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Recently, relativistic gauge/gravity duality, the best understood example of
which is AdS/CFT correspondence, has been extended to its nonrelativistic version.
In this dissertation, we study the holographic duality between nonrelativistic quantum
field theories and gravitational theories which break Lorentz symmetry. In particular,
we find that high-order operators dramatically modify a probe scalar field in the UV
limit. Then, according to the gauge/gravity duality, this in turn affects the two-
point correlation functions on the boundary. Black holes also exist in these theories
with causal boundaries termed universal horizons. We present two new classes of
charged black hole solutions in the framework of the Einstein-Maxwell-sether theory.
Furthermore, we construct the Smarr formulas and study the temperatures at both

Killing and universal horizons.
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CHAPTER ONE

Introduction

Gravity, electromagnetism, strong and weak forces are four fundamental forces in
nature. Interestingly, gravity was the first one to be recognized by humans, but our
understanding about it is still quite limited. Though gravity is the weakest force,
its universality and the massive nature of the earth made it recognizable from early

times.

1.1 Historical Review of Gravity

In the 17th century, English physicist and mathematician Sir Isaac Newton pro-
posed his theory of gravity: Newton’s law of universal gravitation. His theory enjoyed
its success in the framework of classical physics, for example, by predicting the exis-
tence of Neptune. However this theory has its own limited domain of applicability.
As we already know, Newton’s law of universal gravitation fails to work when one
considers strong gravitational effects or if the speed of a body is comparable to the
speed of light. Before 1915, people already knew Euclidean geometry and Riemanni-
an geometry were reasonable, but always thought that only Euclidean geometry was
real: real space should be flat. In 1915, Einstein generalized Newton’s gravity with a
different point of view and created a new theory of gravity, the general theory of rela-
tivity. He accurately pointed out that when there is no gravitational field, spacetime
is flat and Euclidean geometry is able to describe it; however when the gravitational
field exists, Riemannian geometry is real and spacetime is curved.

General relativity is still a classical field theory whose action is described by the
Einstein-Hilbert action. The dynamical variable is the metric, and the Ricci scalar
contains no higher than second order derivatives. The equation of motion can be

derived from the action. One side of the equation of motion is the Einstein tensor



which describes the curvature of spacetime, and the other side is the energy momen-
tum tensor, which describes the distribution of matter. Einstein’s field equation can

be interpreted as matter distribution determines curvature of spacetime.

1.2 The Success and Problem of General Relativity

The predictions of general relativity have so far been tested by most observations
and experiments. Although general relativity is not the only theory describing grav-
itation today, it is the simplest one that is consistent with the observational data.
Einstein’s theory of general relativity in astrophysics has several crucial application-
s. It directly deduces that some large stars will end up as black holes: a region of
spacetime so distorted that even light cannot escape. The deflection of light in a
gravitational field creates a gravitational lens phenomenon. General relativity also
predicts the existence of gravitational waves, which have been confirmed by observa-
tion [1]. In addition, general relativity is also the theoretical basis of the expanding
universe in modern cosmology.

Despite its great success, general relativity has its problems. The gravitational
coupling constant G has a negative dimension of mass/energy squared: it is a pertur-
batively nonrenormalizable theory. In 1977, Stelle showed that adding two quadratic
curvature invariants makes the theory renormalizable [2]. However, in the new La-
grangian, due to the existence of fourth time derivatives of metric, the propagator
has a negative sign — the ghost, which makes the theory not unitary. In fact, in 1850,
Ostrogradsky already showed that if a system contains time derivatives higher than

second order, it is not stable unless it is degenerate [3].

1.3 UV Completion
From a quantum field theory point of view, general relativity should be the low
energy limit of its UV completion. For UV completion, let us begin with several

well known examples in quantum field theory before we enter into details of general



relativity and its UV completion. The first example considered here is Schrodinger’s

equation with some potential given by (in natural units)

91,

This is a non-relativistic equation. The general Hamiltonian not only contain ;i but

m’

should be given as

-2 -2 =
p p p

H=—1-—+——+... . 1.2
ol =t gt V) (1.2)

The rest of the terms are higher order corrections. But even if we neglect all the
higher order terms, Schrodinger’s equation still makes many quantum predictions.
The reason is that when |p] < m, in the non-relativistic limit, all the higher order
terms have very small contributions compared to %. At the same time, this example
tells us that when momentum is greater than or close to the mass, perturbation theory
breaks down: new physics beyond that energy scale should be taken into account.
If we want to make perturbation theory still work beyond a certain energy scale
(at high energy), it is called the UV completion of that theory. After Schrédinger’s
pioneering work on quantum mechanics, Dirac proposed his relativistic equation, the

Dirac equation, given by (in natural units)
(id — m)y = 0. (1.3)

It is predictive at high energies and is the UV completion of the Schrodinger equation.

Our second example is the Four-Fermi theory of weak interaction. The energy
scale of this theory is around 300 GeV. Although the Four-Fermi theory is really
predictive below that energy, it preturbatively breaks down as energy approaches the
300 GeV level. The UV completion of the Four-Fermi theory is the famous Glashow-
Weinberg-Salam model of electroweak theory which unifies the electromagnetic and
weak interactions [4-6]. At high energy, new physics appears since massive vector

bosons are produced: electroweak physics dominates at high energy.
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Now let us come back to gravity. General relativity is an effective theory, and
for energy less than Planck energy, quantum effects in gravity are very small and
higher order terms are suppressed. When energies are higher than the Planck energy
~ 1.2 x 10! GeV, or lengths are smaller than the Planck length ~ 1.6 x 10733 cm,
quantum effects become important and should be taken into account. A possible
UV completion of general relativity is string theory, which originates from quantum
field theory, but replaces the concept of point particles with strings, objects with one

dimensional extended.

1.4 Hotava-Lifshitz gravity

In 2009, P. Hotava proposed a possible candidate for a UV completion of gravity
[7]. In order to avoid the ghost problem by holding the time derivative operator up
to second order, one can only add higher spatial derivatives into the Lagrangian to
make this gravity theory power-counting renormalizable. But the price paid here
is to break Lorentz invariance, which is one of the most important symmetries in
modern physics and passes all the experimental tests. Nevertheless, it is entirely
possible to break Lorentz invariance at ultra-high energy and restore this symmetry
at low energy. Horava borrowed the idea of anisotropic scaling of space and time from
condensed matter systems,

x — bx, t— b*t, (1.4)

where z is the dynamical critical exponent measuring the degree of anisotropy be-
tween space and time. At high energies, power-counting renormalizable condition
requires 2z to be greater or equal to the spatial dimension; however, at low energies z
approaches to 1 to restore the relativistic scaling of space and time. The anisotropic
scaling breaks diffeomorphism invariance, which is not the fundamental symmetry

in Hotava’s theory. The new symmetry is described by the group Diff(M, F') of



foliation-preserving diffeomorphisms in which time plays a special role,
5t = f(t), 62’ = Ci(t,x), (15)

under this Diff(M, F), the lapse function N, shift vector N* and the 3-metric g;;

transform as

SN = (V;N+Nf+Nf,

ON; NiViCF + PV N; + gikék + Nif + Nif,

0g9;5 = Vi + VG + fgij, (1.6)

where f = df/dt, N; = ga.N*¥ and V; denotes the covariant derivative with respect
to the 3-metric g;;. E. M. Lifshitz was the first one to construct a scalar field theory
by using anisotropic scaling, hence the gravity theory is called Horava-Lifshitz (HL)
gravity.

Another theory which is closely related to HL gravity is the Einstein-aether theory.
It breaks local Lorentz invariance by a globally well-defined unit timelike vector u-
the eether field [8,9]. Jacobson showed, in the infrared, HL gravity is identical to the
hypersurface-orthogonal Einstein-aether theory [10,11].

For the recent developments of HL gravity, see the review article of [12].

1.5 Black Holes and their Thermodynamics

Black hole physics plays a central role in the understanding of quantum gravity
because it ties together quantum theory, thermodynamics and gravity. The classical
understanding of a black hole is that nothing can escape from it once it enters inside
the event horizon, which is the causal boundary separating the interior of a black hole
from the outside. Initially it was believed that a black hole was not a thermodynamic
system since there was no thermal radiation from it. The temperature of a classical
black hole seemed to be absolute zero and there was no entropy associated with it.

Nevertheless, one can dump a cup of tea (with some finite entropy) into a black hole

5



to decrease entropy which violates the second law of thermodynamics. So a black hole
should be a thermodynamic system with some entropy. It turns out that when we
consider quantum effects (vacuum fluctuations) near the horizon, a black hole does
emit particles.

According to the black hole no-hair theorem, a stationary black hole is fully char-
acterized by only three parameters: mass, charge, and angular momentum. Black
hole entropy should also depend on these three observable parameters. Hawking’s
area theorem says: the area of the future event horizon of a black hole, assuming
the cosmic censorship and weak energy condition, cannot decrease. One can make an
analogy with the second law of classical thermodynamics, and entropy should be a
monotonic function of the area of the event horizon to satisfy the generalized second

law (GSL) [13,14], which is characterized by the relation
A (SBH + Smatter) 2 0. (17)

In the early 1970s, Bekenstein and Hawking showed the connection between black
holes and thermodynamics [13-16],
hk

kgT = — 1.8

B 2me’ (1.8)
o AHC?)]{?B

S T e (1.9)

where T" and S are temperature and entropy of a black hole; k and Ay are its surface
area and horizon area; c is the speed of light; kg and G are Boltzmann’s constant
and Newton’s constant, respectively.

Consider Eq. (1.9), for the simplest case — the Schwarzschild black hole, the
horizon area on the right hand only depends on one parameter of black hole, its
mass. For the most general stationary black hole, the Kerr-Newman black hole, the
horizon area depends on all three parameters mentioned above.

We summarize the four laws of classical thermodynamics and the four laws of

black hole mechanics in Table 1.1 to end this section.



Table 1.1: Four laws of classical thermodynamics are in parallel with four laws of black
hole mechanics.

Law

Classical Thermodynamics

Black Hole Mechanics

Oth

The temperature is constant through
all objects in thermal equilibrium.

The surface gravity of a black hole is
constant over the event horizon.

Ist dE =TdS + work done terms. dM = g-dA + work done terms.
2nd  The entropy of an isolated system is The area of the event horizon of an
either increased or stays the same. isolated black hole is either increased
or stays the same.
3rd It is impossible to reach absolute ze- It is impossible to reduce the surface

ro temperature in a finite number of
processes.

gravity of a black hole to zero in a
finite number of processes.

1.6 Unwversal Horizon
Due to the higher spatial derivatives in HL. gravity, the dispersion relation in HL
gravity is really different from that in general relativity, and can be written in the

form as:
by "
M.’

4
anP

E? :m2+cn2p2—l—m+ (1.10)

where E and p are the energy and spatial momentum of the particle, and ¢,, a,, b, are
coefficients depending on the species of the particle considered. From Eq. (1.10) we
can see that both phase and group velocities of particles can be infinitely high. This
feature leads to the fact that the causal structure of HL gravity is totally different
from that in general relativity, see Figure 1.1. Events inside light cones are causally
connected in general relativity. However, in HL gravity, there is an absolute time.
Particles can travel with arbitrary large velocities but have to move forward in time.
The causal structure is similar to that in the Newtonian case. One might think that
usual black holes defined in general relativity cannot exist in HL. gravity because the

event horizon cannot trap particles with infinitely large velocities.
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Figure 1.1: (a) The causal structure of relativistic spacetime. Particles travel at no greater
than the speed of light. (b) The causal structure of Newtonian spacetime. Velocities of
particles can become enormously high, but particles are constrained to move forward in
time. This figure is adopted from [20].

However, causal boundaries still exist for gravitational theories which break Lorentz
invariance. Blas and Sibiryakov showed that the universal horizon is the causal bound-
ary disconnected regions from the asymptotic infinity [17]. Tt is like a one-way mem-
brane: once particles are inside the universal horizon, they are destined to hit the
black hole singularity [18].

The main idea is as follows: A timelike scalar field ¢ — the khronon field, is
introduced in a given spacetime [19]. All particles are constrained to move along the
increasing direction of this field, so the khronon field earns the physical meaning of
universal time. A timelike unit vector wu,, normal to the surface ¢ = constant, is
defined as

u, = A (1.11)

where ¢, = 0¢/0x", X = —g*0,005¢. In Figure 1.2, the location of the universal

horizon is where w,, and the Killing vector are orthogonal to each other

u- ¢ =u,ct =0, (1.12)
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Figure 1.2: The bending of the universal time ¢ = constant hypersurfaces, and the location
of the universal horizon (Vertical solid line at » = ryp) is always inside the Killing horizon
(Vertical dashed line at r = rgp). Particles are constrained to move forward in time: the
increasing direction of ¢. The Killing vector field always points upward throughout the
whole spacetime. This figure is adopted from [20)].

where ¢ is the asymptotically timelike Killing vector. Since u, is a globally well-
defined timelike unit vector, if we want Eq. (1.12) to hold, {* needs to be spacelike
vector and it should be always inside the Killing horizon.

As stated in Section 1.5, entropies should be associated with causal boundaries in
a given spacetime. In gravitational theories without Lorentz symmetry, one should
ascribe the thermodynamic properties not to the Killing horizon, but to the universal

horizon.



1.7  Organization of Dissertation

The following chapters will attack topics mentioned in previous sections not only
in the framework of HL gravity, but also in Einstein-sether gravity. In particular,
Chapter Two is based on [21], in which we study the effects of high-order operators on
the nonrelativistic Lifshitz holography in HL gravity. According to the holographic
correspondence, the author and collaborators show that these operators affect the
two-point correlation functions. This chapter is a published paper co-authored by
the author of this dissertation. Dr. A. Wang and Dr. G. Cleaver are Baylor physics
professors. Dr. A. Wang pointed out the direction of this project and Dr. G. Cleaver
gave some advise. The rest four people are the research performers. Dr. J. Yang and
Dr. M. Tian were two visiting scholars at Baylor University from China. X. Wang
and Y. Deng were Baylor physics Ph.D. students. Graduate students need work with
others to grow and become more experienced. All four visiting scholars and graduate
students checked each others’ calculations to make sure the results were correct. They
are approximately equal contributors to this paper. X. Wang is the author of this
dissertation.

Chapter Three is based on [22], in which the author and collaborators present two
new classes of exact charged black hole solutions in the framework of the Einstein-
Maxwell-zether theory. Smarr formulas are constructed and the temperatures of the
horizons are calculated. We find the temperature we obtained is not proportional to
its surface gravity at either universal horizon or Killing horizon. This chapter is a
published paper co-authored by the author of this dissertation. Dr. A. Wang is a
Baylor physics professor. Dr. A. Wang pointed out the direction of this project. The
rest two people are the research performers. Dr. C. Ding was a visiting scholar to
Baylor University from China. X. Wang was a Baylor physics Ph.D. student. All two

visiting scholar and graduate student checked each others’ calculations to make sure
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the results were correct. They are approximately equal contributors to this paper.
X. Wang is the author of this dissertation.

Chapter Four is based on [23], in which we study the quantum tunneling effect
of relativistic and nonrelativistic particles at both Killing and universal horizons in
the framework of the Einstein-Maxwell-sether theory. This chapter is a published
paper co-authored by the author of this dissertation. Dr. A. Wang is a Baylor
physics professor. Dr. A. Wang pointed out the direction of this project. The rest
three people are the research performers. Dr. C. Ding and Dr. T. Zhu were two
visiting scholars to Baylor University from China. X. Wang was a Baylor physics
Ph.D. student. All three visiting scholars and graduate student checked each others’
calculations to make sure the results were correct. They are approximately equal
contributors to this paper. X. Wang is the author of this dissertation.

