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Littlejohn and Wellman developed a general abstract left-definite theory for a
self-adjoint operator A that is bounded below in a Hilbert space (H, (-,-)). More
specifically, they construct a continuum of Hilbert spaces {(H,, (-, ),)}r>0 and, for
each r > 0, a self-adjoint restriction A, of A in H,. The Hilbert space H, is called
the r'* left-definite Hilbert space associated with the pair (H, A) and the operator
A, is called the r*" left-definite operator associated with (H, A). We apply this left-
definite theory to the self-adjoint Legendre type differential operator generated by

the fourth-order formally symmetric Legendre type differential expression

yl(x) = (1 = 2*)%y"(2))" = (8 + 4A(1 = 2%))y/ (2)) + Ay(=),

where the numbers A and \ are, respectively, fixed positive and non-negative para-

meters and where = € (—1,1).
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CHAPTER ONE

Bochner-Krall Orthogonal Polynomials

1.1 Introduction
This chapter provides background material on some aspects of orthogonal poly-
nomials in general, and Bochner-Krall orthogonal polynomials in particular. In
1929, Bochner [7] classified all orthogonal polynomial solutions (see Section 1.4) to

a second-order differential equation of the form

az (2)y" (z) + a1 (2)y' (v) + ao (v) y (z) = My (v), (1.1.1)

where as (z), a1 (z), and ag (z) are polynomials and A is a real parameter indepen-
dent of x. Up to a complex linear change of variable, we have only the classical
polynomials of Jacobi, Laguerre, Hermite, Bessel as well as the monomials {z"} 7
(which cannot form an orthogonal sequence with respect to a positive measure).
Bochner’s result naturally leads to a question of classifying all orthogonal

polynomial solutions to higher-order differential equations of the form

Ly y| (z) = Zai (2)y® (z) = Ay (x), N €N, and n € Ny, (1.1.2)

7
where (necessarily) a; (z) = > a;j27 for some real constants a;; and
=1

Ap=ann+an(n—1)+.+ayyn(n—1)...(n—N+1).

In Section 1.2, we will state the important classification theorem given by H. L.
Krall in 1938. In Section 1.3, we will review some fundamental properties of orthog-
onal polynomials. Sections 1.4, 1.5, and 1.6 are devoted to the study of the known
Bochner-Krall orthogonal polynomial sequences, that is, sequences {p, (z)} -, of
orthogonal polynomials which satisfy a differential equation of the form (1.1.2). The
name "Bochner-Krall" for such polynomials was introduced by A. M. Krall and L.
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L. Littlejohn [41] in honor of the many contributions of S. Bochner and H. L. Krall
to the theory of orthogonal polynomials. In Section 1.7, we will focus on five par-
ticular examples of Bochner-Krall polynomials which we will call the Legendre™
polynomials for the reasons explained in the section. In the final section, we will
briefly discuss the Koornwinder polynomials since they are generalizations of all

known Bochner-Krall polynomials.

1.2 Krall’s Classification Theorem,
In 1938, H. L. Krall proved his important classification theorem:
Theorem 1.2.1. (a) Suppose, for each n € Ny, y = p,, (x) is a polynomial solution
of degree n of the equation Ly [y] () = A,y (z). In addition, suppose {fi,},-, is a

sequence of real numbers satisfying the conditions

Mo M1 Hn
(i) A, = SR # 0 for each n € Ny, (Ag := o) ; and
MHn  Hng1 - H2n
(it) Sk (m) =31 o1 Sonco (TH)P (m =2k — 1,4 — 2k — 1) 4 ;—yptim—u = 0
(1.2.1)

for all integers m > 2k 4 1 and all integers k satisfying 2k 4+ 1 < r, and where

P(m,i) = m(m—1)---(m—i+1). Then, {p,} -, is an orthogonal polynomial

o0

sequence with respect to some measure ;@ whose moments are given by {/,},_;

that is,

/x”d,u = pn (n € Np).
R
Furthermore, N is necessarily even.

(b) Conversely, suppose {p,} -, is an orthogonal polynomial sequence with

respect to some measure p having moment sequence {u,} -, (so A, # 0 for all

)(N+2)

n € Np). In addition, suppose there exist a positive integer N and (N+12 real

2



constants a,; (r=0,1,...,N, j=0,1,...,r) such that these numbers are solutions
of the above equations Sy (m) = 0 for all integers m > 2k + 1 and all integers
k satisfying 2k + 1 < r. Then, for each n € Ny, y = p, () is a solution of the
differential equation Ly [y] () = A,y (z) . Furthermore, N is necessarily even.
Using his 1938 classification theorem, H. L. Krall characterized all fourth-order
differential equations having orthogonal polynomial solutions. In this case, there are
seven such equations (four of which are the iterations of the classical second-order
equations); the nonclassical equations have orthogonal polynomial solutions which
have been named, by A. M. Krall, as the Jacobi type, Laguerre type, and Legendre
type orthogonal polynomials. A. M. Krall [36] studied these three sets of orthogonal

polynomials in detail in 1981.

1.8 Definition and Properties of Orthogonal Polynomials

In this section, we discuss some properties of orthogonal polynomials. The
interested reader should consult [8] and [67] for an in-depth study of this subject.

Let {un},., be a sequence of complex numbers. A complex-valued linear
functional £ defined on the vector space of all polynomials with complex coefficients
by L [z"] = p,, n =0,1,2,..., is called the moment functional determined by the
moment sequence {y,} - ,. The number u, is called the moment of order n. A
sequence {p,} -, of polynomials is called an orthogonal polynomial sequence with

respect to L if for all non-negative integers m and n,

(i) pn(x) is a polynomial of degree n,

(17) L[pn () pm ()] = 0 when m # n, and

If, in addition, we also have L[p? (z)] = 1, n > 0, then {p, (z)}—, will

n

be called an orthonormal polynomial sequence. Of course, not every sequence of
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complex numbers determines a moment functional having an orthogonal polynomial
sequence. Let A, be as in (1.2.1). Then, a moment functional £ is called quasi-
definite if A,, # 0, for n > 0. We have the following existence theorem:

Theorem 1.3.1. Let £ be a moment functional with moment sequence {fi,}~ .
A necessary and sufficient condition for the existence of an orthogonal polynomial
sequence for £ is A, #0,n=0,1,2,....

A moment functional £ is called positive-definite if L[p(x)] > 0 for every
polynomial p (z) that is not identically zero and is non-negative for all real . When
L is positive-definite, we have the following important characterization of positive-
definite moment functionals:

Theorem 1.3.2. L is positive-definite if and only if all of its moments are real and
A, >0,(n>0).

One of the most important characteristics of orthogonal polynomials is the fact
that any three consecutive polynomials are connected by a very simple relation that
is called a three-term recurrence formula. More specifically, we have the following
theorem:

Theorem 1.3.3. Let £ be a quasi-definite moment functional with monic orthogo-
nal polynomial sequence {p, (z)} -, . Then, there exist constants ¢, and A, # 0 such
that p, (z) = (z — ¢n) pu_t () — APz (x), (n > 0), where we define p_, (x) = 0.

We next take up the very important converse to Theorem 1.3.3.. This was first
announced by J. Favard in 1935. It was apparently discovered at about the same
time independently by J. Shohat and I. Natanson. However, the result is actually
contained implicitly in earlier known results from the theory of continued fractions,
and a form of it goes back to Stieltjes. We will, however, refer to it as Favard’s
theorem.

Four years later in 1939, Boas [6] proved the following, rather surprising, rep-

resentation theorem for moment functionals:



Theorem 1.3.4. Let {u,} -, be an arbitrary sequence of real numbers. Then,
there is a function ¢ of bounded variation on (—oo, c0) such that for n =0,1,2, ...
/ z"dy () = .

It should be noted that the function ¢ in Theorem 1.3.4. is not unique since
we can always add a function of bounded variation to ¢ with the property that all

of its moments are zero. For example, define

exp (—z¥/*) sinz!/* for z >0
g(z) = ;
0 for z <0

then,

/x"g(:t:)d:c:(), n=20,1,2,....
R
Although Boas’ theorem is an important theoretical result, its proof is not

constructive. In practice, it is usually a difficult matter to find a weight function for
a given moment sequence.

We have the following theorem ([67], Section 3.1):
Theorem 1.3.5. Let a (z) be a nondecreasing function which is not constant on the
compact interval [a,b]. Assume {p, (z)} -, is an orthogonal polynomial sequence
with respect to the distribution da (z) on [a,b]. Then, {p, (z)} ~, is a complete

orthogonal polynomial sequence in L2 [a, b] where
b
L% [a,b] = {f : la,b] — C | f is @ — measurable and / |f (2))? da (z) < oo} .

1.4 Bochner-Krall Orthogonal Polynomials of Order 2
In 1929, Bochner [7] classified all orthogonal polynomial solutions to the second-
order equation of the form (1.1.1). He observed that if (1.1.1) has a polynomial
solution of degree n, n = 0, 1, 2, then as, a;, and ay are necessarily of degrees at

most 2, 1, and 0, respectively.



By considering the possible locations of the roots of ay (x) , Bochner concluded

that the only polynomial solutions (up to a complex linear change of variable) are:
(7) {Pﬁa’ﬁ ) (a:)} , the Jacobi polynomials,
(17) {L%a) (x)} , the Laguerre polynomials,
(1ii) {H, (z)}, the Hermite polynomials,
(iv) {Yn(a) (x)} , the Bessel polynomials, and
(v) {z"}.

Although Bochner knew the existence of the Bessel orthogonal polynomial
sequence, Bessel polynomials were not officially discovered until 1949; and the poly-
nomials in (v) cannot form an orthogonal polynomial sequence with respect to any
moment functional £ since then 0 # £ [z?2?] = L [z23] = 0. Thus, the only orthogo-
nal polynomials that are solutions to a second-order differential equation of the form
(1.1.1) are the classical orthogonal polynomials of Jacobi, Laguerre, and Hermite to-
gether with the Bessel polynomials. We call these four sequences of polynomials the
Bochner-Krall orthogonal polynomials of order 2.

Another important classification theorem was given by Hahn [30] in 1935. He
showed that if {p, (z)} -, and {g, ()}, -, are orthogonal polynomial sequences with
respect to positive-definite moment functionals, then {p, (z)} - is (up to a complex
linear change of variable) one of the three classical orthogonal polynomials. It was
later observed by H. L. Krall [44] and Beale [4] that the only orthogonal polynomial
sequences whose derivatives form an orthogonal polynomial sequence with respect
to a quasi-definite moment functional are the classical orthogonal polynomials and
the Bessel polynomials.

A third characterization of these polynomials was suggested by Tricomi [68],

and a complete proof was given by Ebert [14] and Cryer [12]. They showed that
6



the only polynomial sequences that have Rodrigues formulas are the Jacobi, the
Laguerre, the Hermite, and the Bessel polynomials. By a Rodrigues formula, we

mean a formula of the form

1 d"
PM@Zm'w(Pn(I)w(w))a n=0,1,2,..., where

(1) K, is independent of x;
(17) p(z) is a polynomial independent of n;
(7i1) w (z) is positive and integrable over some interval (a,b) .

Several orthogonal polynomial sequences can be found through generating
functions. A generating function for {p, (z)} —, is a function F of two variables

such that

[e.9]

F (ZL’,t) = chpn (I) tny

n=0

where convergence is in some region of the plane R? and {¢, }._, is a known sequence
of constants.

We conclude this section by listing formulas for and properties of the Bochner-
Krall orthogonal polynomials of order 2. The reader is referred to [2] and [62] for
further properties of these polynomials.
The Jacobi Polynomials
Notation:
{Pﬁa’ﬁ) (w)} , where o > —1 and 3 > —1.
Explicit Formula:

P9 (x) = 2% y (Zf;‘) ("Zﬁ) (@ — 1) (@ + 1)

k=0

Differential Equation:

I=2?)y" (@) +(B-a—(a+f+2)x)y (x)+n(n+a+f+1)y(x) =0



Orthogonality:
The Jacobi polynomials are orthogonal on [—1, 1] with respect to the weight function
w(z)=(1—2)*(1+z)” and

1

/P(O‘”B) (z) PP (z)w (x) dx =

m

20PN (n+a+ )T (n+ B +1)
Cn+a+p+)T(n+a+8+1)

1 Ymns
n:

21
where I' is the Gamma function.
Rodrigues Formula:

1 dr

(@B) (1) — :
B @) (=2)mn! (1 — 2)* (1 + )7 da"

((1——1ﬁ"+a(1—k1j"+ﬁ>.

Generating Function:
20+8 =

RA—t+R*(1+t+R)’ =

where R = (1 — 2zt + tz)% :

Recurrence Relation:
PP (z) =0, P{*? () = 1, and for n > 1
M (n+a+8)2n+a+8—2) P ()
=(@2n+a+B8-1)(2n+a+p) @n+a+B—2)z+a?— ) P (2)
2(n+a—-1)(n+B8—-1)2n+a+B) P (2).

The Laguerre Polynomials

Notation:

{L% (z)}, where a > —1.

Explicit Formula:

Differential Equation:



Orthogonality:

The Laguerre polynomials are orthogonal on [0, 00) with respect to the weight func-

tion w (x) = %" and
b r 1
/ L2 (&) L (2) w () do = w%-
n!
0
Rodrigues Formula:
e d"

Generating Function:

Recurrence Relation:

and
nle(r)=2n4+a—-1—2)L% ;(x)—(n+a—1)LY ,(x), n>1.

The Hermite Polynomials
Notation:

[H, (@)}

Explicit Formula:

5] (—1)F (22)" 2
(n —2k)K! 7

k=0
Where[g] denotes the greatest integer less than or equal to 7.

Differential Equation:

xy" (z) — 2zy' (z) + 2ny (z) = 0.



Orthogonality:
The Hermite polynomials are orthogonal on (—o0,c0) with respect to the weight

function w (z) = exp (—x?) and

/ H,, (z) H, (z) w (x) dz = 2" %6,

Rodrigues Formula:

Generating Function:

exp (2at — t*) = Z Hn g) r
n=0 :

Recurrence Relation:

H_1(z) =0, Hy(z) =1, and
H,(zr)=2zH, 1 (z)—2(n—1)H,2(x), n> 1.

The Bessel Polynomials
Notation:
{Yn(a) (x)} , where o # —2, =3, —4, .. ..

Explicit Formula:

Y (z) =) <Z> (n+a+1), (g)k

k=0
Differential Equation:

22y (x) + ((a+2)z+2)y (z) —n(n+a+1)y(x) =0.
Orthogonality:

H. L. Krall and Frink [47] give the orthogonality relation

1
_ () (a) (a) -
C

2(—1)""nl
Omn,
2n+a+1)(a+1),

10



where
oo

0= S ()

and integration is around the unit circle C. Morton and A. M. Krall [43] found that

the distribution

0 2n+l5(n) (.T)

W) =2 T
— n! !

formally makes the Bessel polynomials orthogonal on (—o0, 00) . We refer the reader
to [29] for a detailed study of these enigmatic polynomials.

Rodrigues Formula:

62/1‘ dm e 22
2nxa.ﬁ(x2+€2/)'

V@ (z) =

n

Generating Function:

n

1 2 « >
Y(a)
v1—2xt <1+\/1—2xt> <1+\/1—2£C) Z "

n=

Recurrence Relation:

o+ 2

Yo(a) (z) =1, Y1(a) (x) = ( )m—i—l, and for n > 1

2n (2n + a + 2) Yn(f)l )+ 2n+a+1)(2n+a)(2n+ a+2)z + 2a) era) (7)

:2(n+a+1)(2n+a)yn(i)1( ).

We list some of the properties of the Legendre polynomials which are the
special case of the Jacobi polynomials determined by letting the parameters a =
B =0.

The Legendre Polynomials

Notation:

{P, (2)} = {P1,(x)}; an explanation of the notation {P;,, ()} is given in the final
section.

Explicit Formula:
(5]
by (1’) =

k=0

(—1)" (2n — 2kl
2nk! (n — k)! (n — 2k)!

11



where [%} denotes the greatest integer less than or equal to 7.
Differential Equation:

(1—a2)y" (2) — 20y (2) +n(n+1)y (z) = 0.
Orthogonality:
The Legendre polynomials are orthogonal on [—1, 1] with respect to the weight func-
tion w () = 1 and

1

2
P, (x)P, = .
/ o (2) Py () w (2) da (2n+1)6mn
1
Rodrigues Formula:
_ (=Dt dn N
Pul@) = o g (17 %)

Generating Function:

1 oo
B ——— P, (x)t".
V1 —2xt +t2 ; (z)
Recurrence Relation:

P_1(z) =0, Py(x) =1, and
nP,(z)=02n—-1)zP,_1(z) — (n—1)P,o(x), n>1.

1.5 Bochner-Krall Orthogonal Polynomials of Order 4
Krall’s classification theorem gives necessary and sufficient conditions for when
an orthogonal polynomial sequence satisfies a differential equation of the form (1.1.2).
H. L. Krall, in his 1938 paper [45], included the first example of an orthogonal
polynomial sequence (which we will denote by {P, 4 (z)} ~ ) satisfying a fourth-
order differential equation; he also found an orthogonalizing weight function for

these polynomials. Because of the relationship

P,
lim —mA4 (z)

A—oo

= P, (),

12



where P, (x) is the n'" Legendre polynomial, A. M. Krall [36] named these polyno-
mials the Legendre type polynomials and studied them in 1981. In 1940, H. L. Krall
completed the classification of all fourth-order differential equations having orthog-
onal polynomial solutions [46]; in all, he found three new fourth-order differential
equations that have orthogonal polynomial solutions. Besides the Legendre type,
there are also the Laguerre type and the Jacobi type orthogonal polynomials. A. M.
Krall [36] studied these three sets of orthogonal polynomials in detail in 1981; we
will list their properties at the end of this section.

In view of the contributions made by Bochner and H. L. Krall to the theory of
orthogonal polynomials and differential equations, we call a sequence of orthogonal

polynomials {p, (z)} -, a Bochner-Krall orthogonal polynomial sequence of order

2n if p, (z), n=0,1,..., satisfies a differential equation of the form
N
Ly lyl(®) = a; (x)y" (x) = Ay (x), N =2n, (1.5.1)
i=0

where (necessarily)
i
a; (x) = Z a;jz’ with a;; real constants and
j=1

Ap=ayn+ap(n—1)+..+ayyn(n—1)...(n — N + 1) for some n > 1 [41]. In
particular, the Jacobi type, the Laguerre type, and the Legendre type polynomials
are the Bochner-Krall orthogonal polynomials of order 4.

The Bochner-Krall polynomials of order 4 were studied in detail by A. M. Krall
[36]. We will list some of their properties below.
The Legendre Type Polynomials
Notation:
{Poa(x)},n=0,1,..., and A > 0.

Explicit Formula:

[

|3

] (—1)F (20 — 2k)! (A + In(n — 1) + 2k) 272
A27E! (n — k) (n — 2k)! :

PT%A (1’) =
k=0

13



Differential Equation:

(2 = 1)y (2) + 82 (22 — 1)y (2) + (44 + 12) (2% — 1)y (2)

+8Axy () —n(n+1)(n*+n+4A4A—2)y(z) =0.
Orthogonality:

The Legendre type polynomials are orthogonal on [—1, 1] with respect to the
weight function

W) = 5 —1)+ 6 (z+1) +1,

A A
where ¢ is Dirac’s d— function and
1
(A+in(n-1)) (A+i(n+1)(n+2)
P, P, = .
21

(1.5.2)
Rodrigues Type Formula:

1 d 1 » m
Pn,A(I)—2nAn! (A— T+ n(n—l—l))dn(x —-1)".

Xz

Generating Function:

1 o 1 0? 2) -1
Z(A_aner@t) (1 - 2at 4 ?) ZPnA

Recurrence Relation:

Poa(x)=1, P a(x) ==, and for n > 1,

2n+1) (A4 in(n+1))
(n+1)(A+3n(n—1))

Poia(x)= xP, 4 (2)

n(A+i(n+1)(n+2))
St ) (At inm—1)) Po1,4(2) .

14



The Laguerre Type Polynomials
Notation:
{R,,(x)},n=0,1,...,and r > 0.

Explicit Formula:

R, () = Y “Jﬁ‘C?(kw+n+4y+mx@

Differential Equation:
2y (z) — (2% — 4a) y® (2) + (% = (2r +6) 2) ¥ ()
+(2r+2)z—2r)y' (z) = (2r+2)n+n(n—1))y(z) =0.
Orthogonality:
The Laguerre type polynomials are orthogonal on [0, 00) with respect to the

weight

/Rm () Ry (z)w (z)de = (r +n+ 1) (r +n) dpn.
0
Rodrigues Type Formula:

(mp(_wt)-Owl_ﬂz_xﬂ::ngmAxﬁ?

1—t (1—1t)°

Recurrence Relation:

Ro,(x) =71, Ry, (x)=r—(r+1)z, and for n > 1,

Cn—1)r*4+nn—-1)r+2n—1)n(n-1)

Bor (@) = n(r+mn—1)>° Bz (2)
B rtn x_(n—l)(r+n)2 .
n(r+n-—1) Buar (@) n(r+mn—1)>° Brar (2).
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The Jacobi Type Polynomials
Notation:
{Sn (A,a;2)} = {S,, (x)}, where a > —1 and A > 0.

Explicit Formula:

S D R A ta), (ko) (n )+ (k1) A)a*

Sn () = (k+1)!(1+a),

k=0

Differential Equation:

(1= a2y () = 2(1 = 22) (0 + 4) 2 + ) y® (2)

+(1+ ) ((@® —3a — 10 — 442%) + (a® + 9 + 14 + 4A42%) z) y/" (2)

+((2°T2 A 4+ 293 A + 202 + 6a + 4) x + 2°T2a A + 2a% + 6+ 4) ¢/ (x)

—((a+2)2a4+2+2A)n+ (a®*+9a+ 14+ 2A)n(n—1)

+2(a+4)n(n—1)(n—2)+n(n—-1)(n—2)(n—3))y(z)=0.
Orthogonality:

The Jacobi type polynomials are orthogonal on [0, 1] with respect to the weight

§(z)+ (1—a)".

w(a:)—%

Rodrigues Type Formula:

mn

Sn(x) = ((1 — ) d%: + PP+ (a+1)n+ A)) (-)"(1—2)" % (1 —z)""2").

Generating Function:

F(G(z,t) = Z Sy (z)t", where F' is the operator
n=0

9] 02 9]
F= ((1—x)£+t2@+(a+2)ta+z4>,

G(z,t)=p" <L) , and

1—t+p

plet)=(1-2(20 —1)t+12)°.
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Recurrence Relation:
Sn () = (Ap—12 + Bp—1)Sn-1 (x) — C,—15,—2 (x) , where

(2n+a)(2n+a —1) (n? + an + A)
(n+a)n(2n+a—2) ((n—l)z—i—a(n—l)—l—A)w
(2n+a—1)P(n)

B,_1= > 5, Where
(n+a)nn+a—2)((n—1)7"+a(n—1)+ A)

Anfl =

P(n)=-2n°—-6(a+1)n°
+ (=60 + 15 — 8 — 4A) n* + (—20® + 120* — 16a — 8aA + 8A + 6) n®
+ (30® — 902 + 9o — 40 A + 120A — 4A — 2A% — 2)n?
+ (—a3 +3a% — 2a + 40°A — 4o A — 20 A% + 2A2) n+ aA?, and

(n+a—1)(n—1)2n+a)(n®+an+ A)°
(n+a)n(2n+a—2) ((n—1)2+a(n—1)+A)

Cnfl =

PR

The left and right Jacobi type polynomials are special cases (a« = 0) of the
Jacobi polynomials. Below, we list some of the properties of these polynomials. Al-
though A. M. Krall’s Jacobi type polynomials are defined on [0, 1] , we have redefined
the left and right Jacobi type polynomials so that they are orthogonal on [—1,1] as
well.

The Left Jacobi Type Polynomials
Notation:
{Sn (A,0;2)} ={SL, (z)}, where A > 0.

Explicit Formula:

_ (D R (P n+24—k) (1—=x k
s (K)* (n = k)! (n? + 0+ 24) ( 2 ) |

Differential Equation: (1 —22)*y® () — 8z (1 — 22) y® ()
+ 4Bz -1)—-2(1—-2)((244+ 1)z +24+3))y" (2)
+2(QA+ 1)z +24+3)—2(1—2)(24+1)) ¥ (2)
—(n* +2n3 + (4A+ 1)n? + 4An) y (z) = 0.

17



Orthogonality:
The left Jacobi type polynomials are orthogonal on [—1, 1] with respect to the

weight w (z) = 46 (z +1) + 1, and

1

/SLn () SLy, (z) w (x) dx =

-1

2(n?+2A) (n* +2n+2A +1)
(2n +1) (n2 +n + 2A)°

mn-

Rodrigues Type Formula:

(n+1)(n?+24)(=1)" D" ((1 —z)" (1+ ac)"“)
(2n+ 1) (n?2 +n+ 2A4)2"n! (1 + x)

SL, (x) =

n(n?+2n+24+1)(-1)""' D" (1 —2)" (1 +2)")
2n+1)(n2+n+24)2"1(n—1)!(1+x) '

Recurrence Relation:

(2A+1)(z+1)

, and for n > 2.

(2n — 1) (n? 4 24) (n? — n 4 24)
SLa (2)= <n(n2+n+2A) (® —2n 424+ 1)

_(2n—1)(n2—n—2A)(n2—n+2A)) (2)
n(n?+n+24) (n? —2n + 24+ 1) n

~ (n=1)(n® = 3n+24 +2) (n? + 24)° (@)
n(n?4n+24) (n?—2n+24+1)> nE e

The Right Jacobi Type Polynomials
Notation:

{Sn (B,0;z)} = {SR, (x)}, where B > 0.
Explicit Formula:

N (=) (n+ k) (2 +n+2B—k) (1+z\"
SR, (r) = (k!)2(n—/€)!(n2—|—n—|—23) < 5 ) .

18
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Differential Equation:

(1—a?)*y@ () + 8z (1 — 22) y® ()
+(4Bz*—1)—2(1+2x)((—2B—-1)z+2B+3))y" (z)
—2(-2B-1)z+2B+3)—2(1+2x)(2B+ 1))y ()

—(n*+2n®+ (4B +1)n?+4Bn)y (z) = 0.
Orthogonality:
The right Jacobi type polynomials are orthogonal on [—1,1] with respect to
the weight function w (z) = 50 (1 —z) + 1, and

1

/SRn () SRy (z) w (x) dx =

-1

2(n?+2B)(n*+2n+2B+1)
(2n + 1) (n2 4+ n + 2B)*

mn:-

Rodrigues Type Formula:

(n+1) (n? +2B) (=1)" D" ((1 +2)" (1 — x)")
(2n+1) (n?+n+2B)2"n! (1 — )
(@

SR, (x) =

n(n?+2n+2B+1)(—=1)""" D (( l—m))
(2n+1)(n?>+n+2B)2" 1(n—1).(1—x) '

Recurrence Relation:

(2B+1)(1—ux)

SBy(a) =1, SR () = 5" o

, and for n > 2

(2n — 1) (n®* +2B) (n* — n+2B)
n(n?+n+2B)(n?>—-2n+2B+1)

SR, () = (—

@2n-1)(n* —n-— ZB)(nQ—n+QB))SR (2)
n(n?+n+2B)(n2—2n+2B+1) e

~ (n—1)(n® = 3n+2B +2) (n*+2B)°

2 2 5Bz (7).
n(n?+n+2B)(n?—-2n+2B+1)
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1.6 Bochner-Krall Orthogonal Polynomials of Order 2n, n > 3

Notice that the weight for the Legendre type orthogonal polynomial sequence
has equal jumps at £1. It is natural to ask whether an orthogonal polynomial se-
quence exists when unequal jumps at +1 are considered. In 1981, using techniques
due to Shore [66] and H. L. Krall [46], Littlejohn found that such an orthogonal poly-
nomial sequence exists and called them the Krall polynomials. These polynomials
satisfy a sixth-order differential equation. The properties of the Krall polynomials
are given in [49].

Littlejohn [50] proved the following theorem. Below, the notation (A, ) de-
notes the action of a distribution on a test function .
Theorem 1.6.1. Let {p, (z)} -, be an orthogonal polynomial sequence which sat-
isfies an equation of the form (1.1.2). Suppose that A is a distribution that satisfies
the system

< > (-1 (’ B ’Z_ 1) (a; A2 ,<,0> =0, k=0,1,...,n—1  (1.6.1)

1=2k+1

for all polynomials ¢, where a; (z) = Y l;;27. Suppose further that A (z) — 0 as
=0

o0

|z| — co. Then A is an orthogonalizing weight distribution of {p, (z)},_, .

