small group setting. They were given the
opportunity to study the lesson plans in-depth, discuss, and ask questions to clarify
doubts about the lessons. A member of the research team met with each grade-level
group to further discuss and clarify any concerns with the lesson structure and activities.
The fraction lessons were written in detail and teacher candidates were given one set of
grade appropriate manipulatives to practice the lessons within their group for better
understanding. The teacher candidates were encouraged to modify lessons related to
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individual student needs. The teacher candidates were given ample time to get
familiarized with the lessons and study them in-depth. The third and last day of the
orientation ended with discussions on the fraction lessons, schedule of delivering the
lessons, and ways of collecting student work related to the activities of the lessons.
Intervention
The intervention designed for the larger research study was a sequence of six
grade appropriate lessons that focused on developing fraction concepts with the use of
manipulatives. The lessons were developed by the research team and informed by
research on fractions. The following section provides a detailed description of the
development of the fraction lessons as the intervention.
Research on fractions supports the use of a variety of models for developing
fraction concepts (Behr et al., 1988; Behr et al., 1983; Bezuk & Cramer, 1989; Cramer et
al., 2008). According to Lamon (2005), a fraction model can be discrete if it consists of a
group of undividable objects or considered continuous when perforated or partitioned.
Behr, Wachsmuth, & Post (1988) and English (1997) recommend the use of continuous
models as they are more readily generalized, but Moss (2005) cites limitations of the
continuous model, such as a circle, stating that a circle representation tends to support
additive thinking rather than multiplicative thinking. Other researchers (Hunting, 1986;
Mack, 1995; Mack, 2001) support the use of discrete models by stating that discrete
models build on students’ whole number strategies that they have already learned. Since
the research on teaching fractions is unclear about whether discrete or continuous models
best facilitates students’ fractional understanding, both models were used to design the
lessons. Lamon (2005), Taube (1995), and Watanabe (1996) support the incorporation of
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both models in order to increase students’ flexibility in thinking about fraction concepts.
Researchers Steencken and Maher (2002) have also cited the use of commercial
manipulatives such as Cuisenaire Rods® as a concrete model for facilitating students
understanding of fractional ideas. There also has been some mention of use of
Cuisenaire Rods® and pattern blocks as facilitating understanding of relative size of the
fractions (Lamon, 2005; NCTM, 1989). But research on use of commercial
manipulatives is limited and it was even more scarce at the time of designing the fraction
lessons. Hence, the larger research study used teacher-made manipulatives to foster
students’ fractional understanding. Another rational for the use of teacher-made
manipulatives could also have been that the fraction-lessons were designed to inform and
enrich classroom instruction and hence manipulatives easily accessible to teachers were
used in the intervention.
The researchers thus designed the lessons so that students would be exposed to
learning fraction concepts with both types of models with a culminating lesson that
connected both representations. Both discrete and continuous models supported by
manipulatives were used to develop understanding of part-whole partitioning, fair-share,
equivalence, and unitizing. The goal of the intervention was to present students with
focused fraction instruction within the context of the classroom that incorporated
manipulatives and hands-on experiences to help reinforce and refine their thinking about
fraction concepts. The lessons were designed so that each student experienced the
fraction concepts either beginning with a discrete or continuous model and then moving
to the other type of model and concluding with both types of models. Another important
feature of the lesson sequence was that the first lesson of each grade overlapped with the
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last lesson of the previous grade to provide continuity and review of the concepts. Some
review of concepts was also included within each lesson to reinforce fraction concepts.
The research-based lessons were also correlated with the questions on the
assessment so that the effectiveness of the lessons could be compared and evaluated. It is
important to mention that the lessons were developed after the assessments. The
assessments were designed first to gather information about students’ fractional
understanding. The assessments reflected the fractional understanding that students need
to have developed for that grade level. The lessons were designed after the assessments
and were based on developing understanding of those fractional concepts. Each of the
lessons was designed so that it correlated with the questions asked on the assessment.
The rationale behind correlating the lessons to the assessment was not only to look at the
comparative effectiveness of the lessons but also to gauge the growth and development of
fraction concepts in students. Tables 3.5, 3.6, 3.7and 3.8 shows the breakdown of the
lessons for each grade level by the manipulatives used.
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Continuous model

Discrete and continuous
models

5. Eating Fractions, Day 2

6. Fraction Concentration

Discrete to Continuous model

3. The Doorbell Rang,
Day 2

Continuous model

Discrete model

2. The Doorbell Rang,
Day 1

4. Eating Fractions, Day 1

Model
Discrete model

Title
1. Teddy Bears in the
House
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Concentration cards with symbol, discrete
model, and continuous model fractions

Equal parts cards, picture of objects cut into
equal and unequal parts

Eating Fractions (MacMillan, 1991),
symmetrical and nonsymmetrical cutout
shapes, Paper plates

Paper plates, story character cutouts, one
large cookie

Cookie Crisp cereal® (or models of
cookies), model cutouts of story
characters, The Doorbell Rang
(Hutchins, 1986)

Manipulatives and Instructional Resources
Teddy bear counters, house picture, The
Gummy Candy Counting Book (Richard
Hutchings and Amy Hutchings, 1997)

Table 3.5. Kindergarten Lesson Summation

Greenes, Dacey, Cavanagh,
Findell, Sheffield & Small
(2004)

Moore (n.d) and
Scott Foresman-Addison
Wesley (1998)

Moore (n.d.) and
Scott Foresman-Addison
Wesley (1998)

Adapted from the lesson
“Cookie Fractions: The School
Bell Rang” available at
http://atozteacherstuff.com/pag
es/287.shtml

Researcher-developed

Source
Adapted from Greenes, Dacey,
Cavanagh, Findell, Sheffield &
Small (2004)

Counters

Jump, Kangaroo Jump (Murphy, 1999),
models cut-outs of characters,
Teddy Bear counters

Set of fraction circles

Adapted from Hillen (2000) and NCTM
(2004). Navigation series

Manipulatives and Instructional
Resources
Fraction concentration cards, fraction
circle
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6. Connecting Set and Discrete and continuous One Hungry Cat (Rocklin, 1997), paper
Area model
models
cookies, paper rectangle
representing cake, fraction memory
set

Discrete Model

5. The set model and
Fractions

Continuous model

3. Finals with Fraction
circle

Discrete Model

Continuous model

2. Fractions with
Fraction Circles –
Day 2

4. Fraction with set
model

Continuous Model

Model

1. Introducing
Fractions with
Fraction Circles

Title

Table 3.6. First Grade Lesson Summation

Researcher-developed

Modified from Lamon
(2002)

Modified from Lamon
(2002)

Adapted from Boney, S.
(n.d.). Monstrous Math.
Curriculum archive.
http://www.buildingrainbows
.com/CA/lesson/lessonid
/1069776086

Adapted from Hillen
(2000) and NCTM
(2004). Navigation
series

Adapted from Hillen
(2000). Fabulous
Fractions and NCTM
(2004). Navigation
series

Source

Continuous model

Continuous Model

Discrete Model

Discrete Model

Discrete and continuous
models

2. Creating Fraction
strips

3. More with Fraction
Strips

4. Working with Discrete
model

5. Another With Discrete
Model

6. Wrap-up fractions

Title
Model
1. Connecting the Set and Discrete and Continuous
Area model
model
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Counters, Brownies

Counters, laminated sheet of “the Pig pen”,
multiple fruit stands, pig pens

The Doorbell Rang (Hutchins, 1986), cookie
counters, model cut-outs of the
characters

colored construction paper strips, laminated
fraction strips (construction paper)

Eating Fractions (MacMilliam), colored
construction paper strips, laminated
fraction strips (construction paper)

Manipulatives and Instructional Resources
Counters, Brownies, Fraction Memory Set

Table 3.7. Second Grade Lesson Summation

Researcher-developed

Adapted from Moone, G &
DeGroot (2007) and Van de
Walle, Karp, & Bay-Williams
(2010).

Researcher-developed

Adapted from Fun with
Fractions, Lesson 1: Making
and Investing Fraction strips
http://illuminations.nctm.org/L
essonDetail.aspx?ID=L540.

Adapted from Fun with
Fractions, Lesson 1: Making
and Investing Fraction strips
http://illuminations.nctm.org/L
essonDetail.aspx?ID=L540.

Source
Adapted from NCTM (2004)
Navigating through Numbers
and Operations in Pre-KGrade 2

Continuous model

Continuous model
Continuous model

3. Hershey’s®
Fractions Day I

4. Hershey’s®
Fractions Day II

5. The Cake Problem
Discrete and continuous
models

Discrete and continuous
models

2. Eggstravagent
Fractions Part II

6. Culminating
Gallery Walk

Discrete model

Model

1. Eggstravagent
Fractions Part I

Title
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Counters in sets of 12 and 24, paper
squares

Paper rectangles to represent cakes

Recording sheet

Paper Hershey’s® bars, scissors, glue,
poster paper

Egg cartons, construction paper egg
cartons cut into common fraction
pieces

Manipulatives and Instructional
Resources
Egg cartons, cotton balls

Table 3.8. Third Grade Lesson Summation

Researcher-developed

Researcher-developed

Researcher-developed

Researcher-developed

Hargrove (n.d.)

Hargrove (n.d.)

Source

Care was also taken to match the types of models used to the grade appropriate
skills set forth by the Texas Essential Knowledge and Skills (TEKs) (Texas Education
Agency (TEA), 2007) and the Principles and Standards for School Mathematics (NCTM,
2006). Each lesson engaged students to work in a contextual setting with the various
models to understand fraction concepts that aimed at supporting flexibility in thinking.
The lessons also incorporated other instructional strategies such as literature in the form
of reading and visual aids. The fraction lessons were sequenced in a logical progression
of fractional ideas that build on one-another and provided students with the foundational
basis of developing their thinking about fractions. As stated earlier, each lesson was
correlated to the assessment, since the assessment was designed first and reflected the
knowledge appropriate for each grade level. Table 3.9, 3.10, 3.11, and 3.12 shows the
correlation between the lessons and the assessments with C representing the continuous
model and D representing discrete models.
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Table 3.9. Kindergarten Assessment and Lesson Correlation
Model

Question

Lesson
Correlation
4,5

1. Can you show me what one-half looks like? Follow up if No
Response: Can you draw me a picture or shape and shade in 1/2?

N/A

2a How could you share these teddy bears fairly between you and a
friend? That would be two people
2b Tell me what you did.

D

3a If child was unable to do #2, skip this problem: How could you share
these pencils between you and 2 friends?
3b Tell me what you did.

D

1,2

4 How could you share this cupcake fairly between you and a friend?

C

3,4,5

5a Show me with these sticks where you would cut this cracker to share it
fairly between you and two friends.
5b Can you explain what you did?

C

3,4,5

6a Use the knife to show me how to share these 2 Play-doh® cookies
with 4 friends.
6b Tell me what you did.

C

3,4,5

7a Show me how you would share these three pieces of Twizzlers® fairly
between you and a friend; that is 2 people.
7b Tell me what you did.
7c How much does each friend get?

C

3,4,5

8a IF CHILD WAS UNABLE TO DO #7, SKIP THIS PROBLEM:
Show me how you would share these 5 pieces of Twizzlers® fairly
between you and 3 friends; that would be 4 people.
8b Tell me what you did.
8c How much does each friend get?

C

3,4,5

9a How could you share these pencils fairly between you and 4 friends?
9b Tell me how many pencils each friend gets if we share the pencils
fairly.

D

1,2, 6

10a Each glass has some liquid in it. Which glass is about one-third full?
10b Which glass is one-half full?
10c Explain to me how you decided.

C

3,4,5

1,2

5c What would you call each piece of the cracker?
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Table 3.10. First Grade Assessment and Lesson Correlation
Model

1. Can you show me what one-half looks like? Follow up if No
Response: Can you draw me a picture or shape and shade in 1/2?

N/A

Lesson
Correlation
1, 4, 5, 6

2a Show me how you would share these teddy bear counters
between you and a friend; that would be two people. By fairly, I
mean each of you would get same amount.
2b Tell me what you did.

D

4, 6

3a If child was unable to do #2, skip this problem: Show me
how you would share these teddy bear between you and 2
friends; that would be 3 people
3b Tell me what you did.

D

4, 6

4a Show me with these stirrers where would you cut this
cracker to share it fairly between you and 2 friends; that would
be 3 people. 4b Tell me what you did
4c What would you call each piece of cracker?

C

1, 2, 6

5a pretend you want to give your friend three-fourths of this
cracker. Show me how you would do that
5b Explain what you did?

C

3, 6

6a Can you use the knife to show me how to share these 2
Play-doh® cookies with 4 friends.
6b Tell me what you did.

C

1, 3, 6

7a Show me how you would share these three Twizzlers® fairly
between you and a friend; that is 2 people.
7b Tell me what you did.
7c How much does each friend get?

C

1, 4, 6

8a IF CHILD WAS UNABLE TO DO #7, SKIP THIS
PROBLEM: Show me how you would share these 5 Twizzlers®
fairly between you and 3 friends; that would be 4 people.
8b Tell me what you did.
8c How much does each friend get?

C

1, 4, 6

9a How could you share these pencils fairly between you and 4
friends; that would be 5 people?
9b Tell me how much of the set of pencils each friend gets if we
share the pencils fairly.

D

4, 6

10a Pretend I have these pencils, and I say you can have twothirds of them, Circle how many pencils you would get.
10b Explain to me what you did.

D

3,4,5, 6

11 What fraction of eggs shown have spots?

D

5, 6

Question
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Table 3.11. Second Grade Assessment and Lesson Correlation
Question
1. Can you show me what one-half looks like? Follow up
if No Response: Can you draw me a picture or shape and
shade in one-half? Or Can you write one-half?

Model
N/A

2. Can you show me one-half another way?

N/A

1, 2, 4

3a Can you share these teddy bears between you and 2
friends? That would be 3 people. 3b Tell me what you did.

D

4, 5, 6

D

4, 5, 6

C

2, 3, 6

C

2, 3, 6

C

2, 3, 6

C

1, 3

C

1, 3

D

4, 5, 6

11a Pretend I have these pencils, and I say you can have
two-thirds of them, Circle how many pencils you would get.
11b Explain what you did

D

4, 5, 6

12 Let’s pretend that our friend David found these birds
eggs in a nest. What fraction of the eggs shown have spots?

D

1, 4, 5, 6

4 Can you share these teddy bears between you and 5
friends? That would be 6 people?
5a Show me how you would cut this cracker to share it
fairly between you and 2 friends. That would be 3 people
5b Tell me what you did?
5c If you make the cuts, what would you call each piece of
the cracker?
6a Pretend you want to give your friend three-fourths of this
cracker. Show me how you would do that
6b Explain what you did?
7a Can you tell me how to share these crackers with 4
people? 7b What would you call each piece?
7c What does the top number mean? What does the bottom
number mean?
8 Let’s pretend that these are pizzas. Ted gets the pizza (the
shaded part) in the first pan and Mandy get the pizza (the
shaded part) in the second pan. Who gets more pizza or do
they get the same amount?
9 Let’s pretend that these are pizzas. Ted gets the pizza (the
shaded part) in the first pan and Mandy get the pizza (the
shaded part) in the second pan. Who gets more pizza or do
they get the same amount?
10a How could you share these pencils fairy between you
and 4 friends; that would be 5 people? 10b Tell me how
much of the set of pencils each friend gets if we share the
pencils fairly?
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Lesson Correlation
1, 2, 4

Table 3.12. Third Grade Assessment and Lesson Correlation
Question
1 Can you show me one-half?

Model
N

Lesson Correlation
3,4

2 Can you show me one-half another way?

N

3,4

3 Can you share pencils between you and 2 friends?

D

1,2,6

4 Can you share pencils between you and 5 friends?

D

1,2,6

5 Can you share pencils between you and 4 friends?

D

1,2,6

6a Can you show me how to share this cookie
between you and two friends?
6b What do you call each piece and why?
6c Can you write it down? What does the top #
mean? What does the bottom # mean?

C

5,6

7a Can you show me how to share these crackers
with 4 people?
7b What do you call each piece and why?
7c Can you write it down? What does the top #
mean? What does the bottom # mean?

C

5,6

8a Can you show me how to share these crackers
with 6 people?
8b What do you call each piece and why?
8c Can you write it down? What does the top #
mean? What does the bottom # mean?

C

5,6

9a Who gets more pizza or do they get same
amount? Why?
9b Who gets more pizza or do they get the same
amount? Why?
9c Who gets more pizza or do they get the same
amount? Why?
9d Who gets more pizza or do they get the same
amount? Why?

C

3,4

10 What fraction of eggs has spots? Why this one?

D

1,2,6

11a Sam said one-third is less than one-fourth or a
pie? Is Sam correct? Explain why?
11b Match picture of pie to symbol. Shade and

C

3,4

12 James says that this figure shows and Jackie

C

1,2,3,4

says it shows . Who is right or are both correct?
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The intervention was implemented by teacher candidates who taught one lesson
per week for 6 weeks. Each lesson was approximately 45-50 minutes long (one class
period) and delivered in a small group setting. The lessons were observed by a university
faculty member or a graduate student with experience in mathematics education. The
intent behind lesson observations was to find evidence of students’ thinking and
understanding of fractions.
Population and Sample for the Larger Longitudinal Study
The population for the larger longitudinal research study consisted of students in
grades K-3 in an urban school district in Central Texas, USA. All the students were from
an elementary school “Brazos Elementary School” (fictitious name) in the school district.
The demographics for the various years are shown Table 3.13. The numbers are
informed by the Academic Excellence Indicator System by the Texas Education Agency
(TEA, 2007-2012).
Table 3.13. Demographic Breakdown of the School by Year
African
American

Hispanic

White

American
Indian

Asian

Pacific
Islander

2007-2008

45.3%

34.6%

19.0%

0%

1.1%

0%

2008-2009

41.8%

36.7%

20.5%

0%

1.1%

0%

2009-2010

42.5%

36.1%

20.4%

0%

1.0%

0%

2010-2011

39.6%

41.0%

15.4%

0.2%

1.4%

0%

2.4%

2011-2012

43.7%

34.0%

16.2%

0.7%

0.9%

0.2%

4.3%

2012-2013

45.5%

36.3%

13.4%
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----------------4.8%---------------

Two
or
More
Races

The larger research study developed as a partnership between the local private
university and the PDS district employed a purposeful criterion sampling procedure
(Creswell, 2007; Creswell & Plano-Clark, 2011; Gay et al., 2008). The participant group
met the following criteria: each participating student was part of a grade-level appropriate
class in the selected professional development school, each was in a class with a
supervising in-service teacher willing to participate in the study, and each was part of a
class with at least one university teacher candidate. The number of participants in the
larger study is shown in Table 3.14.
Table 3.14. Participants in the Larger Research Study
Grade

2007

2008

2009

2010

2011

2012

2013

Kinder

22

23

37

19

25

40

Not in the
Study

First

Not in
study

20

8

0

10

12

Not in the
Study

Second

Not in
Study

Not in
Study

26

23

29

27

3

Third

41

26

11

16

38

14

8

Timeline
The longitudinal research study was conducted every Fall from 2007 to 2013.
Table 3.15 provides a timeline for the implementation and data collection of the research
study.
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Table 3.15. Timeline and Processes followed each Year
Month

Process

Mid-Augustto MidSeptember

x

Early
September

x

Pre-assessment conducted in interview format with each participating
elementary student

MidSeptember to
October

x

Teacher candidates taught research-based fraction lessons once a week for
six weeks in a small group setting.
Teacher candidates complete the Teacher Candidate Reflection Protocol
and Teacher Candidate Assessment Protocol after each lesson
Lesson Observations by university faculty or graduate student with
experience in mathematics education

x
x

x
x

November

DecemberMay

x

Planning meeting between researchers and classroom teachers for creating
schedule and identifying students
Orientation of teacher candidates
Obtaining letters of consent from guardians of all participating students.

x

Post-assessment conducted in interview format with each participating
student
Teacher candidate submit all student work related to the lessons.

x

All data was transcribed electronically.

Development of Scoring Rubric for Pre- and Post-Assessments
After the development and administration of the assessment, a four-point scoring
rubric was developed by the research team to evaluate the instrument. Since student
responses and their thinking could not be quantified with a correct or incorrect answer,
the research team developed a rubric to thoroughly assess students’ fractional
understanding. The rubric considered the thought process of the students and their
actions. Efforts were made to design a rubric that would match the assessments, be
consistent, and capture all of the students’ responses. Since every student has a unique
thought process, an intensive and rigorous process was followed to create the scoring
rubrics. The research team discussed and decided to develop a 0 to 4 continuum of level
of understanding to assess students’ responses. Discussions were held about the
significance of a score of 4, 3, 2, 1, and 0 and interpreting it in terms of students’
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understanding. The research team agreed to regard 4 as representing full understanding
of the concept and 0 showing no understanding. The levels of understanding for 3, 2, and
1 in regards to students’ thinking was discussed and the researchers tried to come to a
consensus about the levels of understandings. Discussions were also held about the use
of “correct numerical justification” and making it more specific and transparent in the
rubric.
The development of the rubrics proceeded with the research team pairing up to
work on a specific grade level. Each pair of researchers took a specific grade level and
followed the same process for developing a grade appropriate rubric. The pair of
researchers discussed and drafted an initial rubric by determining levels of understanding
for each question on the grade-level instrument informed by discussions and research.
The researchers then took a random sample of student assessments and graded them
independently to validate the initial draft of the rubric. The researchers met and
discussed any discrepancies between the scores. The initial draft was modified and
revised to better gauge the assessments. A second round of a random sample of
assessments were chosen and graded again with the revised draft. Once the second set of
scoring was completed, the researchers reconvened and compared the scores for any
discrepancies. Disagreements were settled by discussions and modifications were made
based on the inconsistencies found in the scores, and a second revised version of the
rubric was developed. The second revised draft of the rubric was also discussed with a
mathematics education faculty expert in elementary childhood education. Two
assessments were then randomly selected and independently scored by the research team
and the mathematics faculty member. The group reconvened with the mathematics
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faculty member and scores were compared. Discrepancies found between the scores
were discussed in light of the literature and the rubric was revised. The rubric was
modified again and a final draft of the rubric was created. The final draft was then sent to
the other members of the team for scoring and further validation.
Validation of the instrument. Once the pre- and post-assessments were
administrated and a scoring rubric was developed, validation in scoring the instrument
was conducted. The process of validation followed the same steps each year though
different graders were involved every year. The reason for using different graders was
that each year different graduate students with mathematics education experience were
enrolled in the local private university. Each year, a random sample of student
assessments was generated from all the pre- and post-assessment collected and given to
independent graders. In 2007 and 2012, the random sample of assessments was given to
two independent graders while in years 2008 to 2011 and 2013 the random sample was
given to three independent graders. All the independent graders in different years were
either certified elementary or secondary mathematics teachers. There was no difference
in the validation process or on the results except that literature states to use different
inter-rater reliability tests depending on the number of graders. Kappa was calculated to
establish inter-rater reliability for a given instrument. According to Von Eye and Mun
(2005), Cohen’s Kappa is calculated if there are two graders and for 3 or more graders
Fleiss Kappa is calculated.
The random sample of assessments was graded independently by the graders.
Once the random sample of the assessments was graded, the scores were entered in a
spreadsheet and Kappa was calculated. For year 2007 and 2012 Cohen’s Kappa was
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calculated as there were two graders and for years 2008 to 2011 and 2013, Fleiss Kappa
was calculated as they were 3 graders. According to Von Eye and Mun (2005), the
required threshold for a teacher developed instrument is 0.7 for establishing inter-rater
reliability. Hence, a Kappa of 0.7 or greater was desired for inter-rater reliability. The
Kappa was calculated each year and if the Kappa was less than 0.7, a member of the
research team met with the graders to discuss the scoring rubric. Discussion was held for
all questions that showed discrepancies of two points or more between the scores of the
graders. A second set of new randomized samples was then generated and given to the
same graders to score and Kappa was calculated again. In all years, the Kappa second set
of randomized sample revealed a Kappa of either 0.7 or above when the first validation
was unsuccessful. After the required threshold of Kappa was reached, all the pre- and
post-assessments were given to the graders to score.
Protection of Human Subjects
Efforts were made to protect human subjects in the larger research study. The data
was collected verbally or in written form within the regular teaching activities at the
campus, hence no risks were posed for the participants either physically or emotionally.
Each participant had a signed permission from a parent or guardian for participating in
the study. Student work along with any other data collected was always kept in a secured
and locked location. The data was available only to the researchers involved in the study
and all the student names were replaced by codes. Consent was also provided for
videotaping the students during instruction. Care was taken not to videotape students
whose guardians had declined videotaping but given permission to be a part of the study.
Random videotaping was done and videos were available for limited viewing only by the
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researchers. The videos were never placed on the web or permanent public access. The
taping of videos was also done unobtrusively with no danger or disturbance to the
teaching of the lessons. Choice was given to any participant to withdraw from the study
at any time. Codes were given to each student participant, teacher candidate, and
classroom teacher and were available only to the researchers involved in the study.
Conclusion
Utilizing a case study approach provided the researcher with the opportunity to
examine the relationship between the intervention and students’ fractional understanding.
It also provided the researcher with the means to answer the research questions
thoroughly. In Chapter Four, a description of each of the student cases is presented along
with categorization into the four groups. Each case is described in detail and analyzed for
emerging themes. Each case was analyzed separately before conducting a cross-case
analysis within each group. The researcher posits that the themes and patterns that
emerged from the data revealed insight about students’ fractional understanding and use
of manipulatives before and after instruction and over multiple years. The researcher
discusses the findings in Chapter Five within each of the research questions. The
researcher restates the research questions emphasizing the results of the data and how the
data yields implications for mathematics teaching and learning.
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CHAPTER FOUR
Findings
Introduction
By following an explanatory multiple case study research design, the researcher
analyzed the archival data from a larger research study to examine the relationship
between early elementary students’ fractional understanding and the use of manipulative
over multiple years. The researcher identified student cases that had participated in the
larger research study for at least three years to explore students’ understanding of
fractional concepts as a function of time. The researcher classified all student cases in
four distinct groups. This chapter provides a detailed explanation of the selection of the
student cases and their organization into four groups based on the number of years in the
larger research study for more effective cross case analysis. The chapter also includes a
description of each student case along with a description of the group. After a description
of each case and the group, the researcher shares findings from each case within the
broad themes of part-whole partitioning, fair share, unitizing, equivalence, and the use of
manipulatives. The researcher analyzed the themes generated from each case with a
particular group for commonalities to generate cross case analysis of the group. Findings
from all the groups and the themes that emerged were cross-analyzed for holistic
examination and presented as overall findings. The three research questions used to
maintain focus throughout the data analysis of the archival data were: What do early
elementary students know or understand about fractions? How is the development of
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early elementary students’ fractional understanding related to fraction instruction that
incorporates the use of manipulatives? How does early elementary students’ fractional
understanding develop over multiple years?
Selection and Coding of Student Cases
In order to answer the research questions, the first step was to identify student
cases. The researcher purposefully selected student cases that had been a part of the
larger research study for at least three years. Since the larger research study was
conducted in grades K-3 from 2007 to 2013, there were five longitudinal trajectories
identified as shown in table 4.1
Table 4.1. Longitudinal Trajectories
Longitudinal Trajectory
2007 to 2010