Conclusions and outlook will be presented in Chapter Five.

1.8 Conventions

Einstein summation convention is adopted:

T, =Y T," (1.13)

The signature of metric is (— + + +):

N = diag(—1, 41,41, +1). (1.14)

The Christoffel symbol constructed from the metric is given by

Ao
g
L = "5 (0o + Ouys — Ongyu). (1.15)

e The Riemann tensor obtained from the Christoffel symbol is given by

Ry, =00%, —0,I% + 1% T, —T%, T (1.16)

Aut ov v ot



e Take a contraction of the Riemann tensor to get the Ricci tensor

R, =R, (1.17)
e Finally, the Einstein tensor G, is defined as
1
GMV = ij - iRg‘wj. (].].8)

12



CHAPTER TWO
Nonrelativistic Lifshitz Holography in HL Gravity
This chapter published as [21]: X. Wang, J. Yang, M. Tian, A. Wang, Y. Deng and
G. Cleaver, “Effects of High-order Operators in Nonrelativistic Lifshitz
Holography,” Phys. Rev. D 91, 064018 (2015).

In this chapter, we study the effects of high-order operators on the non-relativistic
Lifshitz holography in the framework of the Horava-Lifshitz (HL) theory of gravity,
which naturally contains high-order operators in order for the theory to be power-
counting renormalizble, and provides an ideal place for such studies. In particular,
we show that the Lifshitz space-time is still a solution of the full theory of the HL
gravity. The effects of the high-order operators on the spacetime itself is simply to
shift the Lifshitz dynamical exponent. However, while in the infrared the asymptotic
behavior of a (probe) scalar field near the boundary is similar to that studied in the
literature, it gets dramatically modified in the UV limit, because of the presence of
the high-order operators in this regime. Then, according to the gauge/gravity duality,

this in turn affects the two-point correlation functions.

2.1 Introduction

Non-relativistic gauge/gravity duality has attracted lot of attention recently, as
it may provide valuable tools to study strongly coupling systems encountered in con-
densed matter physics [24], which otherwise are not tractable with our current under-
standing. If such a duality indeed exists, instead of directly studying those strongly
coupling systems, one can study the corresponding weakly coupling systems of gravity,
which are much easier to handle, and often well within our abilities.

The non-relativistic quantum field theories (NQFT) are usually assumed to possess
either the Schrodinger [25] or the Lifshitz [26] symmetry. In the latter, the symmetry

algebra consists of the rotations M;;, spatial translations F;, time translations H,

13



and dilatations D. These generators satisfy the standard commutation relations for

M;;, P, and H [28], while with D the relations read,

where z denotes the Lifshitz dynamical exponent, and determines the relative scaling

between the time and spatial coordinates [27],
ot — ', t— (Pt (2.2)

This algebra is often called the Lifshitz algebra, as it generalizes the symmetry of
Lifshitz fixed points [24].

The gauge/gravity duality requires that the space-time in the gravitational side
must possess the same symmetry. However, the symmetry of a spacetime is usually

defined by the existence of Killing vectors (, [29], satisfying the Killing equations,

C},L;l/ + Cl/;u = 07 (23)

where a semicolon “;” denotes the covariant derivative with respect to the spacetime

metric g,,. It was found that this can be realized in the Lifshitz spacetime [26],
2 _ v 2 o A1 2 722
ds® = g datds” = —r¥dt” + — + r°d7”, (2.4)
r

where d72 = >0 da'da’. Then, the Killing vectors ¢#9, = (M, P, H, D) of the above

spacetime, given by,

H=—i0, D=—i(zt0,+a'0;—r9,), (2.5)

produce precisely the required Lifshitz algebra, where x; = §;;27. The corresponding
NQFT lives on the boundary r = oo.
Note that the metric is invariant under the rescaling (2.2), provided that r is

scaling as r — ¢~!r. Clearly, this is non-relativistic for z # 1, and to produce such

14



a spacetime in Einstein’s theory of general relativity (GR), matter fields must be
present, in order to create such a preferred direction. In [26], this was realized by two
p-form gauge fields with p = 1,2, and was soon generalized to other cases [30].

On the other hand, to construct a viable theory of quantum gravity, Horava [7]
recently proposed a theory based on the anisotropic scaling (2.2), the so-called Hotava-
Lifshitz (HL) theory of quantum gravity, and has attracted a great deal of attention,
due to its several remarkable features [31]. The HL theory is based on the perspective
that Lorentz symmetry should appear as an emergent symmetry at long distances,
but can be fundamentally absent at short ones [32]. In the UV regime, the system
exhibits a strong anisotropic scaling between space and time, given by Eq. (2.2). To
have the theory be power-counting renormalizable, the Lifshitz dynamical exponent z
must be no less than D in the (D+1)-dimensional spacetime [7,33]. At long distances,
high-order curvature corrections become negligible, and the lowest order terms take
over, whereby the Lorentz invariance is expected to be “accidentally restored.”

Since in the HL gravity the anisotropic scaling (2.2) is built in ! | it is natural to
expect that the HL gravity provides a minimal holographic dual for non-relativistic
Lifshitz-type field theories. Indeed, recently it was showed that the Lifshitz spacetime
(2.4) is a vacuum solution of the HL gravity in (2+1) dimensions, and that the full
structure of the z = 2 anisotropic Weyl anomaly can be reproduced in dual field
theories [34], while its minimal relativistic gravity counterpart yields only one of
two independent central charges in the anomaly. This speculation has been further
confirmed by the existence of other types of the Lifshitz spacetimes, including Lifshitz
solitons [35, 36].

L Tt should be noted that in the HL gravity, all the spatial coordinates (r, xz) are scaling as
™ — Lz™, where n = 1,4, (i = 1,2,3,...,d). This is different from that of the metric (2.4), in which
r must be scaling as 7 — ¢~ 'r, in order to keep the metric invariant. Therefore, in principle the
Lifshitz dynamical exponent z appearing in (2.4) is different from that considered in the HL theory:
™ = L™, t — (*t.
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In this chapter, we study another important issue: the effects of high-order op-
erators in non-relativistic Lifshitz holography. Since high-order operators necessarily
appear in the HL gravity in order to be power-counting renormalizable, it provides
an ideal place to study such effects. In the framework of GR, this was studied in [37],
and found that these effects only shift the values of z. In this chapter, we shall first
show that this is true also in the HL gravity. Then, we study the effects on a scalar
field and the corresponding two-point correlation functions. We find that, while in
the infrared the asymptotic behavior of a (probe) scalar field near the boundary is
similar to that studied in [26], it is dramatically modified in the UV limit, because
of the presence of the high-order operators in this regime. Then, according to the
gauge/gravity duality, this in turn affects the two-point correlation functions. This is
expected, as in the UV the high-order operators will dominate, and the asymptotic
behavior of the scalar field will be determined by these high-order operators.

Specifically, the chapter is organized as follows: In Section 2.2, we shall give a brief
introduction to the non-projectable HL gravity in (2+1)-dimensional spacetimes, and
find out the stability and ghost-free conditions in terms of the independently coupling
constants of the theory. In Section 2.3, we show that the Lifshitz spacetime (2.4) is
not only a solution of the HL gravity in the IR limit, but also a solution of the full
theory. The only difference is that the Lifshitz dynamical exponent z is shifted. In
Section 2.4, we study a scalar field propagating on the Lifshitz background (2.4). To
compare our results with the ones obtained in [26], in this section (and also the next)
we set z = 2. In Section 2.5, we calculate the two-point correlation functions, and

find their main properties in the IR as well as in the UV limit.
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2.2 Nonprojectable HL Theory in (2+1) Dimensions
Because of the anisotropic scaling (2.2) (see also Footnote 1), the gauge symmetry

of the theory is broken down to the foliation-preserving diffeomorphism, Diff(M, F),
5t =—f(t), o' =—C"(t,x), (2.6)

for which the lapse function N, shift vector N*, and 3-spatial metric g;;, first intro-

duced in the Arnowitt-Deser-Misner (ADM) decompositions [38], transform as

6N = (*"V,N+Nf+ N/,

ON; N Vi¢F 4 PV LN, + gikék + Nif + Nifu

0gi; = Vi + VG + fgi, (2.7)

where f = df /dt, V; denotes the covariant derivative with respect to g;;, N; = gix N,
and 0¢;; = ij (t,xk) — Gij (t,xk), etc.

Due to the Diff(M, F) diffeomorphisms (2.6), one more degree of freedom appears
in the gravitational sector - a spin-0 graviton. Using the gauge freedom (2.6), without

loss of the generality, one can always set
N'=0, (2.8)
for which the remaining gauge freedom is
t=f(t), o =), (2.9)

In the rest of this section, we shall leave the gauge choice open, and in particular not
restrict ourselves to the gauge (2.8).
The Riemann and Ricci tensors R;;, and R;; of the 2D leaves ¢t = constant are

uniquely determined by the 2D Ricci scalar R via the relations [39],

1

Riji = 3 (9ikgj1 — 9ug;k) R,
1
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The general action of the HL theory without the projectability condition in (2+1)-

dimensional spacetimes is given by [35]
S :<?/ﬁm%NV@@k—¢x+<4£M» (2.11)
where g = det(g;;), ¢* = 1/(167G), and
Lx = KiyK7—)\K?
Ly = ¢+ faa’ + 1R

+é [7232 + b (az‘ai)z + B2 (aiz‘)Q

+53aiaiajj + @laijaij + 65aiaiR -+ ﬁG(liiR} s (212)
with A = ¢¥V,V;, and
1 :
Kij = 55 (=95 + VilN; + V;Ni)
N
a; = N y  Qij = Vl-aj. (213)

L) is the Lagrangian of matter fields. Then, the corresponding field equations and

conservation laws are given explicitly in [35].

2.2.1 Stability and Ghost-free Conditions

It is easy to show that the Minkowski spacetime
(Na Nzagz]) = (17075ij)7 (214)

is a solution of the above HL gravity with vy = 0. Then its linear perturbations are

given by

6gij = =208 + (0,0; — 0;0°) E + 2F; ), (2.15)
where Fi; jy = (F;; + Fj;)/2, and

0'S; = 0'F; = 0. (2.16)
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It is interesting to note that in the decompositions (2.15) no tensor mode appears in
dg;;. This is closely related to the fact that in (2+1)-dimensional spacetimes, spin-2
massless gravitons do not exist.

Then the infinitesimal gauge transformations (2.7) can be written as

f=et), ¢=dC+n', @Om' =0), (2.17)

under which the quantities defined in Eq. (2.15) transfer as,

~ 1
E E+C7 %Z]:QZ]_E@QC?
gi =S; + 1, Fz = F; +n;. (2.18)

Thus, from the above we can construct three scalar and one vector gauge-invariants,

1 .
qu¢+§a2E, d=B-FE,

T = &n, o, =9, — I, (2.19)
Using the above gauge freedom, without loss of the generality, we can set
E=0, F =0, (2.20)

which will uniquely fix the gauge freedom represented by ¢ and 7;, while leave €(t)
unspecified. To further study the above linear perturbations, let us consider the scalar
and vector perturbations separately.

Scalar perturbations. Under the gauge (2.20), the remaining scalars are n, B
and 1, with which it can be shown that the gravitational sector of the action to the

second-order takes the form,

SP = / dtd*x { —20)4% 4+ 2(1 + 2)\)90*B
N (0?B)? 4 fnd*n — 2y1nd*y

22 (670 + </32+54><82n>2+2/36<82n><82w>]}. (2.21)
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Its variations with respect to ¢, B and n yield, respectively,

. 1 9 Y1 9 47204770 + 666471 .
¢+533+5ﬁi358"+ 20— ) =0, (2.22)
(1 =2\ + (1 — N)&*B =0, (2.23)
Bn — 1) — pe 2—2 b O*n — %(’321& = 0. (2.24)

From Eq. (2.23) we can find B in terms of ¢, and then substituting it into (2.21)

we obtain,
(2) 2 2 1 -2\ 2 2 2

—éﬂ%ﬂwa+O%+5@@%V+z%@%xywﬂ}. (2.25)

Then, the ghost-free condition require

1—2\
> 2.26
S (2.26)
that is,
1
(i)A>1 or (i) A< 5 (2.27)

From Eqs. (2.22)-(2.24), on the other hand, we can get a master equation for 1,

which in momentum space can be written in the form

U + Wit = 0, (2.28)
where
2
2 1= [kt Bsk o M~
“o= 1ol e e ) e
o ¢ ¢ b+ S
-3 7 (2.29)
—\ /32 4
o (4 — g e K> 1L
Thus, to have the mode be stable in the infrared (IR), we must require
<0, (2.30)
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while its stability condition in the ultraviolet (UV) requires

B

G+ B (2:81)

Yo 2

In the intermediate range, by properly choosing other free parameters the mode can
always be made stable, and such a requirement does not impose any severe constraints.
So, in the following we do not consider it further, and simply assume that it is always
satisfied.

It should be noted that the conditions (2.27), (2.30) and (2.31) are valid only for
the cases A # 1, for which Eq. (2.30) tells that 8 must be strictly negative, and in
particular cannot be zero.

When A\ = 1, from Eq. (2.23) we find that
=0, (2.32)

that is, ¥ does not represent a propagative mode, and we can always set it to zero by

properly choosing the boundary conditions. Then, Egs. (2.22) and (2.24) reduce to,

B —yn — Bo gy, — 0, (2.33)

CQ
62;”848%—,871:0. (2.34)

From the last equation, we can see that n does not represent a propagative mode
either, and can be set to zero by properly choosing the boundary conditions. Then,
Eq. (2.33) yields B = 0, that is, B is also not a propagative mode.

Therefore, in the case A = 1 there is no gravitational propagative mode, similar
to the relativistic case [39]. As a result, all the parameters in this case are free, as
long as the stability and ghost-free conditions are concerned.

As a corollary, we find that the HL theory with § = 0 is viable only when A = 1.

Otherwise, the corresponding scalar mode will become unstable, as one can see clearly

from Eq. (2.29).
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Vector perturbations. Under the gauge (2.20), the remaining vector is S;, with
which it can be shown that the gravitational sector of the action to the second-order

takes the form,

2
S? = _% / dtd*z N /q(5'0°S;), (2.35)

9

from which we find that,
9*S" = 0. (2.36)

That is, there is no propagative vector mode in the HL gravity; even the Lorentz
symmetry is violated.

In summary, the above analysis shows: (i) In the case A # 1, only spin-0 gravitons
exist in the (2+1)-dimensional non-projectable HL gravity. Their stability and ghost-
free conditions require the independent coupling constants must satisfy the conditions
of Egs. (2.27), (2.30) and (2.31). (i) In the case A = 1, the gravitational sector of the
HL gravity has no free propagation mode, similar to its relativistic counterpart. Then,
all the free parameters in this case are free, as long as the stability and ghost-free

conditions are concerned.

2.2.2 Detailed Balance Condition
To reduce the number of the coupling constants, Hotava imposed the detailed
balance condition [7]. The main idea is to introduce a superpotential W on the leaves

t = constant,
W= / /Gl (Rigs ax, Vo), (2.37)

so that the potential part of the action is given by
1 oW
V9099’

where G¥* denotes the generalized de Witt metric on the space of metrics, and is

LPP) = E.GME,, E;= (2.38)

given by
ikl — 5 (6" ¢" + g'g™") — \g"I g (2.39)
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Power-counting renormalizibility requires that the dimension of Ly must be greater
or equal to 2d, that is, [Ly] > 2d. Taking the lowest dimension, one can see that in

(241)-dimensional space-times, Ly in general can be cast in the form,
Lw =w (R + paza' — 2AW) , (2.40)

where w, p and Ay, are three coupling constants. Plugging the above into Eq. (2.38)

and taking Eq. (2.6) into account, we find that

1
By = w [M (aiaj - §9ijakak> +Angj:| :

2

LD % [,ﬁ (aia’)” +4 (1 — 2)) A%V] . (2.41)
To have a healthy IR limit, the detailed balance condition is frequently allowed to be
broken softly [7,40,41] by adding all the low dimensional relevant terms, R, a;a’, A,

into LA:E/DB), so that the potential is finally given by

i B )2
£§/DB) =2\ + Ba;a’ + v R+ C—; (aia ) , (2.42)
where 3; = w?p?/2 and A = vy(?/2. Comparing it with £y given by Eq. (2.12), one

can see that this is equivalent to set 75 =0 =, (2 <n < 6).