The distributional differential equations (1.6.1) are called the weight equations
for {p, (z)},—,. Since (L (A),¢) = (A, L' (¢)), where L is any linear differential
expression and Lt denotes the formal Lagrange adjoint of L, we see that the system
(1.6.1) is equivalent to the system

2 .
<A7i§:;|—1 <Z B Z_ 1) aigp<@'2’“>> =0, k=0,1,...,n— 1. (1.6.2)

If the coefficients of a differential equation having an orthogonal sequence
of polynomials as eigenfunctions are known, then Theorem 1.6.1. can be used to
find an orthogonalizing weight function. Conversely, it is possible to start with a

weight function and then use the weight equations along with symmetry properties to
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construct a differential equation having orthogonal polynomial solutions. Littlejohn
[51] wused this latter approach to construct the second example of a sixth-order
differential equation having a sequence of orthogonal polynomials as eigenfunctions.
The orthogonal polynomials Littlejohn found by this method are the generalized
Laguerre type polynomials for @« = 1. Now, we list some properties of the two
Bochner-Krall orthogonal polynomials of order 6.

Krall Polynomials

Notation:

{Ps, (A, B,C;2)} ={Ps,, (z)}, where A, B, C > 0.

Explicit formula:

¢ (=D @2n — j)!Q (n, j) a7
= Z 2 (n = [(+ 1) /2D!i/2! (n = (02 + 0+ AC + BC)’

where
_1\
Q (n, j):#(n‘”r(2AC+QBC—1)n2+4ABCQ)
1+ (—1) 1—(—1)
+#2j(n2+n+AC+BC)+#(4BC—4AC’)

and [z] denotes the greatest integer function.
Differential Equation:
(22 = 1)° 4O () +18z (22 — 1)* y® (x)
+ ((BAC + 3BC + 96) 2* — (6AC + 6 BC + 132) 2 + (3AC + 3BC + 36)) y¥ ()
+ ((24AC + 24BC + 168) 2 — (24AC + 24BC + 168) 2) y® (=)
+((12ABC? 4+ 42AC 4 42BC + 72) 2*+ (12BC — 12AC)
— (12ABC? + 30AC + 30BC + 72) )y ()
+ ((24ABC? + 12AC + 12BC) z + (12BC — 12A0)) /' ()

= )‘ny (ZL‘) )
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where

An = (24ABC? + 12AC + 12BC) n + {(12ABC? + 42AC + 42BC + 72)
+ (24AC + 24BC + 168) (n — 2) + (3AC + 3BC + 96) (n? — 5n + 6)
+18(n—=2)(n=3)(n—4)+(n—-2)(n—3)(n—4) (n—5)} (n* —n).

Orthogonality:

The Krall polynomials are orthogonal on [—1, 1] with respect to the weight function

w(x)-%é(a:—l—l)—l—éé(m—l)—l—@ and

1
/Pgm () Py () w (2) dx = Oy - M,
|

where

C (n* + (2AC + 2BC — 1) n? + 4ABC?) (2AC + 2BC — 1) (n + 1)

M = 2
2(2n+1) (n?+n+ AC + BC)

. C (n*+ (2AC + 2BC — 1) n* + 4ABC?) ((n + 1)* + 4ABC?)
2(2n 4 1) (n? +n+ AC + BC)?

Rodrigues Type Formula:

_(AC+BC n(n+1)\ (=1)"D" (1—2%")
%”@%‘< 2 T 32 ) 9nn]

- (w 2 (AC — BC)? ) (=1)" D" (1 —22)")

n?2+n-+ AC + BC 21

(=1)" " (n+ 1) (BC — AC) D"* (1 — 22)")
2" (n?4+n+AC+ BC)(n—1)1 (1 —a?)

where D = di.
Xr
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Generating Function:

[e.e]

(n® +n+ AC + BC) Ps,, (z)t"

n=0
(BC — AC)t (AC — BC)? M o M,
- 32 iz T 1/2°
(1 — 2zt + t?) (1 — 2zt + t?) (1 — 2zt + ?)
where
0? AC — BC 0 1 02
Recurrence Relation:
ABC?
= - >
Ps_1(z) =0, Psp(x) AC + BC’ and for n > 1,
2n—1) A B((n—-1
Py () = (2n—1)A(n) B (n )ng,n_l (2)

nA(n—1)B(n)

(2n—1) (2BC —2AC)C (n) B(n—1)
n(A(n—1))°B(n)

P3,n—1 (l')

(n—1)(A(n))’ B(n - 2)
n(A(n—1))° B (n)

3n—2 (), where

A(n) =n*+ (2AC +2BC — 1) n* + 4ABC?,
B(n) =n*+n+ AC + BC, and
C (n) = =3n* + 613 + (—2AC — 2BC — 3)n® + (2AC + 2BC)n + 4ABC>.

Generalized Laguerre Polynomials (o = 1)
Notation:

{Qn(z; R)} ={Q. (x)}, where R > 0.
Explicit Formula:

(=D i+ DN ((n+1) (n+2) k4 2R (k+2)) 2"
2 k'(n — k) (k+2)! '

Qn (l‘) =

k=0
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Differential Equation:
23y ©) (2) + (=2 + 122%) y® (2) + (32° — 3022 + 302) y™ (2)

+ (=% + 242% — 602) y® () + (=62 + (36 + 6R) 2) y" (x)

+((=6 —6R)x + 12R) ¢/ (z) + (n®* + 3n* + (6R+2)n) y (z) = 0.
Orthogonality:

The generalized Laguerre polynomials with v = 1 are orthogonal on [0, 00) with

respect to the weight function

1
w(zr) =xe "+ Eé (), and

/Qm(x)Qn(x)w(x)dx: (0 + 30+ 2R+ 2) (0 + 1+ 2R) (n+ 1) .

Rodrigues Type Formula:

el’ n

Qn(z) = — - d—((n2 +n+2R)e 2" + (—n® +n® — 2Rn + 2n) e "2}
n! ax”
+ (=2n° +2n) e 72" 7?).
Generating Function:
- exp (74 1 3 2 2
D Qu(a)t" = W(QRt + (22 — 8R)t* + (2 + 12R) ¢t
n=0 o

+ (=27 —8R)t+2R).

Recurrence Relation:

Q-1(x) =0, Qo () =2R, and for n > 1,

—(n*+n+2R)z  2n*+ (8BR—2)n*+8R(R—1)
R e R E 77 ) KL
n? +n+2R\
~(eiian) @t

24



The only other orthogonal polynomial sequence known to satisfy a differential
equation of the form (1.5.1) is the generalized Laguerre type orthogonal polynomial
sequence for = 2. A. M. Krall and L. L. Littlejohn showed that these polynomials

satisfy an eight-order differential equation and studied their properties in [41].

1.7 Legendre™ Orthogonal Polynomials

Let ¢, a, A, i1, and & be monotic functions on R defined by

(

-1 if —co<ar<—1
Q(r):=1 =z if —l<z<l1
1 if 1<z <00,
)
——% if —o<ax<—1
a(r) =4 x if —l<z<1
1 if 1<z<o0,
\
(
~1 if —co<az<-—1
ﬁ(f): x if —l<z<l1
1+ 4 if 1<z< o0,
\
(
——% if —oo<ax<—1
f(z) =19 z if —l<az<l1
1 if 1<z <o0,and
\
(
——% if —oo<ax<—1
R(r):=1q z if —l<z<l1
14+ % if 1<z< oo,
\

where it is assumed that both A and B are positive parameters. Let ¢, «, 3, u, and

r denote the regular Borel measures generated by ¢, &, 8, i1, and & respectively.

25



Notice that

(1) dp (z) = w (z) dz where w () is the weight for the Legendre polynomials;

(17) do () = w (x) dx where w () is the weight for the left Jacobi type polyno-

mials on [—1, 1] with o = 0;

(17i) dB (z) = w(z)dr where w (z) is the weight for the right Jacobi type on
[—1,1] with a = 0;

(1) du(z) = w(x)dr where w (z) is the weight for the Legendre type polyno-

mials, and

(v) dk () = w () dx where w (x) is the weight for the Krall polynomials in the

case C' = 1.

All of these five measures have the properties that all Borel sets in the com-
plement of [—1, 1] measure to zero and all Borel sets contained in the open interval
(—1,1) are measured to Lebesque measure. Because of the similarity of these mea-
sures, we call the five sets of Bochner-Krall polynomials which are orthogonal with
respect to these measures the Legendre™ polynomials.

As mentioned earlier in Section 1.3, when a = § = 0, the Jacobi type polyno-
mials, {Rga’ﬂ )} , are known as the classical Legendre polynomials and are commonly
denoted by {P,} . Since the Legendre polynomials satisfy a second-order differen-
tial equation, we will call them the Legendre™™ polynomials and use the notation
{P,,, (¥)} to emphasize their relationship to the other Legendre(” polynomials.

The Jacobi type polynomials orthogonal with respect to the measures gener-

ated by « () and § (x) are given by the formulas;

1 1+
PLyy (A;x) = PLyy (x) = o B— (QA,O; T)
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and

1 1—
PR2,n (A; .Z') == PR2,n (.Z') = msn (23, 07 Tx) y respectively.

We shall refer to {PLs,, (A;x)} and {PLsy, (B;z)} as, respectively, the left
and right Jacobi type sequences of orthogonal polynomials. Since they are all eigen-
functions of fourth-order differential equations, the left and right Jacobi type poly-
nomials and the Legendre type polynomials will be referred as the Legendre(?)
polynomials.

The Krall polynomials, in the case C' = 1, are called the Legendre® polyno-

mials since they satisfy a sixth-order differential equation.

1.8 Koornwinder’s Orthogonal Polynomials
In 1984, Koornwinder [35] defined the following generalization of the Jacobi

polynomials {P,&“’ﬁ )} :

PN () =

(@+B+1),\> (B.M(1—2)—AN(1+z) d )
( n! )( a+pB+1 %+A"B”)P" (z), (1.8.1)

where

4 (a+1), n! nn+a+pB+1)M
TB+D, (e+8+D), B+ (a+p+1)]

(B+1),n! nn+ta+pB+1)N
(a+1), (a+8+1), (e+1)(a+5+1)

n = , a, f>—1, and M, N > 0.
We shall call these polynomials the Koornwinder-Jacobi polynomials. These

polynomials are orthogonal on [—1, 1] with respect to the weight function

I'a+B8+2)

w(z) = F T (a1 DT (31T (1—2)*(A+2)’+Ms(x+1)+Né(z—1).
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Each of the Legendre(™) orthogonal polynomials is a special case of Koornwinder-
Jacobi polynomials.

In particular,

Py, (z) = BP9 (),

2A (0,0, 2%, 0)
PLs,(Aix) = ——M— P, %
2,71( ,.I‘) n2+n+ 24 (:L‘),
1 (o,o,o,i)
P Bz)=———PFP, 2B
Ry (B;x) 2 ni2B (z),
A (0,0, 35, 5%)
Py, (Ajz)= ————P, 722/ (2), and
2 (452) = 1 (x)
2A (0,0, 2%, 5%)
P, (A Bx)=—"——P; % .
3, ( ’ 756) n2+n+24 ($>

In the same paper [35], Koornwinder defined a generalization of the Laguerre

polynomials {L%a) (x)} :

where > —1 and N > 0. We shall call these polynomials the Koornwinder-Laguerre

polynomials. They are orthogonal on [0, 00) with respect to the weight function

r%e "

w(x):m+N6(x).

Although Koornwinder’s polynomials generalize all known Bochner-Krall poly-
nomials, it is not known if they are always themselves Bochner-Krall polynomials.

That is, it is unknown whether there are differential equations of the form (1.1.1)
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of fixed order having the Koornwinder-Jacobi polynomials or the Koornwinder-
Laguerre polynomials as solutions. More specifically, if a and § vary in (1.8.1)

or if v varies in (1.8.2), the order of the differential equation seems to vary.
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CHAPTER TWO

Theory of Self-Adjoint Differential Operators

2.1 Introduction

The field of orthogonal polynomials is a field that touches many areas of math-
ematics, both pure and applied. However, there is another subject that has received
surprisingly little attention in the circles of orthogonal polynomials: the spectral
theory of differential operators. On the other hand, it is difficult to understand why
this is the case. After all, the second-order differential equations associated with the
classical orthogonal polynomials of Jacobi, Laguerre and Hermite have long earned
their niche as important models in various areas of mathematical physics and they
do serve as excellent examples to fit the theory of singular self-adjoint differential op-
erators. Furthermore, the mere existence of these equations implicitly suggests that
there may be more differential equations with orthogonal polynomial eigenfunctions.
On the other hand, the spectral theory of differential operators is a very rich subject
with literally thousands of contributions in mathematical literature. If one wants
to learn this subject to understand the role that orthogonal polynomials will play,
where should one look? To the expert, the answer is obvious: the texts of Naimark
([55], Part II, Sections 14-18), Akhieszer and Glazman ([1], Vol. 2, Chapter 7 and
Appendix 2)
and to a certain extent, Dunford and Schwartz ([13], Part II, Chapters 12 and 13),
Weidmann ([70], Chapters 8 and 10) and, with specific applications to the second-
order Sturm-Liouville problem, the text of Hellwig ([32], Parts 4 and 5) are recom-
mended. Of course, herein may lie the problem for the non-expert: the amount of

recommended reading is rather significant.
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In this chapter, we merely are seizing the opportunity to collect results from
several sources. In Sections from 2.2 to 2.8, we shall discuss the necessary rudimen-
tary theory of self-adjoint extensions of formally symmetric differential expressions.
No proofs shall be given but exact references will be given.

In Section 2.9, we shall apply this theory to discuss some of the five Legendre

differential expressions:

MV ] (2) = — (1 = 2?) o/ () + ky (2), (2.1.1)
@) 17 ()
y Mol () (2.1.2)
(A=2*y" @) =200 -2) (RA+ 1)z +24+3)y (1)) + ky ().
MR [y] (z) ==
(ﬂ—m%%ﬂww"—2«1+xﬂ«43+ﬂ)x+28+ay%@Y+kymm
(2.1.3)
M2 ) () = (1= 22) y" ()" ((4A (1 — 2?) +8) o/ (2)) +ky (z),
(2.1.4)

My () =
(=27 @)+ (-0 (124 BA+3B +6) (1— ) " (1)
—(((—=6A — 6B — 12AB) 2® + 12(A — B) 2z + 12AB + 18A + 18B + 24) ¢/ (x))'
+ky () ,

(2.1.5)
where x € (—1,1); A, B are fixed positive parameters and k is a fixed non-negative
constant. Of course, expression (2.1.1) is the classical Legendre expression having
the Legendre polynomials as eigenfunctions but (2.1.2)-(2.1.5) are also called the
Legendre expressions. Indeed, these four expressions also have orthogonal poly-
nomial eigenfunctions and, in a certain asymptotic sense, they behave much like
the classical Legendre polynomials. Furthermore, there are no other differential ex-
pressions of the above type that have "the Legendre type" orthogonal polynomial
eigenfunctions. We shall restrict our study of (2.1.1)-(2.1.5) to the right-definite
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setting; i.e., in the spaces L? (—1,1) and L? (—1, 1;w) where w is an orthogonalizing
weight distribution associated with the corresponding orthogonal eigenfunctions.
For a complete study of these five differential expressions, the reader is en-

couraged to consult the Ph.D. thesis of S. M. Loveland [54].

2.2 Singular Differential Fxpressions
In this section, we shall assume that a;, € C*(I,R), k = 0,1,...,n with
ag (x) # 0 for all x € I and n is some positive integer. Here, we assume that
I = (a,b) is an open interval on the real line with —oo < a < b < oo. We shall study
certain linear operators in the Lebesgue space L? (I) generated from the ordinary

differential expression ¢ [-] of order 2n defined by:

n

(=3 (=1) (a; @)y (@), z e 1. (2.2.1)

=0
We shall consider further conditions on these coefficients below in Definition 2.2.1.
Notice that expressions (2.1.1)-(2.1.5) are all of the form (2.2.1).

Two operators associated with ¢[-] that we define and discuss below are the
maximal and the minimal operators generated by ¢[-]. With this, we shall seek to
find self-adjoint extensions (respectively, restrictions) of the minimal operator Lo
(maximal operator £). We shall also be interested in the spectra of these extensions.

In particular, we shall study the eigenvalue problem

Syl = My,

where S is one of these self-adjoint operators. It is precisely this problem that is
interesting from the viewpoint of orthogonal polynomials.

The expression (2.2.1) is called a formally symmetric differential expression.
At this point, we note that both Naimark [55], and Akhieszer and Glazman [1]
consider differential expressions with far less smoothness conditions on the a;’s than

we have assumed here. Indeed, the less restrictive hypotheses assumed by these
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authors leads them to the important concept of quasi-derivative. However, for the
sake of simplicity, we shall keep with our above assumptions. Furthermore, in the
case of the eigenvalue problem / [y] = Ay having a sequence of orthogonal polynomial

solutions {p, (z)}’2,, where p, (z) has degree exactly n, it is always the case that

n=01
a; € CV(I,R).

At this point, we distinguish between the important concepts of reqular and
singular differential expressions.
Definition 2.2.1. The expression ¢ |-, given in (2.2.1), is called a reqular differential
expression if I has finite length and the coefficients i, Ap_1,-..,00 € L(I). If 0[]
is not regular, it is called a singular differential expression. The right endpoint b of
I is called a regular point of ¢ [-] if b < 400 and if there exists an £ > 0 sufficiently
small so that %, ap_1,---,a0 € L(b—¢€,b); otherwise, the point b is a singular
point of ¢[-]. There is a similar definition for the left endpoint a of I.

We make the assumption, for the rest of this chapter unless otherwise stated,
that ¢[-] is a singular differential expression. The reader can consult the texts [55]
(pages 62-67 and 77-78) and [1] (pages 166-170) for the analysis of regular differential
expressions and their self-adjoint extensions. Our assumption is based on the fact
that equations (2.1.1)-(2.1.5) are singular differential expressions on (—1,1).
Definition 2.2.2. Let /[-] be given as in (2.2.1). The operator £ : L? (I) — L*(I)
defined by:

D(L)={y:I—=C|y*® € AC.(I), k=0,1,....2n—1; y, £[y] € L*(I) }
(2.2.2)
is called the mazimal operator generated by ¢[] in L?(I).
The name "maximal" is actually quite appropriate: the space D (L) is the

largest subspace in which £ can be defined as an operator from L? (I) into L* (I) .
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2.8  Green’s Formula
For f, g € D(L) and [o, 8] C I, the following formula can be easily verified
using integration by parts:

B

[tz -eanie=1ra | 23.1)
where [f, g (-) is sesquilinear form defined by:
Lf, 9] (z) ==

ZmZ< D™ { (0 (@) 3" @) 1 (@) = (0 2) 19 () g0 (@) ]

(2.3.2)

Notice that [g, f] (z) = —[f,¢g] (z) for all f, g € D(L) and a < x < b. Observe, by

definition of D (£) and Holder’s inequality, that the limits

[f,9] (b) := lim [f, g](2) and [f,g](a) := lim [f, g](z)

both exist and are finite, for all f, g € D(L).

Equation (2.3.1) is known as Green’s formula for £[-]. As we shall see, Green’s
formula is essential in the determination of all self-adjoint extensions in L? (I) of
the minimal operator generated by ¢[-]. We list Green’s formula for expressions

(2.1.1)-(2.1.5), respectively.

[ 9l (@) = (1= 2%) (f ()7 (2) = f' (2) G (2)), (2.3.3)



[fv g]L (:E) =
{(0-22r@) —20-0@1+ Do+ A+ 3 o)

_ { <(1 — 222G (x)>/ —2(1—2)((2A+ 1)z + (24 +3))7 (a:)} f (@)

— (1= (f"(2)F () = 7" () f' (x)).
(2.3.4)

1

[ {10 9() - MEP @) £ (5)} do = (£l ) | where

-1

[f? g}R (.Z') =
{((1 — P (@)~ 201+ 0) (2B~ D)o+ (2B +3) [ (x)} 5 (x)

_ { <(1 —22)’g" (;c)>/ —2(1+42z)((—2B-1)z+ (2B +3))7 (:c)} [ (x)

—(1=2®)*(f"(2)F () = 7" (2) f' (2)),
(2.3.5)

[ {42 101@35 @) - 4510 1 @)} i = 1,61 () | where

-1

- { ((1 — 22’y (;c))' — (8 +4A(1 —2?))7 (w)} f(x)

—(1 =)’ (f" ()7 () = 7" (2) [' (),
(2.3.6)

1

[ {0 @3 - M5 ()£ @} de = (.91, () |

-1
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where

.9l (2) =
{— (=221 @)+ (1 =22 12+ a (1 = 2) " @) = 7 (2) /' <x>}a<x>

~(1-a'7" @)+ (- ) 124 0 (- ) @) ~ 7 (@7 (@)} £ 0

+

{
(-2 W) sz e -0 @
{

(0= @) 4 (=) (24 a L= ) )} 0)

(3)

(@7 @ -7 @ @)1=, where

(2.3.7)
7 (z) = (—6A — 6B — 12AB) 2> + (124 — 12B) v + (12AB + 18A + 18B + 24)
and « = 3A+ 3B + 6.

2.4 Operators in Hilbert Space

There are two basic types of linear operators in a Hilbert space H with inner
product (-,-) : bounded and unbounded. A linear unbounded operator is actually
discontinuous at every point. A differential operator is invariably of the unbounded
type.

At this point, we recall a number of fundamental definitions and facts con-
cerning linear operators.
Definition 2.4.1. An operator 7' : H — H with domain D (T) is said to be densely
defined if its domain D (T) is dense in H.

Since a Hilbert space is isometrically isomorphic to its dual space, the concept

of a Hilbert space adjoint plays an important role.
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Definition 2.4.2. The adjoint operator of T, denoted by T, is the operator in H
whose domain, D (7™), consists of those « € H for which there is a unique element
x* € H that satisfies (T'f,z) = (f,z*)V f € D(T).

In this case, we define T* by T*x = z*. T and its adjoint T are related by
(T'f,9)=(f,T*g)V f€D(T) and V g € D (T).

Proposition 2.4.1. See ([48], page 308). The adjoint 7* of a linear operator
T : H — H exists and is unique if and only if 7" is densely defined.

Since D (L) is clearly dense in L?(I), the adjoint operator £* for the maxi-
mal operator £ exists. If T' is any densely defined linear operator in L? (I) satisfying
T C L, then £* C T*; consequently, it is natural to call Ly := L£* the minimal
operator generated by ¢[-]. It is possible, in fact, to give a better description of
D (L) (see Theorems 2.4.6. and 2.4.7. below).

Definition 2.4.3. The restriction of the maximal operator £ to the (densely de-
fined) subspace D} of all functions f € D (L) which have compact support in I will
be denoted by L.

Definition 2.4.4. Let H be a Hilbert space with inner product (,-). A linear

operator T : H — H is symmetric in H if

(i) D(T) is dense in H (T is densely defined),
(17) (Tx,y) = (z,Ty) for all x,y € D(T).

An operator T which satisfies property (iz) above, but not necessarily property
(1), is called Hermitian. A characterization of a symmetric operator in a (complex)
Hilbert space is given in:
Proposition 2.4.2. See ([48], page 534). Let T be a densely defined operator
in a complex Hilbert space H. Then T is symmetric if and only if (Tz,z) € RV
zeD(T).
Proposition 2.4.3. The adjoint T* of a linear operator T': H — H exists and is

unique if and only if T is densely defined.
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In particular, it follows from Proposition 2.4.3. that if 7" is symmetric then
T exists. Evidently, a densely defined operator T' is symmetric in H if and only if
T C T* (see [48], page 533).
Theorem 2.4.1. The operator £} is symmetric in L? (1) .
Proof. See ([55], page 61). OJ
Definition 2.4.5. Let H be a Hilbert space and T': H — H be a linear operator
with domain D (T") . Then T is closed if whenever {z,} -, C D (T) satisfies z, — =
and Tz, — y, then x € D(T) and Tz = y.
For example, it is easy to see that the adjoint 7™ of a densely defined operator
T is a closed operator. In particular, the minimal operator Ly is closed.
Proposition 2.4.4. See ([48], page 300). the Hilbert adjoint 7* of a linear operator
T : H— H is always closed.
Questions concerning extensions of a given operator will invariably arise. We
shall adhere to the following convention:
Definition 2.4.6. Given T, S : H — H the statement S C T' (T is an extension of
S or S is a restriction of T') is taken to mean
(i) TCTCT,
(ii) T* = (T)", and
(iii) T = (T*)".
Theorem 2.4.2. Suppose that T" is a densely defined operator on a Hilbert space

H.
(i) T is symmetric if and only if T C T*.

(1) If S is an extension of 7', then
T* is an extension of S*, i.e., T C S implies S* C T™*.
(24i) If T is symmetric, then

every symmetric extension S of T satisfies T' C S C S* C T™.
Definition 2.4.7. Let H be a Hilbert space and T : H — H be a linear operator.

Then T is said to be closable if there exists a closed, linear extension S of 7.
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The smallest such closed extension is called the closure of T" and T is said to admit
a closure. The standard notation for the closure of an operator T is T
Theorem 2.4.3. A symmetric operator T is closable. Moreover, its closure T is
unique, symmetric, and satisfies:
(i) TCTCT,
(i1) T* = (T)*, and
(iii) T = (T*)".
Proposition 2.4.5. The closure T, of a symmetric operator 7, is the minimal
closed extension of T'. That is to say, if T'C S and S is closed then it must be the
case that T C S.
The closure of an operator 7' is sometimes referred to as the graph closure of
T since the process of closing a given operator 7' is equivalent to constructing the
topological closure of the graph of T, G (T'), in the Hilbert space H & H.
Theorem 2.4.4. Let H be a Hilbert space. A symmetric operator T': H — H
admits a closure. Furthermore, this closure T is also symmetric in H.
Proof. See ([55], page 13). O
As a consequence of this theorem, £, has a symmetric closure E_(). In fact,
Theorem 2.4.5. E_g = Ly, where L is the adjoint of the maxial operator £ and
the so-called minimal operator.
Proof. See ([55], page 68). [
It is well-known (e.g., [48], page 541) that a closed, densely defined operator
A in H has the property that A** = A. Hence, this fact, combined with Theorem
2.4.5., yields:
Theorem 2.4.6. Ly = _6 and £ = L. In particular, the minimal operator L,

and the maximal operator L are closed operators, each being the adjoint of the other.
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One of the most important type of linear operators in a Hilbert space is the
one that is self-adjoint.
Definition 2.4.8. A densely defined operator T : H — H is said to be self-adjoint
when T = T™.

Property (i) of Theorem 2.4.2. shows that every self-adjoint operator is neces-
sarily symmetric; however, not every symmetric operator is self-adjoint (in the case
of a bounded operator T : H — H the concepts of symmetry and self-adjointness

are identical). For example, define T': L?[0,1] — L?[0, 1] by
Tf:=if

D(T):={f:[0,1] = C| fe AC[0,1]; f'e L*[0,1]; f(0)=f(1)=0}.

Then for any f, g € D(T),

<wm=/wwmwﬁ

=/@@f@ﬁ=mm»

It follows that T is symmetric because D (T) is dense in L?[0,1). However, it can

be shown that
D(T*):={f:10,1) = C| fe AC[0,1]; f" € L*0,1)}
so that T" is not self-adjoint.
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From property (i7i) of Theorem 2.4.2., we see that the most general symmetric
extension in A (in particular the most general self-adjoint extension) of a symmetric
operator T is suitably chosen restriction of the adjoint T of T

For example, the operator S : L?[0,1) — L? [0,1) defined by

Sf=1af
D(S):={f:10,1) > C| fe AC[0,1]; f" € L*[0,1); f(0)=f(1)}
is a self-adjoint extension of the operator 7" defined in (2.4.1).
Proposition 2.4.6. See ([48], page 524). A self-adjoint operator T" is both closed
and symmetric.
Proposition 2.4.7. See ([48], page 535). A self-adjoint operator T" is mazimally
symmetric. That is to say, if S is a symmetric operator and T° C S, then it must be
the case T'=S.
The spectrum of a self-adjoint operator T is described by:
Proposition 2.4.8. The spectrum o (T') of a self-adjoint operator T : H — H
consists of approximate eigenvalues; that is to say, V A € o (T) 3 {z,} -, C D(T)
such that

|zn]] =1 and ||Tx, — Az,|| — 0 as n — 0.

Morever, the spectrum of 7" is real: o (T') C R.

The following theorem is a very useful criterion for determining whether or not
an element f € D (L) is in the minimal domain D (L) . It involves the sesquilinear
form defined in equation (2.3.2).

Theorem 2.4.7. The domain D (L) of the minimal operator Ly in L? (I) consists
of all f € D (L) satisfying [f, g] (x) f =0, forallge D(L).
Proof. See ([55], page 70). O '

We remark that if one or both of the endpoints of I are regular, then the con-
dition stated in Theorem 2.4.7. simplifies further. For example, if the left endpoint
a is regular and the right endpoint b is singular, then the condition stated in
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Theorem 2.4.7. may be restated as: f € D (L) is in the minimal domain D (L)

whenever
(1) f®) (a) =0,1,2,...,2n — 1, and

(1) [f,g] (b) =0, for all g € D (L).
The interested reader can find the proof of this in ([55], page 71).
Remark 1.

Observe that if A is a symmetric extension of the minimal operator £, in
L?(I), then A C L, where L is the maximal operator. Indeed, this is an immediate
consequence of Theorem 2.4.6. : Lo C AC A* C L= L.

In particular, A[y] = ¢[y] for all y € D (A); i.e., A has the same form as the
expression ¢[-] and A is the restriction of the maximal operator L.