2007 to 2009

2008 to 2011

2009 to 2012

2010 to 2013

Year
2007
2008
2009
2010

Grade
Kindergarten
First
Second
Third

2007
2008
2009

First
Second
Third

2008
2009
2010
2011

Kindergarten
First
Second
Third

2009
2010
2011
2012

Kindergarten
First
Second
Third

2010
2011
2012
2013

Kindergarten
First
Second
Third
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Out of the 5 longitudinal trajectories identified, the one from 2007 to 2009 was
not considered. The rationale behind this was that when the larger research study was
first conducted in 2007, only kindergarten and third graders were involved in the study.
There were no first graders in 2007 which would not yield any student cases that had
been in the larger study for at least three years. Hence, only 4 longitudinal trajectories
were considered for the current research study: 2007 to 2010, 2008 to 2011, 2009 to
2012, and 2010 to 2013.
The researcher undertook one longitudinal trajectory at a time and identified
students who had been in the study for at least three years. There were a total of 20
student cases identified that had been in the larger research study for three or more years.
After identification of the students, the researcher categorized the student cases by the
number of years. Four distinct groups clearly emerged encompassing all the student
cases. Group 1 consisted of students who had been in the study for all four years, that is,
from kindergarten to third grade. There were seven students cases found for Group 1.
Group 2 was comprised of student cases that had been in the study for three consecutive
years. This included students who either belonged to the K, 1, and 2 grades subgroup or
the 1, 2, and 3 grades subgroup. There were a total of five student cases that could be
categorized in group 2. Group 3 included student cases that had been in the larger
research study for three non-consecutive years and belonged to either the subgroup K, 1,
and 3 or K, 2, and 3. The total number of student cases found for Group 3 was seven
students distributed between the subgroups. Group 4 consisted of student cases who had
been in the larger research study for at least three years but had repeated years in the
larger research study. There were ten possible subgroups within this group such as: K, K,
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1; K, K, 2; K, K, 3; K, 1, 1; K, 2, 2; K, 3, 3; 1, 2, 2; 1, 3, 3; 2, 2, 3 or 2, 3,3. There was
only one student case found for Group 4 belonging to the subgroup 2, 3, and 3. There
were no student cases found for any of the other subgroups. Table 4.2 shows the detailed
breakdown of the student cases found in the group and the subgroups.
Table 4.2. Original Student Cases in Each Group and Subgroup
Group

Subgroup

Student Cases

Group 1

K, 1, 2, 3

7 cases

Group 2

K, 1, 2
1, 2, 3

1 case
4 cases

Group 3

K, 1, 3
K, 2, 3

2 cases
5 cases

Group 4

2, 3, 3

1 case

Another decision researcher undertook was that the specific longitudinal
trajectory of any student case was not considered. This meant that the researcher did not
distinguish between student cases in the different longitudinal trajectories. For example,
distinction was not made on whether the seven student cases in Group 1 belonged to
longitudinal trajectory 2007 to 2010, 2008 to 2011, 2009 to 2012, or 2010 to 2013. A
student was categorized in Group 1 on the condition that he or she had participated in the
larger research study for four years regardless of the participating period of time, i.e., the
longitudinal trajectory. The researcher made this decision because the intervention in the
form of research-based fraction lessons incorporating manipulatives was the same for a
specific grade level for each year. The fraction lessons were very detailed and included
all the activities and the processes involved. It was thus justified that since the same
fraction lessons were used for a particular grade, every grade specific student would have
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received the same intervention irrespective of the year. Hence, being in different
longitudinal trajectories would have no impact on students’ fractional understanding and
its relationship to the use of manipulatives. The same rationale was applied to the other
three groups.
Out of the 20 student cases in various groups and subgroups, four student cases
from Group 3 (subgroup K, 2, 3) were removed due to lack of sufficient archival data for
analysis. The only student case from Group 2 belonging to subgroup K, 1, and 2 also had
to be dropped as this student had moved out of the school district in the second grade.
Complete data was not available for in-depth analysis and thus, this student was removed
from the current research study. The researcher was left with 15 student cases. Out of
the 15 student cases, one student was moved from Group 1 to Group 2 (subgroup 1, 2, 3)
as this student had no data available for the kindergarten year. Since the archival data
was obscure on this student’s participation in kindergarten, the researcher decided to treat
the student as having been in the study for three consecutive years. This student was
moved to Group 2 and this data was analyzed with the other student cases in the group.
Thus, this left six student cases in Group 1. The 15 student cases separated into 4 distinct
groups are shown in table 4.3.
Table 4.3. Student Cases for the Current Research Study
Group

Subgroup

Student Cases

Group 1

K, 1, 2, 3

6 cases

Group 2

K, 1, 2
1, 2, 3

None
5 cases

Group 3

K, 1, 3
K, 2, 3

2 cases
1 case

Group 4

2, 3, 3

1 case
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There were some further changes in the number of student cases that were
analyzed. Out of the six student cases in Group 1 as shown in Table 4.3, only three
student cases were analyzed. This decision was made because documentation of the three
students in the lesson plans was obscure and insufficient. For that reason, even though all
the student cases had archival data, three cases were chosen that had the most complete
set of archival data so that more in-depth and thorough analysis could be conducted to
answer the research questions. The same was true for two student cases in Group 2.
Table 4.4 shows the final ten student cases selected for the current research study
along with their demographic information. The ten student cases were then recoded for
the current research study as they had been assigned a different code each participating
year. The student cases within a particular group were assigned a random number and
coded as 1.1, 1.2, and 1.3 where the first number represented the group number and the
second number was the student number. The same coding was followed for all student
cases.
Table 4.4. Final Student Cases with Demographics
Group

Subgroup

Student Cases

Demographic Information

Group 1

K, 1, 2, 3

3 cases

3 females
2 Hispanic, 1 Caucasian

Group 2

K, 1, 2
1, 2, 3

None
3 Cases

K, 1, 3

2 cases

K, 2, 3

1 case

2 Females
1 Caucasian, 1 African American
1 Male – African American

Repeating

1 case

1 Female – African American

Group 3

Group 4

2 Males, 1 Female
1 African American, 2 Hispanic
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Data Collection
As mentioned earlier, for this research study, archival data was used from a larger
research study developed as a partnership between a local private university and a
neighboring elementary school that had started in 2007 and ended in 2013. Since the
current research study included archival data, the data collection instruments were the
same as that of the larger research study.
In this research study, one quantitative and five qualitative data collection
instruments were used. The quantitative data collection instrument, pre- and postassessments, from each year provided some descriptive statistics but major analysis of the
open ended parts of the assessments was performed for insight into early elementary
students’ thinking about fractions. The other qualitative data used were the lesson
observations, teacher candidate reflections, teacher candidate assessment notes, student
work, and lesson plans. These have been described in detail in chapter three.
Data Analysis
The data analysis for the current research study used the same coding as that of
the larger research study. A detailed description of the coding structure along with its
development is outlined in chapter three. As mentioned in chapter three, the researcher
compared and contrasted the student information with the coding structure of the larger
research study for patterns and themes under the broad category of part-whole
partitioning, fair share, unitizing, and equivalence. Specific colors were assigned to
themes by the researcher for coding purposes. For example, organge was assigned to
part-whole partitioning, green for fair share, yellow for unitizing, and pink for
equiavelnce. Colors were also assigned to the types of models, blue for discrete models
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and red for continuous models. Figure 4.1 once again shows the coding structure and the
coding colors assigned to different parts of the structure.
Moreover, as mentioned previously, the purpose of the current research study was
to examine the relationship between early elementary students’ fractional understanding
and the use of manipulatives over multiple years; hence, the researcher also analyzed the
data under the broad category manipulatives use separately in addition to looking at the
use of manipulatives under the categories of part-whole partitioning, fair share, unitizing
and equivalence. Thus, this chapter presents findings about each student case within a
particular group through the broad categories of part-whole partitioning, fair share,
unitizing, equivalence, and use of manipulatives. After a detailed analysis of each student
case was completed, the researcher summarized each student case for overall findings on
the relationship between understanding fractional concepts and use of manipulatives.
Moreover, after cases from a particular group were discussed, the researcher reports
cross-analyzed student cases within a particular group for emerging themes and patterns
and group analysis for each group. The researcher attempted to answer the first and the
third research questions through the sub-headings part-whole partitioning, fair share,
unitizing and equivalence while the sub-heading on use of manipulatives provides insight
into the second research questions. The researcher also connected all the student cases
through the cross-case analysis to the research question in chapter five. Implications and
ideas of future research are also discussed in chapter five.
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Pictorial

Discrete Models

Language

Action

Fair Share

Understandings
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Misconceptions

Equivalence

Types of
Understandings

Continuous Models

Misunderstanding

Types of Models

Unitizing

Figure 4.1. Coding Structure along with Coding Colors

Symbol

Types of
Representations

Part-Whole Partitioning

Student Understanding

Group 1
Group 1 was comprised of all student cases that had been in the larger research
study for all four years, that is, from kindergarten to third grade. The students in this
group belonged to any one of the four longitudinal trajectories: 2007 to 2010, 2008 to
2011, 2009 to 2012, or 2010 to 2013. As mentioned earlier, there were six student cases
in this group but only three were selected for analysis. The rationale for selecting the
three student cases was that they had the most complete set of data for in-depth analysis.
Though there were archival data available for the three cases not selected, documentation
related to student participation or actions and thought processes were not archived.
Incomplete data would not have allowed for thorough insight into the students’ fractional
understanding. Thus, the researcher purposefully chose the three student cases that had
the most documented archival data. The three student cases selected were randomly
coded as 1.1, 1.2, and 1.3. The first number denoted their group number and the second
was a random number assigned to each student for the purpose of the current research
study.
Student 1.1. – Gabriella
Student 1.1 was given the pseudonym of Gabriella for the current research study.
Gabriella was a Hispanic female. Analysis of the kindergarten pre-assessment provided
an insight into her understanding about fractional concepts when she entered the larger
research study. Gabriella showed no knowledge of representing one-half through a
picture or in any other way on the kindergarten pre-assessment. It was interesting that
though she was unable to represent one-half symbolically or pictorially, she identified
half to be a quantity received by a person when asked to share three Twizzlers® between
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two people. She was thus aware of the fraction half but was not able to represent it
pictorially or symbolically. She was confused when asked to represent one-half and
asked if it meant to “make a line” on the kindergarten pre-assessment. Moreover, she
was unable to name any other fractional part on the kindergarten pre-assessment. She
called a piece of a paper cracker split among three people to be a “section” and a fraction
of 10 pencils shared between five people to be two. This showed that she was using her
whole number knowledge and had no understanding of other fractional parts when she
entered the larger research study. On the other hand, she demonstrated some knowledge
of fair share though it was limited to knowing that sharing involved dividing objects in
groups. As shown in Figures 4.2 and 4.3, she knew that the Twizzlers® had to be “cut”
for sharing but had no notion of making equal groups. She had a very limited
understanding of “fairness” and believed that fairness meant for grown-ups to get bigger
pieces and children to get smaller pieces as highlighted in Figures 4.2 and 4.3.

Figure 4.2. Kindergarten Pre-Assessment Question #7: Sharing Three Twizzlers® among
Two People
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Figure 4.3. Kindergarten Pre-Assessment Question #8: Sharing Five Twizzlers®
between Four People
Her response in Figures 4.2 and 4.3 demonstrated that she had no clarity about
fair sharing mathematically and no concept of “fairness” in sharing. The response also
showed that she knew about “half”, as mentioned before, but her understanding was very
limited as depicted by the evidence. Though some success was seen when Gabriella was
able to share a cupcake between two people to some extent, there was an inability to
comprehend and transfer knowledge to more complex situations. Gabriella’s
kindergarten post-assessment was not archived, but analysis of her data over the four
years provided multiple examples of evidence that signified her growth in thinking about
the various fraction concepts. Detailed analysis of her case is represented through the
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broad themes of part-whole partitioning, fair share, unitizing, equivalence, and use of
manipulatives as determined by the coding structure and the researcher.
Part-whole partitioning. Gabriella showed growth in thinking about part-whole
partitioning over the four years in the larger research study. Analysis of her data showed
that she was not only able to identify and represent fractions through pictures and
symbols but also developed a deep understanding of part-whole partitioning. For
example, she was able to pictorially represent one-half successfully by the end of first
grade and further showed understanding of one-half through different pictures circles,
squares, rectangles, and symbols on the other assessments. Supporting evidence is
provided by the kindergarten lesson observations in which Gabriella successfully split a
“cookie” into quarters to show fourths. The kindergarten teacher candidate’s reflections
and the assessment protocol further triangulates the evidence noting that students in her
group had developed the concept of and

though still struggled with and

. The first

grade teacher assessment protocol showed that while she was unable to identify fractional
parts in kindergarten, Gabriella worked and identified fraction parts independently by the
end of the first grade intervention. The first grade lesson observations provided
additional evidence supporting the development of her fractional ideas. For example,
Gabriella called one-half as “one whole half” during the first fraction lesson in first grade
thus highlighting her misunderstanding with part-whole partitioning from kindergarten.
But by the end of the first grade intervention, she was able to name, label, and identify
different fractions.
Though Gabriella had gained considerable understanding of fractional parts, some
misunderstandings still existed. She named a piece of a paper cracker cut in three parts to
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be and on the first grade pre-assessment. This showed that she had not comprehended
numerator and denominator completely for symbolic representation of a fraction and still
had significant gaps in her understanding. This misunderstanding was also highlighted in
the third grade lesson observations when she wrote one-half as instead of . Evidence
of further dialogue was not available and hence it cannot be conclusively determined if
she overcame her misunderstanding and distinguished the differences of writing one-half
as and .
In spite of the confusion, the second and third grade data showed that the
interventions had provided Gabriella with experiences to further strengthen her
understanding of part-whole partitioning through the use of a variety of manipulatives.
The second grade teacher candidate’s assessment protocol highlighted that though she
had to be prompted and reminded of the fraction vocabulary in the beginning fraction
lessons, she had started developing thinking independent of the manipulatives. The
second grade pre- and post-assessments showed she had developed understanding of the
numerator and denominator where she correctly named and justified various fractional
parts. For example, on the second grade post-assessment Gabriella correctly identified
each piece of two paper crackers cut in the middle to be one-fourth and that it was onefourth because “there is one in each group and there’s 4 all together (sic).” The third
grade pre- and post-assessments provided supporting evidence for further growth in her
thinking through comprehensibility and transparency in her explanations and for her
choices of various fraction names. Her justifications had become more mathematically
sound and clear. Gabriella’s developed idea about part-whole thinking was also evident
from the question that asked her to identify two-thirds of 12 pencils. She was unable to
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do the question on the first grade pre-assessment, but she correctly answered it on the
first grade post-assessment and justified her thinking by stating that “I made into 3
groups, and you said you would take away two groups, so I thought…”. This also
showed that she had started to develop an understanding of grouping while working with
fraction parts. The third grade lesson observations further showed that she successfully
identified part-whole relationships in different scenarios such as illustrating a one-fourth
serving of 5 cakes. The evidence showed that Gabriella seemed to benefit by
participating in the larger research study and developed deep conceptual understanding
about part-whole partitioning by the end of her third grade.
Fair share. Data analysis indicated that Gabriella’s concept of fair share also
developed to a great extent over the four years in the larger research study. The
kindergarten teacher candidate’s assessment protocol quoted that “Gabriella was first to
split her big cookie in half. When asked how to split it among four people she did that
equally as fast and as accurate and the same for eight.” Analysis of pre- and postassessments over the other three years showed growth in her thinking about the concept
of fair share. Figure 4.4 shows her responses on sharing two Play-doh® cookies between
four people on the first grade pre- and post-assessments.
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Pre-Assessment

Post-Assessment

Figure 4.4. First Grade Pre- and Post-Assessment Question #6: Sharing two Play-doh®
cookies between Four People

117

The response on the pre-assessment showed that though Gabriella understood
sharing fairly means each person getting equal amount, she was confused with the
number of pieces – determining the equal amount rather than the size of the pieces. She
had divided the Play-doh® cookies into several pieces as she felt that “everyone can have
enough” and made sure that each person had nine pieces. The contrast provided by her
response on the post-assessment demonstrated that she had developed a clearer
understanding of fair share related to the size of pieces and even successfully identified
the fractional part each person would get. Moreover, she had split one Play-doh® cookie
in half and showed higher level thinking as she was able to make the biggest pieces
possible for sharing rather than splitting each Play-doh® cookie into fourths which would
have ended with each person getting two pieces. Gabriella had understood the concept of
“fairness” to a great extent and was demonstrating deeper level of thinking to some
extent.
Further evidence of her growth in thinking about fair share was provided by the
second grade post-assessment in which she identified one-half of a pizza cut in different
number of pieces to be the same amount. The exact question can be found in the
appendix. Gabriella’s response revealed that she had understood that even though a
fraction can be divided into different number of pieces, such as one-half divided into 3 or
4 pieces, it still represented the same amount. Thus, she had moved beyond thinking
about number of pieces determining a bigger share to thinking in terms of fractions.
There was also growth seen in her thinking from kindergarten as she shared 12 teddy
bears among 2, 3, and 4 people successfully on all the later pre- and post-assessments. It
was noticed that Gabriella still used whole number knowledge when making equal groups
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with discrete models. For example, on the second and third grade pre- and postassessments, when sharing pencils between people she made equal groups by counting
one pencil at a time and assigning it to a group until all pencils were exhausted. She had
developed the concept of fair share but was not able to visualize groups mentally or think
deeply about the concept of fair shares. It can thus be concluded that Gabriella had
developed an understanding of fairly sharing both discrete and continuous models among
different numbers of people to a great extent though deep conceptual understanding was
not developed.
Unitizing. Gabriella’s data showed very little evidence of unitizing. The
evidence provided by data analysis was that she successfully identified, labeled, and
represented the various unit fractions on the kindergarten post-assessment and first,
second, and third grade pre- and post-assessments. The third grade lesson observations
showed that she identified one-third and divided a candy bar in different ways to show
different representations of one third. The second and third grade teacher candidates’
assessment protocols further provided evidence that Gabriella knew unit fractions and
was able to represent them in different ways such as pictorial or symbolic. There was no
evidence available that showed her understanding of non-unit fractions such as chunking
of unit fractions. For example, being three iterations of . Though third grade lesson
observations cited an instance in which Gabriella identified one-fourth of a dozen eggs to
be 3 eggs, there was no evidence seen in which she thought of as 3 one-fourths.
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Equivalence. Gabriella demonstrated well-developed comprehension in fraction
equivalence by the end of the third grade as shown by the data analysis over the four
years in the larger fraction study. The concept was introduced in first grade where she
identified a whole being represented as or as evident from the first grade lesson
observations. Gabriella further developed understanding of equivalent fractions in the
second grade through the use of fraction strips. By the end of the second grade
intervention, she found equivalent fractions by merely looking at the fractions strips
without matching them or overlying them on top of each other as evident through the
second grade teacher candidate’s assessment protocol. The third grade post-assessment
showed her independent thinking about equivalent fractions when she represented onehalf as shown in Figure 4.5.

Figure 4.5. Third Grade Post-Assessment Question #2: Representing One-Half through a
Picture or Shape
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Though confused about the fraction name, Gabriella did a great job in relating the
fraction concepts of part-whole partitioning and equivalence. She correctly represented
one-half through equivalent fractions and showed her developing understanding of
connections between the fraction concepts part-whole partitioning and fraction
equivalence.
Further evidence provided in the third grade lesson observations in which
Gabriella represented a whole as , and other ways showed that she recalled her
learning from first and the second grades. She justified her understanding of fraction
equivalence by stating that “put 2 one-fourth over one-half, put altogether to make a
whole” when working with a Hershey® candy bar during the third grade fraction lessons.
Her actions on a card game on equivalence played during the second fraction lesson in
third grade further demonstrated her strong grasp of the concept of equivalence.
Gabriella traded for

and with

in the card game. An excerpt from a fraction

lesson in the third grade showed that Gabriella was able to identify multiple equivalent
fractions
Teacher: Gabriella Do you know how to write one-half?
Gabriella: 1 over 2, 2 over 4, 3 over 6.
All these instances showed that she had a strong conceptual understanding of
equivalent fractions by the end of third grade.
Use of manipulatives. Data analysis showed that Gabriella was distracted by the
use of manipulatives in kindergarten specifically with the use of teddy bear counters.
Though engaged, she would get distracted and rearrange her bears, interact with them,
and give them a “personality” as highlighted by the kindergarten teacher candidate’s
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reflections. Further evidence was provided by the kindergarten teacher candidate’s
assessment notes that quoted “Gabriella was very intent on smashing the mirror in the
bedroom with her bear.” In spite of the initial distractions due to the use of teddy bear
counters, Gabriella was able to develop understanding of part-whole partitioning and fair
share through the use of teddy bear counters as evident from the later kindergarten and
first grade lesson observations. She was also able to demonstrate her understanding of
fair share through successfully sharing the teddy bear counters between 2, 3, and 6 people
on the first grade assessments.
Other manipulatives such as the paper cookies seem to have helped Gabriella
better develop understanding of fractional concepts. Cookie manipulatives also helped
her “see” the inverse relationship between the fraction denominator and the size of the
fraction. For example, the teacher candidate quoted that the paper cookie helped
visualize the fact that “more kids that came in the house, less the cookies the students
would get” on the kindergarten teacher candidate’s reflections. Use of manipulatives
seemed to be more beneficial to Gabriella in first, second, and third grades. The first
grade teacher candidate’s reflections showed that different manipulatives provided
Gabriella with different ways to understand new fractional concepts and helped her stay
on-task. The evidence showed that Gabriella seemed to greatly benefit from the use of
fraction strips to develop understanding of equivalent fractions. Though the second grade
teacher candidate’s reflections highlighted her frustration with the folding of fraction
strips, observations from the teacher candidate referencing the fraction strips as a great
visual to compare fractions was also documented. The third grade teacher candidate’s
reflections supported the use of manipulatives as hands-on experiences for Gabriella to
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comprehend the fraction concepts of part-whole partitioning, fair share, and equivalence.
The first, second, and third grade lesson observations showed many instances where her
interaction with various manipulatives like the teddy bear counters, paper cookies,
fraction strips, and egg carton helped her develop a firm grasp of fractional concepts of
part-whole partitioning, fair share, unitizing, and equivalence.
Summary. Analysis of Gabriella’s archival data from four years in the larger
fraction study indicated that she benefited by participating in the research study. The
second grade teacher candidate’s reflection also quoted that she “knew so much more on
the post-assessments” and that the study helped her a lot. Gabriella developed
understanding of part-whole partitioning and fair share to a great extent though some
misunderstandings and confusions still existed. Her strongest growth in thinking was
seen in understanding equivalent fractions. She successfully named and identified
equivalent fractions through the use of fraction strips and other manipulatives and
developed independent thinking. Evidence of unitizing was not seen and hence
conclusions about her thinking of unitizing cannot be made. In the data analysis it was
noticed that manipulatives provided Gabriella with a platform to develop understanding
of the various fraction concepts. Though the use of manipulatives was distracting in
kindergarten, the various models helped her visualize the fraction concepts in different
contexts that helped develop her independent thinking. The hands-on aspect of using
manipulatives seemed to focus and engage her by providing her a means to physically
manipulate the models to develop deep understanding. Both discrete and continuous
models helped Gabriella to develop an understanding of fractional concepts and provided
her with a concrete visual to bridge and connect various representations of fractions such
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as pictorial, symbolic, and linguistic. Though, Gabriella demonstrated her understanding
using both the discrete and continuous models, she seemed to be more successful with
continuous models such as fraction strips or cakes.
Student 1.2 - Maria
Student 1.2 was given the pseudonym of Maria for the purpose of describing her
findings. Maria was a Hispanic female. Analysis of her data for a particular year and
over time yielded many interesting findings. She entered the research study with weak
knowledge of fractions. The kindergarten pre-assessment showed that even though Maria
fairly shared a cupcake between two people, she was not able to name one-half or draw a
picture or shape representing it or to even identify one-half. The kindergarten preassessment also highlighted that she was not able to explain her thinking and verbalize
her actions on fraction questions. For example when asked to explain her thinking, she
answered “my mom told me” on the kindergarten pre-assessment. Her weak
understanding of part-whole partitioning was demonstrated when Maria called a piece of
paper cracker cut in four to be a “square.” This could also be attributed to the fact that
not only comprehending fractions is difficult for students but fraction vocabulary also
represents a challenge. Analysis of her data over the four years is shared under the broad
themes of part-whole partitioning, fair share, unitizing, equivalence, and use of
manipulatives.
Part-whole partitioning. Maria developed a strong understanding of part-whole
partitioning over the four years in the larger fraction study. The teacher candidate’s
assessment protocol showed evidence that she had fully grasped one-half by the end of
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kindergarten. This was supported by evidence from the kindergarten post-assessment in
which Maria symbolically wrote one-half and verbalized while cutting a cupcake in
middle that “I would cut it in half.” Supporting evidence was also provided by the
kindergarten assessment protocol, where the teacher candidate quoted that Maria had
“fully grasped the concept of what one-half is and able to identify and draw/create it.”
Lesson observations from kindergarten also showed Maria’s strong grasp of one-half
through the following excerpt.
Teacher: Hold up square. Is this cut in ? Why?
Maria: it’s cut down in the middle.
The evidence from kindergarten data showed that while Maria had fully grasped
one-half, she also had a developing knowledge of one-third and one-fourth.
The first grade pre-assessment showed that Maria remembered the concept of
one-half from kindergarten. She was able to answer questions related to one-half on the
first grade pre-assessment and identified one-half successfully in the first fraction lesson
of the first grade. Further analysis of Maria’s work demonstrated that she had developed
the concept of one-third and one-fourth very strongly over time in the later three grades.
She divided a paper cracker in four parts and stated “one piece of that fraction would be
called ” on the first grade pre-assessment. Growth in her thinking from kindergarten is
also seen through her language and actions on the data from other grades. She verbalized
and explained her thinking process more clearly in upper grades than in kindergarten.
For example, on a question of dividing a paper cracker in four parts, she justified one
fourth as removing three pieces out of the four and being left with 1 out of 4. She was
able to name and identify common fractions such as , , , and in various situations as
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documented in the second and third grade data. Strong evidence of development of partwhole partitioning concept was seen in the third grade post-assessment in which Maria
was able to identify the fraction of eggs having spots and justify her thinking (as shown
in Figure 4.6).