2.8  Lifshitz Spacetimes in (2+1) Dimensions
In this section we are going to study static vacuum spacetimes with the ADM

variables given by
N = r*f(r), N'=0,
2
g9 = diag (g (r)ﬂ”2> ) (2.43)

in the coordinates (¢, r, x), where z is the dynamical Lifshitz exponent. Then, we find

that
79 =G 729 —9) w0
!
4 = (Zf;frf)csg, K = 0. (2.44)
T
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Inserting the above into the general action (2.11), for the vacuum case £y = 0, we
obtain

Sy = —VxCQ/dtdrrzfgﬁv <f(”),g(m), 7’), (2.45)
where V,, = [dx, I™ = d"I(r)/dr". Then, it can be shown that in the present case

there are only two independent equations, which can be cast in the forms,

3

d (5L
(—1)" ( g ) =0, (2.46)
£ drn \ 5 f
3
W odh (6L,
= = drm (59(”’> -0 (247

where L, =r*fgLy.

The Lifshitz spacetime corresponds to

f = fO: g = 9o, (248)

where fy and gy are two constant. Then, the corresponding metric can be cast in the

r\ 2% > 7\ 2
d52:L2{— <Z) dt? + (;) dr2+<z) d:ﬁ}, (2.49)

where L = (fogi)V/ V), £ = (go/fo)"/1*2). Inserting Eq. (2.48) into Egs. (2.46) and

form,

(2.47), we obtain

2C°Agy — (g5 [2(2+ 2) B+ 2] — 2°(4 + 32) 81 + 4y

+z [z(:s +22)By+2 (2 —2) By — (24 2) (B — 285 + 256)] —0,  (2.50)
2C*Agy — 2C%g5 (26 + 2m) — 4z + 22 (47 + Fs)

—22{62 38y — ABs + 455 + [3261 2By — (2 —2)Bs + 255} } —0.(2.51)

In the IR limit, all the fourth-order terms become negligible, and the above equa-

tions reduce to
2Ag3 — [2(2+ 2)B +2m] =0, (2.52)
2Mg5 — z (28 + 27) =0, (2.53)
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which have the solutions,

Lo nCn=f)
Y1 —f 29(2)(’71 —ﬁ)Q.

These are exactly what were obtained in [34].

(2.54)

When the higher-order operators are not negligible, the sum of Eqgs. (2.50) and
(2.51) yields,

¢ [z6+§—2)71} {24[25_ (1432)7%]b

+22 28+ (222 + 2+ 1) ] B+ 2 [B+ (2 = 1) m Bs

A=

+22 2 (24 2) B+ (1 =2) ] B+ 22 [(2+2) (2 = 1) B+ 4] B
+z[2(2+2) (2 +1) B —271(z* + 1)] Bs
4 [z (242 —1) B+ (2 — 1)y 72}, (2.55)
where
A = 2{2z3ﬁl —22%By — 2 (2 — 3) Bs
+(1—2) [Bs + 281 — dye] — 2[2+ 2 (2 = 1)] 55}2- (2.56)

The difference of Eqgs. (2.50) and (2.51), on the other hand, yields,

az’ +bz* +cz+d=0, (2.57)
where
a = —2B1+4 B3+ s,
b = 2By — B3+ Bs— B5 + Bs,
c = —a®(B—m)— 47 — B1+ 265 — 36,
d = 4/72 - 042’}/1, o= Cg(Ju (258)

which can be used to determine the dynamical exponent z in terms of the coupling

constants. In general, it has three different solutions for any given set of the coupling
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constants. On the other hand, Eq. (2.57) can be also used to determine the integration
constant gy for any given z and a set of the coupling constants. In this case, we have

, azd+bz2% 4 ¢z + 4y
90 = )
P (m - B2

where ¢ = —4v, — B4 + 205 — 35¢. Clearly, for the metric to have a proper signature,

(2.59)

2 has to be chosen so that g2 > 0 for any given set of coupling constants (5;,7;)-
When the fourth-order corrections are small, we can expand z near its IR fixed
point, zp, given by Eq. (2.54). Writing the fourth-order coupling constants in the

form s = sy + €5, where € < 1, we find that

z=1zy+ €0z,

a=e(—201 + B3+ Bs),

b= 6(252 — By + By — Bs + 56);

¢ = co+ e(—43 — By + 285 — 30%),

d= d(] + 46”3/2, (260)

where

.

Bl =B
Thus, to the first-order of € Eq. (2.57) yields,

20 Co = —CVQ(ﬁ - 71)a dy = —0271-

(—231 + 33 + Bs)zg + (232 - 33 + 34 - 35 + 36)2(2)
(=442 — B + 285 — 3Ps) 20 + 4% + codz = 0, (2.61)

from which we find that,

0z = ;_%)4{71 6% (Bs — 2685 + 306) — B (=282 + Ba + Ba — 35 + 556)

a*(p
+ 293 (B = Ba = Bs + Bo)] + 487 (B - )" |- (2.62)
Note that in writing the above expression, without causing any confusion, we had

dropped hats from all fourth-order parameters. To study the behavior of z in the

UV, let us consider some particular cases.
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2.3.1  Solutions with Softly-breaking Detailed Balance Condition
When the softly-breaking detailed balance condition is imposed, we have v, =
Bi =0, (i >2). Then, Eqgs. (2.57) and (2.55) reduce, respectively, to

2

) o’ o
2
A= ﬁ 28+ (1— 2) ) [26 — (1+32) ). (2.64)

Eq. (2.63) in general has three roots, and depending on the signature of D, the

nature of these roots are different, where

at 202 (v — B)°
D 7 [’y% — Tﬁl] : (2.65)

Let us consider the cases D =0, D > 0 and D < 0, separately.
When D = 0, we find that

20% (11 — B)°
== 7/ 2.66
Bl 27/}/% ) ( )
and Eq. (2.63) has three real roots, two of which are equal and given by
3m 3n
2 = , Zy=2g=—————. 2.67
e T 2(8-) 267

Clearly, by properly choosing £ and -1, they can take any real values, z; € (—00, 00).

When D > 0, Eq. (2.63) has only one real root, which can be written as

.- C/DIM _ g _ \3/2)1/2 + 37 (2.68)

where ¢ = a?v;/(263;). In this case it is clear that z can also take any real values for

different choices of (5,71, 51). In particular, it has an extreme at 8 = =, given by
fm = _q1/3‘

When D < 0, Eq. (2.63) has three real and different roots, given by

202 - 2
Zn = “%008 (9+ %) ,(n=0,1,2), (2.69)
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where 6 is defined as

1 o’y 651 i
0= garcos [451 (az(% — B)) . (2.70)

Again, similar to the last two subcases, by choosing different values of the coupling
constants, we can have different values of z,. For example, taking a? = 4, 3 =

—1, By = 0.00001, ~; = 1, we obtain z; ~ 632.205.

2.3.2 Solutions with Ly = F(R)

Another interesting case is the F(R) models [42], for which we have
Ly = F(R), (2.71)

where F(R) can be any function of R (possibly subjected to some stability and ghost-

free conditions). In particular, one can take the form,

F(R) = 2A + 1R + A + Zj R?, (2.72)

which corresponds to the potential given by Eq. (2.12) with 8; =0, (i = 1,...,6),
where A? = a;a’. Note that in writing the above expression, we had kept the a;a’
term, in order to have a healthy IR limit for any given coupling constant A [34,35].

In this case, Egs. (2.50) and (2.51) have the solutions,

z = 1-— o’p
B dyp —a?(n = B)’
A = 2C I {® (24 2)B+2m] — 472} . (2.73)

2.8.8  Solutions with Ly = G(A)
Similar to the last case, the function G(A) can take any form in terms of A. A
particular case is the potential given by Eq. (2.12) with 74 = 79 = 5 = 5 = 0, for

which we have

G(A) = 2A+ Baa’ + @ [51 (azaA) + (aii)2 + Bsaia’a’ ; + Braag; | (2.74)
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In this case, Eq. (2.57) reduces to

az’ 4+ bz +c=0, (2.75)
but now with
a=—20; + B,
b=283 — B3+ B,
c=—a’f — Bu. (2.76)

Thus, in general there are two solutions,

1
T 2028, — By)

where D = (28, — B3 + 1) + 4(a?B + B1)(B3 — 261). Clearly, for zy to be real, we

[(252 — B3+ B) £VD|, (2.77)

must assume that D > 0.

2.4 Scalar Field in the Lifshitz Spacetime
The action of a scalar field in the HL theory takes the form,

1. 1
SM:/wﬁw¢%Zﬁw—NvWF—w@—u?—MQ&} (2.78)

where Vf) and Vf) are, respectively, the second and forth order operators, made of

Ri;, a;, V; and ¢, where
[Rij] =2, [a]=1=[Vi], [¢]=0. (2.79)
In general, they take the forms [44,98],

V(f) = % [142Vi(0)] (Vip)? + €1(0)a; V' + ex(d)asa’ + es(p) R+ ...,

VI = Vale) (V20)” + Val@) Ve + 8i(6) Ry VeV ¢

+05(0) (4 V'6)” + 63(¢)R* + ..., (2.80)

where V;, €; and 9; are arbitrary functions of ¢ only, and the elapsing terms are the

mixed ones made of R;;, a; and V;¢. When the background is fixed, these terms

29



always give rise to low order operators in terms of the scalar field ¢. For example,
the term €;(¢)a;Vi¢ appearing in Vf) contributes to the equation of motion of the
scalar field only with the first-order spatial derivative, V*[e;(¢)a;], while the term
61(¢)R;;V'¢Vi¢ appearing in Vf) contributes only with the second-order spatial
derivative, V7 [01(¢)R;; V7 ¢]. In addition, the term d5(¢)R?* had contributions of the
form, 5(¢) R?, which acts as a potential term once the background is fixed. Therefore,
when the space-time background is fixed, the dominant terms in the UV are only
the V5 and V} terms appearing in Eq. (2.80). In the IR, on the other hand, their
contributions must be so that the resulted action is of general covariance, in order to
have a consistent theory with observations [45] ? . Therefore, in this chapter, without
loss of the generality, we shall keep only the underlined V;(¢) terms appearing in Eq.
(2.80) and absorb the factor M2 into V(¢) and Vj(¢). Then, the variation of the

action with respect to ¢ yields,

1 V9, . i _ N | k i
=0 [ﬁ N w)] _v, [W“@  Ng)| + VN @)1+ 2v)

—VI2NVa(V9)] — VI NVi] = N[V + V{(Ve)* + V5(Vp)* + Vi(V'p)](2.81)

To compare with the results obtained in [26], we first set L = ¢ =1, z = 2 and

u = 1/r. Then, the metric (2.49) becomes,
2 Lo, Lo 2
ds® = _Edt + E(dw + du”). (2.82)

In the probe limit, the backreaction of the scalar field is neglected. Hence, taking the

above space-time as the background, and choosing

~ ~

a a
V=m?* Vi =ay, Vo= MQQ =ay, Vi = Mggo = ay, (2.83)

2 The only possible contributions of these terms are in the intermediate energy scales. However,
the study of them in these energy scales in general are very complicated, and are hardly carried out
analytically. Thus, in this chapter we shall not consider them.
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where a,, are constants, we find that Eq. (2.81) reduces to,

2 2
oo = (14 2u) (8o + 02 - 20up) - Sy
32 36
—ay [88§g0 416020 — 28,0 + —ﬂ
u u
—2u?(ag + a4) (O + 202020 + Oip). (2.84)

At the boundary u = 0, the scalar field takes the asymptotical form,
o~ utp(t, ), (2.85)
where A is one of the real roots of the equation,
(14 2a1)(A% =3 A) —2m? — ay(16 A* —48 A +36)
—2(ag +ay4) A (A —1)(A =2)(A =3) =0. (2.86)

From the action (2.78), integrating by parts and discarding boundary terms, we find

that it takes the form,

_ 2 I V9P 202
Sy = /dtd a:N\/g{ N\/Eat( 2N) m-e
CLQ(,D

Vi(NVp) — WVQ (NVZp) — a4<pv4g0}. (2.87)

(14 2a1)p
+ 2N

It can be shown that both actions (2.78) and (2.87) are finite for
3
I (2.88)

with the asymptotic condition (2.85).
In the IR, the V5 and V; terms are very small, and can be set to zero safely. In
addition, in this limit the scalar field should be relativistic, so V; = 0. Hence, the

above equation reduces to

A? =3 A —2m* =0, (2.89)
which has the solutions,
1
ba= 3 (3 /01 8m2) . (2.90)
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For

9
m? > — = (2.91)
8
in contrast to the case considered in [26], now only the solution with A = A,

o(u,t,z) — ut+ (gp(t, x) + O(uZ)) , (2.92)

leads to a finite action either in the form of Eq. (2.78) or in the one of Eq. (2.87).
In the UV, on the other hand, the V5 and V, terms dominate, and Eq. (2.86)

becomes,

(CLQ + CL4> A4 —6(CL2 + CL4) A3 +(11a2 + 27@4) A2

—(6ay + bday) A +36a4 = 0. (2.93)
In the case ay = 0, the above equation reduces to
AP —6 A7 +11 A —6=0, (ag=0), (2.94)
which has solutions
Ny =1, Ny =2, Az =3, (ag =0). (2.95)
If we choose ay = —ay, Eq. (4.14) has the double root
A =6, (ag = —ay). (2.96)

From the above analysis, one can see that the scalar field has quite different

behaviors at the boundary u = 0 in the two limits, IR and UV.