Remark 2.
We note that all the theory that we present in this section can be applied

mutatis mutandis to expressions of the form

1 < : , i
nlyl(z) = @) > (1) (a; (x) y (:c))( ) rel

=0

where f (z) € C?"(I) and f(z) > 0 for all x € I. Observe that f(z)n[y](z) is
formally symmetric; in this case, we call such a function f (x) a symmetry factor for
n[-] (see [52]). The appropriate Hilbert space setting for the self-adjoint extension
theory would be L? (a,b; f) .

We note that the maximal operator £ in L? (a,b; f), generated by n[-], is defined

to be

D(E)z{y:(a,b)%@‘ Yy € AC)e (a,b), j=0,1,...,2n — 1;

y, nlyl € L*(a,b; f)}.
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2.5 FEzxamples

1. the Jacobi expression is defined by
i =—1-2")y" +(a=B+(a+B+2)2)y +ky, z€(-1,1), o, B> —1.
the n'" Jacobi polynomial P{*"” (x) satisfies
7y [P = (k+n(n+a+ B8 +1)) Ped).

Although this expression cannot be directly put into the form (2.2.1), multiplication

of 77 by the symmetry factor f (x) = (1 —x)* (1 + $)'B yields:
Lyl =1 =2)* (1+2)" 75 [y) (x)

=~ (=2 1+ 2y (@) + k(1= 2)* U+ 2) g (a).
(2.5.1)
Observe that when o = = 0, then 7;[-] = M,gl) [-], where M,il) [-] is defined in
(2.1.1). For the Jacobi expression, the proper right-definite setting is the weighted
Lebesgue space L2 <—1, L(1—2)"(1+ x)ﬁ> (not L?*(—1,1) unless @ = 8 = 0) and

the maximal and minimal operators in this space are generated from
Tl == 1+a) 7.

2. the Laguerre expression is defined by
1y i =—2y' +(x—1—a)y +ky, z € (0,00), a>—1.
the n'" Laguerre polynomial L (z) satisfies 7 [L%a)} — (n+ k) LY. In this case,

a symmetry factor for 7 is f (x) = z%e~*. Indeed, we have
lrly] = 2% "1 [y] ()
= — (z*t ey (x))/ + kx“e "y (x). (2.5.3)

For this expression, the maximal and minimal operators associated with the Laguerre
expression are generated by 7 [-] = x®e 7, [-] and studied in the Lebesgue space
L2 (0, 00; 2%€™7).
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3. the Hermite expression is defined by

ri 4] =~y + 221/ + ky, @ € (~00,00)
the n'® Hermite polynomial H,, (x) satisfies 75 [H,] = (k + 2n) H,. In this case, a

T

symmetry factor for 7y is f (2) = e~*"; when multiplied by this factor, we get

—x2

Culyl = e " 7 [y] (2)

= (e (@) +he "y (@) (2:5.4)

2

The proper Hilbert space setting is L? <—oo, o005 e > and the correct expression
there to study in this context is 74 [] = * £y [].

In 1929, von Neumann considered and solved the problem of when a symmet-
ric operator in a Hilbert space H had self-adjoint extensions in H. The motivation
for this study came from his interest in several unbounded operators that appear
quite naturally in the theory of quantum mechanics. In 1939, Calkin presented his
method for determining necessary and sufficient conditions when such self-adjoint
extensions exist and proceeded to characterize the domains of each of these ex-
tensions interms of general "boundary conditions". A well-written account of this
elegant theory can be found in [13] (see pages 1222-1239 and 1268-1274). For our
study, this theory has particularly important applications to the subject of symmet-
ric differential operators. Indeed, the Russian mathematicians M. A. Naimark and
I. M. Glazman are credited for applying and refining both von Neumann’s theory
and Calkin’s method to the minimal operator £y generated by ¢[-]. We now briefly
describe von Neumann’s results and follow this by the Glazman-Naimark theory of

self-adjoint extensions of L.

2.6 wvon Neumann’'s Formula
Definition 2.6.1. Let A be a symmetric operator in a Hilbert space H. Let
D, ={feD(A")| A f=if} and
D= {feD(A)| Af = —if},
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where i = \/—1. The space D, is called the positive deficiency space of A and
D_ is called the negative deficiency space of A. The dimensions of these spaces are
called, respectively, the positive and negative deficiency indices of A. We shall write
ny := dim (D+). The deficiency index of A in L*(I) is the ordered pair (n,n_).

As shown in [13] (see page 1232), there is nothing special about using the
complex number ¢ in this definition: If A\ € C and Im (\) > 0, then it is the case
that

dim {f € D(A")| A"f = A\f} = n..

A similar result holds for n_ and any A € C with Im (\) < 0. This result was actually
proved by Weyl in 1910 (see [32] and ([72], Chapter 13)) in the case of the classical
second-order Sturm-Liouville differential expression.

If A is a symmetric operator in a Hilbert space H, we define a new inner
product on D (A*) by (x,y)" := (z,y) + (A*z, A*y) . It can be shown (see [13], page
1225) that D (A*) is a Hilbert space when equipped with this inner product. At this
point, we can now state the following important theorem. Equation (2.6.1) below is
known as von Neumann’s formula.

Theorem 2.6.1. Let A be a symmetric operator in a Hilbert space H. Then D (Z) ,

D., D_ are closed orthogonal subspaces in
(D(A),(z,y)"), and D(A*) =D (A) @ DL & D-_.

Proof. See ([13], page 1227). O
In this case of A = Ly, the minimal operator in L? (I) generated by /[-], von

Neumann’s formula becomes
D(L)=D(Ly) ®Dy & D-_. (2.6.1)

Consequently, in view of Remark 1, it is not too surprising that the positive

and negative deficiency spaces play a major role in the determination of self-adjoint
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extensions of Ly in L?(I). In fact, we state the following theorem (see [13], page
1228) to illustrate this influence.
Theorem 2.6.2. Let A be a symmetric operator in a Hilbert space H. Let D’ be a
closed subspace of D, & D_ and set D =D (Z) @ D'. The restriction of A* to D is
self-adjoint if and only if D’ is the graph of an isometry mapping D, onto D_ .

From Theorem 2.6.2., the key result follows:
Theorem 2.6.3. Let A be a symmetric operator in a Hilbert space H. Then A has
self-adjoint extensions in H if and only if its deficiency indices n, and n_ are equal.
Furthermore, if n, = n_ = 0, then the only self-adjoint extension of A is its closure
A=A~
Proof. See ([13], page 1230). O

Although much more can be said about the characterizations of self-adjoint
extensions of general symmetric operators in a Hilbert space, we instead return to
our discussion of finding self-adjoint extensions of the minimal operator Ly in L? (1) .
Since for any complex number A, the equation ¢ [y] = Ay has a basis of 2n solutions,
the deficiency indices of £y in L?(I) are both finite. In fact, these two indices are
equal. Indeed, because the coefficients a; of £[-] are real-valued, the function f is a
solution of ¢ [y] = iy if and only if f is a solution of £ [y] = —\y. This same argument
shows, in fact, that if {fi, fa, ..., fm} is a basis for the positive deficiency space D, ,
then {E, o, ... ,f_m} is a basis for the negative deficiency space D_. However we note
that, in general, the deficiency indices n. need not to be equal when the coefficients

of ¢]-] are complex-valued. We state the following theorem:

Theorem 2.6.4. Let £, denote the minimal operator in L? (1) generated by ¢,
where I = (a,b). Then,

(7) If both endpoints a and b are regular endpoints, then ny = 2n.

(77) If one of the endpoints is singular, then 0 < n, =n_ < 2n.
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In fact, it is possible to construct ¢[-] so that nyo = m for any integer m,
0 < m < 2n. If exactly one of the endpoints is singular, then n <n, =n_ < 2n.
Proof. For the proof of (i), (see [55], page 66). For the proof of (ii), (see [55],
pages 69 and 71). Furthermore, in [28], Glazman constructs examples to show that
m = ny can actually take on all possible integer values between 0 and 2n. [

Let ¢ € I; necessarily, ¢ is a regular point of /[]. Let £, denote the minimal
operator generated by ¢ [-] on (a, ¢) and let £ denote the minimal operator generated
by ¢[-] on (¢,b). Let (m_,m_) and (my,m,) denote, respectively, the deficiency
indices of L, in L? (a,c) and L] in L? (c,b) . We state the following theorem:
Theorem 2.6.5. The deficiency index of the minimal operator £y in L% () is
(m, m) where:

m=my +m_ —2n, (2.6.2)

and 2n is the order of the expression /[-]. Furthermore, m is independent of the
choice of c € I.
Proof. See ([28], page 353). OJ

The importance of this theorem may need some explanation. Since the point
c is a regular point, all solutions of ¢[y] = +iy will belong to L?*(c — ¢,c] for all
0 < € < ¢ — a. Consequently, the number m_ is precisely equal to the number of
solutions of ¢[y] = +iy that are in L?(a,a + 4] for some sufficiently small § > 0.
Similarly, the number m is equal to the number of solutions of ¢ [y] = +iy that are
in L?[b — 4,b) for small enough 6 > 0. This motivates the following definition:
Definition 2.6.2. The differential expression ¢ |-] is said to be in the limit-p case at
z=a in L? (I) if there exist exactly p solutions of ¢ [y] = +iy belong to L? (a,a + ¢€)
for some sufficiently small ¢ > 0. Similarly, ¢[-] is said to be in the limit-q case at
z=b in L*(I) if there exist exactly ¢ solutions of ¢ [y] = +iy belong to L* (b — ¢, b)

for some sufficiently small € > 0.
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Since L[] is of order 2n, it is clear that 0 < p and ¢ < 2n. If the order of
¢[] is two, the limit-2 case is more commonly called the limit-circle case while the
limit-1 case is often referred to as the limit-point case. This notation goes back to
Weyl’s seminal paper [72]. His analysis of the number of Lebesgue square-integrable
solutions of the second-order Sturm-Liouville equation involved some key geometric
arguments. The terms "limit-point" and "limit-circle" reflect the geometry used in
his solution.

Remark 3.

In the second-order case, Weyl showed that if ¢ [y] = Aoy is limit-point (respectively,
limit-circle) at a or b for a certain complex number \g, then /¢ [y] = Ay is limit-point
(limit-circle) at a or b for all complex numbers A € C.

From Definition 2.6.2. and Theorem 2.6.5., it is clear that once we can deter-
mine the limit case for each of the endpoints, then the deficiency index of the minimal
operator Loy in L? (I) can be determined. Fortunately, there is a method available
for determining the limit case of an endpoint when that endpoint is a reqular sin-
gular point in the sense of Frobenius. Indeed, the so-called Method of Frobenius
from ordinary differential equations (see [33], pages 396-404) can sometimes be used
to determine the number of Lebesgue square-integrable solutions near this singular
endpoint.

Definition 2.6.3. Consider the differential equation
Ll (@)= 3" 1)y (1) =0, w € J (263)
j=0

where J C R is some open interval, b; : J — R, j =0,1,...,n, b, (z) # 0 for all
x € J. Suppose a, b € J with a < b. If x = a > —o0, then x = a is called a regular

singular point of L -] if




where ¢, () = 1 and where each ¢; (x) is analytic in some neighbourhood of = = a,
7 =0,1,...,n—1. The definition of z = b < oo as a regular singular point is similar.

If a = —o00 or (b =00) and L -] can be put into the form
D ey (1),
=0

under the transformation = = §, where again ¢, (f) = 1 and each ¢; (t) is analytic in
some neighbourhood of ¢t = 0, then we say = = oo is a regular singular point of L [-].
If an endpoint is not a regular singular endpoint, it is called an irregular singular
point.

Based on earlier work of Fuchs, Frobenius developed an ingenious tool for
determining a basis of n solutions of the homogeneous equation (2.6.3), where each
solution is expanded about a regular singular point. A key ingredient in this method

is the indicial equation at x = a associated with (2.6.3):

Z P(r,j)¢; =0, (2.6.4)

where ¢; = ¢; (a) and P (r,j) = (7[—']),, j=0,1,...,n. Evidently, this is a polynomial
of degree exactly n. For lack of space, we do not describe this method; it suffices to
say that each of the n roots of the indicial equation (2.6.4) determines a solution of
(2.6.3), even in the case of roots having multiplicity greater than one. The examples

below, we hope, will help the reader in understanding this important method.

2.7 Examples
1. Consider the Legendre differential expression M, ,gl) [-] defined in (2.1.1). The
endpoints © = £1 are both regular singular points of M,il) []. All z € (—1,1) are
regular singular points in the sense of Definition 2.2.1. The reader can check that
the indicial equation at both x = %1 is given by 72 = 0. Around z = 1, for example,

Frobenius’ method yields a basis {y;,y2} of solutions of M. ,51) ly] =0,
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where y; and y, have the form:

%(I)ZZaj(x—l)j, ap # 0 and

J=0

yo (2) =Infe — 1) a;(x— 1) +> bj(x—1), by #0
j=0 j=0

where both series converge for |x 4+ 1| < 2. Similarly, by replacing —1 by +1 in the
above series, we obtain a basis of solutions about z = —1, valid for |z — 1| < 2.

It is clear from these representations that all solutions of Mél) [y] = 0 are
Lebesgue square-integrable near the endpoints = +1. Hence, referring to Remark 3,
we conclude that the Legendre differential expression is limit-circle at both x = +1.
Consequently, from Theorem 2.6.5., the deficiency index of the minimal operator
generated by the Legendre expression M, ,51) [[]is (2,2).

2. The Krall-Legendre differential expression M]gz) [[] is defined by (2.1.4).
We note that the n'™ Krall-Legendre polynomial P, 4 (x) = P, () (Legendre type,

Ps,, (z) is in the original notation of A. M. Krall, see [36]) is a solution of the equation
MP Tyl =(n(n+1)(n*+n+44-2) +k)y, n=0,1,....

As with the Legendre expression, the endpoints © = £1 are both regular singular
endpoints and all z € (—1,1) are regular points of this expression. The indicial

equation at both x = +1 associated with
M( ) == 2.7.1

is given by r (r — 1) (r — 2) (r + 1) = 0. If we apply the Frobenius’ method to (2.7.1)

with particular attention paid to ([33], Section 16.33), we see that a basis of solutions
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about x = 1 is given by {y1,y2, Y3, Y4}, where

(@) =3 a; (= 1%, ay £0,
1 () = 32 by (w = 1) by £0,
ys (@) =S¢5 (m— 1), o 0,

pa (@) = S d; (e — 177" dy £0;

with each of these series converging for |x — 1| < 2. It is clear that y;, ys, ys are
all Lebesgue square-integrable near +1 but that y4 is not. Hence, M ,52) [[] is in the
limit-3 case at * = 1. It can also be shown that ME) [[] is in the limit-3 case at
x = —1. Hence, from Theorem 2.6.5., the deficiency index of the minimal operator
Lo generated from M [] in L% (—1,1) is (2,2).

Remark 4.

Fortunately, the endpoints x = £1 are regular singular endpoints of the Legendre
expressions (2.1.1) and (2.1.5) so that the Frobenius analysis can be carried out. We
note that if an endpoint is not a regular singular endpoint of ¢ [-], quite a different
analysis must be applied to determine the limit classification of ¢[-] at this point.
In the second-order case, the usual procedure that is employed is to first transform
the expression into its Liouville normal form (see [32], page 42) and then to try
to apply some known limit-point criteria (e.g., the Levinson criteria, see [11], pages
229-230) to the transformed equation. For example, the Laguerre expression (2.5.3)
has x = oo as an irregular singular point but the Levinson condition readily shows

that this expression is in the limit-point case at x = oo.
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We are now almost in the position to state the important Glazman-Naimark
theorem. We first need the following definition:
Definition 2.7.1. Let X be a vector space and M; C M, be subspaces of X. We

say that {x1,z2,...,2,} C My is linearly independent modulo M, if the condition

n
Z QT € M1
j=1

implies a; = 0, j = 1,2,...,n. If A C M, is a maximal linearly independent set
modulo M; and 8 = card (A), we say that the dimension of M5 is 5 modulo M.
It is not difficult to see that if {x1, 23, ..., z,} C My is a linearly independent

set, then it is a maximal linearly independent set modulo M; if and only if
My = My + sp{x1,x9,...,2,}. (2.7.2)

Of course, any set of linearly independent vectors modulo M is a linearly indepen-
dent set in X; but the converse of this is not necessarily true.

This concept of linear independence modulo subspace plays an important role
in characterizing all self-adjoint extensions of Ly in L? (I). In view of (2.7.2) and
the importance that von Neumann’s formula (2.6.1) plays, this statement is not too
surprising.

By suitably modifying Theorem 2.6.2. with the minimal operator Lj, we can
obtain the Glazman-Naimark theorem. The proof of this theorem can be found in

([55], pages 75-76).

2.8 The Glazman-Naimark Theorem
Theorem 2.8.1. Suppose the deficiency index of the minimal operator £; in
L? (a,b) generated by the expression ¢ [-] is (m,m) .

(i) Let S be a self-adjoint extension of Ly in L? (a,b). Then there exists a set
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{wy, wa, ..., wy} C D(S) that is linearly independent modulo D (L) such that

STyl =Lyl
b
D(S) = {y eD(L) ‘ (wj,y]| =0, j= 1,2,...,m}. (2.8.1)
Here [-, -] is the sesquilinear form defined in (2.3.2).

(17) Suppose {wy,wy, ..., wy,} C D (L) is linearly independent modulo D (L) with

L — <

[(wij,wg] | =0, 74, k=1,2,...,m.

Define an operator S in L? (a,b) by

D(S):= {yED(ﬁ)] [w;, y]i:O, j:1,2,...,m}.

Then S is a self-adjoint extension of L.

Before proceeding to the next section, we note that the conditions [w;,y|| =0

L — <

given in (2.8.1) are known as the Glazman-Naimark boundary conditions and the

functional

b
[wj, ]| : D(L) — C is called a boundary value for L. If for some j, [w;, y]

a

independent of a or b for all y € D (5), it is called a separated boundary condition;

=0is

<

otherwise it is a mized boundary condition.

In ([13], page 1234), a boundary value for a symmetric operator A is defined to
be a continuous linear functional on (D (A*), (-,-)") that vanishes on D (A). As can
be seen by Theorem 2.4.7., our notion of a boundary value is in complete agreement
with that in [13].

Finally we note, for the reader’s sake, that there is a generalization of Theorem
2.8.1. for arbitrary symmetric operators; such a theorem can be found in ([13], page

1239).
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2.9 Applications to the Legendre Differential FExpressions

In this section, among other results, we show how the Glazman-Naimark the-
orem may be applied directly to the Legendre expression (2.1.1). We shall produce
all of the self-adjoint extensions in L? (—1,1) of the associated minimal operator,
including that extension having the Legendre polynomials as a complete set of eigen-
functions.

The reader will notice that in all these classical second-order cases, the symme-
try factor f for the expression is identical with the orthogonalizing weight function
for the associated orthogonal polynomials. Consequently, in each of these examples,
the Glazman-Naimark theory of self-adjoint extensions of the minimal operator £,
will yield, as a special case, that self-adjoint extension having the corresponding
orthogonal polynomials as eigenfunctions.

However, the situation is quite different for the higher-order equations hav-
ing orthogonal polynomial eigenfunctions (including (2.1.2)-(2.1.5)). In these cases,
the symmetry factor f (x) differs from the associated orthogonalizing weight w (x) ,
x € I. As a result, while the Glazman-Naimark theory picks up all of the self-adjoint
extensions of the minimal operator in L2 (I; f) generated from each of these higher-
order equations, none of these extensions will have the associated set of orthogonal
polynomials as eigenfunctions. Indeed, because eigenfunctions of a self-adjoint op-
erator corresponding to distinct eigenvalues are necessarily orthogonal in L? (I;w),
the self-adjoint operator with the set of orthogonal polynomials as eigenfunctions
must be in L? (I;w).

It may appear, then, that the Glazman-Naimark theory cannot be used to find
this particular self-adjoint operator in L? (I; w) . However, due to a method of W. N.
Everitt [21] based on earlier work of A. M. Krall [36], the Glazman-Naimark theory

is very cleverly used to find this particular operator in L? (I;w) .
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Details of the self-adjoint extension theory in L? (—1,1) for expressions (2.1.2)-
(2.1.5) can be found in the Loveland’s thesis [54]. We shall not discuss this in
here; instead, we concentrate on that self-adjoint extension in L? (I;w) having the
orthogonal polynomials as eigenfunctions.

Examples

1. The first example that we discuss is the expression M, ,gl) -], defined in (2.1.1); this
expression has been studied extensively by Everitt in [15]; (see also [54], Chapter 3).
From Section 2.5, we found that )/, ,gl) [-] is limit-circle at both singular endpoints
r = #1 and that the deficiency index of the minimal operator £y in L?(—1,1)
generated by M ,51) [-] is (2,2). According to the Glazman-Naimark theorem, each

self-adjoint extension S of Ly in L? (—1,1) has the form
1
Syl = M ]

D(S) = {y eD(L)| [wi,yln |11 = w2, Y] |11 = O} : (2.9.1)
where {w1, w2} C D (S) is linearly independent modulo D (Lo) , [+, °] ;) is the sesquilin-
ear form defined in (2.3.2), and D (£) is the domain of the maximal operator £ in
L?(—1,1) generated by M. ,El) []. We now describe a procedure for determining w;
and ws.

It is easy to see that a basis of solutions for M, ’g1) [y] = ky is given by {y1, 42}

where
yl(‘r):17 and
1 1+z
=] —1 1.
Y2 () 2”(1—;1;)’ <r<

These solutions may be found by directly solving this equation. Alternatively, we
could have applied Frobenius’ method and obtained a basis around both endpoints
r = +1; asymptotically, these solutions would behave much like y; and 35 above.
We use these two solutions to find a basis for the quotient space
D (L) /D (Lo)
%)



. .. . LeD.),
(this space being isomorphic to D, @&D_), which according to von Neumann’s formula

(2.6.1) is of dimension 4. More specifically, define ¢; € C?(—1,1), i = 1,2, 3,4 such

that
.
0 near r = —1
o1 (7) =
1 near r = 1,
\
(
1 near r = —1
pa (1) =
0 near r = 1,
\
(
0 near r = —1 (2~9~2)
p3 () = <
\ 11n (3£2) near r = 1,
(
+1n (13£) near r = —1
¢4 () =
0 near r = 1.

By this construction, it is clear that ¢; € D (L), i = 1,2,3,4. The reader can readily

check that
[p1, 2] 1y (£1) = [1, a] (1) (£1) =0,

[p2, 903](1) (£1) = [gs, 904](1) (£1) =0,
(2.9.3)

[p1, 081y (1) = [2, 4] 1) (1) = 1,

[p1: 3] 1y (1) = [p2, a] gy (1) = 0.
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It is also easy to see that the set {y1, 2,3, ¢4} is linearly independent mod-

ulo D (Ly), and hence, there exist linearly independent vectors {ai, as, as, a4},

{B1, B2, B3, B4} € C* such that

4
wy = Zozjgoj and (2.9.4)
j=1
4
Wa = Zﬁj%’, (2-9-5)
j=1

where w; and wy are defined in (2.9.1). Of course, the requirement that wy, we €
D (S) forces restriction on the vectors {ay, as, az, as}, {81, Ba, B3, B4} € C*. That is

to say, w; and wy must satisfy the Glazman-Naimark symmetry conditions

1 1 1

[wl,wl](l) _|1 = [U}l,wg](l) _|1 = [’LUQ, wQ](l)_|1 = O

From (2.9.3), these symmetry conditions yield the following necessary and sufficent

conditions on the linearly independent vectors {a, as, as, au}, {51, B2, 83, Pa} :

04104_3 — @1043 — Qigly + Gy = O,

@15 — Q301 — @afs + ayfa = 0, (2.9.6)

5133 - 3153 - 5254 + 3254 = 0.
In the case of separated boundary conditions, we can take f; = ay = 3 = ay = 0.

In this case, the symmetry conditions are

Q103 = 0103,

5234 = 3264-
It is easy to see, in this case, that it suffices to take (ay,as), (fs, 1) € R? to be

both nonzero. In summary, we state the following theorem:
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Theorem 2.9.1. All self-adjoint extensions S in L? (—1,1) of the minimal operator

Ly generated by the Legendre expression M. ,ﬁ” [-] have the form
Slyl = M [y],

D)= {y e DO vl | = loatly | =0}

-1

Here, wy, wo are defined in (2.9.4) and (2.9.5), respectively, 1, p2, 3, @4 are defined
in (2.9.2), and the linearly independent vectors {y, as, as, as}, {81, B2, B3, B4} € C*
satisfy the symmetry conditions in (2.9.6). In the special case that S is determined

by separated boundary conditions, then S has the form
Slyl = M [y],

D(8) = {y € D(L)| lin, ]y (1) = [z, 5] (~1) = 0}

In this case, Wy = a1 + axy and wy = b1 + baga, Where Yy 1= 1, Py 1= @3
®1 := o and ¢ := @y, and (ay,az), (b1, by) € R? are both nonzero vectors.

We now focus our attention on determining the self-adjoint extension(s) S
of M,El) [] in L?(—1,1) that have the Legendre polynomials {P, (z)} -, as eigen-
functions. To emphasize the relationship this sequence of orthogonal polynomials
has with the other Legendre polynomials discussed in this chapter, we shall write
P, (x) = Py, (). Notice that if S is such an extension, then necessarily we must
have

1

[wlupl,ﬂ](l) | :07 1= 1727

-1

where wq, we are given by (2.9.4) and (2.9.5), respectively. Since P (x) = 1, these
conditions yield

3 = Oy and 63 = 54. (297)

In addition, since P (x) = x, we must also have

[wl,aj](l) :O, 7::1,2,
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which yields
g3 = —QOy and 53 = —64. (298)

From (2.9.7) and (2.9.8), we find that a3 = a4y = 83 = 4 = 0. Consequently, we

have:

a9 near r = —1
Wi = Q191 + Qe =
aq near r = 1,

o near x = —1
wy = P11 + Baps =
1 near x = 1,

where (v, as), (81, 32) are linearly independent vectors in C2. However, it is easy

to see that ,
[why](n |1 = Qg [179](1) (1) — [179](1) (—1),
1
[ws, y](1) |1 = b [17?/](1) (1) = P [1,9](1) (1),
1
for all y € D (S). From these conditions, it is clear that [y,wi],, | =0, i = 1,2,

-1
if and only if [y, 1], (1) = [y,1]4y (—1) = 0. Consequently, we have the following

theorem:
Theorem 2.9.2. The self-adjoint operator S in L? (—1,1) which extends the min-
imal operator L, generated by the Legendre differential expression M ,51) [[] and has

the Legendre pOlyHOHli&lS as eigenfunctions iS given by

D(S) = {y e D(L)| [y 1y (1) = [y Uy (-1) = 0}
Furthermore, the spectrum of S'is o (S)={n(n+1)+k| n=0,1,...}.

Proof. Details about the spectrum can be found in [54]. O
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2. the n'" Legendre?-left polynomial PL,, (x) (see [54]) is a solution of
ML,(f) ly] = (n4+2n3—1—(4A+1)n2+4An+k)y, n=20,1,...,

where the expression M L,(f) [-] is given by (2.1.2). They form a complete orthogonal

set in the Hilbert space L? [—1,1) generated from the inner product

1
G0, [ s@a@da@w - [ g
[~1,1) |
The endpoints x = =£1 are regular singular points of M L,(f) []. At z = 1,
MLP [ is limit-4 in L2 (—1, 1) while ML [] is limit-3 in L2 (—1,1) at 2 = —1; this
can easily be verified using the method of Frobenius. Hence, from Theorem 2.6.5.,
the deficiency index of the minimal operator generated by M L,(f) [[] in L?(—1,1) is
(3,3) . Consequently, each self-adjoint extension in L? (—1,1) of this minimal oper-
ator can be obtained by imposing three linearly independent boundary conditions
as required by Theorem 2.8.1.. We leave it to the reader to apply this theorem to
find all of these self-adjoint extensions in L? (—1,1). We note, however, that none
of these self-adjoint extensions will have the set of Legendre®-left polynomials as
eigenfunctions. Indeed, if such a self-adjoint extension exists, the appropriate set-
ting for this operator is L2 [~1,1) and not L?(—1,1). The proof of the following
theorem can be found in ([54], Chapter 5):
Theorem 2.9.3. The self-adjoint operator S in L? [—1, 1) which has the Legendre(®-

left polynomials as eigenfunctions is defined by

Syl (x) == 84y (1) + hy (71) o=-1 (2.9.10)
MLP [y (z) if —1 <<,

D(S)={yeD(L)] [y, wi], (1) = [y, we], (1) =0},

Here, D (L) refers to the domain of the maximal operator in L? (—1,1) generated by
ML,(E) [], [+, -] is the sesquilinear form defined by (2.3.4), and {w,wy} C C*[—1,1]
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are defined by

() 1 for  near 1
w1 \r) =
0 for z near —1,
(@) 1—=z for  near 1
Wo \T) =
0 for  near —1.

Furthermore, the spectrum of S is given by
o (S)={n"+2n*+ (4A+1)n* +44An+ k| n=0,1,2,...}.

Remark 5.