Figure 4.6. Third Grade Post-Assessment Question #10: Demonstrating Conceptual
Understanding of Part-Whole Partitioning by identifying the Fraction of Eggs having
spots
The evidence showed that Maria knew the relationship of the numerator to parts
and the denominator to a whole or total. The third grade teacher candidate’s assessment
protocol showed that by the end of third grade she had a conceptual understanding of
part-whole partitioning. The third grade lesson observation provided further evidence of
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her growth through instances such as her successfully identifying that sharing 12 candies
between 3 people meant that each one would get one-fourth.
In spite of her developed concept of part-whole partitioning, some
misunderstandings related to the size of fractional parts still existed. Maria was confused
when the same fraction was represented by different number of pieces. For example, for
question eight on the second grade post-assessment (as shown in appendix), she
identified Mandy with one-half pizza divided in four pieces to be more than Ted with
one-half pizza divided in three pieces. By answering the same question the same way on
the third grade post-assessment, some misunderstanding and confusions were highlighted
related to part-whole partitioning fractional concept. Though her symbolic
representations and actions from data analysis showed well-developed understanding of
part-whole partitioning, her pictorial and language representations were still at a
developing stage.
Fair share. The strongest evidence was seen in the development of the concept of
fair-share over the four years. Maria entered the research study with some rudimentary
knowledge of sharing fairly between two people, but over the years she developed deeper
conceptual understanding of fair-share. She developed the concept of fair-share to a great
extent though the exposure to the interventions and use of manipulatives. Evidence from
the four years showed that she correctly fairly shared different models like pencils, teddy
bears, counters, brownies, Play-doh® cookies, and paper crackers between different
groups of people. Table 4.7 represents the comparison of performance on the same
question between the kindergarten and first grade post-assessments to demonstrate her
deeper understanding of fair share fractional concept.
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Kindergarten Post-Assessment

First Grade Post-Assessment

Figure 4.7. Kindergarten Post-Assessment Question#6 and First Grade Post-Assessment
Question #6: Sharing Two Play-doh® cookies between Four People
Though Maria correctly answered the question on the kindergarten postassessment, higher level thinking was seen on the first grade post-assessment on sharing
two Play-doh® cookies between four people. On the kindergarten post-assessment Maria
divided each Play-doh® cookie into fourths and gave two pieces to each student thus
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sharing fairly. But on the first grade post-assessment she thought more mathematically
by dividing a single cookie in one-half and stating that each person got half instead of
two pieces. Though, she answered the fraction received by each person to be half instead
of correctly stating one-fourth, her actions still showed growth in her thinking about fair
share. Maria demonstrated developing higher-order thinking by dividing each Play-doh®
cookie into one-half rather than dividing each Play-doh® cookie into the number of
people it was being shared, thus showing moving beyond dividing a quantity into the
number of people it had to be shared but rather thinking of making the biggest piece
possible for sharing.
Further evidence was seen about Maria’s conceptual understanding of fair share
when she had to share a discrete model such as pencils between people. Earlier responses
in the first grade had her making equal groups by counting pencils one at a time and
assigning them to a group until all the pencils were exhausted. By the third grade postassessment, she was thinking more insightfully. For example, she fairly shared the 12
pencils between 3 people by picking 4 pencils as a group which showed that she was
mentally forming groups in her mind. This was also seen for many other questions in
which Maria started with more than one to share fairly between different numbers of
people. Some examples seen with discrete models were sharing 12 pencils among two
people, Maria started with 2 at a time (third grade post-assessment); fairly sharing 12
teddy bears between three people, she started with 5 and went down to 4 to make 3
groups of 4 teddy bears (second grade post-assessment) and sharing 10 pencils between 5
people, she made groups of 2 mentally before circling (second grade post-assessment).
Supporting evidence of Maria’s higher level of thinking and problem solving was
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provided by the third grade teacher candidate’s assessment protocol in which the teacher
candidate quoted that Maria “realized that when dividing four brownies for six people,
you could divide each brownie into to make 12 pieces and the split evenly between six
people (sic).” Growth in her developed thinking was triangulated by evidence provided
by the third grade teacher candidate’s assessment protocol that showed her working
independently to share five cakes into four people. Maria had successfully developed a
strong understanding of fair share and demonstrated her firm grasp of the concept of fair
share through both discrete and continuous models.
Unitizing. No definitive evidence of unitizing was seen in the data collected for
Maria There was actually only one piece of evidence of unitizing in the teacher
candidate’s reflections from first grade where the teacher candidate quoted that “a lot of
my students had a hard time understanding that 3 pieces of fraction when colored in is
.” Though this evidence was related to unitizing, the sentence was general for all
students and hence no conclusive interpretations can be made specifically for Maria. No
further discussion or evidence of development of unitizing was seen. Though Maria
developed strong understanding of unit fractions as shown through evidence, conclusions
cannot be made regarding her ability to see a non-unit fraction as chunking of unit
fractions. Lack of sufficient evidence does not allow the researcher to make any
interpretations.
Equivalence. Evidence from Maria’s data signified that she demonstrated welldeveloped understanding of equivalence by the third grade. She exhibited initial
confusions when working with equivalent fractions in the first and the second grades. In
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the second grade lesson observations, Maria called to be equal to one-half but her
understanding eventually developed with experiencing the concept of equivalence
through different manipulatives. In the third grade teacher candidate’s assessment
protocol, the teacher candidate stated that Maria “could see

= and come up with

other equivalent fractions” and “immediately saw grouping that could be made out of
12…could see equivalent fractions between

, ;

, ;

, .” The second and third

grade lesson observations provided supporting evidence through various vignettes such as
Second grade lesson observation
Teacher: Show me equivalent fraction to one whole (working with fraction strips)
Maria: I used all of the sixths.
Teacher: What is this?
Maria: six sixths
Third grade lesson observations
Teacher: 2 groups of 6. We used 1 group of 6 (working with egg carton)
Maria: Oh!
Teacher: What does equivalent fractions means? (talking about whole while
working with Hershey® bar)
Maria: 2 out of 3, 3 out of 3 etc.
Teacher: try to make things equal to . Try to make
Maria: 2… 2 out of 4.
After some time
Teacher: how many 12ths does it take to make ?
Maria: . 6 twelfths, equivalent fractions.
Teacher moves to one-fourth
Maria: You could use . = .
These vignettes showed that Maria developed a strong understanding of
equivalent fractions and was able to name equivalent fractions with different types of
models. Maria’s conceptual understanding of fraction equivalence was also supported
through evidence from the third grade teacher candidate’s reflections that cited a
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teachable moment was provided when she split 12 eggs into 4 groups of three to
demonstrate one-fourth. The teacher candidate used Maria’s action to spur discussions
on equivalent fractions. Her student work from the third grade lesson observations is
shown as Figure 4.8 indicating her developed understanding of equivalence.

Figure 4.8. Student Work from Third Grade: Demonstrating Further Evidence of Strong
Conceptual Understanding of Equivalence
Use of manipulatives. Numerous instances of use of manipulatives being
fundamental in helping Maria develop fractional ideas were seen through the data
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analysis. Teacher candidates in multiple years cited several examples of the positive
impact of modeling with manipulatives that helped Maria develop strong conceptual
understanding of fraction concepts. Though the kindergarten teacher candidate
sometimes referred to manipulatives such as teddy bear counters as a distraction, overall
evidence showed that counters helped Maria develop various fraction concepts such as
part-whole partitioning and fair share in-depth. Evidence showed that the paper cookie
manipulative used in the intervention helped developed the concept of one-third and onefourth for Maria to a great extent. She developed the conceptual understanding of fair
share by sharing pencils and brownies and talking about serving sizes. Maria had
difficulty fairly sharing a discrete set of objects among different numbers of people on the
kindergarten pre-assessment, but with the subsequent exposure during fraction
instruction, she not only developed understanding of sharing fairly but also shared
discrete sets of objects by grouping them mentally rather than counting one-by-one.
Evidence indicated that Maria gained understanding of the concept of fraction
equivalence through the use of manipulatives fraction strips, egg cartons, and a Hershey®
bar during the fraction lessons over the multiple years. The various models helped her
visualize the concept more clearly. Though all models helped develop the concept of
equivalence, it was the continuous model of fraction strips that seemed most beneficial.
Maria compared the fraction strips to “see” the equivalent fractions. It appears that
manipulatives provided her with the means to understand the fraction concepts and
develop her thinking in a way that she could independently work on problems.
Summary. Evidence indicates that Maria developed a strong understanding of
part-whole partitioning, fair-share, and equivalence over the four years in the larger
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research study. She had some misconceptions and misunderstandings related to partwhole partitioning. For example, she identified half of a fraction split into 4 pieces to be
bigger than half split into 3 pieces even on the third grade post-assessment. Moreover,
while ordering fractions, Maria arranged the unit fractions according to the smallest and
largest by looking at the denominator. This seemed to indicate interference of whole
number knowledge. But in spite of the whole number knowledge interference, overall,
the fraction lessons helped Maria think conceptually and clarify her misunderstanding to
a great extent as evident from her data. The manipulatives gave her the means to
compare fractions and develop understanding of ordering of fractions. She developed
understanding related to all four levels of representations: pictorial, language, symbol,
and action. She could pictorially represent various fractions; name the fractions such as
thirds, fourths, and even six sixths; write out the fractions in symbolic form; and
successfully perform actions related to part-whole partitioning, fair share and equivalence
through various models. Different models such as fraction strips, cookies, counters, and
a Hershey® bar supported Maria’s development of fractional concepts.
Student 1.3 - Claire
Student 1.3 was assigned the pseudonym Claire for the purpose of describing
findings from analyzing data over the four years in the larger fraction study. Claire was a
Caucasian female. Even though she had not participated in all the fraction lessons in
kindergarten as shown by evidence, analysis of other data revealed insights into her
understanding related to the fractional concepts of part-whole partitioning, fair share,
unitizing, and equivalence. She entered the program with some rudimentary knowledge
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about part-whole partitioning and fair share. Figure 4.9 shows her understanding of onehalf on the kindergarten pre-assessment.

Figure 4.9. Kindergarten Pre-Assessment Question #1: Representing One-Half through a
Picture or Shape and Shade in One-half
The illustrations showed that she had some concept of one-half but was confused
when asked to represent one-half. Her partial success with representing one-half through
half of a circle as documented by the teacher candidate demonstrated that Claire had
familiarity with the fraction but her understanding was limited and weak. The same was
shown by her response on a fair share problem as illustrated in Figure 4.10. The response
in Figure 4.10 highlighted the fact that though Claire had some understanding of fair
share upon entering the larger research study, she did not understand the meaning of
“fairness.” For example, while sharing the 12 teddy bear counters with three people, she
knew that she had to make three groups but she not realize that the groups were unequal.

135

Figure 4.10. Kindergarten Pre-Assessment Question #3: Understanding of Fair Share
while sharing 12 Teddy Bear Counters between Three People
Another important observation about Claire that was revealed through analysis of
her archived data was that she had behavior issues and was disciplined numerous times in
the larger research study as evident on the teacher candidate’s assessment notes and
lesson reflections over the multiple years. Though a marked difference was seen in her
thinking about part-whole partitioning, fair share, and other concepts over the four years,
it was noted by the teacher candidates that Claire’s behavior issues sometimes posed an
obstacle to her learning. Analysis of data also revealed that she did not receive the entire
intervention in kindergarten due to her having been present for only four fraction lessons.
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This may have contributed towards her weak development of fraction ideas in
kindergarten. The following sections presents findings related to the broad categories of
part-whole partitioning, fair share, unitizing, equivalence, and use of manipulatives.
Part-whole partitioning. Data showed that Claire developed some understanding
of part-whole partitioning, especially one-half, by the end of her kindergarten year. The
exposure to the intervention helped her develop ideas about various fractional parts such
as labeling and shading in one-half as revealed on the kindergarten teacher candidate’s
assessment protocol. Kindergarten data also indicated weak understanding of part-whole
partitioning. For example, she identified to be more than on the kindergarten postassessment. As mentioned before, her weak understanding by the end of kindergarten
could be attributed to the fact that she had participated in only four fraction lessons rather
than all the six fraction lessons. Her weak understanding of part-whole partitioning was
also evident from the first grade pre-assessment. On the first grade pre-assessment,
Claire was unable to represent one-half but showed conceptual understanding about partwhole partitioning, especially one-half, by the end of the first grade as evident from
Figure 4.11. She represented one- half correctly in several ways using different kinds of
models as shown in Figure 4.11.
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Figure 4.11. First Grade Post-Assessment Question #1: Representing One-Half through
a Picture or Shape
There were other examples that reflected her understanding of part-whole
partitioning. For example, Claire correctly identified the fraction of eggs having spots to
be

on the first grade post-assessments. Supporting evidence was provided by the first

grade teacher candidate’s assessment protocol where the teacher candidate stated that
Claire, “was able to sort all of her number cards (all 40 of them). She understood ,
words, pictures, in all 4 categories/types/ways to make fraction for each fraction.”
This statement seemed to indicate that she had strong conceptual knowledge of
some fractions, especially one-half, in pictorial, symbolic, and linguistic representations.
Even though evidence from first grade also showed that she was distracted and off-task
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due to behavior issues, her understanding of part-whole partitioning developed to a great
extent as compared to her kindergarten year. Supporting evidence was given through the
first grade lesson observations where Claire identified and labeled one-half correctly
numerous times. She independently represented one-half in different ways on the second
and third grade pre- and post-assessments. Her developing understanding of fractions
was demonstrated through her clear justifications of naming fractional parts and the
choice of numbers in numerator and denominator on the second grade post-assessment.
She had a firm grasp of unit fractions by the end of first grade and her understanding of
uncommon and non-unit fractions such as developed in the second and third grades.
The second and third grade teacher candidate’s assessment protocols provided evidence
of her developing understanding of part-whole partitioning through teacher candidate
observations that “Claire could show what looked like and ” and “understood the jump
from to

very well” respectively. Supporting evidence was also provided by the

second grade lesson observations that cited many instances about Claire’s developed
understanding of part-whole partitioning. More evidence of her strong grasp of partwhole partitioning was seen on third grade post-assessment when she interpreted as “cut
half in half.” It could be inferred that Clair was developing conceptual understanding of
part-whole partitioning.
Though Claire had a strong grasp of part-whole partitioning, she often used her
whole number knowledge when interpreting fractional concepts. For example, on the
first grade lesson observations, she used subtraction for making a fraction as showed by
the following teacher student exchange.
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Teacher: Okay eyes on me. How many pieces are there together? How many did I
take?
Claire: if you have four, take away two it’s two.
Teacher: Not subtraction, but fraction. What if I circled one of them…
In spite of some confusion, it was interesting to note that she correctly justified
that one-half cut in different numbers of pieces still represented one-half. The exact
question is placed in the Appendix for reference. Moreover, she correctly ordered
fractions from least to greatest as evident from the second grade teacher candidate’s
assessment protocol. She was able to correctly distinguish one-fourth as less than onehalf on the second grade teacher candidate’s assessment protocol and one-half to be less
than a whole on the third grade lesson observations. This indicated that she was
developing an understanding of fractional parts and had success in discerning the
differences between fractions and whole numbers.
Fair share. Claire developed the concept of fair share over the 4 years in the
study. The kindergarten data showed that though the fraction lessons helped her gain
some understanding about forming equal groups or parts for sharing fairly, she still
struggled with the concept of fair share. The kindergarten teacher candidate’s assessment
protocol provided supporting evidence that documented Claire’s struggle with making
equal groups while sharing cookies. Further supporting evidence was provided by the
kindergarten post-assessment that highlighted her ability to solve fair share problems and
correctly provide fractional names, though still struggling with making equal parts. It
was noticed that she demonstrated her understanding of fair share with more success
through the discrete models such as teddy bear counters than with continuous models
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such as paper crackers and Play-doh® cookies. She had difficulty splitting a continuous
model into equal shares.
Further analysis of her data indicated that her understanding of fair share
developed by the end of the first grade. On the first grade pre- and post-assessments, she
fairly shared the teddy bear counters and also justified her thinking. On the first grade
post-assessment, she was able to share five Twizzlers® among four people correctly with
correct mathematical justification as compared to the previous assessments. Though
Claire still had problems with naming fractional parts, she was showing progress towards
developing deeper understanding of fair-share. The second and third grade pre- and postassessments showed further development in her thinking about fair share. She correctly
shared Play-doh® cookies, paper crackers, and teddy bear counters among different
groups of people. Claire justified and explained her thinking about fair share processes
with clarity over the years in the larger research study. The second grade lesson
observations provided supporting evidence for the growth in her thinking of fair share
when she responded to the teacher candidate’s question on fair share by stating that “you
have amount of what you’re sharing, the other person gets the same amount.” Other
instances from the second grade lesson observations also showed that she could fairly
share cookies among different groups of people by distributing cookies one at a time.
This was also seen on the third grade pre- and post-assessments when she distributed 12
pencils among different numbers of people. The evidence indicates growth in her
understanding of fair share, but some weaknesses were seen such as not being able to
mentally visualize groups and still using exhaustion method to make equal groups while
fairly sharing discrete models such as teddy bear counters and pencils
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Unitizing. There was no evidence found of unitizing in any of the data for Claire.
Hence, no results or interpretations can be made about her understanding of unitizing.
Equivalence. Claire exhibited understanding of fraction equivalence in the first
grade where she cited an equivalent fraction for a whole as

,
,

during a fraction

lesson. She responded about a whole being during another fraction lesson as noted in
the lesson observations. She developed some idea of fraction equivalence in first grade
but it was limited to representing a whole in different ways. Her thinking about fraction
equivalence further developed in the second and third grades. The second grade teacher
candidate’s assessment protocol stated that she was “able to recognize and explain is
same as .” Supporting evidence was provided through the exchange between the teacher
candidate and Claire on third grade lesson observations:
Second Fraction lesson when working with candy bar
Teacher: Went through candy bar pieces – showed 2 halves make a whole
Claire: Hey! It is two over two
Claire: I wrote it 2 ways, 1 over 1 and 2 over 2.
Third fraction lesson when working with egg carton
Teacher: So we are going to take out three eggs.
Claire: you had 12, you took 3 out. Share 3 because those were expired then.
Teacher: how did you decide 3 to take out 1 over 4?
Claire: Three over 12.
Review before beginning Fourth Fraction lesson
Teacher: What’s another way to write ?
Claire: 2 over 6
Fourth fraction lesson when working with fraction strips
Teacher: Can you make any other equivalent fractions. What about , you can
look at the poster (working with fraction strips)
Claire: ?
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All these exchanges showed that she was developing a deeper understanding of
equivalent fractions. This was also evident on the third grade post-assessment where she
identified to be the same as . Her developed understanding of fraction equivalence
was also seen on the third grade pre-assessment when she represented one- half as shown
in Figure 4.12.

Figure 4.12. Third Grade Pre-Assessment Question #2: Representing One-Half through
a Picture or Shape
Claire’s representation of one-half as “two pieces out of four” demonstrated her
conceptual understanding of equivalent fractions as she was able to represent one-half
through an equivalent fraction. By the end of the third grade, she was beginning to
visualize connections between the fraction concepts of part-whole partitioning and
fraction equivalence that demonstrated a deeper understanding.
Use of manipulatives. Evidence from the data analysis indicated that Claire
showed growth in thinking about fraction concepts due to the use of manipulatives. Use
of manipulatives such as teddy bear counters and paper cookies in kindergarten helped
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her develop conceptual understanding of part-whole partitioning and fair sharing.
Though using manipulatives such as the teddy bear counters were a bit distracting to
some extent in kindergarten, she was generally engaged. Evidence from the multiple
years indicated that using manipulatives helped Claire gain understanding of part-whole
partitioning especially one-half, fair share, and equivalence. Even though some instances
of frustration with using manipulatives were evident on the first grade data, overall, using
manipulatives seemed to provide a means to develop conceptual understanding of
fractions. For example, on the first grade lesson observations she had difficulties
working with fraction circles in the beginning and threw the pieces in the air at one time.
Later fraction lessons showed her becoming comfortable using manipulatives to develop
understanding of fraction concepts. The first grade teacher candidate’s reflections stated
that manipulatives helped “make numerator and denominator come to life, as opposed to
just being random numbers” highlighting their importance for Claire. There is also
evidence seen through the data that Claire was not comfortable with using manipulatives
but became receptive towards them over time through a teacher candidate’s comment that
“Claire is starting to see that it is effective ” while referring to the use of manipulatives.
Later evidence from the first, second and third grades actually showed that using
manipulatives motivated Claire towards learning. For example, analysis of first grade
data showed that cookie manipulatives seemed to help her the most by relating “fractions
to real life” to develop understanding of the concept of fair share as indicated by the first
grade teacher candidate’s reflections.
Use of various manipulatives in the second and third grades helped her to further
develop various fraction concepts by providing a different context as evident on the
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teacher candidate’s reflections and lesson observations for the second and third grades.
Use of fraction strips seemed to benefit Claire, though frustration with folding and
keeping track of all the fraction strips was shown in the second grade lesson observations.
In spite of the distractions and frustration, analysis of data showed that she was able to
connect the use of manipulatives to the fraction concepts as they provided her with a
visual to comprehend the various fractions and fractional ideas of part-whole partitioning,
fair share, and equivalence as well as ordering of fractions.
Summary. Claire’s analysis of data demonstrated progress in understanding
fractional concepts from kindergarten to third grade. Data from the second grade teacher
candidate’s reflections supported this claim by stating “even though she may not score
high post-assessments, she definitely is the one student who understands fractions the
most (sic).” The greatest growth in understanding seemed to occur for the fractional
concepts of part-whole partitioning and fraction equivalence. She was even able to relate
various fraction concepts such as one-half being represented as “two pieces out of four”,
thus connecting fraction equivalence and part-whole partitioning. Though her thinking
about fair share developed, she still was not confident in comprehending ways to make
equal groups. She could correctly label fractional parts and justify her thinking to a great
extent. Evidence of unitizing was not seen; hence no concluding remarks can be made
about it. Manipulatives posed a distraction in kindergarten and first grade but helped
Claire develop understanding of various fractional concepts over time.
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Group Analysis
The researcher analyzed the student cases within a group for themes and
commonalities with the coding structure and use of manipulatives. Looking at Group 1
and the three student cases within that group, several themes and patterns emerged and
are discussed below.
One of the first themes that emerged from the cross case analysis within the group
was related to students’ prior knowledge or entering knowledge about fractional
concepts. All three student cases within the group had weak understanding of fractions
related to part-whole partitioning and fair share in kindergarten. This is supported by
researchers such as Mack (1995), Moss and Case (1999), Lamon (2005), Petit et al.
(2010), Wilson (2011), and many others. One common pattern noticed was that all three
student cases had no understanding of symbolic representation of fractions, even onehalf. Though some success was seen in terms of pictorial or language representations,
there was a gap related to the symbolic form of representation for part-whole partitioning.
As for the understanding of fair share, it was limited to the knowledge that a quantity or
whole had to be divided between people for sharing. Though initially, the student cases
had no notion of fairness and rarely made equal groups while fairly sharing discrete or
continuous models. The only success shown by the students was on sharing a cupcake
between two people, and this is in accordance to a study by Wilson et al (2011). Wilson
and colleagues highlighted that students have some notion of fair share based on their
everyday experiences. This proved to be correct in the case of all the students of Group 1
as they may have experienced sharing a cupcake in their lives but had no concept of
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equality in sharing. This is triangulated by their sharing technique of giving bigger
pieces to adults and smaller pieces to children.
A second major theme that emerged from cross case analysis was that all three
student cases showed growth in their thinking about part-whole partition, fair share, and
equivalence but not unitizing. There was no definitive evidence on unitizing and hence
no conclusive interpretations were made by the researcher. By the end of four years in
the research study, all three students had gained competency in symbolic, pictorial, and
linguistic representation of part-whole. They were not only able to represent one-half
through symbols, different shapes, or pictures and through discrete and continuous
models, but they had also gained an understanding of other fractions such as , , and .
The cross case analysis also showed that students had developed an understanding of
other fractions such as and

after an initial struggle of working with them. They also

had a strong grasp of “fairness” in sharing and made equal groups with nearly complete
success by the end of the four years. There was an obvious growth in their thinking about
fair share as the students had moved away from thinking fair share to be determined by
the number of pieces to considering the size and the number of pieces. The students also
demonstrated a higher level thinking around the concept of fair share as they started to
move beyond dividing a whole into the number of people it has to be shared to making
the biggest possible shares. For example, while sharing two Play-doh® cookies between
four people, the students moved beyond splitting one Play-doh® cookie into four parts to
splitting each into half to make the biggest possible share. Growth in their understanding
was also seen for the concept of equivalence. The common theme that emerged was that
each student found equivalent fractions to be challenging but gained understanding by the
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end of the third grade. They were all able to recognize a whole as different equivalent
fractions such as , and so on. They were also able to identify, name, and cite
equivalent fractions for , , , and with confidence. Moreover, it was seen that the
students had started to comprehend the interrelationships between the various fractional
concepts such as representing one-half as or interpreting one fourth as “cut half in half.”
All the student cases showed further growth in their understanding, with each year in the
research study strengthening their understanding and depth of the concepts.
Another common theme noticed by the researcher was that using manipulatives
was greatly beneficial in every case. Though all three student cases revealed that using
discrete models such as the teddy bear counters was distracting for students in
kindergarten, the benefits far exceeded the disruption. It was also noticed that using
cookie manipulatives was most beneficial in developing the concept of fair share. The
cookie manipulative also helped students “see” the inverse relationship between the
number of people and the serving sizes. Fraction strips was yet another manipulative that
stood out to be useful in facilitating the development of the concept of equivalence to a
greater degree. One of the themes observed was the frustration associated with folding of
fraction strips and confusion related to using too many fraction strips. In these cases, it
seemed that a pattern emerged that pre-cut fraction strips were more effective in helping
students develop the concept of equivalence as it removed the frustrations associated with
cutting and making them. The student case where the teacher candidate modified the
original lesson plan to only use pre-laminated fraction strips seemed to have more impact
than when students were involved in making their own fraction strips. Though making
their own fraction strips could be seen as more engaging, it was not so in the larger
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research study. This could be attributed to the fact that students built fraction strips for
too many unit fractions and that managing all the fraction strips was cumbersome.
Moreover, evidence showed that the time spent in making the fraction strips took away
valuable time from using the fraction strips to develop the concept of equivalence. Thus,
using pre-cut and pre-laminated fraction strips was more beneficial and effective. Other
manipulatives that were cited numerous times across the student cases as being very
helpful were the egg carton and Hershey® bar. One common pattern that emerged was
that continuous models such as sharing cookies, cakes, or brownies, using fraction strips
or Hershey® bars were more applicable and productive than using discrete models such
as teddy bear counters. It helped students to “see” the concept in multiple contexts using
various manipulatives as they were able to develop conceptual understanding and move
towards more manipulative independent thinking. Instances from the data were seen
where students were able to demonstrate their understanding of part-whole partitioning,
fair share, and fraction equivalence using different manipulatives and thus signified the
development of flexible thinking and towards more manipulative independent thinking
but more conceptual understanding.
Yet another common theme that emerged was the interference of whole number
knowledge. Data analysis of every case showed that students sometimes used their whole
number knowledge while working with fractions. The interference due to whole number
knowledge was evident in ordering of fractions, making equal groups by counting rather
than grouping, and with relative sizes of fractions. This led to some confusions and
misunderstandings about fractional concepts. This has been cited by many researchers
(Behr, Wachsmuth, & Post, 1985; Behr & Post, 1992; Behr et al. 1983; Bezuk & Cramer,
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1989; Empson, 1999; Empson, 2003; Good et al. 2013; Lamon, 2005; Mack, 1995)
throughout literature. Moreover, it was seen that discrete models were less beneficial as
they sometimes encouraged whole number concepts than making the distinction
transparent. For example, when sharing teddy bear counters or pencils students tended to
count one at a time and assign them to a group rather than thinking of biggest possible
shares. On the other hand, while sharing continuous models such as Play-doh® cookies
or paper crackers students did not use their whole number knowledge but rather moved
towards making biggest possible shares. Another confusion evident from the cross case
analysis was related to inverting numerator and denominator while representing fractions.
For example, the students would write as . This showed that the symbolic
representation of fractions was the most difficult and confusing for the students. But it
was evident that the students overcame most of their confusions and misunderstandings
by the end of the four years in the study, thus indicating that the intervention had a
positive effect.
The last, yet a very important theme that emerged was that every student in the
group gained confidence in themself and in communicating their thinking. There was
growth seen in students’ justifications and explanations as they became more clear,
coherent, and logical over the years in the study. The students were able to verbalize
their actions and thinking process that further supported the positive effect of the
intervention.
Group 2
Group 2 was comprised of all the student cases that had been in the larger
research study for three consecutive years. The student cases that were grouped in this
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category had either been in the study during their K, 1, and 2 grades or grades 1, 2, and 3.
The student cases belonged to any of the 4 longitudinal trajectories: 2007 to 2010, 2008
to 2011, 2009 to 2012, or 2010 to 2013. There were six student cases in this group. Out
of the 6 student cases, 1 student case had been in the larger research study during K, 1,
and 2 grade and 5 student cases had been in the study during 1, 2 and 3 grades. As
mentioned before, the one student in grades K, 1, and 2 had to be dropped as he moved
away from the district in his third year and enough data was not archived for any
conclusive interpretations. Out of the five students in grades 1, 2, and 3, the researcher
purposefully selected three students that had the most complete documentation. The
students were coded as 2.1, 2.2, and 2.3.
Student 2.1 - Jamal
Student 2.1 was given the pseudonym Jamal. Jamal is an African American male.
He was in the larger research study during his 1st, 2nd, and 3rd grade years. The first grade
pre-assessment showed that though he had some knowledge of part-whole, it was not
well developed. He drew a picture representing one-half on the first grade preassessment but it was only partially correct. He was not able to identify a piece of a
paper cracker cut in three to be one-third or thirds, but rather called it a half. This
showed that Jamal was aware of part-whole partitioning, especially half, and had
encountered it in his real-life, but he did not have a strong understanding of identifying or
representing fractions in different situations. On the other hand, he identified three-fourth
of a paper cracker on the first grade pre-assessment that supported the existence of some
understanding of part-whole. Looking at other fractional concepts, he had considerable
knowledge about fair share entering into the larger research study. He fairly shared 12
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teddy bears between 2 and 3 people but had difficulty with continuous models. He was
not able to share paper crackers or Twizzlers® fairly among different people but showed
success with fairly sharing two Play-doh® cookies among 4 people. Further analysis of
Jamal’s other data showed a significant growth in understanding part-whole partitioning,
fair share, and equivalence as discussed in the next sections.
Part-whole partitioning. Jamal developed an understanding of part-whole
partitioning over the three years in the study. He was not able to represent one-half
pictorially on the first grade pre-assessment but correctly represented one-half pictorially
and symbolically on the first grade post-assessment and the other second and third grade
assessments. His understanding of other fractions also developed over time. For
example, he identified a piece of a paper cracker cut in three to be a third and was able to
symbolically represent it on the first grade post-assessment. He identified one-fifth on
the second grade pre- and post-assessments correctly. The second grade lesson
observations also provided supporting evidence of his growth in thinking about the
various fractional concepts. For example, Jamal called a piece of pizza cut in four parts
to be fourth, justified the concept of whole and half with fraction strips, and correctly
ordered unit fractions from smallest to largest using fraction strips.
In spite of evidence of developing part-whole partitioning concept, evidence from
first and second grades reflected Jamal’s misunderstanding about part-whole partitioning.
One of the misunderstandings visible on the first grade teacher candidate reflections was
his struggle with comprehending denominator to represent “how many parts the fraction
is made of” rather than “how many parts that is not being used”. Triangulated evidence
is provided by the first and second grade assessments where he identified the fraction of
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10 eggs having spots to be or rather than

. He had not fully grasped the

denominator being the “whole” and showed confusion with conceptual understanding of
the denominator and interpreting a fraction. But by the end of the first grade
intervention, Jamal correctly identified numerator and denominator and their significance
in a fraction. One other confusion was evident on the second grade lesson observations
where he identified 2 cookies to be half of 12 cookies. This seemed to indicate that he
was looking at the numbers in the fractions rather than as a part of the whole. Though
further dialogue was not archived to determine the teacher-student exchange, other
instances from the second grade lesson observation provided evidence that Jamal
overcame this misunderstanding. For instance, in the fourth second grade lesson he was
able to correctly state that one-half of 12 cookies is “six in one group and six in another
group”. He was further able to correctly share 12 cookies between two people while the
teacher candidate was reading the book, The Doorbell Rang during a second grade
lesson. This provided evidence that the intervention had a positive effect and that many
of his misunderstandings were clarified and he was moving towards gaining conceptual
understanding of a fraction.
Further data analysis of the second and the third grade data showed growth in his
understanding of part-whole partitioning and clarification of his misunderstandings. As
an example, Figures 4.13 and 4.14 compare his response on the third grade pre- and postassessments by asking the question “Who gets more pizza or do they get the same
amount?”
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Figure 4.13. Third Grade Pre- Assessments Question #9B: Identifying who gets more
Pizza
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Figure 4.14. Third Grade Post-Assessments Question #9B: Identifying Who gets more
Pizza
The responses showed that Jamal had started to comprehend that one-half partitioned into
different number of pieces still represented one-half. This thinking highlighted
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development of deeper understanding of part-whole partitioning. Another example of his
developed thinking about part-whole, especially one-half, is seen in Figure 4.15.