2.5 Two-point Correlation Functions

The bulk field ¢(u,t,x) can be written in the form

o(u,t,x) = /d%'gp(O,t’,x’)G(u,t,x; 0,t,2"). (2.97)
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where ¢(0, t, z) is the scalar field on the boundary and G(u, t,z;0,t, 2’) the boundary
to bulk propagator. It is easy to work in the Fourier space due to the translational

invariance in ¢ and x. In the Fourier space, we have
Pu,w, k) = Gu,w, k)30, w, k). (2.98)

2.5.1 In the IR

In the IR, we set a3 = as = a4 = 0, Eq. (2.84) reduces to

2 2
—u?02p = Pop + Oip — —Oup — —m’p, (2.99)
u u
and G (u,w, k) in Fourier space satisfies the equation,
.2 . .
02G — Ea“G — (W + |k]*)G =0, (2.100)
with the boundary conditions,
(i) G0,w,k) =1,
(i1) G(oo,w,k) is finite. (2.101)

Note that in writing down Eq. (2.99), we had set ¢t = i7. Then, the above conditions
uniquely determine the propagator G (u,w, k),

~ 2 2 k2 5 k? 1 1
B — elurep (X 2N (B2 ), (2102
Gluw ) = e (m4+4)U<qw| L QJmu),< 02)

where U(a,b,u) is the confluent hypergeometric function of the second kind. Near
uw=0, G is given by
k2 5 3/2
5 k2 8F<—w + —) \w\
G=1- Gt — o
3T (5 - 1)

In the IR limit and m = 0, the action Eq. (2.78) yields

w4+ 0 (u'). (2.103)

Su

i 1 ) 1,
_ — N {_I 2}
55 = [ drdaN i 3567 + (v0)
1
= 5 [ardaTggoco. (2.104)
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where ¢ = g—f. Integrating by parts, one can show that the on-shell bulk action is

determined by the values of the field on the boundary

Su = / drdx[v/ g9 00,e)
= /dwdk@(o,k,w)f(k’,w)cﬁ(o,—k‘,—w), (2.105)

where we had cut off the space at u = € to regulate the bulk action, and the “flux

factor” F is defined as
F(k,w) = [G(u, k,w)v/® gg"™0,G(u, —k, —w)]>°. (2.106)

Since the propagator G vanishes at u = oo, F only receives a contribution from the
cutoff at u = €. The momentum space two-point function for the operator O, dual

to @ is given by differentiating Eq. (2.105) twice with respect to ¢(0, k, w):
<Osﬂ<k7 W)Olp(_ka —(,d)> = ‘F(ka W). (2107)

Plugging Eq. (2.103) into Eq. (2.106), we pick out the leading non-polynomial piece
in either k or w. This gives the correlation function, after taking the limit € — 0,
8wf?20(a + 3)
['(a) ’
ﬁil — 1. Since T'(a ~ 0) — oo, we find that (O, (k,w)Oy(—k, —w)) ~ 0

(Op(k,w)Op(—k, —w))

(2.108)

where a =
as @ — 0. When a > 1, on the other hand, we find (O, (k,w)O,(—k, —w)) =~
—8|w|"/?(k? +|w|), which gives rise to correlations between points only with temporal
separation.

In general, the divergence arising as ¢ — 0 from the term proportional to u? is
removed via local boundary terms [26,46], and the terms O(u?*) and higher vanish as

the cutoff is removed when taking the limit ¢ — 0.

2.5.2 Inthe UV

In the UV limit, the last term in Eq. (2.84) dominates, and we find that

020 = 2a94(0tp + 20200 + i), (2.109)

T
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where asy = as + a4. In the Fourier space, this becomes

~ ~ 2 ~
0iG — 2k202G + (1# + %) G =0, (2.110)
24

with the same boundary condition as in Eq. (2.101). Then, we find that

G = Clefu\/ﬁ(congrising) + (1 . Cl)efu\/ﬁ(cosgfising)’ (2111>

where ¢; is an integration constant, and

[ 02
pcosf = k%  psinf = %24. (2.112)

Thus, with m = 0, the action (2.78) gives rise to,

1
iSy = / deQxN\/ﬁ{WQO'Z +as(V2p)? + a4¢v4¢}

= /dwdk@(o, k,w) /OO du{a;é(u, k,w)G(u, —k, —w)
+a9k*G (u, k, w)égu, —k, —w) — 2a0,k>G (u, k,w)02G(u, —k, —w)
+a90%G (u, k, w) G (u, —k, —w) + asG(u, k,w) G (u, —k, —w)
—i—%[é(u, k,w)2G(u, —k, —w) — k*G(u, k,w)0,G(u, —k, —w)]

204 . ~ ~ - - R
+ G sk w)O2G , —, —w) = KGi(u, by w) G, —k, —w)] }2(0, —k, ~w)

- / A3 0, ko, ) F (I, )30, — e, —), (2.113)
where

o} 2 _ N _
Flkw) = / du{%G(u, k,w)G(u, —k, —w) + ak*G(u, k, )G (u, —k, —w)
—2a94k>G(u, k, w)0>G (u, —k, —w) + a20>G(u, k, w)>G (u, —k, —w)
3 _ Aas - _
+asG(u, k, w)0LG (u, —k, —w) + %[G(u, k,w)O2G(u, —k, —w)
2@4

—k*G(u, k, w)0,G(u, —k, —w)] + ?[é(u, k,w)02G (u, —k, —w)
—k2G (u, k, w) G (u, —k, —w)]}. (2.114)
Plugging Eq. (2.111) into Eq. (2.114), and taking the limit ¢ — 0, we find that

0
Flk,w) = daser(1—ci)p? sinfsin 3 (2.115)
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CHAPTER THREE
Charged Einstein-aether Black Holes
This chapter published as [22]: C. Ding, A. Wang and X. Wang, “Charged
Einstein-aether black holes and Smarr formula,” Phys. Rev. D 92, 084055 (2015).
In this chapter, we present two new classes of exact charged black hole solutions
in the framework of the Einstein-Maxwell-gether theory, which are asymptotically flat
and possess the universal as well as Killing horizons. We also construct the Smarr
formulas, and calculate the temperatures of the horizons, using the Smarr mass-area
relation. We find that, in contrast to the neutral case, such obtained temperature is

not proportional to its surface gravity at any of the two kinds of the horizons.

3.1 Introduction

Lorentz invariance is one of the fundamental principles of Einstein’s general rela-
tivity (GR) and modern physics. The success of GR to describe all observed gravita-
tional phenomena, together with its intrinsic mathematical elegance is interpreted as
a further proof of the importance of the Lorentz invariance [54]. However, Lorentz in-
variance may not be an exact symmetry at all energies [55]. Any effective description
must break down at a certain cutoff scale signaling the emergence of new physical
degrees of freedom beyond that scale. For example, the hydrodynamics, Fermi’s the-
ory of beta decay [56] and quantization of GR [57] at energies beyond the Planck
energy. Astrophysical observations suggest that the high energy cosmic rays above
the Greisen-Zatsepin-Kuzmin cutoff is a result of the Lorentz violation [58]. Lorentz
invariance also leads to divergences in quantum field theory which can be cured with
a short distance of cutoff that breaks it [§8]. Often, the late cosmic acceleration is also

interpreted as a demand for a modification of GR at cosmological scales [17,59].
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There are several gravitational theories that violate the Lorentz invariance [55],
e.g., Horava-Lifshitz theory [7], ghost condensations [60], warped brane worlds, Einstein-
sether theory [9], etc. In Einstein-sether theory, the background tensor fields break
the Lorentz symmetry, and were once thought must to be dynamical [9], but more
careful investigations recently revealed that it is not necessary [61]. In this theory,
the Lorentz symmetry is broken only down to a rotation subgroup by the existence of
a preferred time direction at every point of spacetime, i.e., existing a preferred frame
of reference established by @ether vector u®. This timelike unit vector field u® can be
interpreted as a velocity four-vector of some medium substratum (ather, vacuum or
dark fluid), bringing into consideration of non-uniformly moving continuous media
and their interaction with other fields. Meanwhile, this theory can be also considered
as a realization of dynamic self-interaction of complex systems moving with a space-
time dependant macroscopic velocity. As to an accelerated expansion of the universe,
this dynamic self-interaction can produce the same cosmological effects as the dark
energy [62].

The introduction of the sether vector allows for some novel effects, e.g., matter
fields can travel faster than the speed of light [63], new gravitational wave polariza-
tions can spread at different speeds [64]. It should be noted that the propagation
faster than that of the light does not violate causality [65]. In particular, gravi-
tational theories with breaking Lorentz invariance still allow the existence of black
holes [17,18,66—68]. However, instead of Killing horizons, now the boundaries of black
holes are hypersurfaces, termed universal horizons [17,18], which can trap excitations
traveling at arbitrarily high velocities. This universal horizon may radiate thermal-
ly at a fixed temperature and strengthen a possible thermodynamic interpretation
though there is no universal light cone [69] (See also [70] for a different suggestion.).

It is natural to extend the Einstein-sether theory to include other fields, i.e., the

electromagnetic field [71]. As for cosmology, the interaction of electromagnetic waves
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with a non-uniformly moving sether can change the details of the standard history
of the relic photons that could be tested using observational data. As for black
holes, the interaction of electromagnetic radiation with a deformed sether will induce
new dynamo-optical effects that could be also tested. As for gravitational waves, the
Einstein-Maxwell-aether theory is expected to predict new forms for gravitational wave
propagations [59,64]. Our goal here is to extend Einstein-sether theory to include a
source-free Maxwell field. For more general formalism of the Einstein-Maxwell-sether
theory, see [71].

The rest of the chapter is organized as follows. In Section 3.2 we provide the
background for the Einstein-Maxwell-aether theory to be studied in this chapter. In
Section 3.3 we construct a Smarr formula for spherically symmetric solutions. In
Section 3.4, we first construct two new classes of exact charged solutions, and then
use them as examples to study the Smarr formula.

Before proceeding further, we would like to note that the exact charged solutions
presented in this chapter can be considered as a generalization of the neutral (Q =
0) ones given in [65]. Therefore, in the following there may exist repeating of the
materials presented there, in order for the current chapter to be as much independent
as possible, although we shall try to limit this to its minimum. For more detail, we

refer readers to [65].

3.2 Einstein-Mazwell-aether Theory
The general action for the Einstein-sether theory can be constructed by assuming
that: (1) it is general covariant; and (2) it is a functional of only the spacetime
metric g, and a unit timelike vector u®, and involves no more than two derivatives
of them, so that the resulting field equations are second-order differential equations

of gu and u®. Then, the Einstein-Maxwell-sether theory to be studied in this chapter
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is described by the action,

1
167G 5

S = /d4x\/—_g[ (R + L) +LM] . (3.1)

In terms of the tensor Z , defined as [73,97],
7% = 19" Geq + €26%.0°, + ¢30%,6°, — cauulgeq (3.2)
the sether Lagrangian L, is given by
—Ly = 2% J(Vu) (Vyu) — Mu? + 1), (3.3)

where ¢;(i = 1,2, 3,4) are coupling constants of the theory. The ather Lagrangian is
therefore the sum of all possible terms for the sether field u® up to mass dimension

two, and the constraint term A(u? 4+ 1) with the Lagrange multiplier A\ implementing

the normalization condition u?> = —1. The source-free Maxwell Lagrangian £, is

given by
1
167Gy

Ly = FusF Fap = VoA, — Vi A, (3.4)

where A, is the electromagnetic potential four-vector.
There are a number of theoretical and observational bounds on the coupling con-

stants ¢; [9,59,74]. Here, we impose the following constraints! |
0<cu <2, 24c3+3c>0, 0<c3<1, (35)

where ¢4 = ¢1 + ¢4, and so on. The constant G, is related to Newton’s gravitational
constant Gy by G, = (1 — ¢14/2)Gy, which can be obtained by using the weak
field /slow-motion limit of the Einstein-aether theory [58,97].

The equations of motion, obtained by varying the action (4.2) with respect to gap,

u®, A% and \ are

G = Ty + 871G T, Eo=0, V°Fup=0, u>=—1, (3.6)

! Note the slight difference between the constraints imposed here and the ones imposed in [65],
as in this chapter we also require that vacuum Cerenkov radiation of gravitons is forbidden [75].

39



respectively, where the sether and Maxwell energy-momentum stress tensors 7,5 and

TH are given by

1
T3 = Augup + caaqap — §gabchVCud + V. X, + al(Vaue) (Vpu®) — (Vug ) (Veup)],

1 1

with

Eo = VY, + dug + cu(Vaub)ay,
Y(lb — ZG,C bdvcud7

Xy = Y° (aUWb) — U(aY;)) 4+ UCY(ab). (3.8)

The acceleration vector a® appearing in the expression for the sether energy-momentum
stress tensor is defined as the parallel transport of the aether field along itself, a® =
V. u?, where Vy = XV,

Following [65], we first define a set of basis vectors at every point in the spacetime,
so that we can project out various components of the equations of motion. Let us
first take the @ether field u® to be the basis vector. Then, pick up two spacelike unit
vectors, denoted, respectively, by m® and n®, both of which are normalized to unity,
mutually orthogonal, and lie on the tangent plane of the two-spheres B that foliate the
hypersurface ¥y;. Finally, let us pick up s%, a spacelike unit vector that is orthogonal
to u®, m®, n% and points “outwards” along a ¥y hypersurface, so we have the four

tetrad, €l = (u®, s*,m* n®), with
g =n e(c)el()d) — _uaub + S(lsb + gab7 e(b) . e(c) = Mbe, (39)

where §%° = m®m®’+4nn’. By spherical symmetry, any physical vector A% has at most
two non-vanishing components along, respectively, u® and s%, i.e.;, A* = Aju® + Ags®.
In particular, the acceleration a® has only one component along s*, namely, a* =

(a-s)s”. Similarly, any rank-two tensor F,;, may have components along the directions
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of the bi-vectors u,us, UGSy), UaSy, SaSy, Jab, Where G is the projection tensor onto
the two-sphere B, bounding a section of a ¥y hypersurface. In the following, we study
the expansion of the Maxwell field F, Killing vector x¢, surface gravity &, energy-
momentum stress tensors 7,3 and 7;%4 , and Ricci tensor Ry,. The given source-free
Maxwell field 7% can be formulated in terms of four-vectors representing physical
fields. They are the electric field E* and magnetic excitation B* as,

eabmn

NS

where ¢®™ is the Levi-Civita tensor. From Eq. (3.6) it can be shown B* = 0. Then,

Ea = ]:“bub, Ba = anub, (310)

we find
F = — B’ + B (3.11)

On the other hand, the electric field is spacelike, since E%u, = 0. So, we have
E* = (E-s)s”. Thus, Fu = (E-s)(—squp+ spu,). After substituting it into (3.6), we
can see (E-s) = Q/r? where @ is an integral constant, representing the total charge

of the space-time. Therefore, we have
L, _Q
b = 5 (Uasy — Upsa). (3.12)

The Einstein, sether and Maxwell equations of motion (3.6) can be decomposed
by using the tetrad defined above. In particular, the sether and electromagnetic

energy-momentum stress tensors and the Ricci tensor can be cast, respectively, in the

forms,
° ® = o 7;3 ~
ab — 7:,,uuaub - 27;3u(a3b) + 7;5 SaSp + 79{11)’
R .
Rab = 7zuuuaub - 2Rusu(a5b) + Rsssasb + Egaby
M M M M 7A-M N
ab = Tou UaUp — 2T g w@Sy) + T,y Sasp + 5 Jab- (3.13)

The coefficients of 7,7 and T}/ in (3.13) can be computed from the general expression

(3.7). The corresponding coefficients for R, on the other hand, are computed from
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the definition [V,, V] X¢= —R¢ ;X by choosing X* = u® or s%, and then contract-
ing the resulting expressions again with u® and/or s* appropriately. The coefficients

for the three (u, s) cross terms are
TE =y |K(a-s)+ Va(a- s)] L TM =0, Ry = (K- K/2)k— VK, (3.14)

where

Viasy = —Kouasy,
~ 1
k=- abﬁs Aa )
29 Gab
2 1 ab ~
K = 39 LouGab, (3.15)

with K (= Ko+ K ) being the trace of the extrinsic curvature of the hypersurface ¥y .

The ather equation s - /& = 0 and the us-component R,s = T2 + 87GTY yield

103V Ko — (1 — ¢13) (Ko — K/2)k 4 (1 + ¢,) V. K = 0, (3.16)

0123V5K - (1 - 013)7;35 = 0. (317)

The uu- and ss-components of the gravitational field equations give

<1 — %4) [(@+Vs)(a-s)+a2} (1= ) (K +K72)

2
(1+ 2+Clﬁ>v K- 982 Q =0, (3.18)
2 2
THE + V(K = Ko)+ (1+ KKO— 1+ ) (a-s)+a*]
];, 2
beud = |Vt 5+ B s) k;+Q—:0. (3.19)

In the next sections, we will use these equations to obtain new black holes solutions.