In proving Theorem 2.9.3., we found that each y € D (S) has the property that
y" € L*(—1,1); consequently, by redefining y at x = 41, we may assume that y,
y € AC[—1,1] for all y € D(S). Moreover, it is true that each y € D (L) has the
property that y” € L?(—1,0]; in general, however, y” ¢ L?(—1,1) for y € D(L).
The definition of the maximal domain D (L), given by (2.2.2), does not suggest that
functions in the maximal domain of the expression M L,(f) [-] enjoy this smoothness
condition at x = —1. We can attribute this remarkable property to the smoothness of

the coeflicients of M L,(f) [-] and to the discontinuity of the monotonically increasing

function & at * = —1 which generates the orthogonalizing measure «. Indeed, & may

be defined by:

1ol fe<o1
a(z) = T if—-l<x<l1
1 if v > 1;

notice that « ({—1}) = 1/A. We shall find that this pattern persists with the other
higher-order Legendre expressions: whenever the measure of the endpoint —1 (re-

spectively, +1) is nonzero, we pick up a certain degree of smoothness of functions
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near ¥ = —1 (+1) in the corresponding maximal domain in L? (—1,1) and possibly
even more smoothness for functions in the domain of the appropriate self-adjoint
operator having the orthogonal polynomials as eigenfunctions.

Does this same pattern hold for the classical Legendre expression? In this case,
the orthogonalizing measure is Lebesgue measure restricted to the interval [—1,1];
i.e., the measure of both x = +1 is zero. In general, functions in the maximal
domain in L? (—1,1) associated with this expressions have no special smoothness

conditions. For example,

1 1+z

f(x)ziln(l

However, any function y in the domain of the self-adjoint operator S, defined by

1
1—22

¢ L?(—1,1).

—m) eD(L) ; but f'(z) =
(2.9.9), has the property that y' € L? (—1, 1) ; this result is due to Everitt and Mari¢
[23]. Consequently, each y € D (.5) is absolutely continuous on [—1,1].

As we noted earlier, each self-adjoint extension of M Ll(f) [[] in L?(—1,1) is
determined by three linearly independent boundary conditions. In the special case
of separated conditions, two appropriately chosen boundary conditions would have
to be prescribed at + = 1 and one boundary condition would have to be assigned at
x = —1; this is due to the limit cases at x = 41. It is interesting to note that S in
L2 ]-1,1), given in (2.9.10), is defined using two separated boundary conditions at
x = 1 and no boundary conditions at x = —1. This is due, in part, to the continuity
of the function & at x = 1 and the discontinuity of & at x = —1. As we shall
see with all of the Legendre expressions, whenever an endpoint has nonzero measure
(the measure being the orthogonalizing measure), we need one less boundary condition
than the Glazman-Naimark theorem requires to define the self-adjoint operator having
the corresponding orthogonal polynomials as eigenfunctions while the same number of
boundary conditions would be needed at an endpoint which measures to zero through

the orthogonalizing measure.
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3. Through the transformation (z,A) — (—=z,B), the expression (2.1.2)
changes to expression M R,(f) [[] given by (2.1.3); this later expression has the Legendre(®-
right polynomials as eigenfunctions. Properties of these polynomials can be found
in ([54], Chapter 6). They form a complete orthogonal set in L3 (—1,1], where 3 is

the measure generated by the monotonically increasing function 3 defined by

-1 ifer<-—1
3(33): x f—-l<z<l1
1—1—% ifz>1.

The following theorem is the analog of Theorem 2.9.3.:
Theorem 2.9.4. The self-adjoint operator S in L3 (—1, 1] which has the Legendre(®)-

right polynomials as eigenfunctions is defined by

MR [y] (z if—l<z<l
Sl (@) = [yl () <z<
8By’ (1) + ky (1) ifx =1,

D(S)={y e D(L)] [y, wrlg (=1) = [y, wa] g (-1) = 0}

In this case, D (L) is the domain of the maximal operator in L? (—1,1) generated by
MR,(f) -], [+ ] g is the sesquilinear form defined by (2.3.5), and {wy, wo} C C*[-1,1]

are defined by

() 0 for x near 1
wL\T) =
1 for x near —1,
\
(
() 0 for x near 1
Wo \T) =
1+=x for £ near —1.
\

Furthermore, the spectrum of S is given by
o(S)={n*+2n*+ 4B+ 1)n*+4Bn+k|n=0,1,2,...}.
Proof. See ([54], Chapter 6). O
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4. the Legendre® polynomials, also called the Legendre type or the Krall-Legendre
polynomials, have been extensively written up in [36], [21], [17], and [22]; we also
refer the reader to ([54], Chapter 4) where a complete account of these polynomials
and the associated self-adjoint theory is given. These polynomials are also the main
subject of this thesis.

the n'" Legendre® polynomial P,,, (7) is a solution of
M,EQ) ly] = (n(n+1)(n2+n+4A—2) +k’)y, n=0,1,...

where M, ,52) -] is defined by (2.1.4.). They form a complete orthogonal set in L? [—1, 1]
where p is the orthogonalizing weight generated from the monotonically increasing

function [ defined by

-1-4 if v < -1
L) =4 =z if—1l<z<l1 (2.9.11)
1+ % if v > 1.

By the method of Frobenius, it can be shown that both endpoints x = 41 are
in the limit-3 case in L? (—1,1) . Hence, by Theorem 2.6.5., the deficiency index of
the minimal operator in L? (—1,1) generated by M ,52) [-] is (2,2). Since the deficiency
index is (2,2), each of the self-adjoint extensions is determined by two appropriately
chosen boundary conditions. In the special case of separated boundary conditions,
there would be one Glazman-Naimark boundary condition needed at each endpoint
x = +1. We note, however, that none of these extensions will have the Legendre(?
polynomials as eigenfunctions; indeed, we must look for such a self-adjoint operator
in Li [—1,1]. We list the following theorem which gives the appropriate self-adjoint

operator in L [—1,1] :

64



Theorem 2.9.5. Define the operator S: L2 [-1,1] — L2 [-1,1] by

—8Ay' (—1) + ky (—1) if v =—1
Syl (x) =< MP [y (z) if—l<a<l (2.9.12)
8Ay' (1) + ky (1) ifz=1,

D (S)=D(L), where D (L) is the maximal domain of M,i2) []in L?(—1,1). Then S
is a self-adjoint operator in LZ [—1, 1] having the Legendre® polynomials as eigen-
functions. The spectrum of S is given by
oc(S)={(n(n+1)(n*+n+4A—-2)+k)|n=0,1,2,...}.
Proof. See ([21] and [17]). O
Remark 6.
It is remarkable that D (L) is the domain of the self-adjoint operator S given by
(2.9.12). Indeed, there is no reason to believe apriori that functions f € D (L)
should have the property that their derivatives at x = +1 exist and are finite (which
is required in the definition of S [-]). Quite surprisingly, it is true that any f € D (L)
has the property that f” € L?(—1,1); thus, we may assume that such functions
f satisfy the condition that f, f' € AC[—1,1]. Notice that, this example fits the
pattern alluded to in Remark 5: since the endpoints x = £1 both have nonzero
p-measure, functions in the maximal domain have certain smoothness properties at
x = *1. Furthermore, while the Glazman-Naimark theory says that one separated
boundary condition must be prescribed at each endpoint to obtain a self-adjoint
extension in L?(—1,1), there are no boundary conditions needed in the definition
of S above. Again, this fits the pattern suggested in Remark 5.
5. Our last example concerns the Legendre® polynomials { P, ()} which are so-

lutions of

Mk(:3) [y] = )‘nya
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where
Ao =n(n+1)(n*+2n°+ (BA+3B—1)n"+ (3A+ 3B —2)n+ 124B) + k,

and where M ,53) -] is given by (2.1.5). These polynomials form a complete orthogonal
set in the space L2 [—1,1]

where x is the mesaure generated from the monotonically increasing function &

defined by
-1-3 if v < —1
R(r)=< x if-1l<z<l1
1+ % if v > 1.

Properties of these polynomials can be found in [49] and [54]. The reader will
notice, upon comparison of # and j (defined in (2.9.11)), that P;, (z) is a gener-
alization of the Krall-Legendre polynomial P, (z). However, as we see below, the
domain of the self-adjoint operator in L2 [—1,1] having the polynomials {Ps, (z)}
as eigenfunctions is significantly different than the operator S defined in (2.9.12).

Both of the endpoints x = +1 are regular singular endpoints of M ,ES) [-]. By
applying the method of Frobenius, we find that each endpoint is in the limit-5 case
in L? (—1,1). From Theorem 2.6.5., the deficiency index of the minimal operator in
L?(—1,1) generated by M ,53) [-] is (4,4) . Consequently, every self-adjoint extension
in L?(—1,1) of the minimal operator generated by M. ég) [-] is determined by four
linearly independent Glazman-Naimark boundary conditions, as described by Theo-
rem 2.8.1.. Moreover, in the case of separated boundary conditions, there would be
two separated boundary conditions required at each endpoint z = +1.

While no boundary conditions are required to define the self-adjoint operator
S given by (2.9.12), we shall see that the domain of the appropriate self-adjoint oper-
ator in L2 [—1,1] having the set {Ps,, (7)} as eigenfunctions involves one boundary
condition at each endpoint z = +1.

66



Notice that, this fits the pattern mentioned at the end of Remark 5.
Theorem 2.9.6. Define S : L? [-1,1] — L?[-1,1] by

24Ay" (1) + (—24AB — 24A) y' (—1) + ky (1) ifr=—1

Slyl(x) =49 MP [y (z) if—l<a<l1

24By" (1) + (24AB +24B)y' (1) + ky (1) ifx =1,

D(S)={ye D(L)] [y, wil; (1) = [y, wo]5(=1) =0}.

In this case, D (L) is the maximal domain of M,EB) [[] in L2 (—1,1), [, Jea)
is the sesquilinear form defined in (2.3.7 ) and w;, wy are defined by:

e}

for  near —1
wy (7) =

for x near 1,

% %(34_2)(1—1-2)2 for  near —1
wy (z) =
for x near 1.

Then S is a self-adjoint operator having the Legendre® polynomials

{Ps,, (z)} as eigenfunctions. Moreover, the spectrum of S is given by

o(S)={n(n+1)n*+2n+ (34+ 3B —1)n?
+BA+3B—-2)n+12AB+k|n=0,1,2,...}.

Proof. See ([54], Chapter 7). O
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CHAPTER THREE

A General Left-Definite Spectral Theory

3.1  Introduction

The history of left-definite spectral theory - as it relates to differential operators
- can be traced to the work of Weyl [72] who, in his landmark analysis of second-order
Sturm-Liouville differential equations, coined the term polare- Eigenwertaufgabe for
the study of second-order equations in the left-definite setting. The terminology
left-definite (actually, the German Links-definit) first appeared in the literature in
1965 in a paper by Schiifke and Schneider [65]. In his book [34], Kamke uses the
term F-definit in his study of the differential equation F'y = AGy (he also uses G-
definit for his right-definite study of this equation). In ([56], [57], and [58]), Niessen
and Schneider considered general left-definite singular systems and left-definite s-
hermitian problems. Pleijel ([60] and [61]) provided one of the first concrete examples
of such a left-definite setting for a self-adjoint differential operator with his analysis
of the classical second-order Legendre equation. His work was followed soon after
by the work of Atkinson et al. [3] who examined left-definite square-integrable ho-
mogeneous solutions. Later, Everitt [15] gave a complete (first) left-definite analysis
of the classical Legendre equation and his student, Onyango-Otieno [59], extended
these results by analyzing the appropriate right-definite and first left-definite spec-
tral settings for the differential equations having the classical orthogonal polynomials
(Jacobi, Laguerre, Hermite) as solutions. Everitt, in [16], and Bennewitz and Everitt
[5] further the general theory of left-definite operators associated with second-order
differential equations.

During the past 22 years, there have been several additional papers dealing

with theory and specific examples of left-definite operators, all within the framework
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of differential operators. Important results related to second-order equations have
been obtained by Krall ([37], [38], [39], and [40]), Krall and Littlejohn [42], Ha-
jmirzaahmad [31]. Left-definite results for higher-order differential equations have
been obtained by Loveland [54], Everitt and Littlejohn [21], Everitt et al. ([18], [19],
[27], and [20]), Wellman [71], Vonhoff [69], Littlejohn and Wellman [53].

In this chapter, we attempt to provide a framework for a general left-definite
theory of bounded below, self-adjoint operators in a Hilbert space. In Section 3.2, we
define the general concept of a left-definite Hilbert space and a left-definite operator
associated with a self-adjoint operator that is bounded below. In Section 3.3, we
shall state the necessary theorems for the theory of left-definite space and in the
final section, we recall the spectral theorem and some of its immediate consequences

that we need in our work.

3.2 An Abstract Definition of A Left-Definite Space and Operator

Let V be a vector space over the complex field C with inner product (-,-) and
norm ||-|| ; the resulting inner product space is denoted by (V, (+,-)) . Suppose V, (the
subscripts will be made clear shortly) is a (vector) subspace (i.e., a linear manifold)
of V and let (-,-). and ||-||, denote, respectively, an inner product (quite possibly
different from (-, -)) and an associated norm on V;.
Definition 3.2.1. Let H = (V,(-,-)) be a Hilbert space. Suppose
A:D(A) C H— H is a self-adjoint operator that is bounded below by a positive
number k > 0; i.e.,

(Az,z) > k (z,z), (x € D(A)).

Let Hy = (V4,(+,+),), where V; is a subspace of V' and (-, -), is an inner product on
Vi x V1. Then H; is said to be a left-definite (Hilbert) space associated with the pair

(H, A), if each of the following conditions holds:
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(1) H, is a Hilbert space,

(2) D(A) is a subspace of V7,

(3) D(A) is dense in Hy,

4) (z,z); > k(z,z), (x € V1), and

(5) (z,2), = (Az,y), (r € D(A), ye V).

Given a self-adjoint operator A that is bounded below by a positive constant,
it is not clear that a left-definite space H; exists for the pair (H, A) . In fact, however,
Littlejohn and Wellman proved the existence and uniqueness of this Hilbert space
in [53] (see Theorem 3.1.).

If A is a self-adjoint operator in H that is bounded below by a positive number
k, then, with assistance from the spectral theorem (see Section 3.4 and, in particular,
Theorem 3.4.3.), we see that A" is a self-adjoint operator bounded below by k"I for
each r > 0. Consequently, we can extend Definition 3.2.1. to a continuum of left-
definite spaces associated with (H, A).

Definition 3.2.2. Let H = (V, (-,)) be a Hilbert space. Suppose
A:D(A) C H— H is a self-adjoint operator that is bounded below by a positive
number k > 0. i.e.,

(Az,z) > k (z,2z), (x € D(A)).

Let r > 0. If there exists a subspace V,. of V' and an inner product (-,-), on V, such
that H, = (V;,(+,-),) is a left-definite space associated with the pair (H, A"), we
call H, an r'* left-definite space associated with the pair (H, A). Specifically, H, is
an 7' left-definite space associated with the pair (H, A), if each of the following

conditions holds:
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(1) H, is a Hilbert space,

(2) D(A") is a subspace of V,,

(3) D(A") is dense in H,,

() (2,2), > I (2,2), (z € V;), and

(5) (z,9), = (A"2,y), (€ D(A"), yeVp).

From our discussion above, we will see below in Theorem 3.3.1. that, for each
r > 0, H, exists and is unique. At first glance, it appears that the r** left-definite
space H, depends on H, A, and the positive number k satisfying condition (4) in the
above definition. In fact, however, each of the left-definite spaces H, is independent
of k.

We are now in position to define a left-definite operator associated with A.
Definition 3.2.3. Let H = (V, (+,-)) be a Hilbert space. Suppose
A:D(A) C H— H is a self-adjoint operator that is bounded below by a positive
number & > 0. Let r > 0 and suppose H, is an r'" left-definite space associated
with the pair (H, A). If there exists a self-adjoint operator A, : H. — H, that is a

restriction of A; that is to say,

A.x = Az,
(3.2.1)
re€D(A")CD(A),
we call such an operator an r'" left-definite operator associated with the pair (H,A) .
In Theorem 3.3.2. below, we see that if A is a self-adjoint operator that is,

bounded below by a positive number k& > 0, then for all » > 0 there exists a unique

left-definite operator A, in H, associated with (H, A) .

3.8 Main Theorems
There are six main theorems that we state in this section concerning left-

definite Hilbert spaces and left-definite self-adjoint operators.
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Theorem 3.3.1. Suppose A is a self-adjoint operator in the Hilbert space
H = (V,(-,-)) that is bounded below by kI, where k > 0. Let r > 0,
define H, = (V;, (,+),) with
V., = A"? and (3.3.1)

(z,y), = (AP2, A%y) , (z,y €V;). (3.3.2)

Then, H, is an 7" left-definite space associated with the pair (H, A) in the sense of
Definition 3.2.2. . Moreover, suppose H, = (V;, (-,-),) and H, = (V/,(-,-)) are r'"
left-definite spaces associated with the pair (H, A). Then,

V, = V! and (z,9), = (z,y). for all 2,y € V, = V/; i.e., H, = H}. Consequently,
H, = Vi, (-,+),), as defined in (3.3.1) and (3.3.2), is the unique r'" left-definite
Hilbert space associated with the pair (H, A) .

Proof. See (Section 6 in [53]). OJ

Theorem 3.3.2. Suppose A is a self-adjoint operator in the Hilbert space

H = (V,(-,-)) that is bounded below by kI, for some k > 0. For r > 0, let
H, = (V;,(-,-),) be r'" left-definite space associated with the pair (H, A). Then,
there exists a unique left-definite operator A, in H, associated with (H, A). More
specifically, if there exits a self-adjoint operator A, : H, — H, such that

A,z = Az for all z € D (/L) CD(A), then A, = A,. Furthermore,

D(A,) = Vs (3.3.3)

and A, is bounded below by kI in H,.
Proof. See (Section 7 in [53]). O

The following corollary is an immediate consequence of Theorems 3.3.1. and
3.3.2.. It emphasizes the fact that, set-wise, the domain D (A") of the r** power of A
is given by V5, and in particular, the domain of the positive square root of A and the
domain of A. Furthermore, it describes explicitly the domain of the r'* left-definite

operator in terms of the domain of a certain power of A. Interestingly, we note that
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the domains of the first and second left-definite operators, A; and As, are given by
D (A%?) and D (A?), respectively.
Corollory 3.3.1. Suppose A is a self-adjoint operator in the Hilbert space
H = (V,(,-)) that is bounded below by kI, for some k > 0. For each r > 0, let
H, = (V;,(+,-),) and A, denote, respectively, the 7" left-definite space and the 7"
left-definite operator associated with the pair (H, A). Then,

(1) D (A") = Va,, in particular, D (AY?) = V4 and D (A) = Va;

(it) D (A,) = D (AC+2/2), in particular, D (A;) = D (4%?) and D (4,) = D (A?).

In the next theorem, we see that when A is a bounded, self-adjoint operator

that is bounded below by a positive constant &, then the left-definite theory is triv-
ial. However, the situation is quite different when A is unbounded.
Theorem 3.3.3. Let H = (V,(-,-)) be a Hilbert space. Suppose
A:D(A) C H— H is a self-adjoint operator that is bounded below by kI for some
k > 0. For each r > 0, let H, = (V,,(-,-),) and A, denote the r'" left-definite space
and the 7" left-definite operator, respectively, associated with the pair (H, A).

(1) Suppose A is bounded. Then, for each r > 0,
(i) V="V
(i) the inner products (-,-) and (-,-), are equivalent;
(iii) A
(2) Suppose A is unbounded. Then,
i) V, is a proper subspace of V;

i1) Vs is a proper subspace of V,. whenever 0 < r < s;

i71) the inner products (-,-) and (-, -), are not equivalent for any s > 0;

(
(
(
(iv) the inner products (-,-), and (-,-), are not equivalent for any r, s > 0, r # s;
(v) D (A,) is a proper subspace of D (A) for each r > 0;

(v

i) D (As) is a proper subspace of D (A,) whenever 0 < 1 < s.

Proof. See (Section 8 in [53]). O
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Since, for each m > 0, A™ is a self-adjoint operator that is bounded below in
H by k™I, we see from Theorems 3.3.1. and 3.3.2. that there are continua of left-

definite spaces {(H™), } _, and left-definite operators { (A™) associated with the

r>0 T}r>0

pair (H, A™) . Furthermore, since A,, is a self-adjoint operator that is bounded below
by kI in H,,, there are continua of left-definite spaces {(H,»), },., and left-definite

operators {(An),} ., associated with the pair (H, A™). The following questions

r>0

naturally arise:

(1) What is the relationship (if any) between the three continua of the left-
definite spaces {H,},_o, {(H™),},-0, and {(Hn), },-o?

(2) Since for fixed m > 0, (A4,)™ — the m™ power of the " left-definite
operator A, associated with (H, A) — is a self-adjoint restriction of A™, what is the

relationship (if any) between the continuum of the left-definite operators {(A™) },_

associated with the pair (H, A™) and the continuum of the left-definite operators

{(A.)"} _,?7 In particular, is (A,)" a left-definite operator associated with (H, A™);

r>0"
that is to say, is (A4,)" € {(4s)"} o7

s>0"

(3) For fixed m > 0, what is the relationship (if any) between the continuum

of the left-definite operators {(A4,,),} ., associated with the pair (H,,, A,,) and the

r>0
continuum of the left-definite operators {4, }, ., associated with (H, A)?

Each of these questions is answered in the following theorem. In essence,
this theorem says that there are no left-definite spaces or left-definite operators
emerging from a consideration of the above questions; that is to say, the original
spaces {H,},., and operators {A,}, ., encompass all of the left-definite spaces and
left-definite operators described above that are associated with the pairs (H, A™)
and (H,, Am)-

Theorem 3.3.4. Suppose A, H, {H,} _,and {A,}

are as in Theorem 3.3.1. and

r>0 r>0

3.3.2. above. Fix m > 0, and for each r > 0, let (H™) = ((V™),,(-,-).") and (A™),

denote, respectively,
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the r'" left-definite space and the r*" left-definite operator associated with the pair
(H,A™). Then,
() (H™), = Hpr.
(ii) (A,)" = (A™)

Equivalently, (A™), = (Am,)" with D ((A™),) = Vamims; that is to say, the

r =

r/m With D ((A)™) = Vamr
r'h left-definite operator associated with the pair (H, A™) is the m' power of the
(mr)™" left-definite operator associated with the pair (H, A).

Furthermore, let (H,,), = <(Vm)r,(-,-)m7r> and (A,,), denote the r' left-
definite space and the r*" left-definite operator, respectively, associated with the
pair (H,,, A,,) . Then,

(iii) (Hn), = Honer.

(iv) (An), = Apmir with D((An),) = Vigrio; in other words, the v left-
definite operator associated with the pair (H,,, A,,) is the (m+r)"™ left-definite
operator associated with (H, A).

Proof. See (Section 9 in [53]). O

In addition, we state the following two theorems concerning the spectra of the
left-definite operators {A,},, .
Theorem 3.3.5. For each r > 0, let A, denote the r*" left-definite operator asso-
ciated with the self-adjoint operator A that is bounded below by kI where £ > 0.

Then,
(i) The point spectra of A and A, coincide; i.e., 0, (A,) = 0, (A).

(77) The continuous spectra of A and A, coincide; i.e., 0. (A,) = 0. (A).

(77i) The resolvents spectra of A and A, coincide; i.e., 0 (A4,) = o (A).
Proof. See (Section 10 in [53]). O

Finally, the last general result in this section is the following theorem:
Theorem 3.3.6. If {¢, } ~ , is complete orthogonal set of eigenfunctions of A in H,

then for each r > 0, {¢,} ., is complete orthogonal set of eigenfunctions of the 7"
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left-definite operator A, in the r** left-definite space H,.
Proof. See (Section 10 in [53]). O

3.4 The Spectral Theorem
If A is a self-adjoint operator in a Hilbert space H with inner product (-,-),
it is well known (see [64], Chapters 12 and 13) that there exists a unique operator-
valued set function £ : B — B (H), where B is the o-algebra of Borel subsets of
R and B (H) is the Banach algebra of bounded linear operators on H, called the

spectral resolution of the identity, having the following properties:

1 ) =0and E(R) =1.

(1) B

(2) E (A) is idempotent; that is (E (A))? = E (A), for all A € 9B.

(3) E(A) is self-adjoint in H for all A € %B.

(4) E(A1NAy) = E(A1) E(Ay) = E(Ag) E(A) for all Ay, Ay € 8.
(5) E(A1UAy) = E (A1) + E(Ag) for all Ay, Ay € B with Aj N Ay = 0.
(6) For each z, y € H, the mapping E, , : B — C defined by

Ery(A) = (E(A)w,y)
(3.4.1)

is a complex, regular Borel measure. Since F (A) is a self-adjoint projection for each
A € B, it follows that [|[E (A)|| < 1.
A spectral family (see [48] or [63]) for a self-adjoint operator A is a one-

parameter family {F)}, g of bounded operators in H satisfying:

1) F), is self-adjoint and idempotent for each \ € R.

2) For A < pu, £, — E) is a positive operator.

(1)

(2)

(3) limy o Ehz = x for each A € H.
(4) limy_, o Eyxx =0 for each A € H.
(5)

5) Exjor :=lim,_\+ E,xv = E)z for each A € R and x € H.
(3.4.2)
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A connection between (3.4.1) and (3.4.2) lies in the following lemma; the proof is
straightforward.

Lemma 3.4.1. Suppose E is a spectral resolution of the identity in the sense of
(3.4.1). For A € R, define E) = E(—o00,A]. Then {E)}, g is a spectral family in
the sense of (3.4.2).

As mentioned earlier, the Hilbert-space spectral theorem plays a key role in
proving the existence and uniqueness of the left-definite spaces {H, },., and the left-
definite operators {A,}, ., associated with the pair (H, A), where A is a self-adjoint
operator in H that is bounded below by kI, for some k > 0. In our development
of these spaces and operators, we use the spectral resolution of the identity £ of A
rather than the one-parameter spectral family. However, properties of the spectrum
o (A,) and the resolvent set p (A,) of each left-definite operator A, are more easily
seen through the spectral family rather than the spectral resolution of the identity.
Indeed, the following theorem is well known (see ([48], Section 9.11) and ([63], Section
13.2)).

Theorem 3.4.1. Suppose {E)}, p is a spectral family, satisfying the conditions of

(3.4.2), of a self-adjoint operator A. For \g € R, we have:
(1) Ao € 0, (A) (the point spectrum) if and only if E\, # E),—o.
(2) Ao € 0. (A) (the continuous spectrum) if and only if E,, = E),—o and
{E\}\cr 1s not constant on any neighborhood of Ay in R.
(3) Ao € p(A) (the resolution set) if and only if there exists € > 0 such that
{Ex},cg 1s constant on [Ag — &, Ao + €] .
We are now in position to state the spectral theorem in a Hilbert space (see
[64], Theorems 13.24 and 13.30).
Theorem 3.4.2. (The Spectral Theorem). Let A be a self-adjoint operator (bounded
or unbounded) in a Hilbert space H = (V, (+,)). Let E be the spectral resolution of

the identity associated with A. Then, for each r > 0, the self-adjoint operator A"
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has (densely defined) domain D (A") given by

D(A)={z€H / MNdE,, <0 3, (3.4.3)

R

and is characterized by the identities

(A7) = / NdE,, (reD(A"), ye H), (3.4.4)
R
and
IA72|? = / NrdE,,  (zeD(A)). (3.4.5)

R
Conversely, suppose F' : 8 — B (H) is a spectral resolution of the identity. Then,

there exists a unique self-adjoint operator A in H with (densely defined) domain

D(A): veH /A2dFm,x<o ,
R

that is characterized by

(Ag;,y) - /Ade,y (x eD (A), y e H),

R

and

-2 -
HAzH - /)\QdFm (rep(4)).
R
Moreover, in this theorem, we can replace the interval R of integration in each of

the above integrals with the spectrum of the self-adjoint operator. In particular, for
a self-adjoint operator A that is bounded below by kI for k£ > 0, we can replace the
interval of integration R with [k, co) since, in this case, the spectrum o (A) C [k, 00)

(see [64], Theorem 12.32).
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CHAPTER FOUR

The Legendre Type Differential Expression: Right-Definite Theory

4.1 Introduction
the Legendre type polynomials were discovered by H. L. Krall [45] in 1938 and

named by A. M. Krall [36] in 1981. An explicit formula for these poynomials is

i

|3

] (—1)% (20 — 2k)! (A + Ln(n — 1) + 2k) 2"~k

Poa(z) = A7k (n — k) (n — 2k)! ’

k=0
where n = 0,1,..., A > 0 and [3] denotes the greatest integer less than or equal
to 5. These polynomials have been normalized so that P, 4 (1) = 1 for all n > 0.
Other formulas for the Legendre type polynomials can be found in Section 1.5 of
this thesis. We refer the reader to [36] for further properties of these polynomials.

the Legendre type polynomials satisfy the fourth-order differential equation:
Clyl (x) = Any (),
where
(y] = (1- 132)2 y@ — 8z (1-27) y® — (44 +12) (1—27)y"+8Azy +ky (4.1.1)

and A\, = n(n+ 1) (n®>+n+4A — 2) + k. Here, the numbers A and k are, respec-
tively, fixed positive and nonnegative parameters. Observe that ¢[y] is formally

symmetric; i.e.,

() (@) o= (1= 237" @) = ((8+44(1=2%) ¢/ () + hy ().