Figure 4.15. Third Grade Pre-assessment Question #2: Representing One-Half through a
Picture or Shape
Jamal represented one-half by splitting a square with a diagonal line rather than
horizontal or vertical line. He used his own independent thinking and moved beyond a
conventional horizontal or vertical line to depict one-half. The evidence is triangulated
through the various three years that showed a development of a strong grasp of by the
third grade. Jamal was categorized as being “super” and “on target” on all fraction
lessons in the third grade as evident on the teacher candidate’s assessment protocol.
Moreover, according to the teacher candidate, Jamal understood more than all the
students in the group and worked problems independently making very few mistakes.
The third grade lesson observations also showed that Jamal had a well-developed
understanding of part-whole partitioning and was able to represent uncommon fractions
such as one-sixth pictorially, symbolically, and linguistically. Many instances are seen
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on the third grade lesson observations where Jamal verbalized his thinking and justified
part-whole partitioning concepts with great success. For example, he successfully
identified and justified to be one row of eggs out of three rows while working with the
egg carton and explained one egg out of six to represent . He was also able to compare
non-unit fractions such as

and

and justify

to be the smaller fraction as evident

from the third grade lesson observations. Overall, growth was seen in Jamal’s
understanding of part-whole partitioning from first to third grade.
Fair share. Jamal showed growth in his thinking about fair share over the 3 years
in the study. Though he successfully fairly shared discrete and continuous models such
as teddy bear counters and Play-doh® cookies on the first grade post-assessment, he was
not able to name or identify fractional parts. The first grade lesson observations showed
some growth in his thinking about fair share, though it was at the rudimentary stage. But
on the second grade post-assessment, he was able to fairly share discrete and continuous
models like teddy bear counters and paper crackers between different groups of people
and also named and identified fractional part with justification.
Analysis of Jamal’s second grade data showed that he developed a strong
understanding of fair share by the end of second grade. The second grade postassessment provided supporting evidence through his solutions on questions 3, 4, 5, and 7
that asked him to fairly share discrete or continuous models. He not only correctly shared
discrete models such as teddy bear counters among different groups of people, but he
started making equal groups with more than one teddy bear counter at a time. For
example, in question three on the second grade post assessment that asked him to share
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12 teddy bears between 3 people, Jamal started with 6 teddy bear counters and then
changed it to 4 to make three equal groups. He was also successfully able to share two
paper crackers between four people by splitting each paper cracker into two pieces. He
further justified each fractional piece to be with complete success on the same question.
Figure 4.16 shows yet another example of Jamal using higher-order thinking skills on the
second grade post-assessment.

Figure 4.16. Second Grade Post-Assessment Question #10: Demonstrating Higher-Order
Thinking on Fair Share Problem
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The notation from the teacher candidate in Figure 4.16 supported the fact that
Jamal actually made groups mentally before showing his work – providing evidence for
higher level thinking and deeper conceptual understanding of fair sharing. He was also
able to identify the fraction as instead of

signifying that he was thinking in terms of

groups rather than individual pencils. Supporting evidence is provided by the second
grade teacher assessment notes indicating that Jamal progressed in his understanding and
showed that he was able to work independently on fair share problems by the end of the
second grade fraction lessons.
The third grade data analysis showed further growth in Jamal’s understanding of
fair share. His justifications about his actions on the fair share problems on the
assessments became more conceptually clear by the end of the third grade postassessment. This is supported by the third grade teacher candidate’s assessment protocol
that stated, “Though Jamal struggled with wording of the questions, he was developing
the concept.” The third grade lesson observations did not provide much evidence on
Jamal’s developing understanding of fair share, but his growth was evident through his
actions while developing the concept of equivalent fractions. For example, he identified
to be the same amount as and that the same amount of pie is eaten whether a person
had or of a pie. Overall, growth was seen in understanding the concept of fair share
by the end of third grade as compared to the first grade.
Unitizing. There was insufficient evidence for analysis of Jamal’s understanding
of unitizing. One instance was provided by the first grade teacher candidate’s reflections,
where the teacher candidate cited that seeing as 3 pieces of one-fourth fraction was
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challenging for students, but it was general for the group. There was no direct or indirect
evidence in any data that showed Jamal’s ability to unitize.
Equivalence. The first evidence of fraction equivalence was seen in the second
grade lesson observation in which Jamal correctly cited equivalent fractions for a whole.
His developing understanding of fraction equivalence was also seen in the third grade
pre- and post-assessments where he identified to be the same as . Though his
explanation was not archived for an in-depth examination of his thinking, evidence
triangulated from the third grade lesson observations, the teacher candidate’s reflections,
and the assessment notes support Jamal’s growth in understanding fraction equivalence.
For example, the following excerpts from a third grade lesson observation highlighted his
understanding of fraction equivalence:
Jamal: (while working with ) on said that was same as
Teacher: Asked to explain
Jamal: half because 4 is half of 8
Teacher: Can you think of any other way to say ?
Jamal: ’s
Jamal knew that could be represented in multiple ways through , and

.

The third grade teacher candidate’s reflections and assessment notes provided
further evidence of Jamal’s growth by stating that the manipulatives helped develop
conceptual understanding of equivalence. He was even able to gain some competency in
thinking about the concept independent of the manipulatives thus showing growth from
the previous year. It appears Jamal had developed understanding of equivalent fractions
and showed some degree of success working independently with the concept.
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Use of manipulatives. Evidence from data analysis indicated that use of
manipulatives helped Jamal develop conceptual understanding of fractional concepts.
Counters as discrete manipulatives helped develop part-whole partitioning concepts and
fraction strips helped develop fraction equivalence as evident on the first grade teacher
candidate’s reflections. Analysis of the second grade teacher candidate’s reflection data
showed that though fraction strips were helpful for Jamal, it became hard to visualize the
relationships due to numerous strips. Moreover, having students cut their own strips
proved to be a hindrance in Jamal’s learning. Further analysis of the second grade
teacher candidate’s reflections showed that using pre-cut and pre-laminated fraction strips
was extremely beneficial and supported development of fraction equivalence to a great
extent. Data also showed that the cookie manipulative and the pumpkin seeds helped
Jamal understand the concept of fair share during the second grade intervention. The
third grade teacher candidate’s assessment notes highlighted the use of manipulatives for
Jamal by stating that they helped him develop fractional concepts independently. One
interesting observation highlighted in the third grade teacher candidate’s reflections was
the ineffectiveness of a discrete model such as the egg carton to develop fraction
equivalence. The teacher candidate stated that students used subtraction when a certain
number of eggs were removed to come up with a fraction. For example, the students
named four eggs out of 12 to be a fraction instead of . Though some models confused
students, overall analysis revealed that manipulatives were imperative for Jamal as they
provided him with concrete experiences to test his thinking and develop understanding of
various fractional concepts.
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Summary. Data indicated that Jamal made gains in his understanding of partwhole partitioning, fair share, and equivalence concepts related to fractions. There was
insufficient evidence of unitizing and hence the researcher was not able to make any
conclusive interpretations. Jamal was able to identify and represent fractions
symbolically and pictorially through his actions by the end of the third grade. The
intervention was able to clarify most of his misunderstandings, which led to conceptual
understanding of part-whole partitioning. Though some confusion may have still existed,
there was a marked growth in his thinking about part-whole partitioning.
Jamal’s concept of fair share also developed to a great extent as he was able to
understand “fairness.” He was able to visualize grouping mentally thus highlighting his
strong grasp of the concept. Jamal showed success with both discrete and continuous
models for demonstrating his understanding of fair share; however, he was more
successful with a continuous model such as paper crackers. The concept of fraction
equivalence was also developed. Jamal was able to cite equivalent fractions for a number
of unit fractions through the use of fraction strips. He showed signs of independent
thinking and higher levels of problem solving. Using manipulatives seemed beneficial
for Jamal to develop the various fractional concepts and made learning tangible. The
hands-on experience and physical manipulation of various models provided him with a
platform to develop fractional ideas and strengthen conceptual understanding. Jamal
demonstrated success with continuous models such as sharing cakes and cookies or using
fraction strips for equivalence. While discrete models supported Jamal’s learning as they
provided a different context for learning, he was more successful with the continuous
models.
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Student 2.2 - Andrea.
Student 2.2 was given the pseudonym Andrea. Andrea is a female of Hispanic
origin. This student had been moved from Group 1 to Group 2. Though the archived
student data list showed her as a participant in kindergarten, no information about Andrea
was available from kindergarten. As mentioned before, there were no kindergarten preand post-assessments. Kindergarten lesson observations also did not show her as a
participant; hence the researcher classified her as being in the larger research study for
three consecutive years; that is, grades 1, 2, and 3.
Looking at her first grade pre-assessment, it can be concluded that she entered the
research study with some knowledge about part-whole partitioning and fair share. She
could represent one-half pictorially by drawing half a circle on the first grade preassessment but was unable to give a symbolic representation for one-half. She was also
able to fairly share discrete and continuous models such as teddy bear counters, Playdoh® cookies, and paper crackers correctly to some extent but was unable to name any
fractional parts. Though her attempt on the fair share problems was correct to some
extent, she was confused with her solutions and not able to verbalize her thinking
coherently. Further data analysis and related findings are presented through the broad
categories part-whole partitioning, fair share, unitizing, equivalence, and use of
manipulatives.
Part-whole partitioning. Evidence showed that Andrea developed a strong
conceptual understanding of part-whole partitioning by participating in the research
study. Some examples of her higher level thinking about part-whole partitioning are seen
in Figures 4.17 and 4.18.
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Figure 4.17. First Grade Post-Assessment Question #1: Representing One-Half through
a Picture or Shape
Her response in Figure 4.17 for representing one-half on the first grade postassessment showed that Andrea had developed flexible understanding of one-half as she
was able to demonstrate it through various models. She not only represented one-half
symbolically but also pictorially through different discrete and continuous models. This
indicated development of flexible thinking about part-whole partitioning, especially onehalf, as she was able to move from one model to another and still represent one-half
successfully.
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Pre-Assessment

Post-Assessment

Figure 4.18. First Grade Pre- and Post-Assessment Question #7: Thinking about Fair
Share

165

Further evidence of her growth in thinking about part-whole partitioning is
demonstrated through Figure 4.18 that compares her response on question seven from the
first grade pre-assessment to the first grade post-assessment. Though Andrea correctly
answered the question on both the pre- and post-assessments, the post-assessment
demonstrated a stronger grasp of the part-whole partitioning concept. Instead of calling a
fraction as “a little one and a big one”, she symbolized the fraction on the postassessment. She also justified her actions more reasonably on the post-assessment as
compared to the pre-assessment.
Other instances of her developed understanding of part-whole partitioning were
seen through her explanations on the first grade post-assessment. For example, she was
unable to answer a question that asked her to give a friend three-fourths of a paper
cracker on the pre-assessment, but on the post-assessment she said, “I had to give you 3
pieces so I had to give you three-fourths of it. I have to give you equal pieces.” Her
explanation demonstrated that she was developing a stronger understanding of part-whole
partitioning and fair share. The first grade teacher candidate’s assessment protocol
provided triangulated evidence of Andrea’s growth in thinking about part-whole
partitioning as she was categorized as “super” during all the fraction lessons in the first
grade. According to the teacher candidate, she demonstrated understanding of part-whole
partitioning by being able to explain and justify numerator and denominator of various
fraction parts and created a “friend” shape using different fraction pieces of a circle. For
example, she was able to name the fraction pieces used to create the neck, body and other
parts of the figure successfully. Many instances of her in-depth understanding of
numerator and denominator were also seen through analysis of the first grade lesson
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observations. Andrea was able to identify one-third of 6 teddy bears to be 2 teddy bears
and showed success with both discrete and continuous models. By the end of first grade,
Andrea had comprehended the concept of part-whole partitioning to a great extent.
The second and third grade data analysis showed that Andrea further developed
her understanding of part-whole partitioning. She was gaining deeper conceptualization
of part-whole partitioning relationships as evidenced through her solutions on the second
and third grade assessments. She named a piece of paper cracker cut in three to be “3
halfs and 1 piece” on the second grade pre-assessment but identified it to be on the postassessment. Her explanations demonstrated her understanding of numerator and
denominator on numerous problems. Some confusion was also evident in the second
grade when she identified one-half of a pizza cut in 4 pieces to be more than one-half of a
pizza cut in three pieces on the pre-assessment. But her understanding developed in the
third grade when she identified both scenarios to be the same through her explanation that
it is “still , even though Mandy gets 4 and Ted gets 3” on the post-assessment. An
excerpt from the second grade lesson observations further showed that the intervention
was helping her clarify her misunderstandings.
Teacher: how many pieces?
Andrea: eight
Teacher: What does it equal?
Andrea: whole. It’s like we did in science yesterday. No matter how many pieces,
it still equals a whole
Teacher: That’s right!
This excerpt showed that she was recognizing that a fraction partitioned into a
different number of pieces would still represent the same fraction, and she was able to
make connections outside of the specific mathematics lessons. Moreover, her ability to
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transfer understanding and connect it to another discipline highlights the positive impact
of the larger fraction study. This excerpt also indicates that Andrea was developing
deeper conceptual understanding of the part-whole partitioning fractional concept.
Her understanding of relative sizes of fractions was also developing. The second
grade lesson observations and the teacher candidate’s assessment protocol provided
evidence that Andrea was successfully able to identify to be more than and to be
more than . She was able to order unit fractions from smallest to largest. The second
grade teacher candidate further stated that her understanding of non-unit fractions such as
, and also developed and she was able to model and name the fractions. The third
grade data further showed that she gained confidence and clarity about part-whole
partitioning. Her explanations on the third grade pre- and especially the post-assessment
demonstrated better comprehension of the fractional idea of part-whole partitioning. For
example, she correctly answered all the questions related to part-whole partitioning on
the third grade post-assessment and made the comment “it’s easy” several times.
Triangulated evidence is provided by the third grade teacher candidate’s assessment
protocol that cited situations in which Andrea explained the concept of part-whole
partitioning such as and to a peer. She was making connections between fractions and
real-life as highlighted from the following excerpt from the third grade lesson
observations
Teacher: Working with Hershey® bar
Andrea: Just like I said, of , is a fourth
Teacher: Can someone tell me how many blocks of Hershey® bars are in
Andrea: It’s like a quarter! 4 quarters equal a dollar!
Teacher: Yes! We can relate it to money can’t we?
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Andrea’s response showed that she had extended her understating of fractions
beyond the classroom and also applied it to real-life. This transfer of knowledge and
connection to real-life further supports the positive impact of the intervention and her
growth in thinking about part-whole partitioning. Her pictorial, symbolic, and linguistic
representations of part-whole partitioning seem to have developed in a profound way by
the end of the third grade.
Fair share. Analysis of the Andrea’s data showed growth in her understanding of
fair share by the end of the third grade. Growth in her thinking about fair share was
already obvious by the end of the first grade. For example, though she was able to share
two Play-doh® cookies between 4 people on the first grade pre- and post-assessments,
she demonstrated higher level thinking on the post-assessment. On the pre-assessment,
she had divided each Play-doh® cookie into 4 parts so that each share was two pieces.
But on the post-assessment, she divided each Play-doh® cookie into half thus making a
biggest possible share. She was moving beyond dividing a quantity into the number of
sharing people but thinking about grouping and fair share in depth. She also showed
success with fairly sharing discrete models such as pencils and crayons but used the
exhaustion method, which is counting one at time for making equal groups. The teacher
candidate’s assessment protocol provided supporting evidence for her success with the
concept of fair share in the first grade by stating that Andrea had a clear understanding of
fair share and was able to make equal groups quickly.
Data analysis from the second and third grade showed further growth in her
thinking. Andrea was able to successfully answer questions on fair share on the pre- and
post-assessments with greater confidence and was able to provide mathematical
169

justifications. Evidence of her stronger understanding was shown on the question that
asked her to share 10 pencils between 5 friends. Though she correctly answered the
question on both the second grade pre- and post-assessment, she called to be the
fraction of pencils each person received on the pre-assessment. On the second grade
post-assessment she identified it to be . This showed that she had started thinking about
grouping and sharing deeply and was able to visualize a share as one group out of five
groups rather than individual pencils. Data from third grade supported the growth in her
thinking about fair share. She correctly shared Play-doh® cookies between three people
– an action that she had not been able to do in any of the previous assessments. It was
interesting to note that Andrea showed more success with continuous models during fair
share than with discrete models. For example, she was able to share pencils among
different groups of people, but she made equal groups by distributing pencils one at a
time. This indicates that she was still using some whole number sense with discrete
models. Despite the difference between using discrete and continuous models, she had
developed a strong grasp of the fair share. Instances from the second and third grade
lesson observations indicated that she knew the concept of fair share and “fairness” as
evident from her response that, “It wouldn’t be fair if one person got more.” All the
evidence pointed towards development of a deep understanding of fair share over the
three years in the study.
Unitizing. There was no evidence of unitizing revealed through the data analysis.
Andrea had a strong grasp of the unit and non-unit fractions but archival data showed no
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evidence that Andrea was able to visualize non-unit fraction as chunking of unit fractions.
The researcher cannot make any interpretations due to lack of data.
Equivalence. Data analysis indicated that Andrea exhibited growth in
comprehending fraction equivalence over the three years in the larger research study.
Evidence of her ability to represent a whole as and other equivalent fractions was seen
on the first grade teacher candidate’s assessment protocol. The first grade lesson
observations provided supporting evidence that showed she was developing the concept
of equivalence by manipulating the fraction circle. Excerpts from the first grade lesson
observations showed her developing the concept of fraction equivalence through
experiencing it in different representations such as pictures, symbols, and language. The
first grade teacher candidate’s reflections highlighted that it was a struggle to visualize
grouping by groups instead of individually, but Andrea was able to understand the
concept to a considerable extent. Analysis of the second grade data from the lesson
observations and teacher candidate’s assessment notes showed further development of
fraction equivalence. Initially, she found it difficult to visualize as , but the use of
fractions strips helped her visualize the concept. She compared the various fraction strips
to gain understanding of equivalent fractions and also about the relative size of the
various fractions. She was successful in understanding = as evident from the second
grade teacher candidate’s assessment protocol. Analysis of the third grade data showed
further growth in thinking about the concept of equivalence. The following excerpt from
the third grade lesson observations showed her struggle and progress towards
understanding equivalence
171

Working with Hershey® bar in the second fraction lesson
Teacher: Okay, 4 pieces over 12, what is the equivalent fraction for?
Andrea: I’m confused
Teacher: If we have 4 fraction pieces 4+4+4 equals what? 12, right? So, it’s three
parts in 12.
Andrea: This makes no sense
Teacher: I’m gonna help you. Let’s look at this…think of it as part of the whole.
You’re putting this Hershey® bar into 12 (sic)
Andrea: Oh! Because it’s one of 3 sets of these!
Teacher: Exactly! If you have trouble, just go back to this whole bar and look at
the sets.
The exchange showed that Andrea was developing her understanding of
equivalence and was making connections between part-whole and equivalence. By the
end of the third grade intervention, she was able to cite equivalent fractions with more
confidence and justify her thinking more clearly. Andrea was able to demonstrate her
developed understanding of equivalence with clarity on the third grade post-assessment
as shown in Figure 4.19. She responded correctly by stating to be the same as . This
showed that she was able to visualize equivalent fractions and was also able to
communicate her thinking. Thus, the evidence over the years seems to indicate that
Andrea’s understanding of fraction equivalence had developed as compared to her initial
understanding in the first grade.
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Figure 4.19. Third Grade Post-Assessment Question # 12: Thinking about Equivalent
Fractions
Use of manipulatives. Evidence from data showed that the use of manipulatives
seemed to be extremely beneficial for Andrea to develop understanding of the various
fractional concepts. The hands-on experience of using manipulatives helped her stay
engaged and made learning tangible as stated by the first grade teacher candidate’s
reflections. Further data analysis cited more instances and evidence of the benefits of
using manipulatives to help Andrea learn the fractional concepts. Her understanding of
part-whole partitioning and fair share developed by experiencing the concepts through
various manipulatives such as teddy bear counters, cookies, cakes, etc. The second grade
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teacher candidate further stated that even though fraction equivalence was difficult to
comprehend, the use of fractions strips and Hershey® bars helped Andrea to see the
equivalent fractions. Some evidence of frustration with cutting and folding of fraction
strips was also cited, but the second grade teacher candidate’s notation that “with no
manipulatives/visuals, they would be lost” provided support for use of manipulatives.
Data analysis from the third grade showed that she had some behavioral issues in the
beginning of the research study but later became more engaged and fully participated.
For example, the third grade teacher candidate stated that Andrea was struggling and shut
down, but modeling fractional concepts such as part-whole partitioning, fair share and
equivalence through manipulatives helped her understand the concepts. The evidence
further showed that the manipulatives helped Andrea become focused, thus contributing
to her learning. According to the teacher candidates, though using manipulatives was
often distracting when the students start using them, setting guidelines really helped focus
and direct students’ attention.
Summary. The research study seemed to benefit Andrea extensively. The teacher
candidate from the second grade commented that she “walked away from this study
learning more than she did before.” Her understanding of part-whole partitioning was
very well developed and she demonstrated deep understanding in several situations. She
was able to identify and represent different fractions through both discrete and continuous
models. Her understanding of fair share was also developed though she still struggled
with visualizing groups when sharing discrete models. She was more successful with
continuous models. Despite the difference in understanding demonstrated through
discrete and continuous models, considerable growth was seen from first grade in
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answering fair share problems. Her understanding of equivalence also developed though
she needed help while working with equivalent fractions. The use of manipulatives was
fundamental in helping Andrea as they provided her with a visual model that made
fractional concepts transparent to her.
Student 2.3 - Santiago
Student 2.3 was assigned the pseudonym Santiago. Santiago is a Hispanic male.
He was in the larger study during grades 1, 2, and 3. Analysis of his first grade preassessment showed that he had some rudimentary knowledge of part-whole partitioning
and fair share entering into the study. He was able to represent one-half through a picture
to some extent on the pre-assessment but unable to represent it symbolically. He also
demonstrated no understanding of a denominator or numerator in a fraction and
represented fractional parts with whole numbers on the first grade pre-assessment. His
understanding of fair share was also very weak. He was able to divide discrete and
continuous models such as teddy bear counters, paper crackers, and Twizzlers® among
people, but the groups were not equal. He had no concept of “fairness” in sharing or
grouping as shown in Figure 4.20. His response illustrated in Figure 4.20 demonstrated
that though he knew that sharing meant distributing the teddy bear counters, he had no
concept of the number of groups or the need to have them equal.
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Figure 4.20. First Grade Pre-Assessment Question #3: Sharing 12 Teddy Bear Counters
between Three People
Another example is provided by question seven on the first grade pre-assessment
that asked him to share three Twizzlers® between two people. Santiago responded by
giving one Twizzlers® to each person and simply left one out. Even though the teacher
candidate’s notation on that question indicated that she tried different ways to get
Santiago to use the third Twizzler®, he did not use it but rather said “one of them ate it
already.” Further analysis revealed that some of Santiago’s data was not archived such as
the second grade lesson observations. In spite of the missing data, analysis indicated
growth in his thinking about fractional concepts such as part-whole partitioning, fair
share, and equivalence by the end of his third grade as presented in the next section.
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Part-whole partitioning. Santiago showed growth in his thinking about partwhole partitioning by the end of first grade though it was limited to pictorial and
linguistic representations. He was able to identify and name various fractions such as
, , , and even non-unit fractions through pictures and language, but he had difficulty
symbolizing the fractions. The first grade lesson observations cited many instances
where he correctly named, identified, and drew a picture for a fraction but struggled with
writing it down. For example, while working on creating a “friend” figure with fractional
pieces of a circle, Santiago had used fraction but wrote it as 6. This is supported with
evidence from the first grade post-assessment where he was able to correctly represent
one-half through a picture but was unable to symbolize it. He wrote one-half as “ ” on
the post-assessment as shown in Figure 4.21.