3.8 Smarr Formula
The studies of black holes have been one of the main objects both theoretically
and observationally over the last half of century [77,78], and so far there are many

solid observational evidences for their existence in our universe. Theoretically, such
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investigations have been playing a fundamental role in the understanding of the nature
of gravity in general, and quantum gravity in particular. They started with the
discovery of the laws of black hole mechanics [79] and Hawking radiation [16], and
led to the profound recognition of the thermodynamic interpretation of the four laws
[13] and the reconstruction of general relativity (GR) as the thermodynamic limit
of a more fundamental theory of gravity [80]. More recently, they are essential in
understanding the AdS/CFT correspondence [81,82] and firewalls [83].

To derive the Smarr formula, we first introduce the ADM mass, which is identical
to the Komar mass defined in stationary spacetimes with the time translation Killing

vector x* [65],

Mapys = — / VoS (3.20)
Boo

471G p

where d¥q, = —usydA, with dA (= r? sin dfd@) being the differential area element
on the two-sphere B, and B, is the sphere at infinity. The derivative of the Killing

vector x* = —(u - x)u® + (s - x)s® is given by
Vet = —2kul?s?, (3.21)

where x denotes the surface gravity usually defined in GR, and is given by

= J 5 (Vaxs) (Vo) = —(a- 5)(u ) + Kofs - x). (3.22)

At the infinity, we have (u - x) = —1 and (s - x) = 0. Then, Eq. (3.20) yields,

Mapy = lim (72((3 ' S)) . (3.23)

e} ®

In the studies of black hole physics, the physics of horizons has provided useful
information. In particular, at the Killing horizon the first law [84] and Smarr formula

[85] for the Reissner-Nordstrom black hole take the forms,

KkHOAKH 4 VKH5Q Mapy = KkaAKH VKHQ

oM =
ADM 8’/TGN GN ’ 47TGN * GN ’

(3.24)
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where M apys is the ADM mass of the spacetime and, kxg|= £(rxn)|, Axg and Vg
are the surface gravity, cross-sectional area and electromagnetic potential evaluated
on the Killing horizon, respectively. Identifying Txy = kxp /27 as the temperature
of the horizon and, the entropy S = Axp /4Gy, one can obtain the analogy with the
first law of thermodynamics, 0F = T30S + VQ and E =2TS + VQ.

Any causal boundary in a gravitational theory should have an entropy associated
with it. Therefore, in the Einstein-sether theory, the universal horizons are expected
to have also their entropy and the first law of black hole mechanics, though whether
this entropy is to be proportional to its area or not is still an open issue. Mean-
while, these black holes still have Killing horizons. Then, a question is: How is their
thermodynamics?

To obtain some hints, in this section we shall present the Smarr formulas of the
universal and Killing horizons for general static and spherically symmetric Einstein-

Maxwell-sether black holes. Let us first consider the geometric identity [79],
RapX” = V2 (Vaxe)- (3.25)

From the Einstein field equations (3.6), we find that R, = T3 — gup T */2+ 871G T,

a

where [56]
2
87TG387;JI\7/[Xb = _Q_4Xaa
r
2 1 % b b
Tb = 59T | X" =V {[614(&-8)(%)()
+ (123K — 2¢13K)) (a - 3)]u[asb}}. (3.26)
Setting
Q° b
—iXe =2V (FO(r)upasy) (3.27)

we find that Eq. (3.25) can be cast in the form,

VyF® =0, F®=2F()uls", (3.28)
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where

ar) == (1-5) (@ )0 + [ (1 - er)Ko + 22K | (530 (3:29)

On the other hand, comparing Eq. (3.28) with the soucre-free Maxwell equations
(3.6), we find that its solution must also take the form (3.12), that is, F(r) = Fy/r?%.
To determine the integration constant Fj, we note that, for asymptotically flat space-

time, we have [65,97],

u-x~-—1, s-x~0, a~s:%+(’)(r*3), (3.30)

as r — 0o0. Then, from Eq. (3.29) we find that Fy = ro(1 — ¢14/2)/2. Thus, we have

F(r) = (1 . %) % (3.31)

Inserting Eq. (3.30) into Eq. (3.23), on the other hand, we find that the ADM

mass is given by Mapyr = r9/2G . Therefore, the total mass M of the spacetime is

C14 To 1
M=M M, = (1 _ —> o _ FdA, 3.32
Apam F 2 ) 2G,  47G, /Boo (3:32)
where My = —c14Mapar/2 is the sether mass or eether contribution to the renormal-

ization of Mupys [97]. On the other hand, using Gauss’ law, from Eq. (3.28) we find

that

0 = / (VoF™) dx,
%

= / Fdy,, — / Fdy,
oo BH

= / FdA—/ FdA. (3.33)
oo BH

Here d3, is the surface element of a spacelike hypersurface . The boundary 0% of X
consists of the boundary at spatial infinity B, and the horizon By, either the Killing

or the universal. Note that Eq. (3.33) is nothing but the conservation law of the flux
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of F%. Substituting the above expression into Eq. (3.32) and taking Eq. (3.29) into

account, we find the following Smarr formula,

A A
MGy = T2 4 VyQ, MGy = BEEEL v, (3.34)

where Ayg and Agpy are, respectively, the area of the universal and Killing horizons,
and M is the total mass of an asymptotically flat solution defined in the asymptotic
ather rest frame. The potential Vy; is defined as Vi = 7% F9(ry)/Q. Hence, the first
law for the sether black hole may be obtained via a variation of the Smarr relation.
In the next section we consider it for two new classes of exact charged sether black
hole solutions.

For the surface gravity at the universal horizon, when one considers the peeling
behavior of particles moving at any speed, i.e., capturing the role of the sether in the
propagation of the physical rays, one finds that the surface gravity at the universal

horizon is [66, 74, 76]

Vawx)=glass) x| (3.35)

1
RUH = =
2 r=ryg

where in the last step we used the fact that x, is a Killing vector, V(,x3) = 0. It must
be noted that this is different from the surface gravity defined in GR by Eq. (3.22).

In particular, at the universal horizon we have u - x = 0, and Eq. (3.22) yields,
K (rom) = Ko(s - X)|,—pyy - (3.36)

3.4 Ezact Solutions of Charged Ather Black Holes
To construct exact solutions of charged sether black holes, let us first choose the

Eddington-Finklestein coordinate system, in which the metric takes the form

ds? = —e(r)dv? + 2f (r)dvdr + r2d$22, (3.37)
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and the corresponding timelike Killing and sether vectors are

Xa:(1707070>7 ua‘: (Oé, /67 07 0)7
dv
dr
U dz® = (—ea+ fB8, fa, 0, 0) : (3.38)
do
de

where «(r) and §(r) are functions of r only. Then, the metric can be written as
Gabp = —UqUp + SaSp + Jap, Where we have the constraints v? = —1, s> =1, u-s =
0. The boundary conditions on the metric coefficients are such that the solution is

asymptotically flat, while those for the sether components are such that

lim v* ={1,0,0,0} . (3.39)

r—00

Some quantities that explicitly appear in Eqs. (3.16)-(3.19) are [86]

(CL S):_(u'fX),, KOZ_(S:fX),a
o _2s-x) g 2u-x)
R=-Z20 b= (3.40)
where a prime (') denotes a derivative with respect to r. And «(r), 5(r) and e(r) are
1 5w
T
e(r) = (u-x)* = (s x)" (3.41)
Then, from Egs. (3.35) and (3.36) we obtain
HUH:_%(U'X)/(S'X) ;
UH
o) = = 5 (5 3) (5-3) (3.42)
UH

Clearly, in general kyy # K(rug).
From the above expressions one can see that all quantities can be calculated from

(u-x) and (s-x) under the condition f(r) = 1. A straightforward calculation of Eq.
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(3.14) yields

2(s - x)(u-x)f'(r)
rf3(r) '

In the static spherical symmetric and asymptotically flat spacetime, if we assume that

Rus =

(3.43)

f =1 holds in the whole space-time, we find
Rus=T5=0,(f=1). (3.44)

From Eq. (3.27), we also find that

FO>r) = —%2/ f:g)dr’ _< (f=1). (3.45)

rd’
In the following, we shall use the above expressions first to obtain two classes of
exact solutions for the cases c¢14 = 0, c193 # 0 and cj93 = 0, ¢4 # 0, all with f = 1.

Then, we shall study their main properties by using the Smarr formulas given above.

3.4.1 FExact Solutions for ci4 =0

When the coupling constant ¢4 is set to zero and c¢jo3 # 0, from Eqs. (3.17) and
(3.44) one can see the quantity VK has to be vanished, i.e., VoK = 0. So, the trace
of the extrinsic curvature K of the Xy hypersurface is constant. In the infinity, this
constant will vanish asymptotically due to the asymptotical flat conditions. Therefore,

it must vanish everywhere. Substituting K = 0 into Eqgs. (3.18) and (3.19), we obtain

= (3.46)

e(r)=1——+ = — , flr)=1, (3.47)

which reduces to those given in Ref. [65] when @ = 0.
The location of the universal horizon ry g is the largest root of equation u-x = 0.

Meanwhile, u - x is a physical component of the sether, and should be regular and real
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everywhere. However, from Eq. (4.12) one can see that in the region r_ < r < ryg,
this term becomes purely imaginary, where r_ is another root of v - y = 0, unless
the two real roots coincide. Then, 7, becomes a function of ry. That is, the global
existence of the aether reduces the number of three independent constants (ro, 7, Q)
to two, (rg, @), the same as in GR. Thus, from (u - x)* = 0 and d(u - x)?/dr = 0 [66],

we find

To 3 9 Q2
A (N A
U= (4+ 16 92 )

1 1
ri = T—— (1”4UH — §T0T3UH) : (3.48)

which is showed in Figure 3.1. One can see that the charge @ is subjected to the

rku/To
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Figure 3.1: The universal and Killing horizons of the charged sether black hole with different
c13 in the case of c14 = 0, cj23 # 0. The presence of the charge ) makes both horizons
smaller. The universal horizon does not depend on c13, while the Killing horizon becomes
bigger with the increasing of ¢13. When ¢35 = 0, the Killing horizon reduces to that of the
Reissner-Nordstrom black hole.

condition @ < 3ry/4v/2, in order to have 7y real. When @ = r¢/2, we find r, = 0

and ryy = 1 = ro/2. When Q > /2, we have ri < 0. Thus, in order to have the

ather be regular everywhere, the charge should be,

Q<5 (3.49)

which is the same as that given in the Reissner-Nordstrom black hole.
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Now let us derive the Smarr relation. Using Eq. (3.35), the surface gravity at the

universal horizon can be computed and is given by

1
Rup = §Vu(U'X)

1 2 Q2 Q2
T 2rym \/3(1 — C13) (1 N %) (1 - 7“12]_H)7 (3.50)

which is showed in Figure 3.2. When @ = 0, we find that ryy = 3rg/4 and kyy =

% m, which is the same as those given in [69,76]. The Smarr formula at the
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Figure 3.2: The surface gravity at the universal and Killing horizons of the charged sether
black hole in the case c¢14 = 0, cj23 # 0. To compare with the results given in Ref. [66], we
shift the kyg line with c;3 = 0.1 from the left-hand side as a dot-dashed line to the right.
One can see that when cq3 is small, Ky g is larger than ki g in the low charge region, while

lower in the large charge region, similar to that given in Ref. [66] for the Khronometric
theory.

universal horizon is

A
M@, QUHAUH

47
- =-F)
qua = 3\ron Tg[,JH )
Von = Q, (3.51)
TuH

which don’t depend explicitly on the coupling constants ¢;’s, because now we have
c1y = 0 and M, = 0. It is easy to see that qyy isn’t proportional to kyy given by

Eq. (3.50). On the other hand, at the universal horizon we find

1 [ 2 Q? 2
M= — — )54 2 : 52
G = ( S0~ B3 H) 0 Ausr + 3 VindQ (3.52)
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Why is there the factor 2/3 in the front of Vg7 For a better understanding, let us

use the method proposed in [84], i.e., using M’s expression from A = 4777,

1 /A 4
GoM = —\/— FAQ2 4 2, (3.53)
3V A

and writing the variation of M as Go0M = TJA + V@), we obtain,

N 0A n & 3TUH 37”?(’]H ’
_0(GaM)  2Q 2
V=5 g = 3V (3.54)

which are the same as those given in Eq. (3.52). However, such defined temperature
T is also not proportional to kyy given by Eq. (3.50).

On the other hand, the location of the Killing horizon is the largest root of e(r) =
0. Using Eq. (3.47), we find

1 1—4Q?/r§
TKHE = Q<__}_L_|_\/]\/'_P_l_—Q/TO)7

2 \ 2 4L
/N
L = y/=+P
y T
1 4Q?
vl
2 3§
P 2M3(121 + Q*/rg) H
B 3H 3. 21/
I — _ C13 Ton _T%H
1—ci3 \ 7§ 2r3 )
1/3
H = <J+ \/—4(121+Q4/r§)3+J2) ,
J = 271 —721Q*/rs +2Q°/r§, (3.55)

which is showed in Figure 3.1. When c;3 = 0, we find that rxy = r,, that is,
it coincides with the Reissner-Nordstrom black hole Killing horizon (here after we

denote r+ = (1 4+ /1 —4Q?/r3)ro/2.). Then, the Smarr formula and surface gravity
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(using Eq. (3.22)) at the Killing horizon are

A
MG% = QKIZ—T‘_KH_‘_VKHQa

q . ( To Q2 )
KH — a9 0 Ta ]
QT%(H T?(H
2 3 2
Kin = oo @ (3.56)

) 3
TKH 2riem Twxp

which is showed in Figure 3.2. Note again that the qx g is still not proportional to
the kxpy. When ¢35 = 0, both gxg and kgg reduce to those given in the Reissner-
Nordstrom black hole, gk = kg = (ry —r—)/2r3. The first law at the Killing
horizon cannot be obtained via the variation method, although it may be obtained
via Smarr’s method [84]. However, due to its complexity, we shall not consider this
possibility, as even we do it, we do not expect to get much from such complicated
expressions.

Note that, when ¢13 < 1, from Eq. (3.47) we find that the solution reduces to the
usual Reissner-Nordstrom black hole with a universal horizon given by (4.15) that is
always inside its Killing horizon rgy = r,, which is the same as that derived in the
Khronometric theory [66].

Finally, let us turn to Figure 3.2, from which we can see that the presence of
the charge () always makes the surface gravity xyy lower, while the presence of the
constant c¢i3 always makes it bigger, after the constraints (3.5) are taken into account.
For the kg, the situation becomes more complicated. In particular, when both c¢3
and @ are small, the effects of them is similar to that presented in kyy as shown
in the figure. But for large c13, e.g. c13 = 0.92, 0.975, the presence of the charge
increases the temperature at the beginning and then decreases it when the charge

becomes very large.
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3.4.2  Exact Solutions for c1a3 =0

In this case, from Eq. (3.32) we find that the total mass is

MG, = (1 . %) % (3.57)

There exists a range of the coupling constants that passes all the current observational
tests in the one-parameter family of the Einstein-sether theories [87]. Setting ¢123 = 0,

from Egs. (3.18), (3.19) and (3.40) we obtain

. To 2 — C14 4@2
fu ™= E (\/2(1 — 013) B (1 — 613)7'8 B 1) ' (358)

Then, we find that

e(r)=1-——-——>-5—>, f(r)=1, (3.59)

which again reduces to that given in Ref. [65] when @) = 0. From the above expres-

sions, we find

1 1
Oé(r)z(s-x)—(u-x):l—i—%" (3.60)

Since it is one of the component of u®, it should be regular everywhere (possibly

except at the singular point = 0), we must have

2 _
O:>Q<\/ 013 CI4T0 \/1—%— 1—C13)%],
014

ci3 = 5 (3.61)

v

T'u

The position of the universal horizon ryy and its surface gravity (using Eq. 3.35)

are

To C14
TUH = =, KUH = 11— —
2 2/ (1 —c13)rum TUH

And the ky g is showed in Figure 3.3. Also, when @ = 0 it reduces to the one obtained

(3.62)
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Figure 3.3: The surface gravity at the universal horizon and Killing horizon of charged
Einstein-sether black holes in the case of c14 = 0.1, c123 = 0. The restrictions are ci3 >

0.05, Q/ro < +/(2¢13 —0.1)/8.

in [69,76]. One can see that ryg does not depend on the charge @), but kyy depends
on it. In other words, to the same universal horizon ryy = ro/2, there are different
thermal temperatures of the horizon with different charge @, if we assume that T is
still somehow proportional to xy .