We remark that the Kralls studied the differential expression ¢ [y] () in the special
case when k = 0. We shall study (4.1.1) for £ > 0; this trivially amounts to a shift

in the eigenvalue parameter k.
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If we let ji (x) denote the monotonic increasing function defined by:

-1-3 if —oo<z< -1
f(r) =19 z if —l<z<l1
1+% if 1<x< o0,

Then, i generates a regular positive measure i on the Borel set of the real line
(see, for example, [73], Section 11.3). the Legendre type polynomials {P, 4} _, are

orthogonal in the Hilbert space L? [—1,1], where

1
L2 [-1,1] = {f :[-1,1] = C ‘f is Lebesgue measurable and / |f]? < o0 }
-1
(4.1.2)

is the Hilbert space with inner product:

and norm || f|| u = (f, f )}1/ ? Specifically, the orthogonality relationship is

1 Poa(z)Poa(z)du(z) = AGnT 1) -

(4.1.3)

/1 (A—i—%n(n—l))(A+%(”+1)(”+2))5

where 0,,, is the Kronecker delta function.

In this chapter, we will review the study of the right-definite boundary value
problem started by A. L. Krall [36] and completed by Everitt and Littlejohn in [21]
and Everitt, Krall and Littlejohn in [17]. That is we will summarize the properties
of the self-adjoint operator T, generated by ¢ in Li [—1,1], having the Legendre type
polynomials as eigenfunctions. This is the so-called right-definite boundary value
problem associated with the Legendre type polynomials. From this, we can study
the left-definite boundary value problem.
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In Section 4.2, we develop some essential properties of functions in the maximal
domain A of ¢[-] in L? (—1,1); in this section, we also discuss Green’s formula and
Dirichlet’s formula.

In the final section of this chapter, we define a self-adjoint operator T in
L2 [—1,1] having the Legendre type polynomials as eigenfunctions. Remarkably, the
domain of T will be the maximal domain A of ¢[-] in L?(—1,1). This is, indeed,
quite remarkable. Since the Legendre type expression ¢ [-] is limit-3 at each endpoint
r = +1in L?(—1,1), the Glazman-Krein-Naimark (GKN) theory says that there
must be a properly imposed boundary condition at each endpoint x = £1 in order
to generate a self-adjoint operator in L? (—1,1). However, the setting in our case is
the "jump space" Li [—1,1] and not L? (—1,1). It is the case that the discontinuity
in {1 at x = 41 has the effect of eliminating a boundary condition in the domain of

the self-adjoint operator T, generated by /¢ [-], in Li —1,1].

4.2 Properties of the Mazximal Domain of ¢

The maximal domain A of £ in L?(—1,1) is defined to be

A={f:(-1,1)=>C|f, f', [, [" € ACwc (1,1); [, L[f] € L*(-1,1)}.
(4.2.1)
Here, AC\.(—1,1) refers to the set of functions f : (—1,1) — C that are locally
absolutely continuous on (—1,1), i.e., f is absolutely continuous on all compact
subintervals of (—1,1). Since C§° (—1,1) (the space of all infinitely differentiable
functions f : (—1,1) — C with compact support in (—1, 1)) is contained in A, and
Cs° (—1,1) is dense in L*(—1,1) we see that A is dense in L?(—1,1). Now, we

define, the maximal operator,
Tmax : D (Tmax) € L? (—1,1) — L*(=1,1) by

Tmax(f)ZK[f]’ fED(Tmax) =A.
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It follows from the classical theory (see [55], Chapter V) that T, = T,
is the minimal operator with deficiency index (3,3) in L? (—1,1); the GKN theory
implies that there exist self-adjoint extensions of 7% _in L? (—1,1) but none of these
can have {P, 4}, as eigenfunctions since their orthogonality lives in L? [-1,1]. So
we seek a self-adjoint operator 7" in L? [~1, 1] generated by £[-] that has {P, 4},
as eigenfunctions. The GKN theory does not directly apply so we need to find
properties of f € A.

For f, g € A and [a,b] C (—1,1), Green’s formula is given by

I

Q—

/ (1) (@) g (@) — f (2)[g) (@)} dz = [f.g

where [f, g] () is the skew-symmetric sesquilinear form defined by

/

Fal@) = { (=1 @) = (414 01-a) 7 @) f 3 0)

!/

{(a-2r7@) - Eraaa-2) 7w}

— (=)’ " (2)§ () + (1 - 2)°§" (2) f' (2),

where x € (—1,1), and Dirichlet’s formula, given by

/ (1] (2) § () de

= / {(1 —2?)? [ (2)F (2) + 8+ 4A (1 —2?)) [ (2) 7 () + kf (2) 7 (x)} d

e —c

— (12 (@) (@)

Q<

+ {((1 — x2)2f” (x)) — (8+4A (1 — x2)) 1 (x)}g(x)

82



Of particular importance later will be Dirichlet’s formula when f = g :

b
F £ () = / (1] (@) F (z) de

= [H{a=a7 1@ + B+ 44 -a) 17 @F +kf ()} do

L —<

_ b _
(=2 @) F @)+ {1 2) @)~ (8+44(1- %) (@)} F(a)
From the definition of A, we see that the limits

lim [f, g](z)

r—+1

exist and are finite, for all f, g € A. Note also that the function 1 and for all f € A

S0 () = (1 =) f" () — (8+4A (1 —2)) f'(x), z € (-1,1). (4.2.2)

The main result of this section is the following theorem, proved in [21] and [17], and
it contains a list of the properties of the maximal domain A.

Theorem 4.2.1. (Properties of f € A) Let f, g € A. Then

(i) [, f"eL?(=1,1);
(i1) f, f' € AC'[—1,1] in particular;

f(x1) = lilillf (x) and f'(£1) := linillf’ (x) exist and are finite;

(iid) lim (1 —a2)* f" (2)g () =0

rz—=+1

(iv) lim (122 f" (2))' = 0

r—=+1
() lim [f.g) () = 8(f (E1)F (1) — /' (£1)§ (1).
In particular, we note that A C L7 [~1,1] .

In the next section, we will define a self-adjoint operator 7" in Li [—1,1]

having the Legendre type polynomials as eigenfunctions.
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4.3 Self-Adjoint Legendre Type Operator in Li [—1,1]

We will study the operator 7: D (T) € L2 [-1,1] — L2 [~1,1] given by

—8Af (=1) 4+ kf (=1) if v=-1
Tf1(x) =< C[f] (z) if —l<z<l1
Af (+1) + kf (+1) if v=1,
feD(T):=A.

The proof of the following theorem can be found in [21].
Theorem 4.3.1. The operator T' is self-adjoint in L2 [-1,1] .
Theorem 4.3.2. The operator T' is bounded below in L2 [~1,1] by kI, where [ is

the identity operator in L2 [-1,1]; i.e.,

(Tf, )z k(f, f), ¥V feD(T).

Proof. Let f, g € D(T). First, notice in light of (4.2.2), that Green’s formula may

be written as:

| 1@t de =t {£.1)2) @) - 5.7 ()5 ()}

1

+ lim {— (1- :1:2)2 (@) 7 (x)+ (1— :1:2)2§" (x) f' (x)}

r—1

~ i (A5 - 5 @3 @) - (-2 7 @7 ()

r——1

- lim {(1= )0 @) @)} + [ T @) f @) do,

r——1

where we have written



since the coefficient of ¢[-] are real-valued on (—1,1). By Theorem 4.2.1., all eight
terms in the above limits have individual limits; in fact, we can infer Theorem 4.2.1.

that the above equation may be simplified to:

/lé[f] () g (x)de = [f,1](1) g (1) = [g, 1] (1) f (1) = [f, 1] (=1) g (1)

Alf1(=)g (=)
2 * 2

+

Now, from Dirichlet’s formula and Theorem 4.2.1. (iii) , we see that

/lm(x)f(x)dx — W) - (-1 f(-1)

+ /_1 {(1 — xz)Qf” (2) 7" (z) + (8+4A (1 —2%)) f' ()7 (z) + kf (a:)g(x)} dx
Combining this with equation (4.3.1) yields the identity
(T[f1.9). = g/_l {(1 — %)’ (@) §" (2) + (8 +4A (1= 2%)) f' (2) 7 (a:)} dz

+k(f,9),, valid for all f,g € D(T).
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In particular, since

(1=2? " @) + (8+44 (1 —2®) |f' (@) > 0on (-1,1),

we have:
(T, 1), = g/_l {(1 — ) (@) + (8+4A (1 —22)) |/ @:)\2} da
+E(f. f),
>k(f, f),-

Hence, T'[-] is bounded below by kI in L7 [—1,1]. This completes the proof. (]

Note that, from Theorem 4.3.2., we see that the left-definite theory discussed
in Chapter 3 can be applied to T. As an immediate consequence of Theorem 4.3.1.
and Theorem 4.3.2., it can be shown that the spectrum of T is discrete and bounded
below. In fact, the spectrum of 7' is known explicitly and is given in the next
theorem. The proof can be found in [21].

Theorem 4.3.3.

(1) The Legendre type polynomials {P, 4}, -, form a complete set of eigenfunctions

of Tin L2 [-1,1].
(#7) The spectrum of T in Li [—1,1] is simple, discrete, and bounded below. In

particular, o (T) ={n(n+1)(n*+n+4A—-2)+kln=0, 1,...}.
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CHAPTER FIVE

The Integral Power of the Legendre Type Differential Expression

5.1 Introduction

In [53], Littlejohn and Wellman developed a general abstract left-definite the-
ory for a self-adjoint, bounded below operator A in a Hilbert space (H, (-,-)). More
specifically, they construct a continuum of unique Hilbert spaces {(H,, (+,*):)}r~0
and, for each r > 0, a unique self-adjoint restriction A, of A in H,.. the Hilbert space
H, is called the 7" left-definite Hilbert space associated with the pair (H, A) and
the operator A, is called the r' left-definite operator associated with (H, A).

We apply this left-definite theory to the self-adjoint Legendre type differential
operator generated by the fourth-order formally symmetric Legendre type differential

expression

(ly] (z) = (1— x2)2y(4) (z) — 8z (1 —2?) y® (z) — (4A +12) (1 — 2?) ¥ (2)

+ 8Azy' (x) + ky (x).

Where, the numbers A and k are, respectively, fixed positive and nonnegative para-

meters with (z € (—1,1)). Since ¢[-] can be written as

Oy (z) == ((1— x2) y” (a:))” — ((8+4A(1- 332)) Y (a:))/ + ky (z). (5.1.1)

we see that ¢[] is formally symmetric. Recently in [24], Everitt, Littlejohn and
Tuncer showed that if ¢[-] is Lagrange symmetric and has sufficiently smooth co-
efficients, then composite powers ¢/[-] of /[-] are also Lagrange symmetric, for any
je{1,2,...,m}.

Even though the theory obtained in [53] guarantees the existence of a contin-
uum of left-definite spaces { H, },~o and left-definite operators {4, },~¢, we can only

effectively determine these spaces and operators in this Legendre type situation for
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r € N. The key to obtaining these explicit characterizations of { H, },en and { A, },en
is in obtaining the explicit Lagrangian symmetric form for each integral power ¢"[]
of the Legendre type differential expression ¢[-| given in (5.1.1). In turn, the key
to obtaining these integral powers is a remarkable, and yet somewhat mysterious,
combinatorial identity involving a function that can be viewed as a generating func-
tion for these integral powers of ¢[-]. In our discussion of the combinatorics of these
integral powers of /[-], we introduce two double sequences {a; (n,k)} and {b; (n, k)}
of real numbers that we call the Legendre type-Stirling numbers.

In Section 5.2, we review and develop further properties of the Legendre type
polynomials. In Section 5.3, we determine the Lagrangian symmetric form of each
integral composite power of the fourth-order Legendre type differential expression
using some new combinatorial identities. In Section 5.4, we derive the formulas for
the coefficients {a; (n,k)} and {b; (n,k)}. In Section 5.5, we show positivity of the
coefficients {a; (n,k)}. In Section 5.6, we remark on positivity of the coefficients

{b; (n, k)}. In the final section, we demonstrate several examples of the coefficients

{a; (n,k)} and {b; (n,k)}.

5.2 Further Properties of the Legendre Type Polynomials
The Legendre type polynomials { P, 4 (z)}, m =0,1,..., and A > 0, satisfy

the fourth-order differential equation

Clyl = Any, (5.2.1)

where \,,, ;== m(m+1)(m?+m+4A—2)+k, and k is a fixed, non-negative constant,
and hence, they are eigenfunctions of /[-]. An explicit formula for these polynomials

is

L\J‘“

S (1) (2m - 20 (A4 T — 1) + 2k) 2=

Pra (@) = % A2 (m — k) (m — 2! ’

where [%] denotes the greatest integer less than or equal to 7. Section 1.5 of this

thesis contains a list of other formulas for the Legendre type polynomials. They also
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satisfy the recurrence relation

Py (2) = (A + 5m(m + 1)> P (z) — 2P (2),

where {P,,} ~_, are the classical Legendre polynomials, defined by

(%] k -
B (—1)" (2m — 2k)lgm—2*
P (@) = £ 2kl (m — k)l (m — 2k)!
Since
P (1) =1, Pu(=1) = (-1)"
and

(1—2*) P (z) —2zP, (z) + m(m+1) P, (z) =0,

we see that

P (= ")
and
pogy_ COMmGm ),

2

Now, from (5.2.2), we have

Poa(l) = (A + %m (m + 1)) P (1) — P (1)

1 1
:A+§m(m+1)—§m(m+1)

= A.
Similarly,

Pra(—1) = (A + imm+ 1)> P (~1) — P (~1)

2
_ (- <A+ %m(m—i— 1)) _ D" ’2”(”” D
_(—1)" A,
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We now calculate Pii)A (). From (5.2.2), it follows that

PY), (z) = (A - 1)) PO (1) — (2P, ()

2
Since
(xP!, (x))(j) = zPUTY () + jPY) (),
we see that
PO (@) = (A gmn + 1) PP @)= 0P () = PP @), (520
Moreover,

. N
P (@) = LI pla)

m 2im! ™

where P (x) is the Gegenbauer polynomial of degree m, m € Ny, defined by

P ) = B 57 (T () oy

m —T r
r=0

where
2m +2j + DY* ((m +25))*?
2@+1/2 (1 + )]

km (J) = (m, j € No);

see ([62], page 263, (3)). We refer the reader to [62] for various properties of the

Legendre and the Gegenbauer polynomials. We write
POY (z) = P, (z).

In particular,

. ! y )" )!
PUsJ) (1) = _(m +_]) and PU) (1) = (1) (m +J) 7
m m!j! " m!j!
hence,
. NN 1
P9 (1) = Lt paa gy - I EIR g
2im! J 2731 (m — j)!
. N —1)ym™J N
PY (—1) (m +J) pld) (~1) (=)™ (m+))



From (5.2.7) and the above calculations,

P (1) = (At mm+ 1) PR W) = Y (1) = PP (1)

2
(5.2.8)
B (A—i—%m(m—l—l))(m—l—j)!_ (m+j+1)! _ j(m+y)!
2151 (m — j)! 2H(G+ 1) (m—j— 1) 295 (m — j)!

(m+)2G+1)(A+im(m+1)) - (m—j)(m+j+1)—2j(+1))
20F1(j + 1)! (m — j)!

_ (mAG2A] +mPj +mj+ 24— j% —j)
27 + 1) (m — j)!

Also,

: 1 . . .
PO (D) = (A g+ 1)) P (<1474 (-1)=jP) (-1)

(5.2.9)
_ (L (m+ ) (A+gm(m+1) —jm+5)! (m+j+1)!
B 255! (m — j)! 201 (5 4+ 1) (m — j — 1)!
(=17 (m+ j)! (4] + m2j + mj + 2A — 2 — j)
- 27+1(j 4+ 1)1 (m — j)! '
Moreover, we know that
Pooa(z) = (A + %m (m + 1)) P, (x) —zP, (z), and (5.2.10)
252)
zP! (x) =mP,, (z) + (2m — 4k — 3) Py_ok—2 () ,
(5.2.11)
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see ([2], page 156) so that

[252)

Poa(z)= (A + %m (m + 1)) P, (x)—mP,, (x)— Z (2m — 4k — 3) Pp_ok—2 (),

equivalently,
[52]

Poa(z) = (A + %m (m — 1)) P ()= > (2m — 4k = 3) Pp_gp—a (z) . (5.2.12)

k=0

Hence, for j =1,2,3, ..., we see that

3

| . =22 |
P, () = (A +gm(m— 1)) PO ()= S @m—4k—3) PV (2). (5.2.13)

* ‘

B
Il

5.8  Combinatorics of the Legendre Type Differential Expression
Let ¢[-] be defined as in (5.1.1); Since ¢ -] is necessarily Lagrangian symmetric

for any n € N, we know that (" [-] has the following form.

()

2n
) (@) = 30 (=17 (a5 (k) (1= 22) 40 (n,8) (1= 22) ™)y ()
FO (5.3.1)
We seek to find the coefficients {a; (n, k;)}jio and {b; (n, k:)}fio for each n € N.
We define by (n,k) = 0 for each n € N. (In fact, as we see later in this section,
bo (n, k) = 0 for each n € N.)
Recall that the Legendre type polynomials { P, 4} ~_, are orthogonal on [—1, 1]

with respect to

1 1 A
w(a:):§5(:v—1)+§5(x+1)+§,

where ¢ is Dirac’s 6 —function and A > 0 is the parameter in the differential equation

([]. In fact, for m, r € Ny,

B A(A+im(m—1)) (A+L(m+1)(m+2)
/ Poa(x)Pra(z)w(z)ds = m 1) Omirs

[7171}
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Now, on the one hand,

/ 0" [Proa(2)] Pra(x)w(x)de = A, / Poa(z)Pra(z)w(z)de.
[—1,1) [—1,1]
But by the previous relation, this becomes
)\?HA(A—i— %m(m— 1)) (A+%(m+1) (m—i—2))
(2m+1) "

(5.3.2)
However, on the other hand, by definition of w (), we also have that

0" [P (2)] Pra () w(z) de

[7171]

_ %zn (P al (1) Poa (1) + %zn (Poyal (=1) Poa (—1) + g / 0" [Py a ()] Poa (2) da

(5.3.3)

_ %A;; " [Py al (1) Poa (1) + %Aw [Poa] (—1) Poa(—1)

1
A
+ E /En [Pm,A (l’)} PTGA (93) dx.
|
Now, from (5.2.5) and (5.2.6), (5.3.3) becomes

/ " [Py a (2)] Pon () w () da

[7171]

1

1
)

1 mebr A
A A? + A (1) A% 4 2 / 0" [Pon.a ()] Proa (z) da

-1

1

= %)\ZJ‘P ((_1)m+r + 1) + é /ﬁ” [P (x)] Pra(z)de.

-1
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We now calculate )

_ / [Py (2)] Poa (2) da

-1
by integration by parts and we may well assume without loss of generality that

r < m. First, from (5.3.1), we see that I is the following sum:

1

i (-1)]’/ ((aj (n, k) (1= 22) +b; (n, k) (1 — xQ)H) pY, (x))“) P () dx,

Jj=0 —1

Let

u= P4 (x), du=P] 4 (r)dr and
. A . )
dv = ((aj (n,k) (1 —2%) +b; (n, k) (1 — x2)]_1> ng)A (m)) ! dz,

v=((a (n. k) (L= 2 4 b, (n ) (1~ 22)"7") P, (x))(“) .

We also need to compute v | in order to complete this integration by parts. Recall
r==+1

that
D" (1-2%)" = (-1)"2"n!P, (z) (5.3.4)

where P, (x) is the n'* degree Legendre polynomial. Expanding, we see that

v = ((Ij (n, k) (1 — $2)j +b; (n, k) (1 - fz)jl>(jl) Pr(nj,)A (z)

(j 1 > aj (n.k) (1 -2 +b; (n,k) (1 —va)j_l)(j_Q) P ()
+ (j RN 1> aj (n,k) (1 — x2)j +b; (n, k) (1 — :L’Q)j_l)(j_?)) Pg’f) (x)

2

TR (aj (n, k) (1 —22)" +b; (n, k) (1 — x2)j_1) P (2.
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Equivalently,

v = (aj (n, k) DI (1 = 22) + by (n, k) DV~ (1 — 332)3;1) Py, (x)

F(0T ) (@00 2 =) b ) D () P

; (J’ S 1) (a; (k) D772 (1 =) b, (. k) D7 (1= ) ) PUEY (@)

+~~%@Nmkﬂl—ﬁf+bﬂmkﬂl—ﬁy4)ﬂng@.

Since DF (1 —22)’ | =0if k < j, we see that from (5.3.4),
r==+1
v =bj(n, k) (=112 (j = DIy (1) P, (£1) (j>1)
b (n, k) (=1) 71271 (j = DIP (+1) PYy (+1)  w=1

by (n, k) (—1Y 7" 2771 (j — 1)1y (—1) PY, (—1)
rz=—1.

\

Hence, from (5.2.8) and (5.2.9),

v (1) = by (n,k) (~1Y7 271 (j — 1)IPY, (+1)

_ DT PTG =Dt D @A ki mi 2450 = g)

(=) (m+j)!(2Aj+m2j+mj+2A—j2—j)b'(n "
4G+ 1) (m = j)! T
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while

0(=1) =b; (n. W) 27 (j = DB (1)

27 = DU e J)HRAG + ) mg 4 24— P — )
B 201 (5 + 1) (m — j)!

bj (77,, k’)

_ (Y™ (A )H2AG P 4 mj £ 2A — 5 —j)b‘(n .
4j(j +1) (m = j)! S

1

= / " [Py a (2)] Pon () da

-1

= 2 1) (w2 4 (=22 ) R @) P o) o

_ fl ((aj (n, k) (1 — 22 + b (n, k) (1 — xz)j—1> P& (Z)Z')>(j_1)

-1

Pl () dx} .

We now simplify

1

/ ((aj (n,k) (1 - x2)j +bj (n, k) (1 — x2)j71> ng)A (x)) ) P 4 (v)dx

|
with
u= P (), du= P}, (v)dr and

(-1

dv = ((aj (n, k) (1 — 22) +b; (n, k) (1 — x2)f'*1) Py, (a:)) dz,

(-2)

o= (a5 (. k) (1= ) 4 ; (n, k) (1= 22 1) PY), ()
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We note that v (£1) = 0 and so

/ ((ay (k) (1 =) by () (L= 22) ) 2D, (az))(j_l) Py (2) de

= - / ((a (k) (1= 22 + b (n, k) (1= 22) ") PY, (x))U P (@) de.

-1

Continuing, we see that

(j-3)

I = / ((aj (n, k) (1 — ZCZ)j +b; (n, k) (1 — x2)j_1) ng)A (:L‘)) P (z)dx

0 [ () (L= ) 40 () (1= 22 P ) P (@) da

-1

In particular, setting £ = j, we see that

[ (w00 (=) 44,00 (1= ) ) P @) P (@) o

-1

— (—1)j+1/ (aj (n, k) (1 — x2)j +b; (n, k) (1 — :CZ)j_l) Pr(j,)A (z) P, 4 (x) dx.

97



Substituting this into I gives us

1

/ [Py (2)] Pos (2) do
=Y PP |
+ Z/ (aj (n, k) (1 - x2)j +b;(n, k) (1 — x2)j71> P,% (x) P:j, (x)dx,

and so, we obtain that

/ [Py a (2)] Poa () da

2n

= — ~ (2Aj+m°j +mj+2A—5°—j)bj(n,k
2 55+ ) (- )b (. 8)
D™ Am+) . . 5
+ v , 2474+ m°j+mj+2A—j5°—j)b; (n, k
2 GG D= ¢ )b (. F)

+ ZO / (a5 () (U= ) 05 (0, 1) (1= 227 1) POy () B ()
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Hence,

AL
E_/ t [Pm’A (I)] PT,A (l’) dx

2n ((—1)”‘”+1 — 1) A% (m + j)! (2A) + m%j + mj + 24 — j*> — j)
=> b; (n, k)
=0

8j(7 +1) (m = j)!

) ()

+ i_n:/ (aj (n,k) (1 - mQ)j +bj (n, k) (1 — $2)j71) Pvg,A () P, 4 () da.

We now calculate

and

(see [62], page 263).

Furthermore, (see [62], page 260),

2GR+ k)
T ORN(2k +2j + D) (k+25) ™

. . .
/P,g“) (z) P:,ij (z) (1 - 2?) dx
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Hence,

@ () P () (1 — 22V g = 2 (m+J)!
/P’“ (@) P () (1 =) d (m—j)l@m+1) ™

We now see that for 0 < r < m, from (5.2.13),

1

/ PY, (x) P (@) (1—a) da (5.3.5)
1 2] |
- [{ | (4 gmen-0) PR - 3 @tk -5 P, 0
(A + g7 (= 1)) PO (2) = N7 (2r —4k = 3) PV, (2) | (1 —a?)’ } da.
k=0

We now consider the following two cases:
Case 1:

when r < m,

(2) If m is even and r is odd, then

1

i 4) )
[P @ P @ (=) dr =0

-1
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(77) If m and r are both even, then

—
3

| |
N

—

+ (2r — 4k — 3)2/ (P:i)%f2 (a:)>2 (1- x2)j dx

-1

2@+ ) (A+ 3 (r—1) (r+)! . 2(2r — 4k — 3)* (r — 2k — 2+ §)!
T (r— ) (2r +1) Z (r—2k —2— ) (2r — 4k — 3)

_ 2(A+] 7“(7"—1) (r+)! +i22r—4k 3) (r =2k =2+ )
(r—2k—2—j)!

(23i) If m is odd and r is even, then

: P .
/Pn(mj,)A () Pr(,A (z) (1 —2°)’ dz = 0.
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(7v) If m and r are both odd, then

; €)) ;
Py (@) Py (2) (1= ) do

Le—

(%] Lo )
+ Z (2r — 4k — 3)2/ (PT(J—)%:—Z (95)) (1 - xQ)J dx

22r+1) (A+3r(r—1)) (r+ )
(r— ) (2r + 1)

[72°] > :
2 (2 — 4k — 3)% (r — 2k — 2+ j)!
> (r—2k—2— )l (2r — 4k —3)

2(A+ir(r—1) (r+j)!

(r—J)!
3% .
2(2r —4k—3) (r—2k -2+ j)!
+kzzo (r—2k—2— ) '
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Case 2:

when m = r, we have already calculated this; i.e.,

1

/ (PZ?A (x))2 (1- xQ)j dx

-1

_2(A+3r(r=1)" (m+))!
(m — )1 (2m + 1)

[752]
_|_

2(2m — 4k — 3) (m — 2k — 2 + )]

B
I
o

So to summarize, for 0 < r < m, we see that

1

/P

-1

( ) 5 ) [
2(A+§r(7‘—1)) (m+j)!

(x) P:i; (z) (1 - :c2)j dx

]

2(2m—4k—3)(m—2k—2+)!

(m—2k—2—j)!

(m—)1(2m+1)

m—2
2
+ 2 T
= (m—2k—2—7)!

r—2
2( A+ Lr(r—1)) (r44)! 2]
( 2<r—j>!) >

2(2r—4k—3)(r—2k—2+j)!
(r—2k—2_)!

k=0
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m=r,

if r <m and m, r
either both even

or both odd,

if r < m and one
of m and r is even

and the other is odd .



Regarding (i7) , recall that

| X\ |
POy (@) = (4% gmm=1) 3 (m-ab - )T, @

£
N

i
o

I:'m72:| [7n72k73:|
2 2

- (2m — 4k —3) (2m— 4k —4s—5) PY) o 4 (x).