Figure 4.21. First Grade Post-Assessment Question #1: Representing One-Half through
a Picture or Shape
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His response to the teacher candidate’s question in Figure 4.21, “How do I write
one-half?” also indicated that he was openly confused about symbolic representation of
fractions. This confusion was noticed on other questions on the post-assessment where
he was able to name fractional parts but not symbolize them. The first grade teacher
candidate’s assessment protocol showed that though he was able to demonstrate his
understanding of part-whole partitioning by dividing counters into half, thirds, fourths
and others, he still had some confusion and was at the developing stage.
Analysis of the second and the third grade data showed further growth in
Santiago’s understanding of part-whole partitioning. Though he was not able to represent
one-half symbolically on the second grade pre-assessment, he was able to do it on the
second grade post-assessment. The third grade post-assessment showed further growth in
his understanding of one-half as Santiago was not only able to represent one-half
symbolically but he also represented one-half through shading a part of a rectangle that
was split into two by a diagonal line. Instead of splitting a rectangle with a conventional
vertical or horizontal line, he had split it using a diagonal line that showed that he had
started visualizing the concept of one-half in multiple ways even for the same figure. The
second grade teacher candidate’s assessment protocol provided supporting evidence by
indicating that he had gained ability to match pictorial representation of fractions with
their symbols. Evidence was also provided by the second grade assessments. Santiago
was unable to identify and name fractional parts on the second grade pre-assessment but
growth was seen by the end of the second grade. Santiago identified fractional parts with
greater success on the post-assessment and also was able to explain his thinking with
more clarity and transparency. For example, he was able to justify the numerator and
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denominator for of a paper cracker. His justifications became reasonable and coherent
by the end of the third grade. Instead of saying the denominator as “how many pieces
they are”, he was stating it to be the “the whole” or “the total” thus thinking more
broadly. The third grade teacher candidate’s assessment notes and lesson observations
provided supporting evidence that he was developing understanding of part-whole
partitioning and showed growth though he sometimes needed assistance and prompting.
For example, as evident on the teacher candidate’s assessment notes, he kept calling
denominator as “dominator” or needed guidance while working. The lesson observations
also showed that the teacher candidate sometimes had to guide him through prompts and
assistance while working with the egg carton or Hershey® bar. One of his areas of
confusion was seen on the assessments when he identified a half of pizza split into 4
pieces to be more than a half of a pizza split into 3 pieces. This showed that though his
understanding of part-whole partitioning had developed a great deal from first grade, he
still had some misconceptions related to the relative sizes of fractions.
Fair share. Santiago developed understanding of “fairness” in sharing by the end
of his first grade. He was able to fairly share teddy bear counters between 2 and 3
people. He was also able to share a paper cracker between three people and commented,
“that’s easy.” He showed success in sharing three Twizzlers® between 2 people by
giving each one whole and half of a third Twizzler®. Though he showed success on the
fair share problems, he struggled with naming the fractional parts. Data analysis from the
second and the third grades showed further misunderstandings and misconceptions.
Santiago was successful with sharing discrete models such as teddy bear counters and
pencils between different groups of people but had difficulty with continuous models
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such as paper crackers and Play-doh® cookies. Santiago’s weak understanding of fair
share was highlighted in his solutions on sharing two paper crackers between 4 or 6
people. He correctly shared the paper crackers, but shared them by dividing each cracker
into the number of people it had to be shared. For example, he divided each of the two
paper crackers into 4 pieces to be shared with 4 people on the third grade postassessment. This was also seen on the other assessments. This indicated that though he
had developed some understanding of fair share, his thinking was not well developed.
His actions on sharing discrete models provided further support for his weak yet
developing understanding of fair share. He was able to share teddy bears successfully
between different groups of people on the second grade post-assessments but used the
exhaustion method. He had made groups by counting one counter at a time and assigning
it to a group rather than being able to mentally visualize groups. Santiago certainly
showed growth in understanding from kindergarten, but it was still difficult for him to
visualize groups. Some contrasting evidence was provided by the questions that asked
Santiago to share 10 pencils among 5 people as shown in Figure 4.22.
The response showed that the student had started thinking of groups and was able
to cite each person’s share to be one group out of the five groups. This showed some
higher-level thinking in contrast to his thinking on other fair share questions. Some
growth in thinking was also evident as he had started looking at groups rather than
individual pencils.

180

Figure 4.22. Second Grade Post-assessment Question #10: Sharing 10 pencils between
Five People
Unitizing. No evidence of unitizing was seen in all the data analysis from
kindergarten, second, and third grades for Santiago. Hence, the researcher was not able
to make any interpretations or conclusions regarding his thinking about unitizing.
Equivalence. Evidence of Santiago’s developing understanding of equivalence
was seen in the first grade lesson observations. He had initial difficulties with
equivalence but was able to use the teddy bear counters to visualize some equivalent
fractions such as equivalent fractions for one-half. Though Santiago commented at the
end of that first grade fraction lesson that “I learned that there are more fractions than
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one” his understanding was still weak. The second grade data from the teacher
candidate’s assessment protocol showed that he gained further understanding of
equivalent fractions and was able to demonstrate his understanding with minimal
assistance. Unfortunately, the lesson observations from second grade were not archived
to provide further insight into his understanding of fraction equivalence, but the data from
third grade showed his growth in thinking through the following excerpts:
Teacher: Working with Hershey® bar to teach equivalent fractions
Santiago: What about 2 over 6
Teacher: That’s . Let’s look at it. See that works
Santiago: this one works . Yes! I got it
After a while
Teacher: (asking for equivalent fraction)
Santiago:

, yes!

Next Fraction Lesson (without prompt)
Teacher: What’s another way to write ?
Santiago: 2 over 6
Card game of Equivalent Fractions
Santiago: got , , and cards. He changed to 12th. Yes!
Working with egg carton
Teacher: If I have half, how many eggs does 1/2 cover. Our denominator is 12 in
the eggs so our numerator in ½ is…(sic)
Santiago: 6! 6+6=12
Santiago:
Teacher: That’s right so and are…this is an important word…equivalent
fractions. What does that mean?
Santiago: even?
Teacher: Well that’s close. Equivalent means equal.
These excerpts indicated that Santiago had developed some understanding of
equivalent fractions by third grade.
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Use of manipulatives. The use of manipulatives greatly helped Santiago develop
his understanding of fractional concepts such as part-whole partitioning, fair share, and
equivalence. Using teddy bear counters in the first grade helped him gain understanding
of part-whole partitioning. He was able to understand half, thirds, fourths and other parts
by dividing the teddy bear counters in groups as evident on the first grade teacher
candidate’s assessment protocol. The first grade teacher candidate’s reflections provided
supporting evidence by stating that manipulatives engaged him and helped him visualize
the concept. The hands-on experience of using manipulatives kept him on-task and
focused. Data analysis from the first and second grade also showed that use of
manipulatives was sometimes distracting as Santiago’s attention was diverted in playing
with them. Though distracting, the manipulatives seemed to help Santiago develop
understanding of the various fractional concepts. According to the evidence from the
second grade teacher candidate’s reflections, manipulatives were crucial for developing
understanding but worked most efficiently when each student had their own
manipulatives to use. The third grade lesson observations provided supporting evidence
that instances where Santiago had his own set of manipulatives led to greater gains in his
understanding. Evidence supports the fact that Santiago greatly benefitted from the use
of manipulatives such as the egg carton and Hershey® bar when learning fractional
concepts, especially equivalent fractions. The third grade teacher candidate’s reflections
provided supporting evidence by stating that manipulatives helped Santiago visualize the
concept and provided tangible experience for developing understanding of fractional
concepts.
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Summary. Santiago showed significant growth in his thinking about part-whole
partitioning, fair share, and equivalence. He was able to demonstrate his understanding
of part-whole partitioning through pictures, language, actions, and symbols. He also
showed a strong grasp of non-unit fractions. His understanding of fair share also
developed and he was able to share discrete and continuous models between different
groups of people with success. Growth was also seen in development of the concept of
fraction equivalence. In spite of initial confusions and difficulties in comprehending the
concept, Santiago developed a strong grasp of equivalent fractions by the end of the third
grade. Using manipulatives was fundamental in developing conceptual understanding as
they provided a visual for Santiago to “see” and experience the concept himself. The
greatest benefit of using manipulatives was seen when he had his own set to manipulate.
This may indicate that even though modeling is important, students need to experience
the concept for themselves to gain understanding.
Group Analysis
Cross case analysis for Group 2 was conducted by comparing the three student
cases for themes and patterns related to the coding structure and use of manipulatives.
The emerging themes for Group 2 are discussed below.
One of the most important themes that emerged was the prior knowledge of the
students. It was noticed that all the student cases entering understanding of part-whole
partitioning was very weak. They had some understanding of part-whole partitioning,
especially one-half, but it was limited to pictorial representations. The students had no
concept of the symbolic form of part-whole partitioning. Moreover, it was noticed that
though the students knew one-half, their understanding of other fractions was very
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limited. They were not able to name fractional parts or identify the correct fractions. But
on the other hand, the students had a good understanding of fair share. They were able to
fairly share discrete and continuous models to some extent. They were aware of the
concept of “fairness” though their understanding was weak. Further cross case analysis
within the group revealed other commonalities and patterns as presented below.
Overall by the end of the third grade growth in thinking was seen related to partwhole partitioning, fair share, and equivalence. The analysis showed that though students
developed pictorial representation of part-whole partitioning by the end of first grade, the
development of symbolic representation took time. By the end of the third grade, all
students were able to represent fractions, especially one-half, through pictures, symbols,
language, and actions. In all three cases it was noticed that though students had initial
difficulty, by the end of the third grade Jamal and Andrea were able to comprehend the
fact that one-half of a pizza cut in 3 or 4 pieces still represented one-half. This showed
that had moved beyond looking at the number of pieces to focusing more on the fractions
and the relation to the whole. Moreover, their understanding of others fractions such as
, , , and other non-unit fractions such as had also developed to a great extent. The
students were able to name fractional parts by the end of third grade and also had a welldeveloped idea of numerator and denominator. Looking at the concept of fair share,
students developed a strong grasp of the concept of fairness. By the end of third grade,
the students were able to share discrete and continuous models such as counters, cookies,
Play-doh® cookies, paper crackers, and Twizzlers® fairly between different groups of
people. It was also noticed that Jamal had even started to visualize grouping mentally
indicating deeper understanding of fair share. Moreover, the students demonstrated
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conceptual understanding of fair share through the question that asked them to fairly
share 10 pencils between five people. The students identified to be the fraction of
pencils received by each person. This demonstrated that the students had thought of one
group out of the five groups rather than thinking of individual pencils or counters, thus
demonstrating a more developed understanding of fractions. But it was also noticed that
the students were able to demonstrate their understanding of fair share with more success
on continuous models than discrete models. The concept of equivalence also developed
and growth was seen in the students over the three years in spite of equivalent fractions
proving to be challenging and a struggle for each student at the beginning of the study.
For example, the students were able to name equivalent fractions for a whole in the first
grade, but in the second and the third grade their understanding further developed. They
were able to name and identify equivalent fractions for , , and .
The use of manipulatives seemed to benefit the students. In all the cases it was
seen that using manipulatives provided students with hands-on experience that
encouraged engagement and conceptual development of ideas. Though there was some
evidence of manipulatives being distracting in the first grade, overall the manipulatives
were foundational in developing the fractional concepts. The teddy bear counters seemed
to be most beneficial in developing the concept of part-whole partitioning. The cookie
manipulative and sharing of cakes seemed to have an impact in developing the concept of
fair share. The fraction strips and Hershey® bar model seem to be instrumental in
developing the concept of equivalence. There was also common evidence seen in
relation to the frustration experienced with the use of fraction strips to develop fractional
concept. Comparing across the three cases, data revealed that using fraction strips
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became a hindrance when the students had to cut or fold them. Moreover, confusion was
observed in trying to manage all the fraction strips. In spite of the frustration and
confusion, much evidence was seen in all the cases where the students developed the
concept of fractional equivalence using fraction strips. The researcher also noticed that
the students seemed to show more understanding with continuous models than with
discrete models. Overall, the manipulatives seemed beneficial in making fractional
concepts such as part-whole partitioning, fair share, and equivalence transparent for
students to gain conceptual understanding of part-whole partitioning, fair share and
equivalence.
As mentioned earlier, one of the common themes that emerged was that the
students in this group were more comfortable with continuous models than with discrete
models. But another commonality was seen with the use of discrete models such as teddy
bear counters. The students tended to fair share by counting one at a time and assigning
it to a group for fairly sharing between different groups of people. Thus, the use of
discrete models encouraged the use of whole number knowledge to some extent as
compared to the continuous models.
A common theme of misunderstandings was also noticed. The students seemed to
struggle with comprehending the denominator as a whole. For example, they would
sometimes say the denominator was the number of pieces left rather than the whole.
Another confusion noticed was related to symbolic representations of fractions. The
students often inverted the numerator and the denominator to represent a fraction. For
example, they would refer to as . This seemed to indicate confusion related to
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numerator and denominator for representing the part-whole relationship in symbolic
form.
In spite of the misunderstandings and confusions, it was seen that participation in
the larger research study benefitted the students. All three students demonstrated flexible
thinking about fractions and were able to move from one model to another. For example,
Andrea represented one-half through different discrete and continuous models while
Jamal and Santiago represented one-half by splitting a rectangle with a diagonal line
rather than a conventional vertical or horizontal line. Their ability to represent fractions
in multiple ways signified that the students had benefitted by participation in the larger
research study. Moreover, growth was also seen in explanations and justifications of
their thinking. The students moved towards generalizing the concept. For example, they
moved from identifying the denominator as a number such as 4 pieces in to using
generalized words such as “total” or “whole.” Supporting evidence of the development
of flexible thinking was seen through their actions with Hershey® bars, fractions strips,
and the egg carton while developing understanding of equivalent fractions. Though
fraction strips seemed to have contributed the most in developing the concept of
equivalence, the students were also able to demonstrate their understanding through
Hershey® bars and the egg carton. This further indicates that the students were able to
move from one model to another thus indicating development of conceptual
understanding of fractional concepts. Further support of development of conceptual
understanding was found when Andrea was able to explain unit fractions to a peer thus
highlighting the positive impact of the larger research study.
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Group 3
Group 3 was comprised of student cases that had been in the larger research study
for three non-consecutive years. This group had two subgroups that consisted of three
student cases. The subgroup K, 1, and 3 grades had two student cases and subgroup K, 2,
and 3 grades had three student cases. The researcher separated the student cases that had
been in the larger research study for three consecutive years and three non-consecutive
years to more effectively gauge the effect of a gap due to a non-participating year.
Students in this group had been exposed to one year with no intervention in that they
were in the larger research study for three non-consecutive years. Thus, data analysis
also aimed at looking at the students’ understanding and thinking after the gap in
participation in relation to their understanding due to previous exposure to the
intervention. Student cases in this group are coded as 3.1, 3.2, and 3.3. Students 3.1 and
3.2 were from the subgroup K, 1, and 3 grades and 3.3 was from grades K, 2, and 3.
Student 3.1 - Amy
Student 3.1 was assigned the pseudonym Amy for the purposes of this research
study. Amy is a Caucasian female. She had participated in the larger research study
during grades K, 1, and 3. Though some her data, such as kindergarten lesson
observations, was not archived, analysis of the other data over the three participating
years yielded some very interesting findings. Amy entered the larger research study with
a very a limited idea of one-half. Though she identified a piece of cupcake split in two to
be a half, she had no concept of representing one-half pictorially or symbolically. Figure
4.23 shows her response on the kindergarten pre-assessment for a question that asked her
to draw a picture or shape representing one-half. Her response on the kindergarten pre189

assessment revealed that she had no idea of the concept of one-half pictorially or
symbolically.

Figure 4.23. Kindergarten Pre-assessment Question #1: Representing One-Half through
a Picture or a Shape
Further analysis showed that Amy did not have knowledge of relative sizes of
fractions. She demonstrated no understanding when asked to compare and . She
simply answered “I don’t know” on the kindergarten pre-assessment. Analysis of her
kindergarten pre-assessment also provided evidence about her weak understanding of fair
share. She had some knowledge of fair share but it was limited to sharing among two
people. Moreover, Amy demonstrated success in sharing a continuous model such as a
cupcake or paper cracker but it was also limited. Her understanding of sharing fairly with
discrete objects was not developed. Figure 4.24 cites an example of her response on the
kindergarten pre-assessment when asked to share 12 teddy bear counters among 3 people.
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Figure 4.24. Kindergarten Pre-assessment Question #3: Sharing 12 Teddy Bear Counters
between Three People
Though Amy seemed to know that sharing signified dividing a quantity, she
separated the 12 teddy bears by color with no regard to “fairness.” This highlighted her
limited understanding of fair sharing upon entering into the larger research study.
Part-whole partitioning. Amy developed some understanding of part-whole,
especially one-half, by the end of her kindergarten year. On the kindergarten postassessment, she correctly represented one-half symbolically and pictorially through a
triangle. The kindergarten teacher candidate’s assessment notes provided supporting
evidence for growth in her thinking about part-whole partitioning by stating that “Amy
understood , , and .” She also developed some understanding of numerator and
denominator by the end of her kindergarten year. Though the kindergarten year showed
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growth in her thinking about part-whole partitioning, especially one-half, analysis of the
first grade data revealed her misunderstandings and confusions about the concept. Figure
4.25 highlights her confusions with the symbolic representation of one-half. Moreover,
she showed partial success in representing one-half pictorially on the post-assessment.

Figure 4.25. First Grade Post-assessment Question #1: Representing One-Half through a
Picture or a Shape
Her response indicated that she still had some confusion and misunderstanding
related to the symbolic representation of one-half. Supporting evidence was provided by
the first grade teacher candidate’s assessment notes stating that though Amy had
understanding of part-whole, she struggled with the concept and had gaps that
contributed to confusion in her thinking. The first grade lesson observations provided
triangulated evidence of her limited understanding of part-whole when she called a
fraction as “it’s 4 thirds.” Moreover, she needed help with unit fractions with larger
denominators such as

. Some other instances of her misunderstandings were also

evident from the data analysis. For example, her limited understanding of part-whole
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partitioning was highlighted when she said “have two” for a candy bar spilt in thirds. In
spite of the confusions, by the end of the first grade she was able to do fairly well on
common unit fractions such as , , , and .
Amy had not participated in the larger fraction study in the second grade and
hence she had no data from second grade. Her third grade data was analyzed to gauge the
impact of the kindergarten and first grade interventions on further growth in her thinking
about fractional concepts in the third grade. Analysis of the data showed that Amy
seemed to remember part-whole concept from being in the research study in kindergarten
and first grade, but she had confusions and questions about fractions. The following
exchange between Amy and the third grade teacher candidate in the lesson observations
seems to signify Amy’s confusions with fractions
Amy: is a fraction?
Teacher: Yes is a fraction
Amy: Is it like half?
Teacher: No it’s not like half…
This exchange highlighted that Amy’s misunderstanding stemmed from confusion
and questions related to fractions. The third grade teacher candidate’s assessment notes
provided supporting evidence when the teacher candidate stated that she “flipped” her
numerator and denominator though she was good with common fractions. Despite the
confusion, she showed some growth in understanding part-whole partitioning in the third
grade. The third grade lesson observations also provided supporting evidence through
various instances where she showed her understanding of part-whole. For example,
growth in thinking about part-whole partitioning was noticed when she was able to
represent one-fourth by splitting a rectangle with four vertical lines on her own and when
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she was able to represent

symbolically. She was even able to demonstrate her

understanding of one-fourth on the third grade lesson observations by splitting a square
into four parts using diagonals. This revealed that there was some growth in her
understanding but confusions and misunderstandings still existed. The gap in second
grade participation had an impact as she did not have the second grade intervention to
clarify some of the confusions before she was exposed to the third grade intervention.
Fair share. Amy showed growth in her thinking about fair sharing by the end of
her kindergarten year though the growth was not conceptual. The kindergarten teacher
candidate’s assessment notes provided evidence that she was able to fairly share discrete
and continuous models with some degree of success by the end of the kindergarten year.
For example, she was able to share cookies fairly between 2, 4, and 6 people. The
kindergarten post-assessment provided supporting evidence when Amy was correctly
able to answer questions on fair share related to continuous models such as a cupcake,
Play-doh® cookies, and paper crackers. It was interesting to note that she struggled with
fairly sharing discrete models and had not developed a full understanding. She was able
to share teddy bears between 2 or 3 people on the kindergarten post-assessment and by
the end of the first grade post-assessment, a tremendous growth was seen in her
understanding of fair share.
Data analysis of the first grade data showed that Amy was not only able to
correctly share discrete and continuous models between different groups of people, but
she also justified and explained her thinking of fair share. Supporting evidence was
provided by the third grade assessments that signified further growth in her
understanding. She demonstrated her understanding of fair share through her actions and
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language on several questions on the third grade assessments. Her conceptual
understanding of fair share was manifested through several models such as sharing
pencils, paper crackers, and Play-doh® cookies. In Figure 4.26, her well-developed
concept of fairness was exhibited by the question on the third grade post-assessment that
asked her to share 12 pencils among 5 people.

Figure 4.26. Third Grade Post Assessment Question #5: Sharing 12 pencils among Five
People
The teacher candidate’s description of Amy’s actions indicated that Amy had
started understanding fair share conceptually. Moreover, Amy’s response further
demonstrated that she was developing understanding about fair share and was also able to
explain her thinking. Further evidence from the third grade teacher candidate’s
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assessment notes stating that Amy was most successful in the lesson that involved
developing the concept of fair share when working with Hershey® bars supports her
growth in understanding fair share. This underscored that her participation in the study in
kindergarten and the first grade had provided her with the foundation for developing
ideas of fair share in the third grade despite the gap in the second grade.
Unitizing. No evidence of unitizing was seen in the data for any analysis of
Amy’s understanding of the concept. As discussed above, there is evidence from the
lesson observations, pre- and post-assessments, teacher candidate’s reflections, and
teacher candidate’s assessment notes that she had some understanding of unit fractions,
though confusions existed. No evidence is shown that indicated that she was able to
conceptualize chunking of unit fractions.
Equivalence. Evidence of Amy’s understanding of fraction equivalence was
initially noticed in the first grade lesson observations where she successfully represented
a whole with different equivalent fractions such as , 2 halves, , and . The data showed
that she understood rudimentary concepts of fraction equivalence and had some success
representing equivalent fractions for a whole. Analysis of other first grade data such as
pre- and post-assessments, teacher candidate’s reflections, and assessment notes did not
reveal much information about Amy’s understanding of fraction equivalence. Some
instances that revealed insight into her thinking about equivalent fractions were seen
through analysis of third grade data.
Evidence of Amy’s understanding of fraction equivalence was seen in the third
grade lesson observations. The third grade lesson observations highlighted Amy’s
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struggle and confusion in grasping equivalent fractions at the beginning and revealed
some success towards the end of the intervention. Though Amy was able to successfully
state equivalent fractions for a whole, she struggled with other equivalent fractions. She
had some success with identifying one-half as , but her understanding was limited. She
was unable to name an equivalent fraction for one-half and rather stated it to be even by
the fifth lesson in the third grade. Supporting evidence was provided by the third grade
pre- and post-assessments where she was unsuccessful in identifying to be the same as
. This could be attributed to the fact that she was not present in the larger research study
in the second grade and hence missed the developing foundational idea of fraction
equivalence, which is the focus of that grade level. She remembered some ideas from
kindergarten and the first grade, but the gap proved to be unfavorable in developing a
stronger understanding of fraction equivalence.
Use of manipulatives. Analysis of data revealed interesting themes related to
Amy’s use of manipulatives. The kindergarten teacher candidate’s reflections cited that
using teddy bear counters was distracting for Amy at first, though later on, the counters
helped her develop understanding of part-whole and fair share. She struggled with the
fractional concepts but the use of manipulatives such as counters, cookies, fraction strips,
Hershey® bars and the egg carton helped her visualize the concept, and physically
manipulating the model helped her stay focused and engaged. Analysis of data from the
first and third grade also provided supporting evidence that the use of manipulatives
aided Amy in seeing fractional concepts in different contexts, thus helping her gain a
deeper understanding.
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Summary. Amy showed growth in her thinking from the kindergarten to the first
grade. Her understanding of part-whole developed to some extent but confusions and
misunderstandings were evident in her thinking throughout her participation in the
research study. It can be hypothesized that the gap due to non-participation in the second
grade contributed towards weak understanding in the third grade data particularly in
relation to equivalence. This may be because focused fraction instruction in the second
grade could have helped her overcome some of the misunderstandings and build a
stronger foundational base before moving to the third grade.
Though the concept of fraction equivalence also developed to some extent, the
gap in the second grade may have been a reason for underdeveloped understanding of the
concept. Analysis supported the use of manipulatives in helping Amy develop
understanding of fractional concepts such as part-whole partitioning, fair share, and
equivalence to some extent. Though manipulatives aided the development of fractional
concepts, the most success was seen in the development of the idea of fair share through
the use of manipulatives. Since the research-based fraction lessons were built as a
progression of the fraction ideas, not being in the larger research study in second grade
seemed to have some impact.
Student 3.2 - Jasmine
Student 3.2 was given the pseudonym Jasmine. Jasmine is an African American
female who participating in the larger research study during her K, 1, and 3 grades.
Some data, such as kindergarten lesson observations and a few first grade lesson
observations, were not archived. Additionally, Jasmine’s participation was not
documented explicitly in the archived first grade lesson observations and hence the
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researcher was unable to provide insights about her understanding of fractional concepts.
However other available data revealed some insight into her understanding of fractional
concepts. She entered the research study in kindergarten with very limited knowledge of
one-half. Evidence from the kindergarten pre-assessment indicated that she was aware of
“half” as she used the word while explaining some of the fair share answers but could not
represent one-half in any way. When asked to draw a shape or picture representing onehalf, Jasmine responded by saying “I don’t know” on the kindergarten pre-assessment.
Moreover, she either used whole numbers or the word “piece” to denote other fractional
parts such as one-third. Her responses on questions about fair share also showed limited
understanding of the concept. On the question that asked her to share 12 teddy bear
counters between two people, she put two teddy bears in one group and the remaining
counters in another group. She was unable to fairly share paper crackers or Twizzlers®
between different numbers of people. It was interesting to note that success was seen
only in fairly sharing a cupcake between two people. Further analysis of her data
indicated growth in her thinking about part-whole partitioning, fair share, and
equivalence as presented in the next section.
Part-whole partitioning. Analysis of the kindergarten data revealed that Jasmine
made little progress in comprehending the part-whole partitioning concept by the end of
intervention. She responded “I don’t know” on the kindergarten post-assessment when
asked to draw a picture or shape showing one-half. Supporting evidence was provided by
the kindergarten teacher candidate’s assessment notes that stated though Jasmine
understood and , she was “openly confused” and was only able to answer questions
after modeling and demonstrating by the teacher candidate. She was not able to represent
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one-half pictorially or symbolically on the first grade pre- or post-assessment. She
responded by making a cookie on the first grade pre-assessment and an unusual shape on
the first grade post-assessment as shown in Figure 4.27.

Pre-Assessment

Post-Assessment

Figure 4.27. First Grade Pre- and Post-Assessment Question #1: Representing One-Half
through a Picture or Shape
Even though the response on the first grade post-assessment indicated that she
was developing some understanding of representing fractions symbolically, it was still
very weak. The first grade teacher candidate’s assessment notes supported this by stating
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that though she had started working independently and recognized some fractions, she
was still confused. Student work from the third grade pre-assessment in Figure 4.28
illustrates her misunderstanding related to symbolic representation of fractions.