The Smarr formula new reads,

A
G M QUHAUH

= T + Vun@,
T
. 1 1 C14 Q2
quH = R 2 r[?]H )
ciu\ 1 0Aum
GoOM = (1 _ —) - , 3.63
2 TUH 8 ( )

in which the term proportional to dQ) is absent. To see this more clearly, let us

consider the Smarr method, from which we find that

GoM = (1 - %) ﬁ. (3.64)

Then, writing the variation of M as Go0M =TJA + Vi@, we obtain,

T — 9 (G=M) _ ( C14) 1 0 (GeM)

1 - = = - = .
0A 2 87TTUH7 v aQ 07 (3 65)

which are the same as those given in the second line of Eq. (3.63). Once again, quy

and T aren’t proportional to the Ky given by Eq. (3.62).
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On the other hand, the Killing horizon and its surface gravity (using Eq. 3.22)

are

2ry +r
TKH = T0 1 Tu, KKH:TO7 (3.66)
"kH

which are showed in Figure 3.3. In order for them to be real we must assume that
Q < /1 -2 Comparing Eq. (3.61) with (3.66), one can see that the latter
condition on () is contained in the former, i.e., in the charged @ether black hole, the
electric charge is subjected to more stringent restrictions. Again when ¢35 = ¢14 = 0,

ki reduces to (ry —r_)/2r2. The Smarr formula at the Killing horizon is

A
G M = dxkHLKH + Vier O,

47
C14 To Q2
qxkH = {(1 - —) - —} , (3.67)
2/ 2%, g

which depends on the coupling constants cj3 and c¢14. qxpg approaches to (ry —
r_)/ 27"1, if c13 = c¢14 = 0. We find that taking variation with respect to each term

cannot obtain the first law, so instead we use Smarr’s method [84], and find that

oM oM
M= S5 Agn +
Gl o1 SR + 5500

oM CaCp@
0Q  \Jca(ca, — 1)Q2 + cbr%(H’
1 Cl4

Cu = ap=1——
a 1—C137 27

r= %j\j - CaC:b— 1 <\/c (cach — ?;;bz ¥ caci %y T;H> - (368)
alCa aCol Kk 1
Note that, similar to the previous case, now qxy and T aren’t proportional to the
Kip given by Eq. (3.66), either.
Finally, from Figure 3.3 we note that the dependence of kyy on @) is similar to the
former case. In particular, its presence always makes the temperature lower, while
the presence of ¢35 increases it. The surface gravity kyg is always larger than kg py.

At the Killing horizon, the effects of the charge and ¢35 on kg y are just opposite.
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CHAPTER FOUR
Hawking Radiation of Charged Einstein-aether Black Holes
This chapter published as [23]: C. Ding, A. Wang, X. Wang and T. Zhu, “Hawking

radiation of charged Einstein-aether black holes at both Killing and universal
horizons,” Nucl. Phys. B 913, 694 (2016).

In this chapter, we study analytically quantum tunneling of relativistic and non-
relativistic particles at both Killing and universal horizons of Einstein-Maxwell-aether
black holes, after high-order curvature corrections are taken into account, for which
the dispersion relation of the particles becomes nonlinear. Our results at the Killing
horizons confirm the previous ones, i.e., at high frequencies the corresponding ra-
diation remains thermal and the nonlinearity of the dispersion does not alter the
Hawking radiation significantly. On the contrary, non-relativistic particles are creat-
ed at universal horizons and are radiated out to infinity. Although the radiation is
also thermal spectrum, different species of particles, characterized by a parameter z,
which denotes the power of the leading term in the nonlinear dispersion relation, in
general experience different temperatures, 75, = 2kpn(z — 1)/(272), where kyp is
the surface gravity of the universal horizon, defined by peeling behavior of ray trajec-
tories at the universal horizon. We also study the Smarr formula by assuming that:
(a) the entropy is proportional to the area of the universal horizon, and (b) the first
law of black hole thermodynamics holds, whereby we derive the Smarr mass, which
in general is different from the total mass obtained at infinity. This indicates that

one or both of these assumptions must be modified.

4.1 Introduction
In the Einstein-gether theory, a timelike sether vector field is introduced to describe
extra degrees of the gravitational sector, in addition to the spin-2 ones found in general

relativity that move with the speed of light [8,9]. In fact, due to the presence of the
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aether field, spin-0 and spin-1 particles are also present, and all move at different
speeds [64]. Moreover, due to Cherenkov effects they must move with speeds no less
than that of light [75]. It should be noted that here the propagations faster than
that of light do not violate causality [63]. In particular, gravitational theories with
breaking Lorentz invariance (LI) still allow the existence of black holes [17,18, 65~
68,88]. However, instead of Killing horizons, now the boundaries of black holes are
hypersurfaces, termed as universal horizons, which are always inside Killing horizons
and trap excitations traveling at arbitrarily high velocities. The crucial ingredient
for the existence of a universal horizon is the presence of a globally timelike foliation
of the spacetime [17]. Such a preferred foliation, for example, naturally rises in the
Horava theory [7]. But in the Einstein-aether theory this is true only when the sether
is hypersurface-orthorgonal [10,88]. This is always the case in spherically symmetric
spacetimes, although in other spacetimes, such as the ones with rotation, the aether is
generically not hypersurface-orthorgonal [10,88]. With the above in mind, a slightly
modified first law of black hole mechanics was found to exist for the neutral Einstein-
aether black holes [65], but for the charged Einstein-sether black holes, such a law is
still absent [22].

Berglund et al [69] used tunneling method to study the corresponding Hawking
radiation at the universal horizon for a scalar field that violates the local LI, and found
that the universal horizon radiates as a blackbody at a fixed temperature. Using a
collapsing null shell, on the other hand, Michel and Parentani [70] computed the late
time radiation and found that the mode pasting across the shell is adiabatic at late
time. This implies that large black holes emit a thermal flux with a temperature fixed
by the surface gravity of the Killing horizon. This, in turn, suggests that the universal
horizon should play no role in the thermodynamical properties of these black holes.
However, it should be noted that in such a setting, the khronon field is not continuous

across the collapsing null shell [89]. Normally, it is expected that such discontinuities
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should not affect the final results [70]. However, the khronon field here plays a special
role, and in particular it defines the causality of the spacetime. So far, it is not clear
whether the results presented in [70] will remain the same or not, after the continuity
of the @ether field across the collapsing surface is assumed.

Another different approach was taken by Cropp et al [76], in which ray trajectories
in such black hole backgrounds were studied, and evidence was found which shows
that Hawking radiation is associated with the universal horizon, while the “lingering”
of low-energy ray trajectories near the Killing horizon hints at reprocessing there.

In this chapter, we have no intention to resolve the above discrepancy, but rather
study the Hawking radiation at both universal and Killing horizons of the charged
Einstein-gether black holes found in [22]. Although we also use the tunneling approach,
we shall give up the null geodesic method [90]. Instead, we shall adopt the Hamilton-
Jacobi method [91-94], and show that particles with z > 2 are indeed created at
the universal horizon, and the corresponding Hawking radiation is thermal, where
z characterizes the nonlinearity of the dispersion relation, appearing in Eq. (4.31)
given below. Although for any given z > 2 the universal horizon radiates thermally,
particles with different z will feel different temperatures, given by

Y (2 - 2) ated (4.1)

2] 2n’

where kg is the surface gravity of the universal horizon, defined by peeling behavior
of ray trajectories at the universal horizon [22,66,76]. On the other hand, in high
frequencies only relativistic particles are created at the Killing horizon, and the cor-
responding Hawking radiation is the same as that obtained in general relativity [77].
This is consistent with previous findings [95] ! .

Specifically, the chapter is organized as follows. In Section 4.2 we give a brief

review of the Einstein-aether theory and the charged black holes obtained in [22], while

L Tt should be noted that in low frequencies the Hawking radiation is sensitive to high-order
corrections. For detail, see, for example, [96].
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in Section 4.3 we study the tunneling of spin-0 particles with a nonlinear dispersion.
In Section 4.4 we study the Smarr formula by assuming that the first law of black
hole mechanics holds at the universal horizon, and find the corresponding Smarr mass,
which in general is quite different from the Arnowitt-Deser-Misner (ADM) mass at

infinity.

4.2 Finstein-Mazxwell-aether Theory and Charged Black Holes

The Einstein-Maxwell-sether theory considered in [22] is described by the action,

1
167Gy

S = / d'ey/ g (R + La) + Lot (4.2)

where G, is a coupling constant of the theory, and is related to Newton’s gravitational
constant Gy by G = (1—c14/2)Gx [97]. R is the four-dimensional (4D) Ricci scalar,
L) denotes the matter Lagrangian density, and L, the sether Lagrangian density,

defined as
—Lop = 7% (Vau)(Vyu?) — AMu? + 1), (4.3)

where V,, denotes the covariant derivative with respect to the 4D metric gqp, which
has the signatures (—, +, 4, +). u, is the four-velocity of the sether, A a Lagrangian

multiplier that guarantees u, to be timelike, and Z% ; is defined as [73,97],
7% = 19" geq + €20%.0°; + c36%0°, — cauu’ geq, (4.4)

where ¢;’s are coupling constants of the theory. There are a number of theoretical and
observational bounds on the coupling constants ¢; [74]. Here, we impose the following
constraints [22], 0 < ¢4 < 2, 2+ ¢33+ 3¢ > 0, 0 < ¢33 < 1, where ¢14 = ¢1 + ¢4, and

so on. The source-free Maxwell Lagrangian £, is given by

1

L =— 167G

‘Fabfab> Fab = VaAb - vbAm (45)

where A, is the four-vector of the electromagnetic field.
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The static spherically symmetric spacetimes in the Eddington-Finklestein coordi-

nates are described by the metric [56],
ds® = —e(r)dv® + 2dvdr + r*dQ?, (4.6)

where d2? = df? + sin? 0d¢®. The corresponding time-translation Killing and sether

vectors are given, respectively, by

X4 =00, u = adl+ oL, (4.7)

where «, (8 are functions of r only, and the constrain is u? = —1. Introducing the

spacelike unit vector s, via the relations u®s, = 0, s> = 1, we find that the metric
can be written as
Jab = —UaUp + SaSb + Jab, (4.8)
where g, = diag (0,0, 7%, 7% sin 6?), and that,
1

(5-x) = (u-x)’
e(r) =(u-x)>—(s-x)* (4.9)

a(r) =

The Killing horizon is the location where x* becomes null, i.e., e(rxy) = 0.
The universal horizon, on the other hand, is the located at (u-x) = 0 [17, 18],
that is,
(ea2 + 1)

oy = 0. (4.10)

The surface gravity at the universal horizon is defined as [76],

1
§Vu (u-x)

1

= 5(@'5)(3%)

RUH

UH

, (4.11)
UH

which is precisely the one obtained from the peeling behavior of rays propagating
with infinite group velocity with respect to the asether as shown explicitly in [66, 76].

In [22], two classes of the charged Einstein-aether black hole solutions were found
in closed forms, for particular choices of the coupling constants ¢;’s. They are given

as follows.
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4.2.1 Fxact Charged Einstein-aether Solutions for ciy = 0
When ¢4 = 0, which corresponds to the case in which the spin-0 particle of the
khronon field has an infinitely large velocity, the charged Einstein-sether black hole

solutions are given by [22],

2
T

(S : X) - ’f‘_’

To Q2 (1 — 013)7”30

= 1— — L

(u X) \/ , 7“2 + 7’4 )

2 4
ery=1-"0 4 & Qs (4.12)

where 7y, 7, and @) are the integration constants, and () is related to the Maxwell
field via the relation,

Fup = %(uasb — UpSg). (4.13)

In order for the khronon field to be well-defined in the whole spacetime, the integration

constant r, must be given by [22],

1 1
ri = T (7’?}1{ — 57“07'(3111) , (4.14)
where g is the location of the universal horizon, given by
To 3 9 Q2
R = _9x 1. 4.15
= (4 V1 (4.15)
The location of the Killing horizon is at r = rg gy, given by,
ro (1 \/ 1—4Q?/r¢
=—|=-+1L N-P+——"— 4.16
TRH = <2 + L+ + A7 ) (4.16)
where
N 1 4Q?
L=\/—+P, N=—--— %,
2 2 3r;
23121 + QY/ry) H
B 3H 3-21/37
J— _ C13 i _ i
l—ci3\ g 2r3 )
1/3
H= (J + \/—4(12] + Q* /1) + J2> :
J =271 — 721Q%/r2 +2Q°/rS. (4.17)
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4.2.2  Fxact Charged Finstein-aether Solutions for cio3 =0
When c¢q93 = 0, the velocity of the spin-0 particle of the khronon field is zero, and

the solutions are given by,

7o ro + 21,
(u-Xx) +to (5°X) 5
ro  Tu(ro+ry)
— 12 u\'O ' Tu) 4.18
elr) =110 Tulro e Te) (4.18)

ru:%< 9—4;6222—1>, (4.19)

where

gEl—Clg,pEl—%. (4.20)

The locations of the universal and Killing horizons are given, respectively, by

r
T — 507 kg = To + Tw- (421)

It should be noted that, in order to have the khronon field well-defined in the whole

spacetime, in the present case we must assume that

1
Q< 5vP—8gmn, p=g (4.22)

4.8  Hawking Radiation with Nonlinear Dispersion Relation

The semi-classical tunneling approximations that model the Hawking radiation
usually follow two approaches, the null geodesics (NG) method explored by Parikh
and Wilczek [90], and the Hamilton-Jacobi (HJ) method used by Agheben et al [91-
94]. Since the final results should not depend on the methods to be used, in this
chapter we choose the HJ method. In each method, particles with positive (negative)
energy just inside (outside) of the horizon are assumed to escape (fall into) it. Both
of the processes are forbidden classically, so the radiation is quantum mechanical in

nature.
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In the semi-classical approximation, the charged massless scalar field ¢(z) can be
written as ¢(z) = ¢ exp[iS(¢)] in terms of its action S(¢). Then, the four-momentum

of such an excitation is given by

1 ‘
ko = %(va + @qAa)gba (423)

where Fq is the electric charge of the positive/negative energy excitation, respectively,
and A, = (—Q/r,0,0,0) is the 4-potential of the electromagnetic field. Then, within

the WKB approximation let us consider the ansatz

S(¢) = Fwov + /r dr'k,.(r'"), (4.24)

for the phase of the field configuration, where the top and bottom sign F refer,
respectively, to positive and negative energy excitations. Plugging it into (4.23), the

wave four-vector takes the form,

kodz® = F(w— qp)dv + k.dr

= [+ (w—gp)l-q+kppa)dat, (4.25)

where ¢ = @)/r is the electric potential, /_, = (—1,0) is the radial null vector, and
pa = (0,1) is the redshift vector. The radial momentum k, can be solved from the
dispersion relation

e(r)k? F 2(w — qp)k, = k?, (4.26)

once k?(w) is given. Clearly, in general the above equation has four solutions: kff( 1
and kff(o), where + refer, respectively, to the positive and negative energy, I (O)
means in-going (out-going) particles. Due to the time reversal invariance, we have
+ - - _ .t : :
k:r(o) = kT( n and kzr(o) = kr( 1 From the standard results in quantum mechanics,

the emission rate I' is given by I' ~ exp[—2ImS]. From Eq. (4.24) we can see that
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only the singular parts of k,(r) have contributions to ImS. In particular, we have

rH+E

ImS = Imlim ko) (r)dr’

e—0

o) (r)dr, (4.27)

where 7y is the location of the singularity of k;j(o) (r). Deforming the contour into the
low half complex plane of the singularity located at r = ry for the first integral and
the upper half complex plane for the last one, we find

rH+€ TH—€E
2ImS = Imlim{/ kzj(o)(r’)dr'—i-/ kﬁo)(r')dr’}
TH— 'S

e—0 e

= Im%drk:r(o)(r), (4.28)

where the closed circuit is always anticlockwise. Therefore, to calculate the emission
rate we need only consider the out-going positive energy particles.