Hence, for 0 < r < m, we obtain

/ P9, (2) Py () (1= 22) " da (5.3.6)
1 1 27 |
_ / (A + gm (m — 1)) 3 (2m — 4k —1) PY" D (z)

- (2m — 4k —3) (2m — 4k —4s—5) PN (2)
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We now consider the following four cases:

Case 1: If m is even and 7 is odd, then

1

. (€] i
/Pfri)A (x) P, 4 (x) (1 - x2)] Ydr =0,

-1

Case 2: If m is odd and r is even, then

Case 3: If m and r are both even, then, from (5.3.6),

1 )

J P @ (@) (1=t do

m, T

7‘74]
2

|
R /) ~/ R
N
+
N |
=
=
|
=
[
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(A+imm-1) 3 @r—4k -5 2k +1)r— (k+1)(2k+3))

(2r — 4k —1)* (m — 7 + 2k) (m + 7 — 2k — 1)

E

p



where

and )
G-1) 2 -
Q_/< r—2k—3 (5’7)> (1_1_2)3 "da
—1
Since
1
() () 2(m + j)!
P 1—2%)d -
/ e (2) Py (2) (1—2%) de (m—j)Cm+1) "
-1
we find that
/ > 2(r+j — 2% —2)!
(G-1) i1 T+ — — 2)!
P= P 1—22) da =
/( T*2k*1<x)) (1=a®) do (r—j— 2k)! (2r — 4k — 1)
-1
and

1

. (G-1) 2 oy j—1 o 2 (T —|—j — 2k — 2)'
Q_/<PT—2’€—3($)> (1-°) = T =D 2 — 4k —5)

-1

We now use the values of P and () to simplify
1

, 0) -
[P0 L@ (=)

-1
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After substituting P and @ in the previous integral, we see that

: €] _
/PTSZJ’)A (z) P, 4 () (1 — x2)j Y

(2 (At I — 1) (A4 I (= 1)) @ — 4k — 1) (r+j — 2% — 2)!
(r—j7—2k)!2r—4k —1)

o (At fm(m = 1) 0r— 1= 520+ 1) @r 26— 3) (r+j — 26— 2)
_; (r—j—2k)!(2r —4k —5)

=] (A+3r(r—1)@r—4k— 1) (m—r+2k) (m+r—2k—1)(r+j — 2k — 2)!
-2 (r—j — 2k)! (2r — 4k — 1)

2 (k+1)(2r —4k —1)*(2r — 2k — 1) (2r — 2k 4+ 1) (r +j — 2k — 2)!
(r—j—2k) (2r — 4k — 1) '

After some cancellation, the integral

1

: €] .
/P,(RJ’)A (z) P, 4 (x) (1 — x2)j Ydr
%1

simplifies further.
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Eventually, we get

; () i
[P PL@ (=)

2(A+im(m—1)) (A+3r(r—1)) 2r—4k—1)(r+j — 2k — 2)!

e (r—j—2k)!
) o (At o (m— 1)) (k+ 1) (2r — 2k — 3) (2r — 4k — 3) (r + j — 2k — 4)!
_kZ:O (r—j—2k)!

B Z] (A+ir(r—1))2r—4k—1)(m —r+2k) (m+7r —2k — 1) (r + j — 2k — 2)!
(r—j—2k)!

% (ki +1) (2r — 4k — 1) (2r — 2k — 1) (2r — 2k + 1) (r + j — 2k — 2)!
(r—j—2k)! '

Case 4 : If m and r are both odd and 0 < r < m, then

; () -
/Pg}A (z) Py (2) (1— z?)’ Ydw =0 for j > 1.

-1
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Now, from (5.3.6), we have

[m52] [m=%t=
_ S @m-4k-3) @m-4k-4s-5PY L (@) |-
s=0

w‘|

[r 22
( Z (2r — 4k —3) (2r —4k —4s —5)PY0 . (z)
s=0

k=0

1 & (G-1) 2191
+ <A + 57 (r— 1)) > @r—4k-1)P7,), (a:)) (1—27) } dx.

k=0
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Equivalently,

. j .
[ P9, (2) P (2) (1 — 22y " da

-1

—(A+im(m-1)) [i] (2r — 4k — 1)* (2kr — 2k — k) M

k=1

(5]
(At (r-1) X L@r —4k+32(m—r+2k—2)(m+r—2k—1)N

[r—l
2

+ 3 L(2r -4k —1)% (2kr — 2k% — k) (m — v+ 2k) (m + 1 — 2k — 1) M.
k=1

Where
M = / o ( (1 — x2)j_1 dx

and

N = / a 2k+1 (1 — x2)j_1 dx.

In the third sum,
letu=k—1sok=u+1and when k=1, u=0

and

if k= {r—gl},thenu: [r—;l] —1= {T_l}.

110



Hence,

(4 eoe)

[r

ol

']

B
Il
DN | —

1

r1]

1
( 527‘ 4k +3)(m—r+2k—2)(m+r—2k—1)-
k=1

(A - %r (r— 1)) / (P:;lk)ﬂ (x)>2 (1- x2)j_1 da:)

5]
= — (Z %(27‘—4@0—1)2(m—r+2u)(m+r—2u—1)-

111

(2r —4k+3)2(m—r+2k—2)(m+7r—2k—1)N



Hence, when m and r are both odd and 0 < r < m,

. j -
[ P2, (@) P (2) (1 — 22 " do
-1

—(A—f-%m(m—l))[g](2r—4k—1)2(2kr—2k2—k;)M

k=1

[5]
—(A+3r(r-1)) © T@r—4k =1 (m—r+2k)(m+r—2k—1)M

5]
+ 3 L(2r — 4k —1)* (2kr — 2k2 — k) (m —r +2k) (m + 71 — 2k — 1) M.
k=1

Now suppose that m = r; then the third term in the last integral

) = ,
—(A+§r(r—1)) ; —Q2r—4k =1 (m—r+2k)(m+r—2k—1)M

N}

becomes

—(A+3im(m—1)) [i (2r — 4k — 1)* (2kr — 2k*> — k) M.

k=1

Which is the second term in the last integral and the fourth term in the last integral

(2r — 4k — 1)* (2kr — 2K* — k) (m —r + 2k) (m +7r — 2k — 1) M

(2m — 4k — 1)* (2km — 2k* — k) (2km — 2k* — k) M.
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Furthermore, if m is even i.e., m = 2p, then

m—1 2p—1 m m— 2
— | = =p—1l=—=—-1=—
2 2 2 2

1
G-1) 2 i1 2(r+j—2k—2)!
1 —2?)’ =
/(P”kl (“’)> (1= %) da (r—j —2k) (2r — 4k — 1)’
-1

[rgl]Q(A+%m<m_1)) (A+Lr(r—1))(2r—4k — 1) (r +j — 2k — 2)!
(r—j—2k)!

[T_I]Q(A—i-%m(m—l)) (2r — 4k — 1) (2kr — 2k* — k) (r + j — 2k — 2)!

-2 (r —j — 2k)!

=] (Atir(r—1)©2r—4k—1)(m—7+2k) (m+r—2k—1)(r+j— 2k —2)!

_Z (r—j—2k)!

(2r —4k — 1) (2kr — 2k* — k) (m —r 4+ 2k) (m + 1 — 2k — 1) (r + j — 2k — 2)!
(r—j —2k)! '

k=1
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Summarizing, we see that for 0 < r < m,

MAA+Im(m—1)) (A+1(m+1)(m+2)
(2m +1) "

becomes

(m(m+1) (m? +m+44—2) + k)" A* ((-1)™"" +1)

N |

2 (=)™ = 1) A2 (m o+ ) (245 + m2j + mj + 24 — 5% — )

+ — . b
; 8j(j+1) (m —j)!
(
0 ifm4r
is odd,
2(A+%m(m—1))2(m+j)! [MTQ] 202m—4k=3)(m=2k+j=2)! e . _
+A i (2m~+1)(m—j)! + kz::o (m—2k—j—2)! um=r,
2 2.
7j=1
—2(A+3r(r-1)) (r+5)! =2 2(2r—4k—3) (r—2k—+j—2)!
2 : r—4k—3)(r— —2)! :
! + kgo (r—2k—j—2)! if 0 <r <m,
\ m 4+ r is even
.

0 if m+4r
is odd,
if

2] 2(A+im(m—1))(A+ir(r—1))(2r—4k—1)(r+j—2k—2)!

42 2 2(T7j72k)! 0<r<m
T3 Z b k:[OH]
j=1 2 4 2(A+tm(m—1))(2r—4k—1)(2kr—2k2—k) (r4j—2k—2)!

- Z ( : ) (T—j—(2k)! ) and
5
(A Lr(r—1)) (2r—4k—1)(m—r+2k) (m+r—2k—1)(r+j—2k—2)!

> s ) (r—j—2k)! m+r
k=0
=] (2r—4k—1)(2kr—2k2—k ) (m—r+2k) (m4r—2k—1) (r+j—2k—2)!

T r m—r m-4r r+j N,
\ + P =2 1S even,
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where a = a; (n, k) and b = b, (n, k).

We now simplify the last term in the last sum:

(m—Ak&?yji&zk—m{&(A+%m0n_n)<A+%Mr—n)

—2 (A + %m (m — 1)) (2kr — 2k — k)

—(A—F%r(r—l)) (m—r+2k)(m+r—2k—1)

+ (2kr — 2k — k) (m —r +2k) (m+r—2k — 1)}

:(m—Ak—1ﬂr+j—2k—QWA+5r@—1y—ﬂw+2ﬁ+wgc
(r—j—2k)! ’

where

Cz{(A—l—%m(m—l)) —(m—r+2kz)(m—|—r—2k—1)}.

In particular, when m = r, the above term is:

2(2m —4k — 1) (m+j — 2k — 2)! (A+ Lm (m — 1) — 2km + 2k? + k)
(m —j — 2k)!

2

Also,

A (A4 sm(m—1)) (A+ 5 (m+1)(m+2))
(2m+1)

— A" A

A ((A+im(m—1)) (A+L(m+1)(m+2)) — (2m+1) A)
(2m+1) '

Now notice that if 0 < r < m and m + 7 is odd (so m # r), the identity (%)
on page 114 yields only 0 = 0.
115



Consequently, we consider 0 < r < m and m + r is even. We now look at the

following two cases:

.Case 1 : When m = r, the identity ()

A A(A+ dm(m—1) (A+3(m+1) (m+2)
@m+1) "

on page 114 yields

A (A4 im(m—1)) (A+ 3 (m+1)(m+2))
(2m +1)

NS (A—i—%m(m—l)f(m—l—j)!
=AY ) e ST G T )

7=0
_QZ”A(m+j)!(2Aj+m2j+mj+2A—j2—J’)b
— 4j(j +1) (m = j)!
+i[2] (2m — 4k — 3) (m — 2k + j — 2)!
7j=1 k=0 (m_Qk_j_Q)'
X 2n [i—:] (2m — 4k — 1) (m +j — 2k = ) (At §m (m — 1) = 2km + 20 + k) |
j=1 k=0 (m = j = 2k)! |
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Equivalently,

(mm-+1)(m2+m+4A—-2)+ k)" (A2+m(m—1)A)
(2m+1)

N (mm+1)(m2+m+4A—-2)+k)"m(m—1)(m+1)(m+2)
4(2m+1)

_iA(m—kj) (245 +m?j +mj +2A —j —j)b
455 +1) (m = j)!

] (2m — 4k —1) (m+j — 2k — 2)! (A + Sm (m — 1) — 2km + 22 + k)
* Z m—j — 2k)!

j=1 k=0 (

22”2 (2m — 4k — 3) (m — 2k + j — 2)!
2k —j —2) ¢

j=1 k=0 (

Y

(m—j)2m+1)

(A4 Lm(m—1))* (m+ )
+; A

where a = a; (n, k) and b = b; (n, k).
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Case 2 : 0 < m < r, the identity (x) on page 114 yields

0=
(m(m+1) (m*+m+4A—2) + k)" A?

_ZA2 m+ j) (245 + m?j +mj + 24 — j* — j)

4G+ 1) (m—J) '

+A‘ Z (r—2k—j—2)!

¥
S
—
3
| |

(2r —4k — 1) (r+j — 2k = 2)V (A+ Lr (r — 1) — 2kr + 2k* + k) .
(r—j—2k)!

RA+mm—1)—(m—r+2k)(m+r—2k—-1))}b
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Equivalently,

A = ZA2 m+ j) (2A5 +m?2j +mj + 2A — 52— j)
4j(j +1) (m — j)!

b

2n . n[z] .
(A+Lir(r—=1)) (r+j)! (2r — 4k —3) (r — 2k + 5 — 2)!
2 : -2 (T )

2n[2] .
(2r — 4k — 1) (r+j — 2k — 2)! (A + 3 (r — 1) — 2kr + 2k + k)
_ZZ{ 2(r —j — 2k)! '

2A4+m(m—1)—(m—r+2k)(m+r—2k—1))}b.

Summarizing, we see that we get two sets of equations if 0 < r < m and m + r is

even.

The first set of equation: when m = r,

AL (A2 +m(m—1)A+im(m—1)(m+1)(m+2))
(2m+1)

. ’"Z] (2m — 4k — 1) (m+j — 2k — 2)! (A+ 2m (m — 1) — 2km + 2k + k)

. b
= = (m —j — 2k)!

_ n A(m+ ) (245 +m?j +mj +2A — j2 — )
_;1 4j(j + 1) (m — j)! b (5.3.7)

L(2m 4k — 3) (m — 2k + j — 2)! 2 (A+ im(m —1))2(m+j)!
pIPD (m—2k —j —2)] “;0 m—em+1) "
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The second set of equation: when 0 < r < m,

(m(m+1)(m*+m+4A-2)+k)" A

ZA2 m+ ) (2A] +m?j +mj + 24 — j2 — j)

LG+ D) (m )] ’

= r—j)!
2n [TEQ] .
(2r —4k —3) (r — 2k + 75 —2)!
—;;;0 “_Qk_j_%f L (5.3.8)

%[z]{@TM;])Q+j2k®NA+%MTD2M+2W+k).

_2222 2(r— j — 2k)!

RA+mm—1)—(m—r+2k)(m+r—2k—1))}b.

We now consider the following two cases:

Case 1 : When m is even and r = 0, (5.3.8) becomes

(m(m+1) (m?>+m+44-2) +k)"

(m+ ) (2A] +m?j +mj + 24 — j2 — j)
4j(j +1) (m = j)!

bj (n, k) + ag (n, k)

IIFﬂl‘D
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but ag (n, k) = k™. Hence, we obtain the following identity:

(m(m+1) (m*+m+4A-2) + k)" — k"

2n
(m+ ) (2A] +m?j +mj+ 24— 2 —
Z )bj(n,k).

45(j +1) (m — j)!

Case 2 : When m is odd and r = 1, (5.3.8) becomes

(m

(m+1
QZ m+ ) (2A] +m?j +mj + 24 — j2 — j)
s 4j(j +1) (m = j)!

) (m*+m+4A—2) +k)"

bj (77,, k)

+ ag (n, k) + 2a; (n, k) — Aby (n, k) .

But
ap (n, k) = k™, ay (n,k) =23""1A" and by (n, k) = 23" A1

so that 2a; (n, k) — Aby (n, k) = 0.
Consequently, for all m € N,

2n (m+ ) (2A] +m?j +mj + 24 — j2 — j)
2 4G+ 10— )

bj (n, k)

(5.3.9)
= (m(m+1) (m*+m+4A-2) + k)" — k"

Now, let r = m in (5.3.8). Since

2A+m(m—1)—(m—r+2k)(m+r—2k—1) |

=2A+m(m—1)—2k(2m —2k —1)
=24+ m(m — 1) — dkm + 4k* + 2k

1
_2<A+%—2km+2k2+k),
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we see that

M
¥

] (2r —4k—1)(r+j—2k =21 (A+ Lr(r — 1) — 2kr + 2k* + k)
2(r — j — 2k)! '

A4+m(m—-1)—(m—r+2k)(m+r—2k—1)))b

71

3

] (2m — 4k—1)(m+j—2k—2)!(A+%m(m—1)—2km+2k2+k)26
2(r—j—2k)! '

Furthermore, from (5.3.9), we also have

TTM\

b.

n A(m+ j)! 2Aj+mj+m]+2A—j —J)
k) Z
pu 45(j +1) (m — j)!

Hence, when r = m, (5.3.8) yields the following identity

(A—i—%m(m—l)) i mti)

= (m—=j)!

(2m — 4k —3) (m — 2k + j — 2)!
(m — 2k — j — 2)]

on L) (o — 4k — 1) (4 — 28— 2)1 (A Y (m — 1) — 2hm + 287 + 1)

" Z Z (m'—j — ;k)'

A2+ (m? —m) A+ tm(m+2) (m? - 1))

Ak
m At Am @m+ 1)

& (At im(m—1) (m+)!
Z (m—j)(2m+1)

j=1
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Therefore, simplifying the above identity using (5.3.7), we obtain

1 (A—i—%m(m—l))2 2" (m+ )
<(A+ g™ (m — 1)> + 2m 1 1) ) ; (m _j>!a (5.3.10)

A (A2 4+ m(m—1)A+Im(m—1)(m+1)(m+2))
(2m+1) '

On the other hand,

>+(A+§mon—nf

(A+1m(m—1) @m+ 1)

2

2m+1)(A+im(m—-1))+ (A+%m(m—1))2
(2m+1)

ACm+ 1) +imm—1)2m+1) + A2 +m(m— 1) A+ Im? (m - 1)°
(2m +1)

A4 mm—-1)A+ gm(m—1)[m(m—1)+22m+1)]+ A(2m + 1)
B (2m + 1)

A +m(m—-1)A+;(m—1)m(m+1)(m+2)+A2m+1)
B (2m +1)

Hence, (5.3.10) becomes

A2tmm—DA+Em—1)mm+1)(m+2)+A2m+1)\ < (m+ )
( (2m +1) )Z '

_(A2+m(m—1)A+§(m—1)m(m+1)(m+2)+A(2m+1)))\n
B (2m +1) m
so that

S (m+j) a; (n,k) = (m(m+1) (m® +m+44 - 2) + k)" (5.3.11)

2 (m— )

We will see in the following section that the identities in (5.3.9) and (5.3.11) will
play key role finding the coeflicients a; (n, k) and b; (n, k) .
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5.4 Formulas for the Coefficients a; (n, k) and b; (n, k)
Theorem 5.4.1. Suppose A > 0, £ > 0 and n € N. For each m € Ny, the

recurrence relations

2n .
Z%% (n,k) = (m(m+1) (m*+m+44-2) +k)" (5.4.1)
“—~ (m — 7)!
7j=1
have unique, non-negative solutions a;(n,k) (j = 0,1,...,2n), independent of m,

given explicitly by

0 ifk=0
aop(n, k) = (5.4.2)
k™ if k>0,
and
Qp 5 ifk=0
aj(n, k) = (7 €{1,...,2n}), (5.4.3)

Sy (Man—pk" if k>0

T

where each a,, ; is positive and given by

_ zj:(_l)k+j (2 + 1)(K2 + k)" (K + k + 44 - 2)"

G+k+1DI(G—F) (5.4.4)

an7j
k=1

For the positivity of {a, ;}, see the next section.

Proof . From the definition of a;(n, k) in (5.4.1), we see that

ag(n, k) = k",

(k +8A)" — k"

al(”? k) - 2| 9

(k + 24A + 24)" — 3(k + 8A)" + 2k"
4]

a2(n7k) = ) etc;
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in general, it is not difficult to see that a;(n, k) is unique and given by

j ()= (7)) e+ G-t -1+ DG -0G -1+ + 14 -2y

>4

=0

ER (1) (o

-2 G ((2)- (1) () e traasye

This proves (5.4.2), (5.4.3), and (5.4.4). OJ

Theorem 5.4.2. Suppose A >0, k > 0 and n € N. For each m € Ny, the recurrence

relations

ﬁiOn+ﬁN%U+m%+mU+2A—f—jMﬂmM
= 45(j 4+ 1) (m — j)!

(5.4.5)
:((m2+m) (m2+m+4A—2) +/<:)”—k:".

have unique, non-negative solutions b;(n,k) (j = 0,1,...,2n), independent of m,

given explicitly by

0 ifk=0
bo(n, k) = (5.4.6)
0 if £ >0,
and
by j if k=0
bj(n, k) = (7 e{1,...,2n}), (5.4.7)

S (Mburk if k>0

where each b, ; is positive and given by
b i (=DM + 1) (B2 + k) (K> +k—2+4A)" A5+ (G + 1) ( + k2 + k))
" G+E+DIG -k QA+ (E—1)k)(2A+ (k+1) (k+2))

(5.4.8)
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Proof . From the definition of b;(n, k) in (5.4.5), we see that

bO(”u k) = 07

(8A + k)" — k»
A )

b1 (n, k?) =

(A U+R) =k (BA+ k) —km

ba(n, k) = (48A+120-|-k)n+ (BA+ K — k) (BA+10) (2444244 k)" — "

etc; in general, it is not difficult to see that b;(n, k) is unique and given by

J (_1)1 ((2j) _ (2j )) 4+ (=D =+ (=D (G =1+1)=2+44))" (2Aj+(j+1) G+ (=D ([ —I+1)))
1=0 ! -1 CHIRATG -1 G-I RAT(G—+1)(j—1+2))

o 7 (_1)j+l (2]‘)_( 2j) A(kH1(I+1)(I(1+1)—24+4A) " (2A5+(5+1) (F+1(1+1)))
= ZJ=0 j—1 j—l—1 CHRA+(I—D))(2AF(I+1)([+2))

i n i {124 2 oy ACAG+GAD GHI+D)) (24D (2 +1—2+44)) "
=10 2ro(—1)" ((j—jl) - (j—lj—1)> (r) CHICAF(I—D)(2A+(I+1)(+2)) k

= ; ry 2 4242 +1-2+44)) """ AG+GHD GHAF)) iy 10
= S a0 () - (7)) e ()

_Zn Zj (—1)1+i (2)(21+1) 4((l2+l)(l2+l—2+4A))n_r(QAj+(j+1)(j+l(l+1)))(n)kr
= 2ur=02-1=0 (2! G-I+ 1)! N CATI— DD CAT(+1)(+2) r

= () i (D@D () (12H—2+44)) " (2Aj+(G+) (+H(+1)))

r=0 \r) 2u1=0 G=DGHAD2AT (- 1)) (2A+(+1)(1+2)) k.

This proves (5.4.6), (5.4.7), and (5.4.8). O
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We cannot, at this time, prove that b,;(n, k) > 0 for j € N; see section 5.7 below
for further information. The evidence is very strong indeed that each b;(n, k) > 0

for j € N.

5.5 Positivity of the Coefficients a;(n, k)

Recall that the coefficients {a;(n, k)} are defined by

Qp 5 ifk=0

aj(n, k) := 1
Sy (Man—psk" if k>0

(7 €{1,...,2n}),

where

iy 1= 3 (et CEE DU R 4 44 = 2

k=0 (= k)G +k+1)!

n

J 2
(—1)* (%H J+ RS Z( ) (4A)" (K + k- 2)"

pre (G—kKNG+k+1)!
& (n e, ey (2B DR+ RN 4 k- 2)"
-2 (r>(4A) ;( D G Tk D)

From this, it is easy to see that each a;(n, k) > 0 if a,,; > 0 and this happens if

__ ZJ: kﬂ (2k + 1)(K® + k)" (k* + k — 2)"
i (=K +k+1)!

k=

o

By expanding (k% + k — 2)", we see that

_ ~(r m [ Sk + D)(R2 4 k)t
Gnjr = ) (m)(—2) (Z(—l)’“+ ( (jt k))(!(j ik)+ D ) (5.5.1)




Recall that the forward difference of a sequence of numbers {z,}°° , is the sequence
{Az,}>°, given by

Az, = Tpi1 —x,  (n € Np).

Higher order forward differences are defined recursively by

Az, = A(Arilxn) = E <T > <_]~)mxn+r—m-
m
m=0

With this notation, we see that

P 7(1j) r P (4)
2n+rAr< S > (r>(_1)m2n+r Sn+7’—m

2n m 2n+rfm

m=0

m 2—m

pgu)
T)(_l)m SnJrrfm

Il
3
I =
o
N\

r r - ‘
( )(—2) Pyl

= &'n’jm by (551),

consequently, in order to show a,_; > 0, it suffices to prove the following result.

Theorem 5.5.1. For r € Ny, we have

(4)
N (PS” ) >0 (1> ).

2n

In particular, we see that for n > j,
PSY) —2pPsY >0

PSY), —4PSY), +4PSY) >0

PSY), —6PSY), +12PSY) —8PSY) >0, etc.
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Proof . Fix j € N; from the rational generating function

J 1 i o 1
———— =) pSW (|t
| Frr e DR OKNﬂD)

r=1 n=0

for the Legendre-Stirling numbers, replace ¢ by ¢/2 to obtain

>, PSY 2
>R = g (1< 55hy), (552
where
1
B T e - Ty
Now

) 00 i 0 (4)
PS] _ Z 7;_—1—1 n+1 ﬁ + Z PSn—;lthrl
. AL 2J 2n+
n=j—

n=j n=j

since PSj(j) = 1. Hence, from (5.5.2), we see that

L ps, 0 0
D it = i) = (5.5.3)
n=j
and consequently
PSU i i1 =1 t
ZA< ) = S(0) = S — Ss() (55.4)
/!

= () — 1) 1)

ti—1

= o[- w0 - 1)

By comparing powers of ¢ on both sides of (5.5.4), we see that

(1 — t);(t —1—Zan "

where each of the coefficients a,,(1) are non-negative as can easily be seen from the
Taylor expansion of

(1= )y (t) —
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Indeed, the coefficients in this Taylor series are the Cauchy product of the coefficients

obtained from the products of the geometric series for

1 1 1
1—¢ 1=-3" 1_J'<J'T+1>t’

each of which have positive coefficients. It follows, then, from comparing coefficients

on both sides of (5.5.4) that

(4)
A(PQS: ) >0 (n3>J).

To see that

pS)
N( 25 )20 (n>j),

we first notice that

j oo (4) 0 ()
t]@/)jA(t) Z Psnj m PSnj+2tn+2

2] ‘ 2n . 2n+2
n=j n=j—2

o PSY, & psY)
_ Jj+1 n+2 n+2
Y + 92j+1 ¢ +Z on+2 e

n=j

Thus .
S PS 07 o 0t PS
2 i 1= ) =
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Consequently, from (5.5.2), (5.5.3), and (5.5.6), we see that

ZN( 25; )t” (5.5.7)

oo PS(j) PS(j) PSr(Lj)

/ on+2 on+1 n
n=j
_92 ) (4) -1 j—1 ]
_ v £ Pon Jfl_gﬂ_w(t)jLth +£ (t)
2i " 2 27+l 2i " 27 277

Again, by comparing both sides of this identity, we see that

() o0
(1 —1)%;(t) + (2 - %) t—1=) a,(2t",

n=2

where each a,(2) is non-negative, as can easily be seen from the Taylor series expan-
sion of (1 —t)?y;(t). The inequality in (5.5.5) now follows. From (5.5.4) and (5.5.7),

we can generalize to see that, for each r € N,

o (9) j—r
ZN (ij ) t" = tQj (1= )r;(t) + proa ()], (5.5.8)

where p,_1(t) is a polynomial of degree < r — 1. Moreover, by comparing both sides

of (5.5.8), we see that

o0

(1= )9(1) + proa(t) = D an(r)t"

n=r

where each a,(r) > 0 since the coefficients in the Taylor expansion of (1 — ¢)"1;(¢)

are all non-negative. Consequently, it follows that

(4)
N (PS” ) >0 (n> ).

2n
This completes the proof of the theorem. [
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5.6 Positivity of the Coefficients b;(n, k)
We will see from several examples of b;(n, k) below that b;(n, k) is non-negative

for each j € N. For its proof, work still goes on.

5.7 Ezxamples of the coefficients aj(n, k) and b;(n, k)

A list of the coefficients a;(n, k)

ap(l, k) =k

a;(1,k) =4A

as(l,k) =1

ap(2, k) = k?

a1(2,k) = 32A2 + 8Ak

as(2,k) = 16A* + 48A + 2k + 24
as(2,k) = 8A + 16

as(2,k) =1

= kK3
= 256A°% 4+ 96 A%k + 12Ak>
= 512A3 + 172842 + 48 A%k + 1728 A + 144 Ak + 3k? + 576

= 48A% 4+ 432A + 3k + 864

)
)
)
) = 6443 + 864A4% + 25924 + 24 Ak + 48k + 2304
)
) =124 + 64

)
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A List of the coefficients b;(n, k)

bo(1,k) =0
bl(]_,k?) = 8

bg(l,k)) =0

bo(2,k) =0

bi(2,k) = 64A + 16k
ba(2, k) = 64A + 96
bs(2,k) = 16

ba(2,k) = 0

bo(3,k) =0

= 51242 + 192Ak + 24k?
= 2048 A% + 4608 A + 192 Ak + 288k + 2304

)
)
)
) = 384A% + 3008A + 48k + 4224
) = 1924 + 800

)

)

I
o
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CHAPTER SIX
The Legendre Type Left-Definite Theory

6.1 Introduction

In this chapter, we will study the Legendre type left-definite theory. In Section
6.2, we define, for each n € N, a vector space of functions V,, and the inner product
(+,+), on V,, xV,. This inner product is called the nt" left-definite inner product. We
denote the resulting inner product space H, = (V,, (-, -), ) and list several examples
of this space.

In Section 6.3, we make use of the CHEL (Chisholm, Everitt, and Littlejohn)
inequality to simplify the vector space V.

In Section 6.4, we will show that H, = (V,,(:,-),) is a Hilbert space in the
inner product (-,-), .

In Section 6.5., we prove that the set of complex-valued polynomials P in the
real variable x is dense in each H,,. Of course, this will immediately imply that the
Legendre type polynomials {P,, 4} form a complete orthogonal set in H,. These
facts will prove useful later in this chapter when we show that H,, is, in fact, the n*”
left-definite space associated with the pair (T, L2[—1, 1]).

In the final section of this chapter, we establish the left-definite theory associ-

ated with the pair (7', L7[—1,1]). Specifically, we determine explicitly

(a) thesequence { Hy,}, | of left-definite spaces associated with the pair (T, L2[-1,1]),

o0

(b) the sequence of left-definite self-adjoint operators {7},},_, , and their specific

domains {D (T,)},, associated with the pair (T, L?[—1,1]), and
(c) the domains D (T™) of each integral power 7™ of T.