Figure 4.28. Third Grade Pre-Assessment: Student work
Misunderstanding related to the symbolic representation was also supported by
evidence from the third grade lesson observations where Jasmine could visually represent
fractions such as one-fourth but did not show a move towards representing it
symbolically. Additional evidence was provided by the third grade pre- and postassessment where Jasmine was able to show one-half through shading half of a circle but
represented it as “ ” symbolically. Some success was seen in her understanding of
numerator and denominator on the third grade lesson observations and indicated in the
teacher candidate’s assessment notes. She could visualize a fraction getting smaller when
the denominator became larger on the third grade lesson observations, but the third grade
post-assessment showed that she still had some misunderstandings related to the
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symbolic representation of fractions. By the end of her third grade, her pictorial and
language use related to naming fractions was developed to some extent but not her
symbolic representation.
Fair share. Data analysis indicated that Jasmine gained some understanding of
fair share by the end of her kindergarten year. The kindergarten post-assessment showed
that she could fairly share a cupcake, teddy bear counters, and three Twizzlers® between
two people successfully. But she still struggled with sharing discrete or continuous
models between three people. For example, Figure 4.29 shows her response on sharing
discrete and continuous models between three people. Her responses in sharing 12 teddy
bear counters and a cracker between three people, illustrated through Figure 4.29,
highlight her limited understanding of fair share even by the end of kindergarten.
Moreover, her representation of a piece of a paper cracker as indicated further
confusion with the symbolic representation of fractional parts. It was interesting to note
that though Jasmine was unable to fairly share discrete or continuous models between
three people, she successfully shared two Play-doh® cookies between four people. Her
kindergarten data thus indicated some growth as she was able to explain her thinking with
some degree of mathematical clarity, but misunderstandings and weaknesses still existed
in her thinking of fair share.
Further analysis of data from the first grade showed growth in her thinking about
fair share. Figure 4.30 shows her growth from the kindergarten pre-assessment to the
first grade post-assessment on a question that asked her to share two Play-doh® cookies
between four people.
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Question #3

Question #5

Figure 4.29. Kindergarten Post-Assessment Question #3 and #5: Sharing between Three
People
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Kindergarten Pre-Assessment

First Grade Post-Assessment

Figure 4.30. Kindergarten Pre-Assessment Question #6 and First Grade Post-Assessment
Question #6: Sharing Two Play-doh® cookies Between Four People

204

The responses revealed that Jasmine had developed understanding of fair share to
a great extent by the end of first grade though she still struggled with naming fractional
parts. Other questions on the first grade pre- and post-assessments supported this as she
could fairly share a paper cracker among 2 or 3 people or a group of Twizzlers® between
2 or 4 people but could not provide a name for the fractional piece. The largest growth
was seen in her being able to share a discrete model successfully on the first grade postassessment when she not only made equal groups while fairly sharing 12 teddy bear
counters between different numbers of people but also verified that she had made equal
groups by counting and explaining her thinking. As mentioned before, Jasmine was not
in the larger research study in the second grade and hence no second grade data was
available for analysis. But growth in her understanding was evident through the analysis
of the third grade data.
Data analysis showed that Jasmine was successful with questions related to fair
share on the third grade pre- and post-assessments. Jasmine correctly shared pencils
among different numbers of people by applying the exhaustion method and justified the
need to make equal groups. Though she was still using her whole number knowledge of
counting one pencil at a time to make equal groups, her explanation showed growth in
her thinking. For example, on question five that asked her to share 12 pencils between
five people, she justified keeping two pencils separate so that the groups would be equal.
She was also able to share continuous models such as paper crackers between larger
numbers of people such as four or six people correctly but struggled with naming
fractional parts. For example, she shared two paper crackers between four people by
splitting each one in half and shared two paper crackers between six people by splitting
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each paper cracker in three. She demonstrated success in fairly sharing the paper
crackers, but she was unable to name fractional parts in either case. Thus, data indicated
growth in Jasmine’s thinking about fair share despite the gap in the second grade. As
mentioned, the gap in second grade did not have much impact on her development of the
concept of fair share, but participating in the second grade could have helped her in
naming and identifying fractional parts as it would have provided her with more
experiences to develop understanding of fractional parts.
Unitizing. As discussed earlier, there was no evidence seen for Jasmine’s
conceptualization of unitizing. Her thinking about unit fractions was also weak but
developed to some extent by third grade. No conclusions can be made about her
understanding and thinking about unitizing based on the lack of archived data about the
fraction concept.
Equivalence. Initial evidence of equivalence was seen in the first grade teacher
candidate’s assessment notes which highlighted that Jasmine understood but needed
guidance to fully grasp “a whole.” The third grade lesson observations and teacher
candidate’s assessment notes supported this finding. She developed some understanding
of fraction equivalence in third grade but was still confused as shown by an excerpt from
the third grade lesson observations:
When working with egg carton
Teacher: What fraction of the whole is 6?
Jasmine:
Teacher: That’s one way, what’s another way
Jasmine: I don’t know

206

Some success was seen in her response on the third grade post-assessment when
she partially identified to be same as . Her weak understanding of fraction equivalence
may be a result of the gap in second grade when the research-based fraction lessons
introduced fraction equivalence through different models such as fraction strips, egg
cartons, and Hershey® bars.
Use of manipulatives. Analysis of the data showed that Jasmine was distracted by
the use of teddy bear counters in kindergarten. Her focus often shifted to playing with
them as noted in the kindergarten teacher candidate’s assessment notes and reflections.
In spite of the initial distractions due to the use of teddy bear counters, subsequent use of
counters engaged Jasmine as in evident in the teacher candidate’s reflections. Moreover,
as reported by a teacher candidate in the reflections, the use of manipulatives such as
teddy bear counters and cookies became easier and more beneficial during the later
fraction lesson in kindergarten.
Using different manipulatives in the first grade also seemed to greatly aid Jasmine
for developing the concepts of part-whole partitioning, fair share, and equivalence. The
teacher candidate noted on the reflections that using different manipulatives provided
different contexts and ways to comprehend the fractional concepts. Jasmine was able to
develop an understanding of different unit and non-unit fractions in the first grade by
manipulating the teddy bear counters as evident from the teacher candidate’s reflections.
Evidence also indicated that using different manipulatives in the first and third grades
helped Jasmine stay focused and engaged by providing hands-on experiences for learning
fractions. For example, the use of Hershey® bars and the egg carton helped develop
some understanding of fraction equivalence as was evident on the third grade lesson
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observations. Analysis of the data over time signified that using different types of
manipulatives seemed to be beneficial for Jasmine and helped build some foundational
understanding of fractional concepts, especially fair share. Though the use of
manipulatives seemed to aid her in developing the concept of part-whole partition and
equivalent fractions, the greatest benefit was seen for the concept of fair share.
Summary. Evidence showed that Jasmine seemed to benefit from participating in
the larger research study. The greatest growth was seen in her understanding fair share.
Jasmine fairly shared discrete and continuous models between different groups of people
and even articulated her thinking with success. She developed some understanding of
part-whole partitioning and was successful to some extent with pictorial and linguistic
representations but struggled with the symbolic representation of fractions. She also
developed some understanding of fraction equivalence, but the understanding was not
fully developed. It could be hypothesized that the gap from the larger research study in
the second grade had some impact on her understanding of fractional concepts, especially
fraction equivalence. The use of manipulatives seemed to be beneficial for Jasmine in
developing understanding of fair share and part-whole partitioning to some extent,
especially in the first and the third grades.
Student 3.3 - Tyrone
Student 3.3 was assigned the pseudonym Tyrone for the purposes of the current
research study. Tyrone is an African American male. He was in the larger research study
during kindergarten, second, and third grades. He had not participated in the larger
research study during first grade and belonged to Group 3 due to being in the larger study
for three non-consecutive years.
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Analysis of Tyrone’s entering understanding of fractions from the kindergarten
pre-assessment showed that he did not have any understanding of part-whole partitioning
especially one-half. He answered “I can’t. I don’t know what half is” when asked to
draw a picture or shape representing one-half. Moreover, analysis of the other questions
on the kindergarten pre-assessment showed that he named every fractional part with
words such as “some,” “piece,” or a whole number. He did not use pictures, symbols, or
language for any part-whole partitioning concept. On the other hand, the kindergarten
pre-assessment revealed that Tyrone had some knowledge of fair share though it was
limited. He was able to make groups by splitting discrete and continuous models for
sharing but had very limited understanding of “fairness” while sharing. For example, on
the kindergarten pre-assessment when sharing 12 teddy bear counters between two
people, he kept seven counters and gave five counters to the teacher candidate. Though
Tyrone showed some success in working with continuous models such as a cupcake, a
paper cracker, and Play-doh® cookies, his understanding was still limited and he was not
able to explain his thinking. He knew that sharing meant dividing the whole between
people, but he made unequal groups and was unable to explain his thinking. Further
analysis of Tyrone’s data over the three participating years in the larger study are
presented below through the broad themes of part-whole partitioning, fair share,
unitizing, equivalence, and use of manipulatives.
Part-whole partitioning. Tyrone gained some understanding of part-whole
partitioning by the end of his kindergarten year, especially for one-half. The kindergarten
teacher candidate’s; assessment protocol highlighted that he fully grasped the concept of
one-half and had a developing understanding of and by the end of the kindergarten
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intervention. This was supported by the kindergarten lesson observations that cited
instances of his growth in understanding part-whole partitioning. For example, he was
able to demonstrate his understanding by matching fractions such as and to pictures
and justify that a triangle split horizontally does not represent one-half. Though he
gained some understanding of part-whole partitioning, some confusion and
misunderstanding were also evident from the kindergarten data. For example, he called a
piece of a paper cracker cut in 3 parts to be “3 halfs” and identified to be more than on
the kindergarten post-assessment. The kindergarten teacher candidate’s assessment
protocol also stated that Tyrone was developing his understanding of and but needed
more experiences to clarify and reinforce the concept. Another example of his
misunderstanding was highlighted in the kindergarten lesson observations where he
identified a rectangle cut in four parts to be fourths because it has four sides. Further
analysis of data indicated growth in his understanding though overcoming some of his
misunderstandings about naming various fractional parts.
Tyrone was not in the larger research study in first grade and hence no data was
analyzed from that year. The second grade pre-assessment revealed that he recalled the
concept of part-whole partitioning to some extent from kindergarten but
misunderstandings and confusions were also apparent. Though he was able to show onehalf pictorially, he symbolized one-half as “1” on the second grade pre-assessment.
Further analysis of the pre-assessment depicted some understanding from the
kindergarten year as he was able to identify but was not able to explain his thinking.
The second grade lesson observations and assessment notes also provided evidence that
Tyrone had behavioral issues in the second grade that posed as an obstacle to his
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learning. The teacher candidate had to redirect and discipline him several times during
the fraction lessons. Tyrone showed growth in pictorial and symbolic representations of
part-whole partitioning, though he had difficulty with the language of fractions. For
example, he called the fraction as “two three” on the second grade lesson observations.
In spite of these confusions, he was able to represent one-half with both symbols and
pictures on the second grade post-assessment thus indicating some growth in his
understanding of part-whole partitioning.
Analysis of the third grade assessments showed that he further developed
understanding of part-whole partitioning by the end of third grade. Figure 4.31 shows his
response from the second grade post-assessment and the third grade pre- and postassessments on naming a piece of two paper crackers shared between four people. The
responses in the Figure 4.31 indicated that Tyrone was unable to correctly name the
fractional part and had no concept of numerator and denominator on the second grade
post-assessment. However, the response on the third grade pre-assessment showed he
correctly identified the fractional part but was still confused with the concept of
numerator and denominator. The response on the third grade post-assessment indicated
that he had developed an understanding of part-whole partitioning and had a stronger
grasp of numerator and denominator as compared to the previous participating years.
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Second Grade Post

Third Grade Pre

Third Grade Post

Figure 4.31. Second Grade Post-Assessment and Third Grade Pre- and Post-Assessment
Question #7: Identifying a Piece of Two Paper Crackers Shared between Four People
Instances of growth in understanding of the part-whole partitioning concept were
also seen from other third grade data. He was able to successfully represent one-half
through pictures, symbols, actions, and language on the third grade post-assessment as
compared to only using pictures on the other assessments. One example of his progress
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was seen on the question that asked him to identify “who gets more or do they get the
same amount?” for a one-half pizza split in 3 and 4 pieces (see Appendix). Tyrone was
able to correctly answer the question with reasonable justifications on the third grade
post-assessment as compared to all the other assessments. The third grade lesson
observations provided triangulated evidence of his growth in thinking about part-whole
partitioning. Tyrone was able to identify numerator and denominator for a fraction and
justify his selection successfully. For example, while reviewing numerator and
denominator, Tyrone successfully identified a green colored fraction strip to be and was
able to justify that the denominator signified “how many parts in all.” Some struggle was
also indicated through the third grade lesson observations that highlighted that Tyrone
needed the teacher candidate’s help and guidance several times to correctly identify partwhole relationships. In spite of the struggle, analysis of data revealed that Tyrone had
developed some understanding of the concept of part-whole partitioning as compared to
his understanding in kindergarten.
Fair Share. Data analysis indicated that Tyrone’s understanding of fair share
developed by the end of the three years in the larger research study. On the kindergarten
pre-assessment, he fairly shared discrete and continuous models such as teddy bear
counters, Play-doh® cookies, a cupcake, and paper crackers between different groups of
people. Growth in understanding of fair share was seen in justifications and explanations
of his actions. Further evidence was provided by the kindergarten lesson observations in
the following excerpt
Teacher: There are 12 cookies. Share with 4 people?
Tyrone: Puts 3 in with each (does it in groups of 3)!
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Sharing different number of cookies between 2 people
Teacher: If 8 cookies?
Tyrone: Puts 5 and 3 then 4 and 4 on chart
Teacher: If 10 cookies?
Tyrone: Helps another student by putting 5 and 5
Teacher: What if there are 12 cookies and 4 people?
Tyrone: Puts 3 cookies under each person (counts 3 and then moves to next
person)
(Tyrone could immediately group by 3!)
All these exchanges showed that Tyrone was developing some conceptual
understanding of fair share and had understood the concept of “fairness” for sharing in
kindergarten. The kindergarten teacher candidate’s assessment notes provided supporting
evidence of his growth in thinking. On the kindergarten assessment notes, the teacher
candidate noted that Tyrone was successful in understanding the concept of fair share.
As previously mentioned, Tyrone had not participated in the larger research study
in first grade and hence no first grade data exists to be analyzed. Analysis of the second
and the third grade data revealed that not being in the research study in first grade along
with his behavior issues may have had an impact on his understanding of fair share. The
second grade pre-assessment showed limited understanding of fair share indicating that
the gap in the first grade may have had an impact on his understanding. He was unable to
share discrete and continuous models between different numbers of people on the second
grade pre-assessment.
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Pre-Assessment

Post-Assessment

Figure 4.32. Second Grade Pre- and post-Assessment Question #5: Sharing a Paper
cracker between Three People
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Figure 4.32 shows his responses on the second grade pre- and post-assessment
sharing a paper cracker between three people. The responses showed that though Tyrone
was able to share a paper cracker on the second grade pre-assessment, he was again able
to do it successfully on the post-assessment after participating in the second grade
intervention. Additionally, according to the second grade teacher candidate, Tyrone
struggled with making equal parts while fairly sharing discrete or continuous models
during the beginning fraction lessons. This could indicate that absence from the larger
research study in the first grade seemed to have an unfavorable effect.
Further analysis of the data revealed that he was able to successfully solve fair
share problems on the second grade post-assessment and on the third grade pre- and postassessments with more confidence and understanding. The third grade post-assessment
showed considerable growth in his thinking about fair share but a struggle with fair share
was still evident. For example, he was able to fairly share a paper cracker between three
people but was unable to share a Play-doh® cookie between three people. This indicated
that Tyrone still had difficulty with the concept. The third grade teacher candidate’s
assessment protocol and reflections provided further supporting evidence for his
difficulties with the concept. In spite of the difficulties with fair share, his understanding
of fair share had developed considerably from his understanding in kindergarten.
Unitizing. No evidence of unitizing was seen in Tyrone’s data. The researcher
cannot make any interpretations about his understanding of unitizing due to the lack of
evidence.
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Equivalence. The evidence for fraction equivalence was first seen in second
grade. Tyrone was not in the larger research study in first grade when the concept of
fraction equivalence was presented through a whole being written as , , and other
fractions. As mentioned before, the second grade lesson observations revealed that he
had behavior issues that seemed to be an obstacle to his learning. In spite of the behavior
issues, a weak developing understanding of equivalence was seen. As seen on the second
grade lesson observation, it was difficult for him to visualize the concept of equivalent
fractions, although some gain was seen in the lesson observations when he was working
with fraction strips. The third grade data revealed growth in his understanding of fraction
equivalence from the second grade. He demonstrated some understanding of equivalent
fractions when he was able to identify to be the same as on the third grade postassessment. Though he was not able to explain his thinking clearly, it does indicate some
understanding of equivalent fractions. This is supported through evidence from the third
grade lesson observations. Analysis of the third grade lesson observations indicated that
Tyrone struggled with the concept of fraction equivalence and needed explicit help from
the teacher candidate, but he was able to visualize equivalent fractions through the use of
manipulatives such as a circle. Tyrone’s growth in understanding of fraction equivalence
was also seen on the third grade post-assessment on which he was able to identify to be
same as . This indicated growth in his thinking about equivalent fractions.

Use of manipulatives. The data analysis showed that using manipulatives helped
Tyrone gain understanding of fractional concepts. Evidence from the kindergarten
teacher candidate’s reflections showed that the use of teddy bear counters was distracting
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in the beginning but eventually helped him gain understanding of part-whole partitioning
and fair share if given time to play with the teddy bears. Another interesting observation
about using manipulatives was that they were effective when Tyrone had his own
individual set of manipulatives to touch and manipulate. The kindergarten lesson
observations showed that the cookie manipulatives significantly aided Tyrone’s progress
in understanding of fair share because he was physically able to divide the cookies and
visualize the concept.
Analysis of the second grade data revealed that though manipulatives were useful
for some students, Tyrone was disengaged and off-task. Part of the disengagement could
be attributed to his behavior issues documented in the second grade data. Some evidence
of his work and engagement with the fraction strips was shown in the second grade
lesson observations. The second grade teacher candidate’s reflections and lesson
observations also revealed some instances of him working with counters for developing
fractional concept. For example, he independently shared 12 counters between six people
and was able to identify each group to have two counters on the second grade lesson
observations. Moreover, the teacher candidate noted in the reflections that using counters
provided a tangible experience in understanding fair share through physically dividing
and making equal groups. The second grade data also showed that Tyrone had success in
understanding ordering of unit fractions to some extent through the use of fraction strips.
The fraction strips helped him compare fractions for relative sizes but it was difficult for
him to handle all the strips, so making own fraction strips proved to be a hindrance.
The third grade data showed that he was more successful with using
manipulatives in third grade. The third grade lesson observations showed that Tyrone
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developed some understanding of fraction equivalence through the use of Hershey® bars,
the egg carton, and sharing circular pies. In the third grade teacher candidate’s
reflections, the teacher candidate noted that multiple manipulatives provided different
concrete experiences so that students could test their thinking and develop a flexible
understanding of the various fractional concepts.
Summary. The data analysis for Tyrone showed that he gained understanding of
fractional concepts such as part-whole partitioning, fair share, and fraction equivalence
but misunderstandings and confusions still existed. His growth in understanding was
greatest for the concept of part-whole partitioning and he showed success with
visualizing and justifying fractional parts by the end of the third grade. Though his
understanding of fair share also developed somewhat, he struggled with the concept. He
also developed some understanding of equivalence though he needed a great deal of
guidance and assistance from the teacher candidate. Absence from the larger study in
first grade seemed to have a negative impact as evident from his limited understanding of
fair share and equivalence. The use of manipulatives was helpful for him though
behavior issues posed an obstacle in his learning at times. Manipulatives such as cookies,
counters, Hershey® bars, fraction strips, and pies were useful in developing
understanding of part-whole partitioning, fair share, and equivalence.
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Group Analysis
The three student cases in Group 3 were analyzed together for common themes
and patterns. Though there were two cases from K, 1, and 3 grades and one case from K,
2, 3 grades, the researcher analyzed them together to see the effect of the gap of a nonparticipating year. The entering grade was the same for all three students and they had
participated in the larger research study for three non-consecutive years, and hence they
were analyzed together. Cross case analysis revealed some interesting themes that are
discussed in the following section.
One major theme that emerged was the students’ entering or prior knowledge. All
the students entered the larger research study with weak understanding of part-whole
partitioning and fair share. Even though some success was seen with pictorial
representation of part-whole, specifically related to one-half, the students had no concept
of symbolic representation. The analysis showed that the students were aware of “half”
as they used it while sharing things but had a very limited understanding about it. It was
also seen that their understanding of fair share was very limited. The students could
share discrete and continuous models but not fairly. They had no notion of “fairness” and
none of them were able to make equal groups while sharing discrete or continuous
models such as teddy bear counters or paper crackers. As noted by the teacher candidate,
Amy even separated teddy bear counters by color and believed it to be fair. One
interesting commonality that emerged was that all the students showed some degree of
success with sharing a cupcake between two people. This may be attributed to the fact
that daily experiences had an impact on their thinking and students did bring informal
knowledge into the classroom.
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Another major theme that emerged was that the intervention had a positive effect
in spite of the gap of a non-participating year. It was also interesting to see that the effect
of the gap was different for different fractional concepts. The students developed the
concept of part-whole partitioning to a great extent by the third grade. The students who
had been in the study for grades K, 1, and 3 showed more conceptual understanding of
part-whole partitioning than the student in grades K, 2, and 3. For example, Amy and
Jasmine showed greater success with pictorial and symbolic representation of fractions
while Tyrone still had some misunderstandings. All students developed strong
understanding of one-half and others fractions such as , , and , but conceptual
understanding was stronger for Amy and Jasmine. This may be attributed to the fact that
the research-based fraction lessons were designed and built in a coherent progression of
concepts with the earlier grades concentrating on part-whole partitioning and the later
grades concentrating on the concept of fraction equivalence. The concept of fair share
was distributed throughout the fraction lessons. The cross cases analysis of the three
student cases revealed themes matching the development of the concepts by the fraction
lessons. It was noticed that Tyrone had a more developed understanding of fraction
equivalence than Amy or Jasmine. Though all three students were able to represent a
whole with , , , and other equivalent fractions, Tyrone was able to independently think
of equivalent fractions for , , and . Amy and Jasmine also showed growth in their
thinking about fraction equivalence but it was still developing and they needed assistance
while grappling with the concept. As for the concept of fair share, all students showed
deeper understanding of the concept by the end of third grade. They had developed an
understanding of “fairness” while sharing and growth was seen in their thinking about
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fair share with each participating year. Their understanding of fair share became stronger
with every participating year in the larger research study.
Overall, it was seen that the discontinuity of a year in intervention did have an
impact on students’ understanding of fractional concepts. Even though growth was seen
for part-whole partitioning and fraction equivalence, many misunderstandings and
confusions were still evident. For example, all the students showed a conceptual
understanding of numerator and denominator, but some confusion and misunderstanding
was still evident with understanding the concept. The most common misunderstanding
was related to symbolic representations of fractions. The students often inverted the
numerator and denominator while representing a fraction, such as saying as or as ,
indicating confusion with the concept.
The use of manipulatives was shown to benefit all students for all the fractional
concepts. Even though evidence suggested that the use of teddy bear counters was
distracting in kindergarten, overall the use of teddy bear counters helped students gain
richer understandings of the part-whole partitioning and fair share concepts. Cross-case
analysis showed that giving play time with the teddy bear counters helped focus the
students more towards developing the fractional concepts. Students demonstrated
success with both discrete and continuous models. It was seen that discrete models such
as teddy bear counters and pencils sometimes encouraged whole number thinking as the
students fairly shared them by counting one counter or pencil at a time. They had
difficulty visualizing groups with discrete models while they showed more success with
continuous models. This could be because the students were more familiar with
continuous models such as cakes, cupcakes, and crackers. This was also indicated by
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their entering understanding of fair share when they showed more success with sharing a
cupcake than any of the other models. This also gave evidence that students were more
aware of continuous models by encountering them more frequently in their daily life.
The use of continuous models such as cakes, cookies, fraction strips, and Hershey® bars
was beneficial in developing the various fractional concepts. Overall, the use of
manipulatives seemed to benefit the students as they provided them with hands-on
experiences to develop conceptual understanding.
Yet another important theme that emerged was that students were thinking
independently and communicating their thinking more reasonably over time. They
demonstrated more flexible thinking as they were able to move from one model to
another while working with the fractional concepts of part-whole partitioning and fair
share. The students were able to justify their explanations in a more clear and coherent
way. The intervention seemed to not only help build understanding of fractional concepts
but also helped students develop flexible thinking and communication skills.
Group 4
Group 4 was comprised of any student case that had been in the larger research
study for 3 years but one of the years was a repeating year. This meant that a student in
any one of the following ten possibilities would have belonged to this group: K, K, 1; K,
K, 2; K, K, 3; K, 1, 1; K, 2, 2; K, 3, 3; 1, 2, 2; 1, 3, 3; 2, 2, 3 or 2, 3,3.
After looking at all the student cases from 2007 to 2013, the researcher found
only one student that had a repeating year in the larger research study. The student had
been in the larger research study during second and third grades and had repeated third
grade. This student presented a unique case for the current research study. This case was
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analyzed to see if the themes and patterns generated from the data analysis of a unique
case presented commonalities with other groups and themes of the overall current
research study. The student case was coded as 4.1 and was the only student in Group 4.
Student 4.1 – Raven
Student 4.1 was assigned the pseudonym Raven for the current research study.
Raven is an African American female. As mentioned earlier, she had participated in the
larger research study during second and third grade and had repeated third grade in the
larger research study. Since she had repeated third grade, she had been exposed to the
third grade intervention twice. Some data from her third grade experience, such as the
first third grade post-assessment and the repeating third grade lesson observations, were
not archived. Yet Raven had sufficient data to be analyzed for themes and patterns about
her thinking of fractional concepts and ideas.
Raven entered the research study with some understanding of part-whole
partitioning, especially one-half, and fair share as indicated by the second grade preassessment. She was unable to represent one-half pictorially but showed some success on
symbolic representation of one-half on the second grade pre-assessment. Her entering
understanding about fair share was demonstrated when she was asked to share discrete or
continuous models among different numbers of people. Though Raven had some concept
of “fairness” as she had made equal groups for sharing, she had not exhausted the whole.
For example, when asked to share 12 teddy bears between 3 people, she had made 3
groups of 3 and did not use all the bears. Analysis of data from her years in the larger
research study revealed interesting findings. One finding that emerged was that she
expressed numerous behavioral issues. According to the second grade teacher candidate,
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Raven had to be disciplined and redirected several times during the intervention and that
may have contributed towards her weak development of fractional ideas. Detailed
descriptions of her understanding and issues are described in the following sections
through the broad themes of part-whole partitioning, fair share, unitizing, equivalence
and use of manipulatives.
Part-whole partitioning. Raven demonstrated some understanding of symbolic
representation of part-whole partitioning, specifically one-half, on the second grade preassessment when she entered the larger research study. Further analysis of her data
revealed that her understanding of symbolic representations of part-whole partitioning
had inherent misunderstandings and confusions. This was highlighted when she
represented the fraction for one-fourth as

and one-fifth as on several occasions as

documented on the second grade pre- and post-assessments. This indicated her limited
understanding about numerator and denominator and having no notion of symbolically
representing a fraction. Another example is provided in Figure 4.33 by the question on
the second grade pre-assessment that asked Raven to identify the fraction of eggs having
spots.
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Figure 4.33. Second Grade Post-Assessment Question #12: Identifying Fraction of Eggs
Having Spots
Her response indicated that she had an extremely limited understanding of a
fraction and used whole number knowledge when thinking about a fraction. She had no
concept of numerator or denominator. The second grade lesson observations highlighted
some understanding of part-whole partitioning, specifically to one-half, when Raven
demonstrated one-half pictorially during a lesson. But she still represented one-half as
“ ” – further underscoring her confusion. This may be attributed to her not participating
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in the larger research study in kindergarten and first grades where the focus was on
developing a strong understanding of numerator and denominator. This could also be a
result of Raven’s numerous behavioral issues as evident from the second grade lesson
observations and the teacher candidate’s assessment protocol. She only answered “six to
be half of 12” on the second grade lesson observations after prompting and much effort
from the teacher candidate. On the second grade assessment protocol, the teacher
candidate highlighted her behavioral issues as a hindrance to learning. Analysis of data
from the first third grade intervention in the larger research study showed increased
behavioral issues. Many instances of non-participation and misbehavior were
documented during the first third grade lesson observations as shown in the following
excerpts:
Teacher: Working with pizza fractions
Raven: not participating (continues after several attempts from teacher candidate)
Teacher: Do you see where we are Raven? (Working with egg carton)
Raven: Nothing
Teacher: Maria can you help Raven
Raven: Leave me alone
Teacher: So, Raven another fraction we could call
Raven: No reply

?