On the other hand, in the frame comoving with the @ether, k, can be written as
ko, = —kyug + ksSa, (4.29)

where k, = (u- k) and ks = (s - k) are corresponding to, respectively, the energy and

momentum, measured by observers that are comoving with the sether, and are given

by
+(w —gvp)
ku T — —_ k‘T S - X ,
S UPY S R B
(W —qy)
ky(r) = — k.(r)(uw-x). 4.30
1) = eI (4:30)
Then, we have k* = —k2 + k2, which is a function of k,. In this chapter, we consider

the non-relativistic dispersion relation, given by [95, 98],
z

B2=1> a, (Z—O)Qn (4.31)
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where a,,’s are dimensionless constants, which will be considered as order of unit in
the following discussions [98], and z is an integer > . Lorentz symmetry requires
(ay,2) = (1,1). Therefore, in this chapter we shall set a; = 1. In the Horava theory
of gravity [7], the power-counting renormalizability requires z > 3. The constant kg
is the UV Lorentz-violating (LV) energy scale for the matter [76] or the suppression
mass scale [98]. The experimental viable range for the ky is rather broad and its value
shows the size of LV of the given field. When ky/ky — 0, the field becomes relativistic
and one recovers the standard dispersion relation k2 = k2.

To study the effects of high-order corrections, characterized by the critical expo-
nent z, in the following we shall study the Hawking radiation for various choices of z
at both of the universal and Killing horizons.

To see clearly the difference between relativistic and non-relativistic particles, in
the following we first consider the relativistic case (z = 1), and re-obtain the well-
known results of the Hawking radiation at the Killing horizons [77,95,96]. However,
we find that at universal horizons relativistic particles are not created. Then, we move
onto the non-relativistic ones (z > 2), and show that such particles are indeed created
at universal horizons. It should be noted that in doing so we implicitly assume that
both of these two kinds of horizons have an associated temperature. However, this is
not well grounded [99], and is closely related to the theory of Hawking radiation at
high energies. We shall come back to this issue at the end of Section V. In addition, in

high frequencies non-relativistic particles (z > 2) are not created at Killing horizons,

which confirms the earlier findings [95,96].

2 A more general expression for the nonlinear dispersion relation in a curved background was
given in [56]. However, to make the problem tractable, in this chapter we restrict ourselves to the
cases defined by Eq. (4.31). For a further justification of the use of this form at the universal
horiozn, see [56].
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4.3.1 Hawking Radiation for z =1

When z = 1 or ks < ko, the dispersion relation reduces to the relativistic one,
k* = —k? +k? =0, or k, = +k,. From Eq. (4.30), one can see that at both of the
Killing and universal horizons, the solution k, = ks will all lead to k. = 0. For the
outgoing positive energy or ingoing negative energy particles, the relation k, = —k;

together with Eq. (4.30) leads to

P 2(w —qp) 1
o) S T ) T 50 T )
2(w — qp)

= =5 (4.32)

which is finite at the universal horizon (u-y) = 0, but singular at the Killing horizon
e(r) = 0. This implies that relativistic particles cannot escape from the universal
horizons even quantum mechanically, as their velocity is finite and the horizon serves
as an nfinitely large barrier to them. However, they can be created at the Killing

horizon with the standard results [77],

2Ims = 2 'uo,
KH
/ GR
Ty = ¢ rica) = HKH, (4.33)
47 2m

where po = qprg and gy = Q/riy, a prime denotes the derivative with respect to

r, and kK% denotes the surface gravity defined as

1

= [- (Ta) (e) (43

It should be noted that, in Ref. [70] by using collapsing shell method, the authors
showed that at the Killing horizon, with a given kj there exists an effective tempera-
ture T, (ko). When ky is increasing, T,, approaches to the Hawking temperature Tk .
In Ref. [76], on the other hand, it was shown that energetic particles simply pass the

Killing horizon, while low-energy particles linger and eventually escape to infinity.
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4.83.2  Hawking Radiation for z > 1

When z > 1, from Eq. (4.30) we find that,

bulr) = s [ (0 = 00) + k()]
1 F(w —qp) .
B = [ =G0 TR0 3

At the Killing horizon we have (s-x) = —(u - x), and (u - x) is finite, so one can
see that the momentum £, is always regular, indicating that non-relativistic particles
may not created at the Killing horizon, as they can escape the Killing horizon even
classically. This is consistent with the results obtained in [95,96]. The reason is
simply the following: To have terms with z > 1 be leading, we implicitly assume
that k > ko, as one can see from Eq. (4.31). Therefore, our above claim is actually
valid only for modes with k > ko, i.e., the high frequency modes [95,96]. For modes
with k < ko, the quadratic term k? is important, and we must consider it together
with high-order corrections. In the latter, it was shown that the spectrum of the
corresponding Hawking radiation is modified [95,96]. So, in the rest of this section
we shall focus ourselves only at the universal horizon.

For the outgoing modes with positive Killing energy [the top sign in Eqs. (4.35)],
ks(r) has a singularity at the universal horizon. In review of Eqs. (4.26), (4.30) and
(4.31), we assume that it takes the form

o kOb((’U?r)
’U ] X’m ’

k() m > 0, (4.36)

where b (w, ry) # 0, and m is the smallest positive real number such that [u - x|™ k4(7)
is finite at the horizon. Combining Eq. (4.36) with Eqgs. (4.31) and (4.35), we find

that m = 1/(z — 1). Then, the outgoing positive energy mode is given by,

1 w—qp kob
Er o (r) = + ,
N e L ST AT

(4.37)
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where b satisfies the relation

e W —qp _1
b[vab™" = (s-x)] = == lu- X[ (4.38)

In the following, let us consider the three cases, z = 2, z = 3 and z > 4, separately.
Hawking radiation with z = 2. This case was studied in some detail in [56], and
results for @) = 0 were reported in [69]. To show how to generalize such studies to
the cases with z > 2, in the following let us first study this case in more details. In
particular, when z = 2, we have m = 1/(z — 1) = 1. It can be shown that this is the

only case in which m is an integer. Then, Eqs. (4.37) and (4.38) become

+ r) = W —qy k()b
o) = S -0 T e (3
bly/azb — (s x)] = ~ ;0‘”(_16 ). (4.40)

Denoting € = r — ryg, we find that near the universal horizon r = ryy we have

(—u-x)=c¢ [Oq + e + 0(62)] ,

(s-X) = so+ s1e+ O(€%), (4.41)
where
o = (—u )l >0, 4z = 5(—u ) lo <0,
so= (s X)lvw, s1=(s-x)|vn. (4.42)
Setting
b= by + bre + O(e?), (4.43)
from Eq. (4.40), we obtain
o= p =", 5 (4.44)
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On the other hand, we also have,

(—u-x)"? = %(a1+a23+0(62))2

€
1 /1 2
- X (_1 - (9(8))
1
1 1 «
= 3 (? - 2a—§e + 0(62)) . (4.45)
1 1

Substituting it together with Eq. (4.43) into Eq. (4.39), we find,

w—qp—pl kobo
— _I_ ,
SoQ; € (oe)?

Inserting the above expressions into Eq. (4.28), and using the residual theorem, we

k‘j(o) (r)~2

finally obtain the Boltzman factor

20mS =~ (4.47)
TUH

where po = (g + )y is the chemical potential of the scalar field, and

Tt I AL GAR Ol (4.48)

47 UH 21’
where kg = spaq /2 denotes the surface gravity defined by Eq. (4.11). Clearly, TF77
and kyp satisfy the standard relation T' = /27 [76]. However, as to be shown below,
this is no longer the case for a general z, although T}, is still proportional to kyp.
Applying the above general formula (4.48) to the two particular solutions given

in the last section, we find that

1 Q2 Q2 -
TZ:2 . 47TTUH\/E \/(1 - r2UH)(2 - T%]H ); Clqg = 0,
UH —

1 p— Q2
4\/§7TT‘UH 7‘2UH7

C123 = 0.

(4.49)

When @ = 0, it reduces to the one obtained in [69], calculated in the PG coordinates.

However, it is interesting to note that such obtained temperature is different from
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that obtained by the Smarr relation, by simply adopting the mass defined in [97]. We
shall come back to this issue in the next section.

Hawking radiation with z = 3. In the Hotava theory [7], the power-counting
renormalizability condition requires z > 3, as mentioned above. Therefore, the case
z = 3 has particular interest, as far as the Hotava theory is concerned.

When 2z > 3 the parameter m|[= 1/(z — 1)| introduced in Eq. (4.36) can no longer
be an integer, and the nature of the singularity at u - y = 0 becomes a branch point,
instead of a single pole. To handle this case carefully, we shall use two different
methods. One is the more “traditional” one, and the other is the so-called fractional
derivative, a branch of mathematics, which has already been well-established [100]
and applied to physics in similar situations in various occasions [101]. We shall show
that both methods yield the same results, as it should be expected.

Let us first consider the quantity |u - x|™, for which we find that it is easier to
consider the regions r > ryy and r < ryg, separately. In particular, in the region

r > ryg we have (u-x) < 0. Then, Egs. (4.37) and (4.38) become

) = W —qp kob
Fro ) (—u-X)(s-x—u-x) (—u-x)¥? (4.50)
blvasht = (s x)] = = (-u ) (451)

At the universal horizon, we have (—u - x) « € to the leading order of e. Then,
the leading term of the right-hand side of Eq. (4.51) is proportional to €'/2. This

1/2

implies that the function b(r) must be expanded in terms of €'/, instead of € as done

in the last case with z = 2. So, setting
b= by + bye'/? + bye + bse®?

+ bye? + b2 + O(€%), (4.52)
we can determine the coefficients b;’s from the relation,

o [vaat — (s 0] = I (. (4.53)
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which yields,

b (N, Vel —ap)
0 ) 1 250k0 )

Vas
B 450%kos1 — 3ou/az(w — qp)?

5
2

by

8 a3%k0280 ’
__vYTir
4, / 061]€03804

[]{302802(@280 — 2810./1)

+2y/azai(w — qp)’].

bs

(4.54)

From the above derivation, it is easy to see that, if the term b;e'/? were not present,
Eq. (4.51) would not hold.

To calculate the last term appearing in the right-hand side of Eq. (4.50), as
mentioned above, we use two different methods. Let us first consider the fractional
derivative. Since lim,_,q f e’de = 0 for any § > —1, we need to consider the fractional

3/2

expansion only up to € */¢, which is sufficient for the calculation of 2ImS given by

Eq. (4.28). Then, from Eq. (4.41) we find that, after taking « = 1/(z — 1) = 1/2,

(—u- X)_3/2 is given by

(—u-x) =32 (ozl_g/g + O(G)) : (4.55)

This can be also obtained from the following considerations. First, from Eq. (4.51)

we have

(a0 = () [vat - o) (456)

W —=qp
Substituting Eqs. (4.52)-(4.54) into the right-hand side of the above expression, we

obtain
(—u-x)%? = &2 (ai;/? n @(6)> , (4.57)

Assuming that (—u - x)~%? takes the form, (—u - x)™%2 = a;¢7%2 4+ O (e71/?), then,
using the identity (—u - x)%?- (—u-x)~™*? = 1, we find that (—u - x)~%/? is precisely
given by Eq. (4.55).
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Substituting Eqs. (4.52) and (4.55) into Eq. (4.50), we find,

w—qp 1 ko[bo + bie'/? + O(e)]
so  €lan +O(e)] e3/2[ay + O(e)]3/2
%W - C]SOE kobo

+ _
ko) =

2 spaq € (eaq)d/?

In the region r < ryy we have (u - x) > 0, and Eqs. (4.37) and (4.38) become

L woay 1 B ko[bo + b€/ + O(e)]
rO sy —eay + O(e)] e32[a; + O(e)]3/?
3w—qp [ 1 Kobo
~ 2 o) o P 4.
2 soaq ( e) (eay)3/? (4.59)

We set € = ryy — r and following a similar procedure, it can be shown that

L woay 1 B ko[bo + b€/ + O(e)]
rO) sy —eay + O(e)] e32[a; + O(e)]3/?
3w—qp [ 1 Kobo
2 o) - o 4,
2 spaq ( e) (eay)3/? (4.60)

Setting r = ryg + ee?, we find

Lt § w—qp 1 Kobo
r(0) 2 soay ee?  (ee?ay)3/?
Inserting the above expression into Eq. (4.28), we find
w—qp—p
2ImS = —
Tiw’
where
=3 _ (@ s)s-X)|  _ 2kun
UH 3 - 3 )
7r UH T
p = —Ti5T, (4.63)
with dr = iee’df, and
o kobo
To calculate Z, we first note that
(6i9)" _ 6m9’ (6i9)1/n _ 67L(9+2m7r)/n’ (4.65)
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where n is an integer, and m = 0,1,2,...,n — 1. Then, we find that

2r - 0
kobgee!

Z = Imlim %d@
e—0 Jo (eeay)3/2

. 27
= Imlim &20/2 / e~ H0+6mm)/2 g
e—0 \/EO[I 0

4
= Imlim (—1)ka§f/]2 = 0. (4.66)
e—0 \/EOél

Thus, finally we obtain

oImS = —— 1% (4.67)

It is interesting to note that 777 given above is larger than TZ7? by a factor 4/3,
although both of them are proportional to the surface gravity xygy defined by Eq.
(4.11). In addition, the real part of Z diverges, although its imaginary part vanishes.
This is similar to the extremal black holes [102], which are considered to be able in
thermal equilibrium at any finite temperature [103].

Hawking radiation with z > 4. With the above preparations, we are ready to
consider the general case with any given z > 4. Similar to the case z = 3, let us first

consider the region r > ry g, in which we have (u-x) < 0, and Eqgs. (4.37) and (4.38)

become
— kob
k* o (r) = it + L
T(O)( ) (—u-x)(s-x—u-x) (~u-x)=1
z— w—9q 1
b[Vab™ = (s-x)] = ('0(—u X)) 1. (4.68)

ko
To obtain the function b(w,r), we need to expand (—u - x) only to the first order
of €. So, from Eq. (4.68) we find

1

(—u-x)=1 = [aae+ O ()] =

= (Ozle)i +0 <6%> : (4.69)
Therefore, for any given z, the following expansion must be performed,
b= b+ bie=T + O (e%) . (4.70)

73



Substituting Eqs. (4.69) and (4.70) into Eq. (4.68), we get

1

So \* ! 1 w—gqp
by = by = . 4.71
0 (\/a_z) T T ek aq ( )
Hence, we obtain
2 w—qpl Fobo
kTt ~ - —. 4.72
w0)(7) (z - 1) soar € (eoy) (4.72)

It is interesting to note the z-dependence of k::r(o) (r). In addition, as in the last case,
the above expression for k:j(o) (r) can be obtained by either the fractional derivative
with & = 1/(z — 1) or the more traditional method, illustrated above.