These results culminate in Theorem 6.6.1.
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6.2 Definition of V,, (-,-), , and H, = (V,,,(+,+),,)

n’

Definition 6.2.1. For each n € N, define

Voi={f:[-1,1] = C|f € AC[-L1}; f/, f", ..., [V € AC)oc(—1,1) ;

(1—a?)U=D2f0) € [2(-1,1) (j =1,2,...,2n —1); (1 —22)"f) € [2(—1,1)}.

(6.2.1)
We will see in Section 6.3 that the space V,, simplifies into
Vo ={f:[-1,1] = C|f € AC[-1,1}; f, f", ..., [V € ACioe(—1,1) ;
(1—2?)"f e [2(~1,1)}.
(6.2.2)

Let (-,-), and |[|-||,, denote, respectively, the inner product

Z/ a; (n, k) (1= 22) +b; (n, k) (1 —2?)"" 1>f(9)( ) g9 (2) da

(6.2.3)
+ k" (f.9),
for f,g € V,, and
/ F@g@)dr+ 5f Mg+ (-Da(-1),  (624)

and the norm
A1, = (f. )%

here the numbers a; (n, k) and b; (n, k) are defined in (5.4.3) and (5.4.7) respectively.
Finally, let H,, = (V,,, (-,-),,) -

The inner product (-,-), , defined in (6.2.3), is a Sobolev inner product and
is more commonly called the Dirichlet inner product associated with the symmetric

differential expression ¢" [] given in (5.3.1) .
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We now list some examples of H,,.

1. Hy = (W4, (+,+),), where
Vi={f:[-1,1] > C|f € AC[-1,1]; f' € ACioo(—1,1) ; (1 — 2?) f" € L*(-1,1) },

and
(f,9), = g/{(l — :c2) " (x)g" (x) + (8 +4A (1 — x2)) f(x)g (x)} dx

+k(f.9),-
2. Hy = (Vs,(-,-),), where

Vo= {f:[-1,1] = C|f € AC[-L,1J; f, f, [ € ACioe(—1,1) ;

(1—a?)2f® e L*(-1,1)},

and

/E )19 (@) 9@ ()

+ ((8A +16) (1 —= ) +16 (1 — .752)2) " (x)g" (z)
+ ( (1642 + 484 + 24 + 2k) (1 — 2?)” + (644 + 96) (1 — x2)> " ()" (z)

+ ((324% + 84k) (1 — 2?) 4+ 64A 4 16k) ' () g’ (z)}dz + k> (f,9), -
3. H3 = (V5,(+,+);), where

V= {f:[-1,1] = C|f € AC[-L1]; ', f,..., /D € ACioe(~1,1) ;

(1—22)3f0 ¢ [2(—1,1)},
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and

(=5 [{0=2) £9)5° @

(024469 (1= +20(1-09)") 19 ()3 @

+ (4842 4 4324 + 3k + 864) (1 — 2)" + (19244 800) (1 - 22)°) /@) (2) g ()
+ ((64A° + 864A% + 25924 + 24 Ak + 48k + 2304) (1 — 2?)°

+ (38447 + 30084 + 48k + 4224) (1 — 2?)*) f® (2) §® (2)

+ ((5124° + 17284 + 48 A%k + 1728A + 144Ak + 3k2 + 576) (1 — 2?)’

+ (2048A% + 46084 + 192Ak + 288k +2304) (1 — 2?)) f" () §" (x)

+ ((256A°% + 96 A%k + 12AK?) (1 — 2®) + (512A% + 1924k + 24k%)) f' (z) §' (z) }dx

+E (f,9),-

We now arrive at one of the main results of this section.

Theorem 6.2.1.
1,9, = (f9), (6.2.5)

for all f,g € C?"[—1,1] of all 2n-times continuously differentiable complex-valued

functions on [—1, 1].
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Proof. Let ¢"[], (-,-),, and (-,-), be defined as in (5.3.1), (6.2.3), and (6.2.4)
respectively. Then, we want to compute the left-hand side of (6.2.5). From (5.3.1)
and (6.2.4), we have

(" [f1(x), g (x)),

_ <§: (-1 ((aj (n, k) (1= 2) + b (n,k) (1 - xz)H) o (x)>(j) ’g(w)>

m

_ @1 (=17 (a5 (. k) (1= 2%) 4 b5 (n.k) (1= 2271 ) fO) )" ’gm)

s

+ (a0 (n, k) £, 9 (2)),

2n

- (Z (17 (a5 (k) (1 =02 0,00 0) (=22 ) 19 () g <x>>

Jj=1 M

FO (@) (2),
= <Z (17 ((a () (L= 22 4 by 0By (1 =22 ) 10 (@) g <x>>

Jj=1

+E(f(2),9(2)),
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We now calculate (6.2.6): From the definition of (-,-),, , (6.2.6) becomes

Sy (- 0= ) 0 @) st o)

Zp J=1

S (e - ) ) a0 )

—1 Jj=1

+/Z (_21)j ((a (1 _ x2)j T (1 _ x2)j_1) f(j) (x))(j) () | g(-1). ()

j=1 r=—1

Where a = a; (n,k) and b = b, (n, k).
So, to compute (6.2.6), we need to compute «, [, and v respectively. Regard-

ing a, we do so through integration by parts, Let

u=g(x), dv= ((a (1- xQ)j +b(1- xQ)j_1> f (x))m dx

and
_ 2\J 20\I=1Y () (G=1)
du =7 (z)dz, v = <(a(1—x) +b(1-2?%) )fj (az))
We also need to compute v | in order to complete integration by parts. Recall
r==+1
that
D" (1-2%)" = (-1)"2"n!P, (z), (6.2.7)

where P, () is the n'* degree Legendre polynomial.
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Hence,

H(75 ) (= s a-ay ) )
AV AV A (2j—-1) .
+ —|—<a(1 m)—I—b(l x) )f (x);
Equivalently,

v = (aDj*1 (1- a:2)j +oD77 (1 - xz)j_1> 9 (x)
+ (j B 1) <aDj’2 (1- xQ)j + 0D (1 - x2)j_1> U ()

+ (j ; 1) <aDj_3 (1—a%) +bD773 (1~ x2)j71> FU2 (x)
Foet (a (1—a2) +b(1- xz)j—l) £ ()

Since D (1 —22)’ | =0if k < j, we see that from (6.2.7),
r==+1

0= b (=172 (j - Py (£1) O (£1) (G=1)

b(—1)7 127 (= DIPy (41) fD (+1)  x=1

b(—1Y I G DB (DO (1) a= -1
Since
P,(1)=1and P, (—1)=(—-1)",
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we see that

(-1 PTG - DD (+1) e =1

V=
b (j — I (~1) e= 1.
Hence, a becomes
A y ' i—1 , €)
32 (0 [ ((a =) 0 (=27 ) 19 @) g (2) da
P [ ((s0) b)) 0 )

-1

1

—/ ((a (1 — x2)j +b (1 — xQ)j_l) f9 ($>>(j_1) g (z) dx} :

-1
We now simplify

1

J((ca=ay +p0=a) 19 @)" " g (@0)da
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we note that v (+1) = 0 so that

1

/ (e = 0 (-a?) j9 @) g () dr

-1

(_1)k+1/ ((a (1 - mQ)j T (1 _ $2)j—1> f(j) ($)>(jk) g(k:) (z) da.

-1

In particular, setting k£ = j, we see that

1

[ (et so0-27) 0 0) g

-1
1

- (—1)j+1/ (a (1- x2)j +b(1- Q:Q)j_l) f9(x) gV () da.

-1
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Substituting this into « gives us

1

« zé i (—1)j/ ((a (1 — I2)j +0b (1 )] 1) o) (x)) g (x)dz

Jj=1 —1

_ (_1)j+1/ (a (1 _ l,Q)j Ty (1 . $2)j_1) f(j) (z) g(j) (z) dx} :

-1

Equivalently,

——wa LG = DY (+1) g (+1)

——Zb D271 (j = DY (-1) g (1) .

Now to calculate /3, we first need to calculate

()

((aj (n, k) (1- x2)j +bj (n,k) (1 - xQ)j_l) 9 (x))
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So,

()

ni=((a (b (1 =22 +b; () (1= 22)7) 9 (@)
= (aj (n k) (1= 2%) 4 b; (n. k) (1= x2)“)(j) F9 (@)
4 @ (ay (k) (1= 22) 4 by (k) (1= 22 ™) 000 ()
+(3) (o a2 o om -2y ) o @)

+ (aj (n,k) (1 - xQ)j +bj (n, k) (1 — :L’Q)j_l) @) (z);

Equivalently,
1= (a5 (k) D (1= 2%) + b5 (0. ) DY (1= 2% 7) 19 (0)
+ (j> (a5 (n, k) DP2 (1= 22) b5 (n, k) D2 (1= 22) 1) 042 (a)

2

T (aj (n, ) (1— )" + by (. k) (1 xz)H) FCD (1)
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Since D* (1 —22)’ | =0if k < j, we see that from (6.2.7),
r==%1

n (1) = (a (=1) 27508 (1) + b (~1P 7 27 ( = D)IP, (1)) £9 ()

b (=172 (= 1)IP_y (1) fUD (£1) (6.2.8)
and since
P =1, Pu(-1) = (-1, Phny = D,

and

n+1

Pl (1) = (=D)""n(n+ 1)’
2
so that
=3y (0 025ty 0027 = 20 1 g )

2n
3 Db R 2 G = DI (1) (1),

Likewise, from (6.2.8), we have

3D = DY (1) (<),
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Putting «, /3, and ~ together, we see that (6.2.6) becomes

2n 1

33 [ (a2 =0 (-2 ) 19 ()9 ) d

j:1_1

. > { (zja - %b) 271 (j = D9 (1) 5 (1)

7=1

— AB2TL (G — DD (1) g (1) — j27L (G — D)1 fU (1) g (1)} (©)
EINCY {(2ia- U5 0) - iy (-9 )

—Ab2T (5 = DD (=1) g (1) + 527 (G - DU (=) g (-1} (9)

We now show that the terms in 6 and ¥ are both zero. Hence, (6.2.6) simplifes to

g ’ / (aj (n,k) (1 - :L’2)j +bj(n,k) (1 - g;z)j_l) F9 (2) gD () da,

J=1"

and therefore,

(& [f1(x),g(x)), =

2n

? 2 / (a5 (k) (1= 22) b5 () (1= 22) ") SO (2) 9 (2) da

Jj=1

+E" (f(2),9(x)), = (f(2),9(2), forall f,geC*[-1,1]. 0
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Claim: The terms in 8 and ¥ are both zero.
Proof. Since by (n, k) = bay, (n, k) =0, 6 and ¥ become

2n

S ja — (72 = j+24)b — by (n, k)27 (j — DY (1) g (1) ()

j=1

and

2n

> (dja— (= j+24)b = b1 (n, k) (1)) 27 (j = DY (1) g (-1). ()

j=1
Now, we show that the term 4ja; (n,k) — (42 — j + 2A4)b; (n, k) — bj—1 (n, k) in ()
and (¢9) is zero. For simplicity, we let A\ = (k* + k)" (k*+k—2+4+4A)" and k = 0 in
both a; (n, k) and b; (n, k) so that a; (n, k) = a,;, b; (n,k) = b,; and by definition

of a,; and b, ;, we get

4ja; (n, k) — (5> — j + 24)b; (n, k) — bj_1 (n, k)

= 4ja,; — (> — j+2A),; — bnj1

i 'f+ﬂ4j 2k + 1)AD

— NG+ k+1)!

L (—1)RHH(j2 — 4 2A)(2k 4+ 1) (245 + (G + 1) (G + k2 + k) A
DI j+k:+1(j—k:).(2A+(k; DR A+ (k+1) (k+2))

k=1

A k+ﬂ4(2k+1) (245 + (j+1) (j + k2 + k) AT
j+k+1 —kNQRA+(k—1)k) A+ (k+1)(k+2)

+
=1
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When k = j, the above sum is

425 + DG +5)" (G +J —2+44)"
(2j +1)!

NG 2P )G 2444 A+ (1) (2 +57)
j+DICA+ (G- RA+(G+1)(+2)

_ 4RI+ DG+ )"0+ 2+ 44)"
(25 + 1)!

A2 A DG+ )G+ T - 2444 -+ 24) 247+ G+ 1) (2] +57))
2/ +D'CA+(G =1 2A+ (G +1) ([ +2)

_ A DGR +J—2+4A)

=0.
Hence,

djan; = (72 =+ 2A)bn; — by ja

1

”Z k+ﬂ4j 2k 4+ 1)}
NG+ Ek+1)!

k=1

[y

j_

. (=DM 2k + 1) (72 — j4+24) QA+ (F+ 1) (F + k2 + k) A7

GHE+DIG—kNQRA+ (k-1 k)2A+ (k+1)(k+2))

i

1

[y

j_

N (—1)*402k +1) 2Aj + (G + 1) (G + K>+ k) AP

GHE+DI(G—kNQRA+ (k-1 k)2A+ (k+1)(k+2))

i

1
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and this is same as,

— ’f+ﬂ4j (2k + 1A} ( j
pe NG+E+D) NG k) (+Ek+1)

B (*—J+24) A5+ (i +1)( +k* + k)
G—kJ+Ek+1D) A+ (k-1 k)2A+ (k+1)(k+2))

+

A - 1)+ j(j—1+ Kk +k) )
A+ (k—1)k) A+ (k+1)(k+2))

But

j B (P-J+24) 24+ (+ D)+ +E)
G-k U+Ek+1) (G-kG+E+1D) QA+ k-1DEk)2A+(k+1)(k+2))

24— 1)+ 7 —1+ Kk + k)
A+ (k—1)k)2A+ (k+1)(k+2))

Il
e

This completes the proof of claim. [

6.3 The CHEL Inequality and a Simplification of V,

In 1970, W. N. Everitt and R. S. Chisholm [9] published a remarkable L?— in-
equality that has proven very useful in obtaining smoothness properties of functions
in the domains of certain self-adjoint differential operators. In 1999, these authors
together with L. L. Littlejohn [10] generalized this result to the Banach spaces L?
and LY where p and ¢ are conjugate indices. Specifically, these authors proved the
following theorem:

Theorem 6.3.1 (The CHEL inequality) Suppose (a,b) is an interval, bounded or
unbounded, of the real line R and w is a real-valued, Lebesgue measurable function
1

1
with w(x) > 0 for all = € (a,b). Suppose p and ¢ are conjugate indices (- + — = 1)
P q
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satisfying p, ¢ € (1,00). In addition, suppose ¢ and 1) are complex-valued functions

defined on (a,b) that satisfy the conditions

(i) ¢ € Liy((a,b);w), ¥ € L ((a,b); w);

(77) for some ¢ € (a,b) (and hence all ¢ € (a,b)), we have ¢ € LP((a,c];w) and

¥ e L([e, b); w);
(#11) for all [, 8] C (a,b), [ ]p|" wdz > 0 and fﬁb || wdz > 0.

Define the linear operators A and B on L?((a,b);w) and L9((a,b);w), respec-

tively, by

(Ag)(z) := %0($)/ gOPQwt)dt  (x € (a,b), g € LP((a,b);w)),

and

so that

A:LP((a,b);w) — LY

loc

((a,b);w) and

B I((0,b)sw) — L ((a,b)w).
Define K : (a,b) — (0,00) by
k(@) = ([ 1o uoa) " ([ wiorwna) " e,
and the number K € (0, o] by
K = sup{K(z) | z € (a,b)}.

Then a necessary and sufficient condition that A, respectively B, is a bounded linear
operator on L?((a,b); w), respectively on Li((a,b);w), into LP((a,b);w), respectively

into L?((a,b);w), is that the number K is finite; i.e.,

K € (0,00).
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This theorem has proved to be remarkably useful in several areas of mathemat-
ics, including the spectral theory of differential operators for the past twenty years.

For example, in [10], the authors give a new proof of the classical Hardy inequality

qg—1
using the CHEL inequality. In [23], the authors apply Theorem 6.3.1 to show that,

in the case of the Legendre differential operator A in L?*(—1,1), generated by the

classical second-order Legendre differential expression

(@) = = (1 =2y (2))" (v € (-1,1))

and having the Legendre polynomials {P,}°, as eigenfunctions, every function
f € D(A) has the property that f' € L?(—1,1) so, in particular, f € AC[-1,1].
This is a newly found property of this classical domain. A special case of this theorem
is the following theorem.

Theorem 6.3.2. Let ¢ (z) and ¢ () be complex-valued Lebesgue measurable
functions with ¢ € L?[0,1) and ¢ € L2 _[0,1). Let the operators T, S : L% _[0,1) —

L2

loc

[0,1) be defined by

Tf] () = ¢ (2) /Ux@b(t)f(t) dt

and

where f € L?[0,1). A necessary and sufficient condition for both 7" and S to be

bounded operators on L?[0,1) into L?[0, 1) is that there exists a positive number K

(/0 W(t)|2f(t)dt) (/xl|g0(t)|2dt) <K,

such that

for x € [0,1].
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In this section, we apply Theorem 6.3.1 to have a simpler characterization

of the function space V,,. Recall that, for each n € N,

Vo={f:[-1,1] = C|f € AC[-1,1); fY) € ACloe(—1,1) (j = 1,2,...,2n —1);
(1 —2?)U=D2F0 e [2(~1,1) (j =1,2,...,2n — 1);

(1 —a2?)"f) ¢ L2(—1,1)}.

We now prove

Theorem 6.3.3 For each n € N,

Vo={f:[-1,1] = C| fe AC[-1,1]; fV € ACe(-1,1) (j =1,2,...,2n —1);

(1— a2 ¢ [2(—1,1)}. (6.3.1)
Proof. To prove this theorem, it suffices to show
(1—a2)"fC e L20,1) = (1 —2?)VU=D2f0) ¢ 12[0,1) (j =1,2,...,2n — 1);

a similar application of the CHEL inequality will establish these results for L?(—1,0].

Step 1: We first show that
(1—2)"f@) € [2(0,1) = (1 — 2" 1@ =D ¢ 120, 1).
Note that, since f?"1 € AC).(—1,1), we have

f(2n_1)(l’) _ f(Qn—l)(O) n /‘T f(2n)(t)dt
_ f(anl)(O) + /Ox ﬁ(l o t2)2nf(2n) (t)dt’

so that



Since f®"=Y(0)(1 — 2?)"~* € L?[0,1), it suffices to show that

(1 — 22t /0 ﬁu — 2y e (tdt € 120, 1);

we use the CHEL inequality with

olt) = (1= 2" F0) € 0.1), 0lt) = =

and
oty = (1 -2
Since

1

———— < land (14z)* %<2
Aram = and (1 + x) < :

we see that

K*(z) = </Om @2(t)dt) : (/xl¢2(t)dt>
~([ ) (L)
e ([ ) ([0-)

-] 555

= (2721”%1)2 1-(1-2)" <1

Consequently, from Theorem 6.3.1, we see that

(1— 2%t /Ox (1_;#)”(1 — )" @ (H)dt € L[0,1)

and hence that (1 — 22)"~1f»=1) ¢ [2(0,1) as required.
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Step 2: We now assume that for k =2n —1,2n —2,...,j
(1— 2?0120 1210, 1) = (1 — 22)*=2/2 =1 ¢ 120,1)
where j > 2. We now show that
(1— 2200270 ¢ 12[0,1) = (1 — 2?)U=2/2p0-1 ¢ 12[0, 1).

The proof is similar, with some minor differences, to the proof given in Step 1.

Since fU1 € AC),(—1,1), we see that

$U@) = 19790) + [ 59 0,
0

SO

(1-— x2)(jf2)/2f(jfl) — f(jfl)(())(l — x2)(jf2)/2 +(1 - 332)(3'*2)/2 /9C f(j)(t)dt
0

= fUD0)(1 — 2?)U=2/2

. @ 1 . ,
+ (1 - 1»2)(] 2)/2/0 m(l — 1)U 1)/2f(3)(t)dt.

Similar to our argument in Step 1, it suffices to prove that

: z 1 . :

Again, with

1

g(t) — (1 . t2)(J—1)/2f(J)(t)dt € LQ[O, ]_), (,O(t) = m,

and

Y(t) = (130272,
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we see that

93 —2 o
) eopapltoe -Gt it=2
(x —1)In(1 — x) ifj 49

It is evident that K?(z) is bounded on [0, 1] and this proves the theorem.

6.4 The Completeness of H, = (V,,(-,-),,)
Theorem 6.4.1. For each n € N, H,, = (V,,, (-,-),) is a Hilbert space.
Proof. Let n € N, Suppose {f.}._, is Cauchy sequence in H,. Since each of the

numbers a; (n, k) and b; (n, k) is positive for each j =1,2,...,2n — 1, we see that
aj (n, k) (1 —27) +b; (n, k)

is bounded away from 0 on (—1,1) for each j = 1,2,...,2n — 1. From the definition

of (-,-),, it follows that
=) 12y

is Cauchy in L? (—1,1). Since L? (—1,1) is complete, it follows that

2\ p(2n) |
{(=2%)" 1}
converges to a function in L? (—1,1) which can be written in the form (1 — 22)" f,, .

In other words,
1
lim (1—2%)" ‘ffnzn) () = fon (:U)}2 dr =0 (6.4.1)

m—oo J_4
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and

(1—2)" fo, € L*(—1,1). (6.4.2)

Let [a, b] be an arbitrary compact subinterval of (—1,1). Since

{(1=a?)" f2 )
also converges to
(1 —2?)" f,, in L*[a,b]

and ﬁ is bounded in [a, ], it follows that

{ f}f”)}:zl converges to f,, in L*[a, b
(see [73], p.144). By Holder’s inequality,

b b
lim 20 (z) de = / fon, (z) dz.

m—00
a

Returning to the definition of (-,-),, we see that

o0

{(1-22)"% pimn}

m=1
is also Cauchy in L? (—1,1); hence, there exists a function

2n—2

(1—2%) % gy € L*(—1,1) (6.4.3)
such that
1
lim (1- x2)2n_2 |f7(3”_1) () = Gop1 (m)|2 dx = 0. (6.4.4)

m—oo [_4

Furthermore, we can find a subsequence

2 52 pon-1)1~ 2\ 52 pn-1) 1™
(O R A S (L S 0
such that for almost all z € (—1,1),
b
: 2n—1
fim | f3D () de = gy () (6.4.5)



(see [73], p.85).

Choose ¢ € (—1,1) so that

{(2”1 }kl

converges. Define a function fs, 1 by

Jon—1(c) = hmf2" Y (c)

and for every z € (—1,1), z # ¢,

¢m4@w—/ﬁa®w+ﬁwm@

= lim

k—o0

= lim f(Q” U(z).

k—o00
Notice, by definition, that
f2n—1 € ACIOC (_17 1) .

From (6.4.6), it follows that
Jfon1 (x) = fon ()

for almost all = € (—1,1). Therefore, from (6.4.1) and (6.4.2), we have

(2n dx—i-an 1( )

(1—22)*" foo_y (x) € L2 (~1,1)

and
1

lim }f@n f2n 1

m—00 1

Comparing (6.4.5) and (6.4.6), we see that

fon—1 (%) = gon—1 ()
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almost everywhere in (—1,1). Hence, from (6.4.3),

(1- x2)¥ fono1 € L2 (—1,1) (6.4.10)
and from (6.4.4) with cg,_1 = ag,_1 (n, k) (1 — 22) + bay_1 (0, k),
1

im [ {(1 =22 con 1 [f&D (2) = fonr ()] de = 0. (6.4.11)

m—oo | 4

Since

{(1 — 2?) 2n-2 fgn,l)}oo

m=1

also converges to

2n—2

(1—2%) % fon_1 in L?[a,b],
where [a, b] is any compact subinterval of (—1,1), and

1
2n—2

(1 —a2) >
is bounded on [a, b] , it follows that

{ffn?”_l)}m:l converges to f,, ; in L? [a,b] .
By Holder’s inequality,

lim f@” V(z)de = / Fon ( (6.4.12)

m—00

Returning to the definition of (-,-),, we see that

2n-3 oo
{=a)= gy

is also a Cauchy sequence in L? (—1,1); hence, there exists a function

2n—3

(1—2%) % gono € L*(-1,1) (6.4.13)
such that
1

im [ (1=22)""7" | £ () = gon_s ()| dz = 0. (6.4.14)

m—oo J_4
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Furthermore, we can find a subsequence

2n—3 00 2n—3 e
(ORI L (e I i

such that for almost all z € (—1,1),

b
lim / 202 (1) da = gy, (1) (6.4.15)

k—oo
(see [73], p.85).

Choose ¢ € (—1,1) so that

{fv(rz?:_Q) (¢) }20:1

converges. Define a function fs, o by

Jon—2 () = khjgo fg:ﬂ) (c)

and for every z € (—1,1), z # ¢,

fons () = / ot (0t 4 fona (€)

= lim /I fg:_l) (x)dx + fon_2 ()

= lim £ (). (6.4.16)
Notice, by definition, that
Jon—2 € ACioc (=1,1). (6.4.17)

From (6.4.16), it follows that
fénf2 (':C) = f2n71 (LE)
for almost all # € (—1,1). Therefore, from (6.4.7) and (6.4.8), we have

.fén—? € AC]OC (_]-7 1) ; (6418)
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and

(1=2°)" fna(2) € L (-1,1) (6.4.19)
and from (6.4.9),
Tim. 11 (1= 22)™" [ 1O (z) = f2._, ()| dw = 0. (6.4.20)
From (6.4.10),
(1- :1:2)% fon_s € L*(—1,1) (6.4.21)
and from (6.4.11),
im [ (1= 22" con [F20 (@) = fooy (2)|" dz = 0. (6.4.22)

m—oo [ 4

Comparing (6.4.15) and (6.4.16), we see that

fon—2 (%) = gan—2 ()

almost everywhere in (—1,1). Hence, from (6.4.13),

2n—3

(1—2%) % fano€ L?(—1,1) (6.4.23)

and from (6.4.14) with ca, 2 = (agn_2 (n, k) (1 — 2%) + bap_o (n, k)),

1

im [ (1= 22" o [FO"2) () = fon o (2)| dz = 0. (6.4.24)
m—oo [ 4
Repeating above argument for each j, j = 0,1,...,2n — 3, we remark that

{fm}tm=

is a Cauchy sequence in Li [—1,1]. Since Li [—1,1] is complete, there exists a func-

tion go € L7, [~1,1] so that

(6.4.25)



and
1

m—00

As before, we can find a subsequence
{fe iz of {fim}mey
such that for almost all z € (—1,1)
lim fou, () = go ().

Define a function fy by

= i foni (@)
for every x € [—1, 1]. By definition,
fo€e AC[-1,1].
From (6.4.28),
fo(x) = fi(2)
for almost all x € (—1,1).

Comparing (6.4.25) and (6.4.27), we see that

Jo (1) =go (1),

fo(=1) = go (=1) and

fo(x) = go (x) for every x € (—1,1).
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Consequently, we obtain two sets of functions { f; }?io and {g, }3151 such that

(i)
)= fin L2 (-1,1) (j=1,...,2n—1);
L=f0 (k=1,2,....5) and (j =0,1,...,2n);
f7(n2n) - f2n n L%n (_17 1) ) fm — 4o in LZ [_17 1] and fO € L? (_17 1) ;
P —gin L2 (-1,1) (j=1,2,...,2n — 1) where
L3 (=1,1) ={f : (~1,1) = C|f is Lebesgue measurable and
L =227 f (2)] do < oo},
(ii)
fi=gjae ze(-1,1) (j=0,1,...,2n—1);
fo (1) = Jo (1) and fo (—1) = Jo (-1) and
fi(¢) = lim 9 () force (~1,1).
(iii)
£ (2) ::/ £ dt+ () we(=11), e#c (j=1,2,...,2n).
(iv)
fje ACT7H(~1,1) (j=0,1,...,2n — 1) where
ACET M (=1L, ) ={f: (=L, 1) = C|f . f,.... f®V € AC,,. (-1,1) };
fo € AC\c [—1,1].
(v)
fi(@) = fiq1(z) ae. ze(=1,1) (j=0,1,...,2n—1).
(vi)
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In particular,
@) = fin L2 (-1,1) j=1,2,...,2n —1);
(i) S — fo in L3, (~1,1);
(ili) fm — foin L2 [=1,1]; and fo €V},
Hence, we see that
| fm = folls, — 0 as m — oo.
Thus, H, is complete and, consequently, so is the proof of the theorem. [J

6.5 The Density of Polynomials in H,

In this section, we prove that the set of complex-valued polynomials P in the
real variable x is dense in each H,,. Of course, this will immediately imply that the
Legendre type polynomials {P,, 4} form a complete orthogonal set in H,. These
facts will prove useful later in this chapter when we show that H,, is, in fact, the nt"
left-definite space associated with the pair (T, L2[—1, 1]).

The proofs given in this section mimic the arguments given by Everitt, Little-
john, and Williams in [26] in the case n = 1; indeed, in [26], the authors prove that

the set P is dense in H;. We begin with establishing the following basic lemma:
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Lemma 6.5.1. If f € H,, there exists g € L?(—1,1) such that

(7) f g(t)dt = 0;

3 B Jogdt [l g(t)dt
i @n=1)(y = x € (— :
@) s = RS = U e 1)

. 2nx Lo g(x
(i) £o0() = ) + 2O (e e (1,1))
flz) =
1 9O (o) — x0) - w)du
23201 f ( O)E! 0) +fa;0 ;/02n72 Y2n—1 f_11 9152))71 dtdyl.