Teacher: Raven fill your carton with 12 eggs
Raven: No response
Teacher: Raven look at your paper, read and count with me
Raven: Body language refused
All these instances showed that Raven was not participating even after several
attempts from the teacher candidate to engage her. This posed as an obstacle to her
learning and led to minimal gains in understanding about part-whole partitioning. The
lack of part-whole partitioning knowledge was demonstrated on the first third grade pre227

assessment on which she identified to be smaller than and continued to represent onehalf as . Her first third grade post-assessment was not archived for comparison after the
intervention, but analysis of the repeating third grade data revealed interesting results.
Data analysis from the repeating third grade revealed considerable growth in her
thinking. While she was still unable to draw a picture or shape representing one-half on
the repeating third grade pre-assessment, she was able to successfully represent one-half
symbolically and pictorially on the post-assessment. Many other instances revealed
growth in her thinking about part-whole partitioning. For example, she was able to
justify the numerator and denominator in fraction on the repeating third grade postassessment. Figure 4.34 illustrates another example of her growth in thinking about partwhole partition through the same question from Figure 4.33 that asked her to identify the
fraction of eggs having spots.

Figure 4.34. Repeating Third Grade Post-Assessment Question #10: Identifying Fraction
of Eggs Having Spots
228

Raven was not only able to successfully answer the question but was also able to
justify and explain her thinking with some success. Her explanation showed that her
understanding of numerator and denominator had developed after the intervention. Her
response in Figure 4.34 as compared to her response in Figure 4.33 indicated that there
was some growth in thinking about part-whole partitioning. Another example of her
understanding was seen in Figure 4.35 on the repeating third grade post-assessment and
showed that she was developing the concept of numerator and denominator and was able
to identify each correctly.

Figure 4.35. Repeating Third Grade Post-assessment Question #8: Sharing Two Paper
Crackers between Six People
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As mentioned earlier, the response showed that Raven correctly identified the
fraction and also demonstrated awareness of numerator and denominator. The response
also indicated some understanding of fair share as she was able to share two paper
crackers between six people with some degree of success. Supporting evidence for her
growth was provided by the repeating third grade teacher candidate’s assessment protocol
that showed though Raven had behavior issues in the beginning, she demonstrated
success in understanding fractional concepts by the end of the intervention.
Unfortunately, repeating third grade lesson observations were not archived to deeply thus
it was not possible to gauge her growth in thinking about part-whole partitioning. In spite
of the missing data, it can be seen that the intervention seemed to have a positive effect to
some extent.
Fair share. Analysis of Raven’s data from the second grade showed that she
gained very little understanding of fair share by the end of second grade. Though she
performed better on the second grade post-assessment as compared to the pre-assessment,
her understanding of fair share was still weak. The second grade teacher candidate’s
assessment protocol highlighted that Raven struggled with making equal groups by
exhausting the whole and had many behavioral issues that hindered her learning process.
The second grade teacher candidate’s assessment protocol provided evidence of her
struggle with the concept of fair share by stating that she did not understand fractions or
grouping and “when asked to color in three eggs out of 12, she colored in three all over
the carton instead of grouping.” She showed no motivation in learning as evident from
the second grade lesson observations and teacher candidate reflections and assessment
notes.
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Analysis of her data from the first third grade experience also revealed that she
did not gain much understanding of fair share and had many misconceptions. For
example, when asked to share 12 pencils between 6 people, she separated the pencils in 3
groups of 2 and 2 groups of 3 on the pre-assessment. It was after much prompting from
the teacher candidate that she proceeded to make equal groups. Raven had not
demonstrated much gain in understanding fair share by the end of the first third grade
experience but evidence from the repeating third grade experience indicated growth in
her understanding. On the repeating third grade post-assessment, Raven successfully
shared 12 pencils between 5 and 6 people and justified her thinking. She was also able to
justify sharing 12 pencils between 5 people. Figure 4.36 compares her response to
sharing 12 pencils between 5 people on the repeating third grade pre- and postassessments. The response showed that Raven was developing the concept of fair share
as was able to make equal groups by the end of the repeating third grade intervention.
She was also able to share continuous models such as paper crackers among different
groups of people with some degree of success. This indicated that she had gained some
understanding of fair share which may be attributed to the decrease in behavior issues and
subsequently more involvement in the fraction lessons. Unavailability of the archived
lesson observations does not provide the researcher with further analysis of her growth
and the weaknesses that may have existed about fair share in the repeating third grade.
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Pre-Assessment

Post-Assessment

Figure 4.36. Repeating Third Grade Pre- and Post-Assessment Question #5: Comparing
Responses on Fairly Sharing 12 Pencils between Five People
Unitizing. No evidence was seen for the fractional concept of unitizing and hence
the researcher made no interpretations about Raven’s understanding of unitizing.
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Equivalence. The first evidence of her understanding of fraction equivalence was
seen in the second grade lesson observations when she identified as a whole. Though
this could have been an indication of her understanding of fraction equivalence, her
misconceptions related to symbolic form presented a different view. Raven represented
every fraction as such as , , or for , , and respectively and hence identifying as
a whole could not be considered as evidence of her understanding of equivalent fractions.
Her non-participation in the larger research study in kindergarten and first grade and the
severe behavior issues in the second grade may be considered reasons for her not
demonstrating progress in understanding of equivalent fractions by the end of her second
grade.
Her first third grade data analysis showed very little growth in her understanding
of equivalent fractions but the repeating third grade data revealed considerable growth in
her thinking about equivalence. Less gain in her understanding of fractional concepts in
the third grade may be attributable to her severe behavior issues as evident on the teacher
candidate’s assessment protocol and reflections. The repeating third grade teacher
candidate’s assessment protocol categorized Raven as being “super” on the fraction
lesson regarding developing the concept of equivalence. The teacher candidate cited that
she “was focused and understood the concepts to a great extent.” It can be said that she
had become aware of equivalent fractions though may still have had some
misunderstandings. Evidence provided by Figure 4.37 also supports the claim of growth
in her thinking about equivalent fractions.
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Figure 4.37. Repeating Third Grade Post-assessment Question #12: Showing Growth in
Understanding Equivalent Fractions
Raven’s response demonstrated that she had gained some understanding of
equivalent fractions which supported growth in her thinking from previous years. As
previously mentioned, lesson observations from the repeating third grade were not
archived so further evidence for her growth and development of fraction equivalence
could not be mapped. Nonetheless, evidence seemed to indicate that overall Raven
benefitted from participating in the larger research study.
Use of manipulatives. Overall, the use of manipulatives seemed to help students
in the second grade, but Raven’s behavioral issues kept her off-task too much to gain
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maximum potential benefits of the manipulatives. In spite of the behavior issues, she
showed some success in the second grade through the use of fraction strips and teddy
bear counters as evident on the second grade lesson observations and teacher candidate’s
reflections. Data analysis of the first third grade experience showed that she did not seem
to benefit by the use of manipulatives as her behavior kept her off-task. Evidence
indicated that her behavioral issues kept her from engaging and participating in the larger
research study. There are instances that showed her working with an egg carton, but once
again her attitude and behavior kept her from learning as evident on the first third grade
lesson observations and as indicated through the excerpts documented in the equivalence
section. But the data analysis from the repeating third grade provided evidence that the
use of the egg cartons and cookies was very beneficial. Raven was categorized as
“super” and highly engaged in lessons involving the egg carton and cookies. Analysis of
her work also showed that there was growth in her understanding of various fractional
concepts such as part-whole partitioning, fair share, and equivalence.
Summary and Group Analysis.
Raven was the only student in Group 4 and analysis of her data from the years in
the study revealed that she had gained some understanding of fractional concepts such as
part-whole partitioning, fair share, and equivalence. Looking at the themes it can be
concluded that she entered with some understanding of fractions such as part-whole
partitioning and fair share, but her knowledge was limited. She was not aware of the
symbolic representation and had no concept of numerator and denominator. Moreover,
her behavioral issues were a hindrance to her learning. It was interesting to note that
Raven gained considerable understanding of fractional concepts such as part-whole
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partitioning, fair share, and equivalence in her repeating third grade. This once again
reinforced the fact that decrease in severe behavior issues encouraged engagement with
the manipulatives and supported the development of understanding of various fractional
concepts such as part-whole partitioning, fair share, and equivalence. Looking at her
understanding from second grade, Raven developed understanding of symbolic
representation of fractions, understood the concept of “fairness” in sharing and was able
to justify her thinking at a much higher level of clarity and comprehension. Her
understanding of fraction equivalence also developed as demonstrated from her work in
the repeating third grade post-assessment. Looking at the relationship of the use of
manipulatives to understanding fractional concepts, it was seen that manipulatives most
often benefitted Raven when her behavior issues were controlled. She showed success
with use of both discrete and continuous models such as teddy bear counters, cookies,
fraction strips, and the egg carton. The teacher candidate’s reflections from over the
years stated that manipulatives were imperative for the learning as fractional concepts are
too abstract and difficult to visualize without manipulatives providing the intermediary
support. Raven’s growth in understanding the concepts of part-whole partitioning, fair
share, and equivalence supported the fact that use of manipulatives was valuable. It was
even more beneficial to use various types of manipulatives such as discrete and
continuous models as they helped her see, manipulate, and understand in different
contexts thus developing conceptual understanding.
Conclusion
Data analysis from the various student cases indicated that overall there was
growth seen in students’ understanding of fractional concepts of part-whole partitioning,
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fair share, and equivalence. Evidence also indicated that using manipulatives seemed to
help students to develop conceptual understanding through tangible experiences.
Moreover, using different manipulatives provided multiple contexts for students to
experience and visualize the concept. Participation in the larger research study seemed to
have a positive impact on the students and they demonstrated flexible thinking about
fractions. Chapter five discusses the findings related to the research questions through
cross-case analysis across the various groups. Chapter five also presents
recommendations as supported by the results of the research study along with a
discussion of the implications for teaching and learning mathematics and future
possibilities for extending the current research.
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CHAPTER FIVE
Results
Introduction
This chapter summarizes the findings from the data analysis presented in chapter
four. The chapter connects the results from chapter four to the research questions, thus
highlighting the rationale for the study. The chapter also details the major findings
within each of the research questions as revealed from evidence through the data analysis
of the student cases across the groups. This chapter discusses students’ understanding of
part-whole partitioning, fair share, and equivalence in relation to the research questions.
Though unitizing was one of the areas considered, evidence of understanding related to
unitizing was not evident. There was not enough documented data about unitizing and
hence the researcher was unable to make any interpretations about students’
understanding of unitizing. This could be attributed to the lessons themselves not
effectively emphasizing unitizing so that themes would emerge related to students’
understanding of unitizing or perhaps that teacher candidates did not explicitly emphasis
unitizing and hence resulting in lack of evidence. In spite of the lack of evidence for
unitizing, data analysis revealed significant findings related students’ understanding of
part-whole partitioning, fair share, and equivalence that are discussed in detail under each
research question. Additionally, a discussion of the implications for teaching and
learning of mathematics related to curriculum, use of manipulatives, and students’
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understanding along with possibilities for future research is presented. The chapter
concludes by providing a summarized holistic view of the current research study.
Connection to Research Questions
Research Question #1: What do early elementary students know or understand about
fractions?
Since the research question is very broad, it was examined in the context of the
larger research study. The aim of the researcher was to gain insight into students’ initial
and long term thinking about fractions. Data analysis of the first pre-assessment for all
students revealed that students have the ability to understand fractions though that
understanding is weak and limited. Researchers (Gelman & Williams, 1998; Good et al.,
2013; Mack, 1995; Mack, 2001; Ni, 2001; Ni & Yong-Di Zhou, 2005; Siegler et al.,
2011) have cited the impact of prior knowledge, especially whole number knowledge, on
students’ fractional understanding. All the student cases across the groups displayed
rudimentary understanding of fractions initially though growth was seen across all the
cases over the years in the study. Through this research, the researcher examined
students’ entering knowledge about fractions as well as their growth over the
participating years. Findings are summarized in three major themes related to what
students know and understand about fractions.
Finding #1: Students’ initial awareness and understanding of one-half was limited
regardless of the entering grade level.
The data analysis of the student cases indicated that they were familiar with the
concept of part-whole partitioning, especially one-half, when they entered the larger
research study. The level of understanding of one-half differed from student to student.
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Some students’ awareness of one-half was demonstrated through either pictorial or
linguistic representations. Some students such as Amy and Jasmine displayed some
success with understanding of language representations of one-half by identifying half as
the amount received when something is shared between two people. Jamal, Andrea, and
Santiago were able to partially represent one-half through a picture. One student, Raven,
even displayed some understanding of the symbolic form of one-half when she entered
the larger research study. The fact that students were aware of the fraction one-half is in
accordance with the studies conducted by Siegler et al. (2013) and Wilson et al. (2012)
that showed the fraction is prominent in students’ early understanding and children
often employ halving as a strategy to solve problems on fractions. Everyday experiences
with sharing and other day-to-day actions exposed them to the concept of one-half.
In spite of the literature on students’ awareness of one-half, the analysis indicated
contrasting evidence. Some students exhibited no awareness of the concept of one-half.
Three out of 10 students had no notion of one-half and displayed no understanding either
linguistically, pictorially, or symbolically. Moreover, all the students, even the ones that
were aware of one-half, displayed limited understanding. For example, even if the
quantity was split in two unequal halves, a piece was still referred to as a one-half.
Students had no concept of the magnitude of one-half or any other fractions. Though this
is in accordance with the study conducted by Brizuela (2005) in which he stated that most
students think of one-half as being “a little bit” (p. 297), differences could be seen –
especially when the groups were considered. Cross-case analysis across the four groups
revealed insights into students’ initial understanding of one-half.
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The first insight was provided by looking at Group 2 students’ (Jamal, Andrea,
and Santiago) initial understanding of one-half. Group 2 students had entered the larger
research study in first grade as compared to the students in Group 1 and 3 who had
entered the larger research study in kindergarten. In spite of the difference in the entering
grade level, Jamal, Andrea, and Santiago’s initial understanding of one-half was the same
as the other students. This is even more surprising when the mathematics standards for
kindergarten are considered. Since the students were from an elementary school in
Central Texas, the Texas Essential Knowledge and Skills (TEKS) adopted in Texas show
that kindergarten students are only expected to master the concept of one-half.
According to the TEKS (2009), the students need to be able to separate a whole into onehalf and be able to identify and justify a given part as one-half. Although Group 2
students were aware of one-half and able to represent it pictorially with some success,
they still displayed weak understanding of one-half. Jamal called a piece of cracker cut
in three parts to be one-half while Andrea and Santiago showed partial success with
pictorially representing one-half. This is surprising compared to other students in the
study especially Group 1. Group 1 students (Gabriella, Maria and Claire) had entered the
larger research study in kindergarten and demonstrated no understanding of one-half on
the kindergarten pre-assessment. Still by the end of kindergarten and even on the first
grade pre-assessment, they demonstrated a strong understanding of one-half. They were
able to justify and represent one-half pictorially. This difference between the students in
Group 1 and Group 2 raises concern about the current classroom teaching methods. This
disconnect between knowing and understanding makes one wonder about the experiences
and opportunities students are exposed to while learning foundational mathematical
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concepts. Further questions about this disconnect were raised by analyzing the data of
the student in Group 4. Raven had entered the larger research study in second grade but
still only showed some success with the symbolic form of one-half. Moreover, she was
unable to explain her thinking or represent one-half pictorially. Comparison of Raven’s
understanding compared to Tyrone’s understanding of one-half raises questions about the
teaching and learning of fractions. Tyrone, a Group 3 student, was in the larger study for
grades K, 2, and 3. In spite of the gap of a year after being exposed to the larger research
study in kindergarten, he displayed more understanding of one-half than Raven on the
second grade pre-assessment.
Recommendation. Based on the data, it could be considered that a change is
needed so that students not only connect their prior knowledge to new learning but also
engage in experiences to address gaps in experiences. No doubt, participation in the
larger research study seemed to have positively impacted the students. It also signified
that the disconnect between knowing and understanding can be overcome through
“effective” instruction. This could foster conceptual understanding of challenging
mathematical concepts such as fractions. The researcher recommends that exposing
students to focused fraction instruction and incorporating manipulatives can provide
exposure for them to develop understanding of fractional concepts such as one-half.
Finding #2: Interference of whole number understanding exists that can be addressed
with focused fraction instruction incorporating manipulatives.
The analysis of student cases from the various groups showed that students do
face interference from whole number knowledge that leads to incorrectly naming
fractional pieces with whole numbers. The whole number knowledge interference has
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been cited in research as one of the major obstacles in understanding fractions
conceptually. Researchers (Behr et al., 1985; Behr et al., 1988; Behr et al., 1983; Behr,
Harel, Post, & Lesh, 1992b; Carraher, 1996; Good et al., 2013; Lamon, 1993; Lamon,
2005; Ni, 2001; Ni & Yong-Di Zhou, 2005; Siegler et al., 2011; Vamvakoussi &
Vosniadou, 2010) have explored and presented the difficulties faced by children due to
confounding whole numbers with fractions. As cited, the rules related to whole number
knowledge such as linear progression or multiplication yielding larger numbers and
division resulting in smaller numbers change when students encounter fractions. This
was evident in this study with students using whole numbers to denote fractional parts, in
ordering fractions incorrectly, or indicating number of pieces determining shares rather
than size of the pieces. Most of the students initially either used whole numbers to
denote fractional parts or words like “pieces” or “some.” Santiago denoted as 6 in first
grade while Jasmine and Jamal used “1” to represent one-half at the end of kindergarten.
Additionally, Maria, Claire, and Tyrone initially ordered unit fractions just looking at the
denominator rather than considering the whole fraction. Tyrone even called the fraction
as “two three” rather than two-thirds indicating that whole number knowledge often
interferes in understanding fractions. Amy and Raven displayed no initial understanding
of relative size of fractions while Maria and Santiago regarded number of pieces rather
than fraction as determining fraction of shares. This study confirms findings of
researchers (Behr et al., 1983; Bezuk & Cramer, 1989; Carpenter et al., 1980; National
Research Council, 2001; Pitsolantis & Osana, 2013) that have cited difficulties faced by
students in comprehending inverse relationship between the size of the denominator and
the size of the fraction. Pitsolantis and Osana (2013) and National Research Council
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(2001) even purport that students often regard the numerator and denominator separate
from each other rather than considering a fraction having its own single unique value.
The current research study adds to the literature on interference faced due to whole
numbers while also indicating that this interference can be overcome.
Data analysis over the years indicated that most students were able to overcome
confusions due to whole number knowledge. For example, use of a circle manipulative
helped students to understand inverse relationship between the size of the denominator
and the size of the fraction. Using fraction strips reinforced the inverse relationship, thus
supporting students’ developing understanding of ordering of fractions. There is
documented evidence that at least five students were able to successfully order unit
fractions by the end of the third grade. Analysis also shows that all students had
developed understanding of symbolic form of fractions by the end of the third grade
through experiencing the concept of part-whole partitioning in multiple contexts. Using
different manipulatives helped them understand the distinction between whole numbers
and fractions at a conceptual level. Five out of 10 students were able to identify that onehalf a pizza split in four pieces or three pieces still represented the same share. This
indicated that they had moved beyond looking at the number of pieces determining the
share to considering the fraction.
Recommendation. Evidence from the current research study shows that exposing
students to fractions in early grades helps them develops a distinction between whole
numbers and fractions so that a foundation for future mathematical ideas can be
developed. This researcher recommends that students should be exposed to early fraction
instruction in order to get them acquainted with the idea of whole numbers are not the
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only “type of” numbers and become more open to accepting rational numbers in later
grades. The researcher concurs with Cwikla (2014) who provides evidence that exposing
students to fractions early could bridge the understanding gap evident in later elementary
grades. This would help students be aware of the significance of space between whole
numbers on the number line further supporting learning of rational numbers and other
mathematical concepts in later grades. The results from the research study thus support
the need for early exposure to fractions through the use of concrete manipulatives that
would help students differentiate between whole numbers and fractions and support
conceptual understanding of fractions.
Finding #3: Symbolic representation of fractions is difficult to comprehend for young
children.
One of the common findings noticed across all the student cases was the difficulty
with symbolically representing fractions. Data analysis revealed that all students except
Raven entered the larger research study with no knowledge of symbolic representation of
fractions. Raven, who had entered the larger research study in second grade,
demonstrated some understanding of symbolic form but it was very weak. Initially all
students were unable to represent fractional parts symbolically and difficulties with the
symbolic form of representation were evident throughout the years. For example,
Gabriella and Amy inverted numerator and denominator when representing fractions,
Santiago and Jasmine continued to represent fractions with whole numbers until the end
of first grade, Tyrone represented fractions with whole numbers until the end of second
grade, and Raven denoted fractions such as and as and respectively until the end of
second grade. Siegler et al. (2013) states that connecting written fractions with the
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concept and magnitude they represent is one of the most enduring and challenging tasks
for children. Much evidence was seen supporting this claim as students comprehended
pictorial representations of fractional parts much earlier than the symbolic
representations. They were able to independently identify and represent fractional parts
pictorially but continued to struggle with the symbolic form of fractions. A study
conducted by Brizuela (2005) with kindergarten and first grade students’ nuances of
notations and attached meanings, showed that developing conventional notations for
fractions is a gradual process. Moreover, notation understanding is complex and children
need to be exposed to conventional notations for fractions from a very early stage.
This research study adds to Brizuela’s (2005) work with kindergarten and first
grade students as students were able to comprehend the symbolic form of fractions over
the years. Evidence from the study supports the idea of early exposure of symbolic forms
of representation of fractions. The researcher advocates the use of various manipulatives
over time to help students connect symbolic representations to fractions. Though some
students showed knowledge of being able to identify fractions symbolically, they still
needed time and experiences in developing understanding of actually writing the
fractions. Most students demonstrated success with denoting fractions symbolically by
the end of the intervention. The students were not only able to identify and symbolize
fractional parts, but they were also able to justify and explain their thinking with
confidence and clarity. The reasonability and comprehensibility of their actions and
thinking processes showed progress. For example, students identified the denominator to
be four in one-fourth because there were four pieces. They moved towards stating that
the denominator indicated “how many pieces they are” thus thinking more generally.
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This signifies further understanding and a positive move towards comprehending the
complex nature of fraction notations. Evidence indicated growth in students
understanding of symbolic representation of fractions. The students not only developed
conceptual understanding of fractional concepts but also developed understanding of
representing fractions formally.
Recommendation. The researcher once again recommends exposing students to
fractions early so that students have ample time and experiences to develop
understanding of symbolic representation of fractions. This would also benefit students
in understanding fractions as being different from whole numbers, as mentioned in the
previous section. The researcher thus rejects mathematics professor, DeTurck’s (2002)
claim that teaching fractions in elementary grades leads to confusions and
misunderstandings in his Down with Fractions lecture. This researcher claims that
fraction instruction incorporating use of multiple manipulatives could actually support the
development of foundational basis upon which conceptual understanding could be
fostered.
Research Question #2: How is the development of early elementary students’ fractional
understanding related to fraction instruction that incorporates the use of manipulatives?
The intervention received by the students incorporated the use of various
manipulatives aimed at developing the concept of part-whole partitioning, fair share, and
fraction equivalence. One of the aims of the current research study was to examine the
relationship between early elementary students’ fractional understanding and use of
manipulatives to teach fractional concepts. It was evident across student cases and
groups that manipulatives were foundational in helping students understand the various
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fractional concepts. The following section details the impact of various manipulatives on
students’ fractional understanding of part-whole partitioning, fair share, and fraction
equivalence. Three major findings emerged from the analysis related to the second
research question that is relative to the use of manipulatives.
Finding #1: Manipulatives are fundamental in helping young children develop
conceptual understanding of fractional concepts.
Data analysis of all the cases revealed that using manipulatives provided the
foundational basis for students to interact with and develop understanding of fractional
concepts such as part-whole partitioning, fair share, and equivalence. For example,
manipulatives such as cookies, counters, and fraction strips helped students develop the
concept of part-whole partitioning and fair share. All students gained understanding of
unit fractions such as , , , ,

and non-unit fractions through cookies and counters.