In the region r < ryy, we have (u-x) > 0, and Egs. (4.37) and (4.38) become

+ r) = w—qp . kOb
o) = TG —u 0 o
IV = (s )] = T ()7 (4.73)

Following the same steps as given in the region r > ryy we find that,

z w— qp 1 kob,
o= (57 2o (1) -
001 € (60{1)271

(4.74)
Combining Eqs. (4.72) and (4.74), and let r = ryg + €, there has
- 1 kob
ko S MO (4.75)
r(0) z—1 spaq e (eefay)z1
Considering Eq. (4.28), we find that
2Ams = 2L 1 (4.76)
UH
where
. (z—=1)spar  2(z—1), ._
Ty = 272 oz s
Ho= _le%l 1, (4.77)



with

- . 2m ik0b0€€i6
Iz = Imlim D Ee—
=0 Jo (E@ZGOél)Z_I

; 2
= Imlim Lbol / 6*i(9+2zm77)/(z71)d9
e—0 (OCTE) = Jo

= Imlim we—m% <€_% B 1>]

L (ago

_ hm{Z(z—l)kobOSin T (2m—|—1)7r}

1
e—0 QTE); z—1 z—1

do

0, zZ = 00,
_ (4.78)

+oo, 4<z <00,

where m =0,1,...,2 — 2, and

+ = Sign {cos (M> } . (4.79)

z—1

Thus, the chemical potential for 4 < z < oo is always unbounded, unless z = oo.
In the latter, similar to the cases z = 2 and z = 3, it vanishes. It is interesting
to note that the signs of Z, depends not only on z but also on m. In particular,
when m = 0 and m = z — 2, cos[(2m + 1)7/(z — 1)] is always positive, so that
i o< —Z, always approaches to —oo. Therefore, for any given z there always exists
an intermediate region in which p always approaches to +00. One may consider this
range as physically not realizable, as the corresponding chemical potential becomes
infinitely large.

As noted previously, the temperature of the universal horizon is always finite
and depends on z explicitly, which characterizes another feature of the nonlinear
dispersion relation. Therefore, although, to the leading order, the Hawking radiation
is thermal for any given species with a fixed z, the temperature of such a species
depends explicitly on z, and increases as z increases. In particular, as z — oo, a

particular case considered also in [56], it approaches to its maximum 77 = 27777
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4.4 Modified Smarr Formula and Mass of a Black Hole

From the above sections one can see that the Hawking radiation of non-relativistic
particles can occur at the universal horizon. Then, a natural question is whether the
first law of black hole mechanics also holds there? In the neutral case, Berglund et
al [69] found that a slightly modified first law indeed exists. But, recently Ding et
al found that a simple generalization of such a formula to the charged case is not
possible [22]. A fundamental question is how to define the entropy at the universal
horizon, although it is quite reasonable to assume that such an entropy exists. Indeed,
from Wald’s entropy formula [104], it was shown that the entropy S of the universal
horizon is still proportional to its area S = Ayy /4 [105], since none of the terms L,
and L), appearing in Eq. (4.2) depends on the curvature R,,qz3.

In this section, we shall flip the logics, and assume that the entropy is proportional
to the area of the universal horizon, then study the implications of the first law of
black hole mechanics. In particular, we would like to find the mass of the black hole,
and then compare it with the well-known one [73,97]. The inconsistency of these two
different masses imply that at least one of our assumptions needs to be modified ? ,
that is, either the entropy is not proportional to the area of the universal horizon, or
the first law of black hole mechanics at the universal horizon must be generalized, or
both.

With the temperature Ty gy of the black hole at the universal horizon calculated
in the last section, and the assumption that the entropy S of the universal horizon is
still proportional to its area S = Ayy/4 [105], we can uniquely determine the mass

of the black hole, by assuming that the first law of the black hole thermodynamics,
dM =TdS +VdQ, (4.80)

holds at the universal horizon » = rygy. To this purpose, let us first note that

M= M(S,Q), T =T(S,Q) and V = V(S5,Q), where S = 7r . Then, from the

3 It is also possible that the masses obtained in [73,97] need to be modified.
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integrability condition

ov(s,Q) _IT(5,Q)
2s  0Q

(4.81)
we find
- / IS ys 4 v (), (4.82)

where V,(Q) is a function of @, and will be determined by the integrability condition
(4.81). When @ = 0, we must have V(S,0) = 0. Once V' is known, from Eq. (4.80)

we can calculate the mass of the black hole,
S Q
M(S,Q) = / T(S,0)dS + / V(S,Q)dQ. (4.83)
0 0
Applying the above formulas to the two particular cases, ci1o3 = 0 and ¢4 = 0, we

shall obtain the mass of the black hole in each case. For the sake of simplicity, let us

consider only the case with z = 2.

4.4.1 Mass of the Black Hole for ci53 =0
When c193 = 0, from Egs. (4.49) and (4.82) we find that

e (ris)
V= arctan , 4.84
21 — C13 ( 1-— ClgTUHS ( )
where
2
Sz\/1—cﬂ—?—. (4.85)
2 T
Then, Eq. (4.83) yields,
M = TUHS + VQ, (486)
which takes precisely the Smarr form,
M =2TyyS+VQ, (4.87)

where Ty is given by Eq. (4.49). It is interesting to note that the above Smarr mass

is quite different from the total mass, calculated at spatial infinity [22,73,97],

My = (1 - %) — (4.88)
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4.4.2  Mass of the Black Hole for cy4y =0

In this case, we find that

) ) F

where ¢ = arcsin(Q/ryy), and F and E are, respectively, the first and second kind

of the elliptic functions. Then, from Eq. (4.83) we obtain
M = STUH + VQ, (490)

but now with

s= (- 2) (1- %), (o)

Again, such obtained mass satisfies the Smarr formula (4.87). Note that in the present

case the total mass is given by [22,73,97],

2 Q?
Mot = zrum +

4.92
3 Sron (4.92)

which is also different from that given by Eq. (4.90).
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CHAPTER FIVE

Conclusions and Outlook

In this dissertation, we have studied two gravitational theories which break Lorentz
symmetry, HL gravity and Einstein-sether theory, and the extension of relativistic
gauge/gravity duality, nonrelativistic holography. We have investigated the holo-
graphic duality between nonrelativistic quantum field theories and gravitational the-
ories which break Lorentz symmetry.

In Chapter Two, we have investigated the effects of high-order operators on the
non-relativistic Lifshitz holography in the framework of the Hotrava-Lifshitz (HL)
theory of gravity [7], which contains all the required high-order spatial operators
in order to be power-counting renormalizble. The unitarity of the theory is also
preserved, because of the absence of the high-order time operators. In this sense,
the HLL gravity is an ideal place to study the effects of high-order operators on the
non-relativistic gauge/gravity duality.

In particular, we have first shown that the Lifshitz spacetime (2.49) is not only a
solution of the HL gravity in the IR, as first shown in [34] and later rederived in [35],
but also a solution of the full theory. The effects of the high-order operators on the
Lifshitz dynamical exponent z is simply to shift it to different values, as these high-
order operators become more and more important, as shown explicitly in Section 2.3.
This is similar to the case studied in [37].

In Section 2.4, we have studied a scalar field that has the same symmetry in the
UV as the HL gravity, the foliation-preserving diffeomorphism described by Eq. (1.5).
While in the IR the asymptotic behavior of the scalar field near the boundary is sim-
ilar to that given in 4-dimensional spacetimes [26], its asymptotic behavior in the
UV is dramatically changed, as is the corresponding two-point correlation function,

as shown in Section 2.5. This is expected, because the high-order operators domi-
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nate the behavior of the scalar field in the UV. Then, according to the holographic
correspondence, this in turn affects the two-point correlation functions.

It would be important to study the effects of high-order operators on other prop-
erties of the non-relativistic Lifshitz holography, including phase transitions and su-
perconductivity of the corresponding non-relativistic quantum field theories defined
on the boundary. In particular, it has been suggested that inflation may be described
holographically by means of a dual field theory at the future boundary [47]. This
might provide deep insights to the Planckian physics in the very early universe, where
(non-perturbative) quantum gravitational effects are expected to play an important
role. Recently, a powerful analytical approximation method, the so-called uniform
asymptotic approximation, was developed [48,49], which is specially designed to study
such effects in the very early universe. With the arrival of the era of precision cosmol-
ogy [50,51], such effects might be within the range of detection of the forthcoming
generation of experiments [52].

Another possible application of these high-order effects might be to Hawking radi-
ation, where quantum gravitational effects also become important. Previous studies
of such effects showed that Hawking radiation is robust with respect to the UV cor-
rections [53]. To study them in detail, one can equally apply the uniform asymptotic
approximation method developed in [48] to the studies of Hawking radiation. In par-
ticular, in the spherical background, one can simply identify the radial coordinate r
in Hawking radiation with the time variable n used in the inflationary models. In the
inflationary models, the initial conditions are normally the Bunch-Davies vacuum,
but here in the studies of Hawking radiation they should be the Unruh vacuum.

In Chapter Three, we have studied the Einstein-Maxwell-aether theory, and found
two new classes of charged black hole solutions for special choices of the coupling
constants: (1) ¢4 = 0, c123 # 0, and (2) ¢14 # 0, ¢123 = 0. In the first case, the

universal horizon depends on its electric charge (), while it doesn’t in the second case.

80



In both cases, the universal horizons are independent of the coupling constants c;,
while the Killing horizons depend on them. When ¢35 (= ¢; + ¢3) is very small
and approaches zero, the solutions in the case ¢4 = 0, c123 # 0 reduce to the
usual Reissner-Nordstrom black hole solution. The corresponding properties at the
universal horizons are the same as those presented in [66] via Khronometric theory.
To study the solutions further, we have considered their surface gravity and con-
structed the Smarr formula at each of the horizons, universal and Killing. We have
shown that there is no problem for such constructions, but when trying to construc-
t the corresponding first law of black hole mechanics, they are all different from
the usual one. In particular, we have shown that the temperature obtained from
the Smarr mass-area relation is not proportional to its corresponding surface gravity
when both the charge and sether are present, in contrast to the case without aether
(¢; = 0) [66], or the case without charge [65]. In particular, in [65] it was found
that in the neutral case, quy is always proportional to the surface gravity kygy at
the universal horizons, even when the ather is present. From Egs. (3.56), (3.66) and
(3.67) we can see that, when Q = 0, gk is also proportional to ki g. Then, one can
also construct a slightly modified first law of black hole mechanics at the Killing hori-
zons. However, when the charge @ is different from zero, comparing (quu, ¢xg) with
(kum, Kikm), one can see that these proportional relations no longer hold. Therefore,
it is not clear how to build the first law for these charged sether black holes before we
have a better understanding of the entropy of the universal and/or Killing horizons.
The solutions presented in this chapter can be generalized to the case coupled

with the cosmological constant A, which are given by

2 4 2 2
1-2 4+ 9% —cp(BF+5) — 22— IA2, (s =0, ca3 #0),

e(r) = L l”l ; (5.1)
L=t ey 7 TG —3A) + 5 (a7 0, ey =0),
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where rg, 7., ls, @ and r, are integration constants. It can be shown that in the
presence of the cosmological constant [86], gy in general is also not proportional to
RUH-

In addition, from these solutions, one can also construct topological charged

Einstein-aether (anti) de Sitter black holes, which are
ds? = = [e(r) = 1]dv? + 2dvdy + r* (df? + dg?) | (5.2)

where e(r) is given by Eq. (5.1). The studies of the properties of the above solutions
are out of the scope of this chapter, and we hope to report them on another occasion.

In Chapter Four, we have studied the quantum tunneling of both relativistic and
non-relativistic particles at the Killing and universal horizons of the Einstein-Maxwell-
aether black holes found recently in [22], by using the Hamilton-Jacobi method [91,92,
94]. Assuming that the dispersion relation in general takes the form (4.31) [95, 98],
we have found that in high frequencies only relativistic particles (z = 1) can be
created at the Killing horizons. The radiation at the Killing horizons is thermal
with a temperature given by T3} = k&% /27 [77]. This is consistent with previous
results [95,96]. To leading order, these results are also consistent with those obtained
from ray trajectories [76], in which it was shown that K“% receives corrections starting
from the order of (69)2/ ? where Q denotes the Killing energy at infinity, and ¢ is the
UV Lorentz-violating scale.

On the other hand, particles with z > 2 cannot be created at Killing horizons
(for high frequency modes). If they exist immediately inside a Killing horizon, they
simply pass through it and escape to infinity even classically. On the other hand, the
Hawking radiation is purely quantum mechanical. It should be noted that in [76] it
was found that low-energy particles linger close to the Killing horizon before escaping
to infinity, which cannot be seen from the current calculations of quantum tunneling.

At the universal horizon, the situation is different: only non-relativistic particles

(with k& > ko) are created quantum mechanically at the universal horizons and radiat-
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ed to infinity. The corresponding Hawking radiation is thermal, but different species
of particles, characterized by the parameter z, experience different temperatures, giv-

en by

2
- (2-2) 22, (53)

z

where kypy is the surface gravity defined in Eq. (4.11). When z = 2 it reduces to that
obtained in [22], and in the neutral case (@ = 0) it further reduces to that obtained
in [69]. It is clear that T[ﬁf increases as z becomes larger and larger, and finally
reaches its maximum, 777>, which is twice as large as TZ77, a limiting case that was
also considered in [56] without the presence of the electromagnetic field. It should
be noted that the corresponding chemical potential always becomes unbounded at
the universal horizons, except for the three cases z = 2,3, 00, in which the chemical
potential always vanishes.

As mentioned previously, to arrive at the above conclusions, we have implicitly
assumed that each horizon, Killing or universal, is associated with a temperature.
One cannot take this for granted, as the system can be well approximated as thermal
only in a certain energy regime, but not in an equilibrium state [99]. This relies
heavily on the full structure of horizon thermodynamics, and is closely related to the
underlying theory at high energies. With this in mind, we note that recently the
Hotava theory was shown to be perturbatively renormalizable [106]. In particular, its
quantization in 2D spacetimes reduces to that of a simple harmonic oscillator [107].
Therefore, it would be very interesting to study this important issue in a concrete
framework, the Horava theory of quantum gravity.

In addition, we have also studied the Smarr mass function formula, by assuming
that: (a) the entropy is proportional to the area of the universal horizon, and (b)
the first law of black hole thermodynamics holds at the universal horizon. Together
with the temperatures we have just obtained by the Hamilton-Jacobi method, these

assumptions uniquely determine the Smarr mass, given by Eq. (4.83). Applying it
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to the two particular black hole solutions of Eqs. (4.12) and (4.18), we have found
that the corresponding Smarr masses are given, respectively, by Eqgs. (4.86) and
(4.90), which are quite different from the well-known ones obtained in [73,97]. These
differences imply that either the masses given in [73,97] are incorrect, or at least one
of our above two assumptions must be modified.

It would be extremely interesting to see if our results can be also obtained when
other methods are used [77,95,96,102].

Besides nonrelativistic holography and black holes and their thermodynamics in
the framework of gravitational theories without Lorentz symmetry, including HL: grav-
ity, it is worthy to pursue the following aspects of HL gravity:

Infrared limit. One should use the renormalization group flow to study HL gravity
at low energies in details.

Quantization and Renormalizability. HL gravity is power-counting renormalizable,
but there is no proof of its full renormalizability. Quantization of HL gravity has been
accomplished only for some particular cases in [107,111]. It would be very interesting

to generalize to other cases.
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