. dyan—2

23201 f ( 0)( 0) _ fxg; Yan—-2 [Y2n-—1 / ftl t2)n dtdy]_ dy2n72

x0

g!

Proof. Since (1 — 22)"~ 12~V and (1 — 22)" f" both belong to L?(—1,1) and

the function z — x is bounded, we see that
g(z) == (1 — 2®)" @) (z) — 2nz(1 — 22)" LD ¢ L2(—1,1).
Moreover, since L?(—1,1) C L*(—1,1), we note that

/_l (1-— x2)"_1f(2”_1)(x)dx < 0.

1

Now
(1—22)"f®(@) — 2na(1 — 2®)" " O D (@) = (1 - 2?)"f" V()
(ae. = € (—1,1)), so
g(x) = ((1 = 22" fe () € L2(-1,1).
Since f®*~ Y € AC)(—1,1), we see that for any x € (—1,1),

(1— ) fe D (z) = A+ / gt (xe (~1,1)),

xo

(6.5.1)

(6.5.2)

(6.5.3)

(6.5.4)

for some A = A(z) € C. From (6.5.4) and the fact that g € L*(—1,1), we see that

the limits

lim (1 — 22" =Y (z)

r—=+1
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exist and are finite. We claim that each of these limits is zero. It suffices to show
that

lirr%(l — 2= (g) = 0.
By way of contradiction, suppose without loss of generality that

lim(1 — 23" f@ =D (z) = ¢ > 0,

r—1

where we assume that f is real-valued. Then, for x sufficiently close to 17, say all
x € (z*,1), we have

(1 _ ZL‘Q)nf(Qn_l)({L‘) >

)

N o

so that

(1- x2)n—1f(2n—1)<x) > c

> m (z € (27, 1)).

However, this implies that

1 1 c b dx
/j1—ﬁw*ﬂ%ﬂumxz/X1—ﬁw4ﬂ%ﬂ@mx>_/ — o,

contradicting (6.5.1). Hence

lim (1 — 22"V (z) = 0. (6.5.5)

rz—=+1

Returning to (6.5.4), we now see that

A_—/}mﬁ_/%mmw (6.5.6)

Consequently,
X0 1 1
0=A—-A= / g(t)dt +/ g(t)dt = / g(t)dt,
-1 x0 —1
proving part (i) of the Lemma. Moreover, we see from (6.5.6) and (6.5.4) that
zo T T
(1=a?y @ @) = [ gwer [ gtte= [ gy
—1 x0 -1

and, hence,

(n1)(p) — L ' ve (-
FCn=1) () u_ﬁw/g@ﬁ (€ (~1,1)). (6.5.7)

-1
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Similarly, from (6.5.6), we see that

(1= a2y fen ) (g) = / gty + / gyt = — / g(t)dt

so that
-1

1
Cr(z) = ——— t)dt ~1,1)). 5.
P @) = = [ a0t (e e (1) (653)
The identities in (6.5.7) and (6.5.8) establish (ii) in the Lemma. Furthermore, from
(6.5.2) and (6.5.3), we see that

_ 2nz(1 — 22)" 1 fC =1 (2) + g(x)
(1 —a?)n

£ () (a.e. x € (—1,1)),

establishing (iii). From (ii), we see that

[ g(u)du

f(2n—2) (z) = f(2n—2) (z0) + dt

To (1 - t2)n
— f@n-2),. ) ’ ftl g(u)du
=f € . —(1 — ) It

Repeated integration of this identity establishes (iv) and completes the proof of the
Lemma 6.5.1. [J

Definition 6.5.1. For an f € H,, and a g € L*(—1,1), we write f ~ g if each of

the following conditions are satisfied:

(i) [, g(t)ydt = 0;
C [Lemdt [g(tdt

(@) F) = = O e (L)
i) Fow) = 25 g0+ LD e (<L)
() = |
S f<]’>(a;0)(x_j+°>]+ Jo Jlmee [t yl%dmyl...dyzn_2

(iv)

n— . r—x J x e ne vt u)du
25:01 f(]) (I‘O)(j—lo) _ f Y2n—-2 (Y2n-1 / %dtdyl . dan—Q-
! zo

To Jxo To
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By Lemma 6.5.1., for each f € H, there exists g € L?(—1,1) such that f ~ g.

We now prove an important partial converse of Lemma 6.5.1.:

Lemma 6.5.2. Suppose g € L?(—1,1) is such that

f g(t)dt = 0 and

(73) supp g = [-1 + &,1 — €] for some € > 0. Then, for any o € (—1,1), and

any polynomial py, o(z) of degree < 2n — 2, the following formula defines

an f € H, :
T Y2n—2 Y2n—1 ylf g
f(z) = pan—2(z) +/ / / . 1—1 ) dtd?ﬁ - dyan—2
To J X0 ods) o
(6.5.9)
T fY2n—2  fY2n—1 Y1 fl g(u)du
= pgn_g(l‘) — / / / .. t—ndtdyl e dygn_g,
z, Jxo o xo (1 - t2)
(6.5.10)
with the understanding that, when n =1,
g Ji g(wydu
f(z) + ” (1—t2 / 1—t2
where A € C is arbitrary.
Proof. Since f g(t)dt = 0, we see that
t 1
/ g(u)du = —/ g(u)du
-1 t
for all t € (—1,1). Define
t 1
u)du d
h(t) := f_l 9() = Jy 9(w)du (t e (=1,1)). (6.5.11)

(1—2)n (1 —2)n
Clearly h is continuous on (—1, 1); furthermore, since g(s) = 0 for |s| > 1—¢,

we see that h(s) = 0 for |[s]| > 1 — ¢ so, in fact, h € C[—1,1] and hence
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h € L*(—1,1). Thus, the function f(z), defined in (6.5.9) and (6.5.10), is
well-defined; in fact

feAC[-1,1]. (6.5.12)
Moreover, it is clear from (6.5.9) and (6.5.10) that
f9 e AC[-1,1] (j=0,1,...,2n—2); (6.5.13)

indeed, for j =1,2,...,2n — 2,

f(x)
Yoan—j5—2 Yan—j—3 Y1 ff g(u)d
=t [ [T [T [ R
Yan—j5—2 Y2n—j5-3 1 du
_p2n 2 / / / / f—l ( ) dtdyl dan—j—Q-
(1—2)"
Furthermore, from
n— n J 9(u)du e (1 g(u)du
fe 2)@) = (231 22 / t2 —pgiff)(x) - (tl_—ﬁ)ndt»
o
we see that
T 1
)y _ d19@du [ g(u)du ACLo(—1.1 14
f (x) - (1= 22" € ACe(—1,1). (6.5.14)
Differentiating (6.5.14), we see that
f(2n)(x) _ (1 _$2) g( )+2nw n lf g
a (1— 562)

g 2nxh(zx)
(1= * 1—a?

so that
(1 —a22)"f@(2) = g(x) + 2nz(1 — 22)" 'h(z) € L*(=1,1).  (6.5.15)
From the CHEL inequality and (6.5.15), it now follows that
(1—a2HU=D2f0 c [2(-1,1) (j=1,2,...,2n—1). (6.5.16)

Hence, from (6.5.12) - (6.5.16), we see that f € H,, as required. This com-
pletes the proof of this Lemma. [
168



The following result will prove useful near the end of this section.
Lemma 6.5.3. In addition to the hypotheses in Lemma 6.5.2., suppose g €
C(—1,1). Then f, given in (6.5.9) or (6.5.10), belongs to C*"[—1,1] for any choice
of polynomial ps,, _».
Proof. From (6.5.15), we see that

on g(x) 2nxh(x)
f( (z) = (1 —=x2)n 1— a2

e C(—1,1).

However, g(z) = h(x) = 0 for |z| > 1 — e so f®” € C[-1,1]. This implies that
feCc?*™-1,11.0

Recall that the n'" left-definite inner product (-, ), is defined by

Z/ aj (n, k) (1 — 227 +b; (n, k) (1 — 22)"1) fO(2)g¥) (2)dx

+ kn(fa g)u

Let

n

(. 0)ns = o (F)3(0) + F(-1)3(-D)

/ £(0)
(. 9hns =5 /_ (o (1) (1= by (0.8) (1= ) fO (@) o)

where j = 1,2,...,2n, so that

2n

(f7 g)n = Z (f7 g)n,J

j=1

Furthermore, let
£l o= (£ 2 (G =-1,0,1,...,2n)
7]
and let ||f|| denote the usual L? norm of f € L?(—1,1). In our next result,

we estimate

||f||n7_7 (]: _17071a72n)
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for a certain class of functions f € H,,. Specifically, we prove

Lemma 6.5.4. Suppose f € H, and suppose that there exists xy € (—1,1) such

that
flwo) = f(x0) = ... = [ (xg) = 0.
Choose g € L*(—1,1) such that f ~ g (using Lemma 6.5.1.). Then there exists

C, > 0, independent of f and g, such that

I£1,, < Cmax {|| Y|

gll} - (6.5.18)

Moreover, if ¢ is supported on [—1+¢, 1 —¢] for some € > 0, then there exists C. > 0
such that
11, < Cellgll- (6.5.19)

Proof. We begin by making a few estimates. First, since f(xg) = 0 we have for any

[ i < (/ e dt>2
<([ e dt>2 <o( [ rwra)=2irp. Ga0

where the last inequality follows from Holder’s inequality. In particular,

z e (—1,1)

f(@) =

FEDP <2 f7. (6.5.21)
Integrating both sides of (6.5.20), we obtain

117 = [ 1@ s <alr P

so that

LA <2011 (6.5.22)
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Since f’(xo) = 0, we see that for any = € (—1,1) that

/ o] < ( / £0) dt)2
([ f”(t)|dt)2 <2([ irora) =210,

from which it follows that

f(@)” =

D
More generally, since fU)(z9) =0 (j = 0,1,...,2n — 2), we see that
19N <29 (j=0,1,...,2n—2), (6.5.23)
and, after iterating, we find that
| fDf <227 | £ Y] (G=0,1,...,2n - 2). (6.5.24)
In particular, from (6.5.21), we see that
F(1)2 < 22n! Hf(2n—1)||2

and hence that

Hf”n,_l < 2(2n—1)/2kn/2 Hf(2n—1)|| ' (6525)

Furthermore, from (6.5.24), we see that
[Fllp = K2 £]] < 22014772 | om0 (6.5.26)

For 1 < j <2n — 1, we see from (6.5.24) that

1/2

s =5 ([ T 00k =22 40y () (= 227 1900)

(6.5.27)

< M; Hf(j)H < 221 Hf(znq)” ’
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where

M; : \/7 max (a; (n,k) (1 —2) +b; (n, k) (1 —2%)771).

2 zel-1,1]

Moreover,
|ummf:J§([11—x G \%mfm
- \/g(/l |2nz(1 — 2?)" 1 fO D (2 )+9($)|2d$)1/2
\/7H2nx1—m A |
< x/;;(uznx<1-—aﬁ)n—{f@“—1W\+—HgH),
and hence

£ 11,20 < Moo max{]|f

Mlgll}- (6.5.28)

Combining (6.5.25) - (6.5.28), we obtain statement (6.5.18) in the Lemma. If, in

addition, we have supp g C [-1+¢,1 —¢], then by part (ii) of Lemma 6.5.1., we see

that
t)dt
(2n— 1) _ ( ) M dt
{ ‘ 1 _ 1'2) 5”/ |g |
1 1/2 1 1/2
Sﬂkn</|ﬂﬂfﬁ> (/)Pm>
1 1
= V2M_, |lgll,
where
M. m 1
en ax D
' x€[—1+4¢,1—¢] (1 — 33'2)”
consequently
£ < VM., gl (6.5.29)

Substituting (6.5.29) into (6.5.28), we obtain (6.5.19) and this completes the proof
of the Lemma 6.5.4. [
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We prove one more fundamental lemma before the main results of this section.
Lemma 6.5.5. Let f € H,. Choose g € L*(—1,1) such that f ~ ¢g. Then there

exists sequences {f,} C Hy,, {gm} C L*(—1,1) such that

(i) fm — fin H, and g,, — g in L*(—1,1);
(i1) fn ~ Gm;

(ii) gm has support in (—1,1).

Proof. We first note that

1
N [, g(t)dt
For if
| gy
b iy =
then, by definition of f ~ g, it follows that
. 2
, [ g(t)dt 2

(1—a?)? 2| fer ()] = A—a2e = 4(17— e

where z* is sufficiently close to 1. However, integrating this last inequality over (z*, 1)
implies that (1 — 22)"~1f@"=1) ¢ [2(—1,1), contradicting the fact that f € H,.

Similarly, we see that

R g(t)dt(
RS e TR

Hence, it follows that there exists infinite sequences {a,,}, {b,,} such that
<y < ...<Qy<..., by >by> ... b, > ...

with a,, — 1 and b,, — —1 satisfying

[P g(t)dt
0]y gy
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and

I5 gtydt
a a2)1/2_>0 (m — 00)
Define
1 1
o= | [ ottt Guimsen [ gloyi

bm bm
‘/ ’ M = sgn/ g(t)dt
-1

so that a,é,, = fa g(t)dt and Byn, = f P g(t)dt.

Since f t)dt — 0 and f t)dt — 0 as m — oo, we may assume that
ay, < ap, and B, > b, for all m € N. (6.5.31)
Define, for each m € N,

m = GX[bm,am] + ng[O,am] + N X [Bm,0]5

here yg denotes the characteristic function of the set S. It is clear that the support

of g,, is contained in [b,,, a,,]. Furthermore,

1 am
/%mwzf o)t + o — 1o
_ bim

1
1 b am,
:/ g(t)dt—l—/ g(t)dt—l—/ g(t)dt
am -1 bm

- /11g(t)dt = 0.

Consequently, by Lemma 6.5.2., there exists f,, € H, such that f,, ~ g,,. Choose

xo = 0 and choose

B f9(0)a?
Pan 2(13) = Z !
j=0
in Lemma 6.5.2. so that
2n—2 (j Y2n—2 Yan—-3 1 t U du
fm(z) = f / / / e &dtd?ﬂ oo Yoo

j 5 o (=)

2n—2

1
f(g) / /y2n 2/y2n 3 y1 L/; g(u)du
= e S———dtdy; . .. dysn_o.
: 0 (1 N t2)n U1 Yon—2
0

J=
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With this choice, we see that fé{)(o) = fU0) (j =0,1,...,2n — 2) so, by Lemma

6.5.4., there exists (), > 0 such that

||f—fm||nScnma’x{”f@n_l)_ m 7||g_gm||}
Now
19 = gmll = 1|9 = 9Xbm.am] — EmX(0.0m] — M X[6m 0]
< |9 = 9Xrsam|| + [[EmXi0.0m1 || + || X 8,00

= Hg - QX[bm,am]H + ap + B
= H9X[71,bm) + 9X(am,1] H + Q + B

— 0 as m — oo since b,, — —1, a,, — 1, a,, — 0 and 3,, — 0.

We now show that Hf(Q”_l) — 2Dl 0 as m — oco. Since

lim sup Hf(2"_1) - ]‘"T(,?n_l)”2 <

bm 0
lim sup / £ D (#) — £ ()] dt + Jim sup / | £V () — fEV ) dt
! bm

m—oo J — m—0o0

+ lim sup / !f@”_l)( — fin=1) } dt
0

m—00

1
+ lim Sup/ |f(2”_1)(t) fin=1) ‘ dt, (6.5.32)

m—oo Jq

it suffices to show that each of the four terms on the right-hand side of (6.5.32) tend

to zero as m — oo. By Lemma 6.5.2.,

bm
lim sup / !f(%_l)(t) flan=1) } dt
1

bm ft gm(u)du
T 2n—1 —1Jm
= hmnfglzo /_1 1 )(t) — —(1 — ) dt
b 2
= lim sup / ‘f@”_l)(t)‘ dt since g,,(t) =0 for t € (—1,by,)
m—oo J_1

= 0 since b,, — —1.
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Similarly, we see that

m—oo Jq

1
lim Sup/ |f(2”_1)() fin=1) ‘ dt = 0.

Now

m—oo Jp,

o s [ [ g [ gn(u)du
= lim sup —
bm

1—2 (11—

0
lim sup ‘f@"_l)( — fln=y | dt

dt

m—00

dt

: O |1t (g(u) = gm(w))du|’
~fm e /bm (1 — t2)n

m—0o0

t
. /0 f_l(g(u)X[fl,bm) + g(”)X(am,l] - ng[O,am} - nmX[Bm,O})
= lim sup
bm

(1—e)n

m—00

2

dt

t
/0 S (G X (= 1,60) = T X (B 0))
bm

= lim sup -

m—00

(since X(am1(t) = X[o,am) () = 0 for t € [byy,,0])

0
lim sup !f@”_l)( — fin=1) } dt

m—o0 Jb,,

0
= lim sup /
m—0o0 Jb,,

Since |n,] < 1 and ffl X[Bum,0] (0)du < =By, for t < 0, we see that

' / " g(w)du — / ' Voo ()
< (| swr +/3m)

b
=4 ' / w)du| by definition of (3,,.

2

[ g(u)du = nn [, X0 (w)du
1=

2
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Hence,

0
lim sup / ‘f@"*l)(t) - fr(,fnfl)(t)fdt
bm

m—0o0

bm L0 ar
< 4lim sup / g(u)du ) /bm (1 _ t2>2n

m— oo -1

bim 20
< 4lim sup / g(u)du / _dt
b

m— oo -1

b 0
< 4lim sup / g(u)du| - / TEE since (1+¢)* > (1 +t)*for —1<t<0
b’UL

m— o0 —1

bm 2 1
< 4lim sup / g(u)du -{—14— }
m—oo |J—1
bm 2
o 5087
S
bnl 2
% glwydul )

< 8limrsg§o ) since . >1

= 0 by (6.5.30).

Similarly,

1
lim sup / }f@"*l)(t) - fr(,?”*l)(t)‘2 dt =0

m—00

and this completes the proof of the Lemma 6.5.5. [J
We now arrive at one of the main results of this section.
Theorem 6.5.1. For each n € N, the space C?"[—1, 1] of all 2n-times continuously
differentiable complex-valued functions on [—1, 1] is dense in H,,.
Proof. Let f € H,,. Choose g € L?*(—1,1) such that f ~ ¢g. By Lemma 6.5.5., there

exist sequences {f,} C Hy,, {gm} C L*(—1,1) such that

(i) fm — fin H, and g,, — g in L?*(—1,1);
(i2) fam ™~ Gm;
(i) supp gm C (—1,1).
Without loss of generality, we assume supp g = [—1+¢,1 — €] for some 0 < ¢ < 1.
Since C[—1,1] is dense in L?*(—1,1), there exists a sequence {g,,} € L?*(—1,1) such
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that

lgm — gl| — 0 as m — co.

Choose {6,,} such that 6; > dy > ...

m € N. Define
4
0
1
Km(x) =
r+l—¢
Om
l—ec—2x
\ om
Then,
lg — Kngl®

1

' /5 9() = Kn(@)g(@)* do + /

- [ ) - Kuw@an+ [

>0y > ..., 0, — 0, and € + 9, < 1 for all

if [z|>1—¢
if 2| <1—¢e—dn
if —1+e<ax<-14+¢e+96,

ifl—e—9,<z<1-c¢.

—14e+dm
9(2) — Kop(2)g(z)|? da
—1+e
19(x) — Ko (2)g(2)|? dz

l1—e—dm

[ late) = Kool da

= [T ) - K@t [

1+4¢

o)~ Koo do.

where we use the facts that g(z) = 0 for |x| > 1 — ¢ and g(z) — K, (z)g(x) = 0 for

|z| <1 —¢e — d,,. Moreover, since 0 < K,,(z) < 1, we see that

1+e

as m — oo since 0, — 0; similarly,

/1;;m |9(2) = Kp(2)g(2)|* dz < /

Hence we see that

llg — ngH2 — 0 as m — 0.

Moreover, since

—1+e+0m ) —14+e+0m )
[ e - Ka@g@de< [ g)fds -0

—14¢

1—e

lg(x)]> dz — 0 as m — oo.
1—e—6m

(6.5.33)

| K (g — gm)H2 <|lg— ng|2 — 0 as m — oo,
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we see that

— 0 as m — oo.

Consequently, it follows that K,,g,, — g in L'(—1,1) as m — oo and

/_1 Ko () gm () dz — /_1 g(x)de =0 (m — 00). (6.5.34)

g
+—r;
m

n(2) = Ko@) — ([ Kool (01 ) o),

Let
/1 K (2)gm(x)dz

€m = Min {5,

clearly €,, — 0 as m — oo. For each m € N, define

where
0 if |z| <ep

h(r) = Ztem §f — g <z <0

T )<z < e

|l =4/ —— (m€N), (6.5.35)

and since

we see that

/ Go(@)dz =1 (meN).

1

Furthermore, from (6.5.33), (6.5.34), and (6.5.35), we see that

Hb\m - g” < Hgm - mgmH + Hngm - 9”

1
< ‘ / ()9 (@) [l + [ Ko — g (6.5.36)
-1

— 0 asm — o0.
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Since g, is continuous and supp g, C [—1 + ¢,1 — ¢| for sufficiently large m, we
see from Lemmas 6.5.2. and 6.5.3. that there exists f,, € C*"[—1,1] such that, for

sufficiently large m, we have

In fact, from Lemmas 6.5.2. and 6.5.3., we can choose

2n—2
f(j / /y2n 2 /y2n 3 /yl f g d
(1 52) yl y2 2

1~
f(J /~ /yzn 2/y2n 3 Y1 ft
d . dyoy,_o.
0 (1 _ t2) dt Y1 - Yon—2

Since fﬁ{)(O) = f9(0) for j = 0,1,...,2n — 2, we see from Lemma 6.5.4. that there

2n—2

j=0

exists C, > 0 such that

[ fn = Fll < Cellgm = g

— 0 as m — oo by (6.5.36).

This completes the proof of the theorem. [

In [25], Everitt, Littlejohn, and William showed that in certain Sobolev spaces,
polynomials are dense. More specifically, if [a,b] is a compact interval of the real
line R, suppose y; is a positive, finite measure on the Borel subsets of [a, b] for each

j=0,1,...,N, where N € N. Define, for f, g € C™[a,b], the inner product

(Fols = [ 19" @) (6:5.3)

Observe that (-, )y induces the norm

1/2
Il = (Z [ 15 >}2duj> (F € CVla.t).

Define the space Hy/[a,b] to be the completion of C"[a, b] in the topology generated
by the norm || f]|, . In [25], the authors prove the following theorem:
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Theorem 6.5.2. The space P of all complex-valued polynomials in the real variable
x are dense in Hyl[a, b].

In our situation, the left-definite Legendre type inner product (-, -),, is a special
case of the inner product in (6.5.37). And since Theorem 6.5.1. shows that the space
H,, is the completion of C*"[a,b], we can apply Theorem 6.5.2. and conclude:
Theorem 6.5.3. For each n € N, the set of polynomials P forms a dense subset
of H,. Equivalently, the Legendre type polynomials {P,, 4}>°_, form a complete
orthogonal set in each H,,.

This theorem will be important in establishing that H,, is the n'* left-definite

space associated with the pair (7', L2[—1,1]) which we prove in the next section.

6.6 H, is the n'" Left-Definite Space

Recall the self-adjoint operator 1" in Li[—l, 1] discussed in Chapter 2 defined

by
—8Af' (1) + kf (-1) ifr=—1
Tf](x) =1 ¢[f] (x) if—1<ax<l1
8Af (1) + kf (1) ifz =1,

feDT) ={f:(-1,1) > C| fV € ACioe(-1,1) (j =0,1,,...,2n — 1);
fLelfl e L2(-1,1)},
where £ [-] is the Legendre type differential expression, defined in (5.1.1).
We are now in position to prove the main result of this thesis.
Theorem 6.6.1. For eachn € N, let V,, be given as in (6.2.1) or (6.2.2) and let (-, ),
denote the inner product defined in (6.2.3). Then, H,, = (V,, (-,-),,) is the n'" left-
definite space for the pair (T Li[—l, 1]) . Moreover, the Legendre type polynomials

{P 4} _, form a complete orthogonal set in H,, satisfying the orthogonality relation
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(1.5.2). Furthermore, define 7,, : D (1,,) C H,, — H,, by

f €D (Tn) = Vn+2,

where ¢ [-] is the Legendre type differential expression defined in (5.1.1). Then T,
is the n'" left-definite operator associated with the pair (T LZ[—l, 1]) . Also, the
Legendre type polynomials {P,, 4} °_ are eigenfunctions of 7,, and the spectrum of

T, is given by
o(T,)={m(m+1)(m*+m+4A—-2) +k|m e Ny }.

Proof. To show that H, = (V,,(-,-),) is the n' left-definite space associated with
the pair (7', L[—1,1]), we must show that the five conditions in Definition 3.2.2 are
satisfied.
(i) H, = (Va,(+,+),) is a Hilbert space:
The proof of (i) is given in Theorems 6.3.3. and 6.4.1.
(i) D(T") € Vo, C L2[-1,1]:
Let f € D(T™). Since the Legendre type polynomials {P,, 4} -_, form a complete
orthonormal set in L2[—1,1], we see that

J

pi=Y_ cm(A) Ppa— fin L2[-1,1] as (j — 00), (6.6.1)

m=0

where {¢, (A)},_, are the Fourier coefficients of f in L>[—1, 1] defined by

e (4) = (f, Pa), = /_ Py (m € No).

Since T"f € L2[—1, 1], we see that
J
Cm (A) Ppa — T"f in L2[=1,1] as (j — 00),
0

m=
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where

en (A) = (T"f \ Poa),
— (f T Poa),
— 1 (f  Poa),
= ke (4)

= ((m? +m)(m? +m +4A —2) + k)"c,, (A);
that is to say,
T"p; = i kCm (A) Ppa — T"f in L2[—1,1] as (j — 00).
m=0
Moreover, from Theorem 6.2.1., we see that

2
Ipj — pell, = (P — Prspj — D),

=(T"[pj —ps] ,pj —pr), = 0as j, 7 — oc;

that is to say, {p;}

o0
m

_o is Cauchy in H,,. Since H, is complete (see Theorem 6.4.1.),

we see that there exists
g € H,, such that p; — ¢gin H,, as (j — 00).
Furthermore, by definition of (-,-), and the fact that
ap (n, k) = k" for k > 0,

we see that
lp; = pells = K™ llp; — 2ol 5

hence,

pj—gin L2[-1,1] as (j — 00). (6.6.2)

Comparing (6.6.1) and (6.6.2), we see that f =g € H,.
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That is to say, f € V,; this completes the proof of (ii).

(iii) D (T™) is dense in H,,:

Since polynomials are contained in D (7™) and are dense in H,,,we see that D (1)
is dense in H,. Furthermore, from Theorem 6.5.3., we see that the Legendre type
polynomials { P, 4}, form a complete orthogonal set in each H,.

() (f, ), > K" (£, 1), for all f € Vi

This is clear from the definition of (-, ), , the positivity of the coefficients a; (n, k)
and b; (n, k), and the fact that ag (n, k) = k™ and by (n, k) = 0.

() (f+9), = (T, g), for f € D(T") and g € Vi

Observe that this identity is true for all f, g € P. Let f € D(T™) and g € V,,; since
polynomials are dense in both H,, and L2[—1,1] and convergence in H,, implies con-

(s} .
n

vergence in L7[—1, 1], there exist sequences of polynomials {p;} =, and {g;} . _ i

polynomials P such that, as j — oo,
p; — fin H,, T"p; —» T"f in Li[—l, 1] as (j — o),
(see the proof of (ii) of this theorem), and
¢; — g in H, and L2[-1,1].
Hence, from Theorem 6.2.1.,
= lim (p; ,q5),

j—o0

=(f.9),-

This proves (v). The rest of the proof follows immediately from Theorems 3.3.1.,
3.3.2., and 3.3.5. O
The next corollary follows immediately from Theorems 3.3.1., 6.3.3., and 6.6.1.

Remarkably, it characterizes the domain of each of the integral powers of 7.
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Corollary 6.6.1. For each n € N, the domain D (T") of the n'* power T™ of

the self-adjoint Legendre type operator T, defined in (6.6.2.), is given by

D(T") = Vo, ={f: [-1,1] = C| f € AC[-1,1]; fY) € ACc(—1,1)

(j=1,2,...,4n —1); (1 — 22> fU") ¢ L2(—-1,1)}.
In particular,

D(T) = ‘/2 = {f : [_17 1} — C | f € AC[_L 1]7 f/7 f”7fm € AC]OC(_17 1) )
(1—2?)2fW e L*(—1,1)}.
This is a new characterization of D (T') and does not include any boundary con-
ditions. From Theorems 3.3.2. and 6.6.1., it follows that the domain of the first
left-definite operator T} is given by
D<T1) = ‘/E’) = {f : [_17 1] — C | f € AC[_lv 1];f/7f”7 s 7f(5) € AC]OC(_17 ]-) )

(1—2?)3f® ¢ L2(—1,1)}.
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