Cookies helped Gabriella and Claire develop understanding of the inverse relationship
between fraction and size of denominator while Maria, Andrea, Jasmine, and Jamal
developed understanding of ordering of fractions through the use of fraction strips. Use
of concrete manipulatives provided students with the means to compare and contrast the
fractions to develop understanding of size and magnitude of fractions. Students
partitioned the manipulatives in different ways to gain understanding of the concept of
part-whole partitioning. Experiencing part-whole partitioning through various
manipulatives helped them comprehend the symbolic form of fractions. The students
attached meaning to numerator and denominator by experiencing them in different
contexts.
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Using manipulatives provided the students with the means to physically and
mentally manipulate the number of items in both discrete and continuous models in
relation to the number of people. Seven out of 10 students had no concept of “fairness”
in sharing when they entered the larger research study. Though they divided a whole for
sharing, the groups were unequal and sometimes the whole was not exhausted. Yet by
the end of the third grade, all students were able to fairly share discrete and continuous
models between different numbers of people. The act of partitioning cakes, cookies,
brownies, and counters among different numbers of people provided tangible learning
experiences. The experiences served as a bridge to develop conceptual understanding of
fair share as the students partitioned the items to not only make equal parts but also
exhaust the whole thus gaining deeper understanding into the concept of fair share. The
hands-on aspect of the manipulatives engaged them in developing the concept and
supported flexible thinking. Use of fraction strips, the egg cartons, and Hershey® bars
were fundamental in developing the concept of equivalence. Students were able to
compare various fractions and gain insight into equivalent fractions. Many researchers
(Empson, 2001; Jigyel & Afamasaga-Fuata'i, 2007; Lamon, 2005) have cited that
equivalent fractions are challenging for students as they cannot comprehend the same
fraction represented in two or more ways. But the use of manipulatives such as fraction
strips made the concept transparent by helping students compare and visualize. For
example, students gained understanding of a whole being represented in different ways
by overlaying the 2 one-halves or 3 one-thirds on the whole.
Recommendation. Fractions are challenging, but manipulatives help in
visualizing the concepts and provide tangible learning experiences. Moreover, the
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manipulatives acted as a means for students to develop conceptual understanding by
providing a medium to physically manipulate the real-world scenarios. The researcher
considers that manipulatives are key to developing understanding of fractions and
recommends that fraction instructions incorporate manipulatives if conceptual
understanding is to be fostered.
Finding #2: Selection and use of manipulatives depends on the mathematical content and
characteristics of students themselves.
A cross case analysis of all the case studies revealed that initially the teddy bear
counters, an unfamiliar manipulative, was distracting to students. Not having seen or
experienced using the plastic teddy bears diverted students’ attention towards play rather
than learning the fractional concepts of part-whole partitioning and fair share. The
analysis indicated that all students were distracted in sorting, stacking, organizing, or
interacting with the teddy bear counters. For example, Gabriella gave teddy bear
counters a personality and interacted with them while Amy and Claire shared teddy bear
counters based on color. The characteristics of manipulatives, such as its relation to
being appropriate to students’ age, become an important factor to consider while using
manipulatives.
Further analysis provided support that the teddy bear counters were more
distracting when first introduced. They were more distracting in kindergarten than in first
grade and more during the beginning lessons in kindergarten for groups 1 and 3.
Students in Group 2 were also initially distracted by the use of teddy bear counters when
they were introduced in the first grade. This leads to yet another important aspect to be
considered while using manipulatives – the act of first encounter. The teddy bear
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counters were new to the students and due to the novelty distracted them from learning.
However, subsequent use seemed to provide the students with the means to develop the
concept of part-whole partitioning and fair share. The efficiency of manipulatives in
supporting development of mathematical understanding depends on the manner and time
of introduction. Weiss (2006) supports this by stating that educators and the education
community need to pay attention to the efficiency of the manipulatives based not only on
choice but also its impact on the students. Thus, it is imperative to use the “best”
manipulative in terms of developing the mathematical concept and that it is also “best” in
terms of connecting with the students and focusing their attention. It was further noted
that the teddy bear counters proved to be helpful in understanding the fractional concepts
later when students were more familiar with the manipulative. The students
demonstrated success due to the use of the teddy bear counters when enough time and
experience was given to students so that they became comfortable with using them and
focused on learning rather than on playing. The National Research Council and Van de
Walle and colleagues (2010) advocate the need to give students time so that they can
connect the manipulative to the mathematical concept by experiencing and interacting
with the manipulative itself.
Recommendation. The researcher thus recommend that teachers pay attention to
the characteristics of the manipulatives not only in relation to the mathematical concepts
but also in relation to the students themselves. Using manipulatives needs to be
accompanied by teachers helping students become familiar with the manipulative itself
before using it to develop and support understanding of mathematical concepts. The use
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of teddy bear counters in kindergarten highlighted the fact that play time was essential
when introducing new manipulatives in a lesson.
Finding #3: Exposure to both discrete and continuous models is needed for strong
conceptual understanding of fractional concepts.
Students in the study demonstrated more success in expressing part-whole
partitioning, fair share, and equivalence with continuous models than with discrete
models. Seven out of 10 students were able to share a cupcake between two people with
more success than sharing 12 teddy bear counters between two people on their entering
pre-assessment. This may be connected to students’ experiences more likely sharing
food in their daily lives than sharing teddy bear counters. They have encountered sharing
continuous models such as cookies, cakes, crackers, and cupcakes more in their daily life
than sharing counters. Wilson et al. (2011) states that everyday experiences are the basis
for rudimentary understanding of fractional concepts displayed by students when they
enter the classrooms. For example, analysis of students’ initial understanding of fair
share revealed that more success was seen when students were asked to share continuous
models than discrete, even between two people. Though one student, Jamal, showed
more success with discrete models initially, he demonstrated having confusions with
discrete models later on, such as using subtraction while developing the concept of
equivalent fractions through the use of the egg carton. Other students, such as Raven,
showed difficulties with discrete models. She did not exhaust the whole while dealing
with discrete models. It was also seen that students demonstrated understanding of fair
share with continuous models earlier than with discrete models. For example, Gabriella,
Santiago, Tyrone, and Maria were initially unable to make equal groups with discrete
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models; Andrea demonstrated success with discrete models but was unable to explain her
thinking; and Claire and Amy were distracted by the features of discrete models and
separated teddy bear counters by color. Moreover, further analysis of data showed that 6
out of 10 student cases continued to use whole number knowledge in making equal
groups while sharing counters and pencils. They continued to use the exhaustion method
and assigned an item to a group by counting each one at a time. Though growth was seen
in their thinking, some of them were not able to visualize grouping with discrete models.
This provides support to studies conducted by Saxe and colleagues (2005) and Moss
(2005) that regard discrete models as an extension of whole number knowledge. But
looking at the data overall, it was revealed that students’ needed experiences with both
discrete and continuous models for developing conceptual understanding.
In spite of the differences noted in the research study, both models were
instrumental in supporting conceptual understanding of part-whole partitioning, fair
share, and equivalence. As mentioned before, the aim of the research study was not to
compare discrete models to continuous models but rather to examine the efficiency of
various models in relation to developing understanding of the fractional concepts. It was
revealed that experiences with both types of models, discrete and continuous, helped
students experience the concepts in a different context thus aiding in deeper
understanding. According to Cramer and Wyberg (2009), each type of model has its own
characteristics that help develop understanding of fractional concepts. Discrete models
relate more to sets while continuous models relate to area. In discrete models the number
of items is important while in continuous models the size is relevant. Experiencing the
concept of part-whole partitioning and fair share through counters, cookies, and cakes
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provided different contexts that were helpful in developing flexible thinking. Using
fraction strips, Hershey® bars, and egg cartons provided different context so that students
were able to “see” equivalent fractions with both discrete and continuous models.
Different models provided different contexts for students to develop conceptual
understanding.
Evidence from the data also showed that using different models was most
beneficial as the students not only developed understanding of fractional concepts but
also developed independent thinking. Several instances were cited where it was noticed
that students started thinking of fractional concepts independent of the manipulative used
and engaged in higher-level thinking skills. For example, the data analysis presented
evidence that over time two students were able to think independent of manipulatives
while the others were successfully able to demonstrate their understanding of part-whole
partitioning, fair share, and equivalence through different models; thus signifying
development of flexible thinking. Five out of 10 students were able to represent the
concept of part-whole partitioning through various models independently by the end of
the third grade. Two of them represented one-half by splitting a rectangle with a diagonal
line rather than a conventional vertical or horizontal line. The flexibility in their thinking
may be attributed to their experiences with the various fractional concepts in multiple
contexts that helped develop conceptual understanding. Researchers (Behr, Harel, Post,
& Lesh, 1992a; Bezuk & Cramer, 1989; Cramer, Post, & Behr, 1989; Jigyel &
Afamasaga-Fuata'i, 2007; Wilkerson et al., In Press) support the use of manipulatives that
vary in features for developing conceptual understanding. Van de Walle et al. (2010)
states that using different manipulatives helps students understand the concept much
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better because if one kind of model does not suit the students’ nature, another will help
develop the concept, and understanding is reinforced when experienced in a different
context.
Recommendation. The researcher believes that the use of different manipulatives
helped foster flexible thinking about fractional concepts of part-whole partitioning, fair
share, and equivalence. The students were able to move from one model to another and
thus develop conceptual understanding of the concept. The researcher recommends the
use of different types of manipulatives to challenge and extend students’ understanding
and also aid in developing flexible interpretations of fractional concepts.
Research Question #3: How does early elementary students’ fractional understanding
develop over multiple years?
The intervention in the form of research-based fraction lessons incorporated the
use of manipulatives for the fractional concept of part-whole partitioning, fair share, and
equivalence as students progressed through grades K, 1, 2, and 3. The lessons developed
a coherent sequence of fractional ideas that delved into each concept with more depth
each year. One of the aims of the current research study was to examine the growth in
students’ fractional understanding as a result of the number of years in the study. The ten
student cases purposefully chosen were categorized in groups according to the number of
years in the study as detailed in chapter four. The following section discusses the two
findings related to the impact of number of participating years on students’ thinking
about fractions.
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Finding #1: Growth in understanding was influenced by the number of participating
years and the time of participation.
It was noticed that differences in students’ levels of understanding depended on
the number of participating years and the time of participation. For example, looking at
the various groups it was revealed that students in Group 1 and Group 2 demonstrated
deeper understanding by the end of the third grade than those in Group 3 or 4. The
students of Group 1 demonstrated the most growth as indicated by the evidence. This
may be contributed to the fact that the students in Group 1, Gabriella, Maria, and Claire,
had been in the larger fraction study for all four years. They had more exposure to the
fractional concepts and more time to develop understanding of the various fractional
concepts. The student in Group 4, Raven, also showed growth by the end of the three
years but her challenging behavior issue has been documented as the reason for not fully
benefiting from the larger research study in previous years. Interesting results were
revealed through cross-case analysis for groups 2 and 3.
Students in Group 2 and Group 3 had participated in the larger research study for
three years. Students in Group 2, Jamal, Andrea and Santiago, were in the larger research
study for three consecutive years while students in Group 3, Amy, Jasmine, and Tyrone,
had been in the larger research study for three non-consecutive years. Though all
students demonstrated growth by the end of the third grade, differences were seen. Data
analysis indicated that Group 2 students seemed to have more growth than Group 3
students. For example, Andrea was able to demonstrate understanding of one-half
through various discrete and continuous models such as a circle, two squares, and six
circles. Jamal and Santiago represented one-half by splitting a rectangle with a diagonal
line rather than the conventional horizontal or vertical line. These students demonstrated
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flexibility in thinking and deeper conceptual understanding of part-whole relationships.
Amy, Jasmine, and Tyrone also showed growth in thinking about part-whole partitioning,
but their understanding was not well-developed.
Other evidence also revealed the differences due to the participation gap experienced
by some students. Differences were noticed with Group 3. Amy and Jasmine, who had
been in the larger research study during grades K, 1, and 3, showed greater understanding
of part-whole partitioning and Tyrone, who had been in the larger research study during
K, 2, and 3, displayed deeper understanding of equivalent fractions. This may be
attributed to the gap in participation from the larger research study. Amy and Jasmine
had not participated in the larger research study in the second grade and hence had not
experienced the concept of fraction equivalence in different contexts. The research-based
fraction lessons were designed to progressively expose students to fraction concepts with
greater depth. Non-participation in the second grade may have impacted the
understanding of equivalent fractions in third grade. For example, Amy and Jasmine
demonstrated lesser gains in understanding equivalent fractions that may be attributed to
non-particpation in the larger research study in the second grade. This was also noticed
with Tyrone as the gap in first grade had an impact on his understanding of part-whole
partitioning. This focuses attention on coherency of teaching of mathematical concepts
such as fractions and calls for consideration of learning trajectories. Learning trajectories
are a way to understand the changes that occur when complex mathematical concepts are
taught and learned (Clements & Sarama, 2004; Empson, 2011; Wilson, Mojica, Confrey,
2013). Clements and Sarama (2004) explain learning trajectories as “the simultaneous
consideration of mathematics goals, models of children’s thinking, teachers’ and
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researchers’ models of children’s thinking, sequences of instructional tasks, and the
interaction of these at a detailed level of analyses of processes” (p. 87). The gap due to
non-consecutive years seemed to have a significant impact, thus bringing to light a need
to consider progression of ideas while teaching mathematical concepts and further
analysis considering the learning trajectories of the students.
Recommendation. The researcher concludes that the students in Group 3 had
lesser gains as they had not experienced the concepts in a coherent way. The researcher
recommends that the way fractional concepts are developed through instruction
significantly impacts understanding and hence it is an area that needs due attention. The
researcher recommends considering learning trajectories of the students when exploring
understanding of complex mathematical concepts such as fractions over time.
Finding #2: Growth in understanding of fractional concepts was seen with every year in
the study, irrespective of the groups.
One of the strongest impacts of the larger research study was seen in the growth
in students’ understanding of various fractional concepts such as part-whole partitioning,
fair share, and equivalence. The students demonstrated deeper conceptual understanding
with every year in the study. For example, students initially developed the concept of
common unit fractions such as one-half, one-third, and one-fourth but struggled with
other fractions. But a second year in the study helped them develop understanding of
other fractions such as , , and even non-unit fractions such as , , and others. Further
participation in the larger research study indicated that understanding of part-whole
partitioning strengthened and students were able to create their own pictorial
representations of the various fractions. For example, Jamal and Santiago were able to
258

represent one-half by splitting a rectangle with a diagonal line rather than a conventional
horizontal or vertical line, Andrea and Claire represented one-half through various
models, Maria and Gabriella used equivalent fractions to represent one-half, and Amy
and Tyrone used triangles.
Growth was also seen as all students were able to give fractional names with more
confidence and success. More evidence is presented through students’ explanations and
justifications that showed deeper thinking. For example, instead of explaining
denominator and numerator by numbers, their explanations became more specific such as
the numerator denotes the amount removed or taken while the denominator denotes the
whole or total number present. Evidence of growth was also seen when students were
able to correctly order fractions over time through the use of manipulatives. The students
gained understanding of the relative magnitude of the various fractions and five out of 10
students were even able to identify half of a fraction split in four pieces to be the same as
one-half split into three pieces.
Other evidence also indicated growth in students’ understanding of fair share and
equivalence. Initially, students were unable to make equal groups, yet over time they
were not only able to fairly share discrete and continuous models but also explain their
thinking with clarity and confidence. They also demonstrated a higher-level of thinking
in their actions on fair sharing as per their time in the intervention. Empson and
colleagues (2006) have suggested the “number of sharers to be salient parameter for
children in determining partitions” (p. 24). But this study provided contrasting evidence
in terms of the level of understanding over the participating years.
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Students started moving towards making bigger portions for fair share rather than
dividing the quantity into the number of people it has to be shared. For example, while
sharing two Play-doh® cookies between four people, four out of 10 students split each
Play-doh® cookie into two halves rather than fourths. This indicated growth as students
were able to visualize the biggest possible share thus thinking more conceptually.
Supporting evidence is provided by question seven on the assessment that asked students
to share three Twizzlers® among two people. Some students moved beyond splitting
each Twizzler® in one-half and giving each person 3 pieces to splitting only one
Twizzler® in one-half so that each person got one whole and one-half of another
Twizzler®. Though in both cases, the students were able to fairly share three Twizzlers®
between two people, a higher-level of thinking was demonstrated by the case where each
person received one and a half Twizzlers®. Growth was also seen over the years when
three students were able to visualize grouping or sharing mentally before demonstrating it
through their actions. For example, for the questions on fair share that asked that 12
teddy bear counters or pencils to be shared among different numbers of people, Jamal,
Maria, and Amy mentally made groups before physically sharing the counters or pencils.
Another example was seen when students had to share 12 pencils between 4 or 6 people.
The students moved from initially counting each pencil one at a time and assigning it to a
group towards starting with more than one and sometimes actually using the exact
amount. Moreover, although none of the students were initially able to share discrete
models such as counters or pencils among different groups of people, over time they were
able to successfully accomplish the task and justify and explain their thinking. Though
most of the students still used the exhaustion method to make equal groups, their actions
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still indicated a more developed understanding of fair share than did their earlier
attempts. The students also demonstrated more confidence in sharing and explaining
their thinking.
Growth was also seen in understanding equivalent fractions. Student were able to
identify equivalent fractions for a whole in first grade and in second grade the lesson
engaged them in identifying equivalent fractions for common fractions such as one-half,
one-third and one-fourth. By the end of the third grade, students were able to identify a
variety of equivalent fractions and were also able to find some equivalent fractions
without assistance from the teacher candidates, thus indicating growth in their thinking.
It is also important here to acknowledge that there could have been other
instructional interventions by the classroom teacher or the school that could have
contributed towards the growth in students’ thinking about the various fractional
concepts. Though fractions were addressed in the school curriculum, the fraction lessons
of the larger research study presented fractions with more rigor and details than the
adopted curriculum. This actually provided support of the positive impact of
participation in the larger research study. Additionally, support is also provided the
finding that students who had gaps in years of participation also had gaps in their
understandings. For example, students in Group 2 who entered the larger research study
in the first grade demonstrated the same understanding of part-whole partitioning and fair
share as students in Group 1, who had entered the larger research study in kindergarten.
Moreover, the students in Group 3 had gaps in their thinking corresponding to the gap in
participation in the larger longitudinal research study. For example, Tyrone
demonstrated less gain in understanding equivalent fractions as he was not in the larger
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research study in the second grade. Amy and Jasmine displayed lesser gain in
understanding part-whole partitioning which may be due to non-participation in the larger
research study in the first grade. Raven, the student in Group 4, had entered the larger
research study in the second grade but still displayed weak understanding of fractional
concepts riddled with misunderstandings and confusions. Hence, it is likely that it was
the participation in the larger longitudinal research study that led to growth in their
thinking about various fractional concepts such as part-whole partitioning, fair share, and
equivalence.
Recommendation. The researcher found that results supported the need to provide
students need ample time to develop fractional understanding if conceptual understanding
is to be supported. The National Mathematics Advisory Panel (2008) also advocates that
ample time to be spent on developing fractional concepts as they are critical foundational
concepts for algebra and other mathematical concepts. Fractions permeate multiple
aspects and contexts of everyday life. According to Brizuela (2005), these contexts need
to be explored early if a more robust understanding of fractions is to be developed. As
shown through the data, all students demonstrated growth despite being in different
groups. Students were more aware of fractions; were able to represent fractions
pictorially, symbolically, and linguistically with more success; demonstrated higher
flexibility in thinking over the years; and showed more awareness towards distinguishing
between whole numbers and fractions. Once again, the researcher recommends early
exposure to fractions so that students have sufficient time and experiences to develop
conceptual understanding of fractions.
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Implications
From the various themes that emerged within this study, the researcher was able
to identify major implications related to the relationship between the use of manipulatives
and students’ fractional understanding over time. These implications were generated
from analyzing the student cases that had been in the larger research study for three or
more years. Though the results may not be generalizable to all the students from 2007 to
2013, they clearly indicate that growth in students’ thinking and understanding of
fractional concepts was due to the use of manipulatives and the length of time in the
study.
One of the major implications of the research study is related to curriculum. The
larger research study was conducted with students in the early grades of kindergarten, 1,
2, and 3. The basis of the larger research study was the Texas Essential Skills and
Knowledge Mathematics standards that introduce fractions in kindergarten by requiring
students to be able to recognize, identify, create, and justify one-half of a whole.
Moreover, the standards related to learning fractions appear in grades 1, 2, and 3 and with
greater depth. In contrast, the Common Core State Standards for Mathematics (2010)
does not significantly address fractions until the third grade. Though some mention of
fraction is listed in second grade, it is under the geometry strand rather than measurement
or numbers and operations strands. By the end of the second grade, Common Core State
Standards require students to be able to partition circles and rectangles using words such
as halves, thirds, a half of, a third of, etc. It also states that students should be able to
recognize equivalent fractions of a whole such as two halves, three thirds, four fourths
and so on by the end of the third grade. As mentioned before, these are part of the
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geometry standard rather than numbers and operations. Additionally, Common Core
State Standards for Mathematics requires that by the end of third grade students should
have developed an understanding of fractions as numbers, be able to recognize and
generate equivalent fractions, and be able to represent fractions on the number line. By
the end of fourth grade students should not only be able to extend their understanding of
fraction equivalence and ordering but also show ability to build fractions from unit
fractions, and by the end of fifth grade they should be able to perform operations on
fractions. Referring to the complexities involved in understanding fractions as supported
by literature (Behr et al., 1985; Behr et al., 1983; Behr et al., 1992b; Charalambous &
Pitta-Pantazi, 2007; Kieren, 1976; Kieren, 1992; Lamon, 1993; Lamon, 2007; National
Mathematics Advisory Panel, 2008), it becomes important to question the expectations
for conceptual understanding of fractions as benchmarked by Common Core State
Standards for Mathematics (2010).
This is also significant related to the new Texas Essential Skills and Knowledge
Standards (TEKS) adopted in 2012 in the various Texas schools. The TEKS (2012)
require students to be able to name common fractions and recognize the inverse
relationship between fractional part and size of a part by the end of the second grade. By
the end of third grade, the benchmarks require students to be able to construct equivalent
fractions, have a foundational understanding of symbolic representations of fraction with
denominators of 12 and less and be able to perform operations on fractions by the end of
the fourth grade. Once again this makes one question the expectations related to
understanding fractions given the complex nature of fractions. Does this provide enough
time and exposure to young children to conceptually comprehend fractions? Or are we
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setting them up for failure? Is no exposure to fractions in early grade justified based on
the expectations of being able to perform operations with fraction by the fourth grade?
Siegler et al. (2013) also questions introduction of fractions in third and fourth grade,
when the National assessment of Educational Progress found that 50% of the eighth
graders could not correctly order fractions. This further leads one to question the
introduction of fraction instruction and the complexities involved in understanding
fractions as supported by literature.
Numerous researchers (Behr et al., 1992a; Behr et al., 1983; Carraher, 1996;
Kieren, 1976; Lamon, 1999; National Mathematics Advisory Panel, 2008; National
Research Council, 2001; NCTM, 2000) have documented and presented the complex
nature of fractions as one of the major factors in the teaching and learning of fractions.
Additionally, many researchers (Booth & Newton, 2012; Brown & Quinn, 2006; Brown
& Quinn, 2007; Good et al., 2013; Lamon, 1993; Lamon, 2007; Lesh et al., 1988;
Nabors, 2003; National Mathematics Advisory Panel, 2008; Siegler et al., 2013;
Thompson & Saldanha, 2003; Wu, 2001) have also documented the importance of
developing proficiency in understanding fractions if strong conceptual understanding of
further mathematical concepts such as rational numbers, proportional reasoning, and
algebra is to be built. This research study conducted in early grades showed that
exposure to early fraction instruction incorporating manipulatives is necessary for
students to be able to comprehend and develop understanding of the complex nature of
fractions. It is also necessary for building a stronger foundational basis so that further
mathematical concepts can be learned conceptually. Growth in students’ understanding
of fractional concepts over time indicates that students need multiple experiences in
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different contexts with sufficient time to develop a strong conceptual base. But the
Common Core State Standards (2010) do not support this depth of early introduction of
fractions. Moreover, the level of expectation in second and third grades is that further
attention be paid towards the introduction and sequencing of mathematical concepts in
the curriculum. The same is seen for the Texas Essential Knowledge and Skills (2012)
further forcing one to critically analyze the introduction and expectation of fractions in
the current curriculum. At this point it becomes imperative to question students early
exposure to fractions. The major implication thus becomes the need for teachers and
mathematics educators to ponder over the impact of students’ early exposure to fractional
concepts. Is the significant introduction of fractions in third grade justified? Is the level
of expectation of fraction standards appropriate considering little exposure to fractions in
previous grades? Evidence from this research study provides a positive view of early
exposure as it helps students not only build deeper understanding but also prepares them
for future mathematics. Thus, there is a need to rethink when fraction instruction is
introduced in the curriculum and at what level of expectation.
Another major implication of the current research study is directed towards the
type of manipulatives used to develop mathematical concepts. Numerous researchers
(Behr et al., 1985; Jigyel & Afamasaga-Fuata'i, 2007; Misquitta, 2011; Moss & Case,
1999; Osana & Pitsolantis, 2013; Petit, Laid, & Marsden, 2010; Pitsolantis & Osana,
2013; Post, 1981; Weiss, 2006) have advocated the use of various models to support and
develop students’ understanding of fractions. NCTM (2000) and Principles to Action
(NCTM, 2014) also recommend the use of physical models to develop mathematical
concepts. The current research study not only adds to the literature on the benefits of
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using manipulatives to help teach mathematical concepts but also provides further
insights by focusing attention on the type of manipulatives used.
The study also draws attention to the idea that using manipulatives themselves is
not sufficient for developing a concept, but their introduction, use, and processes
contribute to their effectiveness. For example, the use of teddy bear counters was
initially distracting to all the students and this leads one to consider the type of
manipulatives through the eyes of the students. So, not only does the relationship
between the manipulatives and the content need to be considered, but attention also needs
to be paid to students’ familiarity with the manipulative. National Research Council’s
Adding it Up (2001) advocates that manipulatives can provide valuable support only
when teachers allow students to interact with them so as to be able to connect and link
with them. Van de Walle et al. (2010) calls for attention to be paid to the characteristics
of manipulatives in relation to the concept and to the students to significantly affect
learning. Thus, special attention and consideration towards students’ first encounter with
a non-familiar manipulative is needed before manipulatives are used to develop
mathematical concepts. Moreover, the evidence indicated that the impact of the use of
fraction strips differed based on the way they were used, thus presenting yet another
major implication for consideration. The teacher candidates who used pre-made fractions
strips observed more success in helping students visualize and understand equivalent
fractions than the teacher candidates who had students make the fractions strips. This
once again draws attention towards the appropriate way of using manipulatives to
maximize their effectiveness. No doubt, the evidence from the study supports and
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advocates the use of a variety of manipulatives but it also recommends attention be paid
to the characteristics of manipulatives in relation to the students themselves.
A final major implication gleaned from the research study is related to the
development of students’ understanding of fractions. Piaget’s (1969) work related to the
stages of cognitive development states that young children are able to comprehend
abstract concepts in the formal operational stage. But this results from the research study
showed that even though early elementary students faced an initial struggle with
understanding the symbolic form of fractions, they demonstrated growth in their thinking
about the symbolic form. There was evidence of confusion and misunderstanding related
to the symbolic representation of fractions in the data, but many instances of success
were also seen. Additionally, the misunderstandings such as representing the fraction
or as and

further opens the door to question whether students need to be made

aware of improper fractions in the early stages. Would it be more beneficial to expose
students to improper fractions early? Will that make the concept clearer and build a
stronger foundational base for further learning or will it lead to more confusion? These
are some of the questions that need to be explored before planning and teaching of
fractions. The National Advisory Mathematics Panel (2008) states that conceptual
understanding of fractions is critical for problem-solving performance. Thus, questions
about the way fractions are introduced and how and what conceptual understandings are
developed are critical to be considered for attaining proficiency in understanding
fractions.
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Future Research
Future research in this area should focus on following the students in upper grades
to see the future effects of participating in the larger research study. Grades four and five
introduce fractions rigorously, and looking at the impact of participating in the larger
research study on students’ performance would provide additional insight into students’
thinking.
Additionally, future research could include varied populations from different
elementary schools, different areas of the country, or internationally. Considering
diversity and even gender of the students could yield different or divergent themes that
would add to the existing literature on fractions and to the current research study.
Yet another future research area could be to examine the impact of incorporating
virtual manipulatives in relation to students’ understanding of fractional concepts.
Technology is an efficient tool for developing mathematical concepts. Moyer (2002)
supports the use of virtual manipulatives as one of the most appropriate mathematical
tools for the next generation. A comparison of using virtual manipulatives to concrete
manipulatives, specifically with fractions, could yield valuable insight about
manipulative use. Evidence from the current research study showed that the tactile
experience was one of the major factors for the positive impact of the manipulatives in
developing students’ understanding of fractions. Hence, looking at the use of virtual
manipulatives could yield significant insight about manipulative use and could add to the
existing literature on using manipulatives.
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Conclusion
The results of the study showed that focused fraction instruction incorporating
manipulatives had a positive impact on students’ understanding of fractional concepts.
Exposing students to fractions in early grades helped build conceptual understanding that
could be instrumental in developing concepts in later grades. Understanding the
difference between whole number and fractions; being able to identify part-whole
relationships; awareness of pictorial, linguistic, and symbolic representations of fractions;
the ability to identify equivalent fractions; and the ability to share discrete and continuous
models between different groups of people are some of the evidence highlighting
students’ growth in thinking about fractional concepts.
The results of the research study confirmed that students do understand and know
fractions and provided insights into their understanding of fractions. The results of the
research study signified that students’ initial understanding was weak, and early exposure
to fractions helped clarify many misunderstandings and confusions. Additionally,
experiencing the various fractional concepts such as part-whole partitioning, fair share,
and equivalence in different contexts through the use of several different types of
manipulatives helped in developing flexible understanding. It was also noticed that
conceptual understanding was strengthened with the number of years in the larger
research study, thus indicating that students need time and opportunities to comprehend
difficult mathematical concepts such as fractions. So then the question we need to ask
ourselves is, “Why does mathematics standards in Common Core State Standards (2010)
not include exposing students to fractions in early grades?” The mathematics standards
wait until third grade before students significantly encounter fractions. Since the purpose
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of education is to help students be successful and develop meaningful learning, it is
imperative that teaching and learning of mathematical concepts, especially the
challenging ones, be accompanied by the use of manipulatives and strategies that help
students develop conceptual understanding over time. Instruction should assist students
in understanding concepts rather than superficially applying rules and procedures. More
experiences and more exposure results in deeper understanding and flexible thinking that
are instrumental for meaningful learning.
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Pre- and Post-Assessment Question: Indentifying who gets more Pizza
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