ABSTRACT

Adding Machines
Leslie Braziel Jones, Ph.D.
Advisor: Brian E. Raines, D.Phil.

We explore the endpoint structure of the inverse limit space of unimodal maps
such that the restriction of the map to the w-limit set of the critical point is topolog-
ically conjugate to an adding machine. These maps fall into the infinitely renormal-
izable unimodal family or the family of strange adding machines. A unimodal map,
f, is renormalizable if there exists a restrictive interval J in its domain of period
n such that J contains the critical point and f™ : J — J is a unimodal map. If
the renomalization process can be repeated infinitely often, we have an infinitely
renormalizable map. Strange adding machines, however, are not renormalizable,
and understanding the dynamical differences in these two families of maps is one of
our goals. We give a characterization of the kneading sequence structure for these
strange adding machines, and use this characterization to provide an example of a
strange adding machine for which the set of folding points and the set of endpoints
are not equal in the inverse limit space. We show that in the case of infinitely renor-
malizable maps, these two sets will always coincide. We extend our endpoint result

by considering maps on finite graphs.
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CHAPTER ONE

Introduction

Adding machines are well-understood dynamical systems defined as follows;

see [13], [28].

Definition 1.1. Let aw = (py, pa, . .. ), where each p; is an integer greater than or equal
to 2. Let A, denote the set of all sequences (z1, xs, ...) where z; € {0,1,...,p;— 1}

for each 7, with the product topology. Define addition on A, as follows:

(I’l,l’g,...)—i-(yl,yg,...): (21722,...>

where z; = 1 +y; mod p1, 20 = o+ Yo+t mod po, ..., 2 = x; +y; + i1
mod p;,.... Wesett; =0ifx1+y; <prandty =1if 1 +y; > p1, and t; = 0 if
ity +tio1 <pandt; =1if x; +y; +t;_1 > p;. This is addition with carry. We
define f, : A, — A, by

fa(l’17m27‘--): ($1,I2,...)+(1,0,0,...)

with the addition operation above, and refer to the map f, as an adding machine

map.

We are interested in unimodal maps with the property that the function re-
stricted to the w-limit set of the critical point is topologically conjugate to an adding
machine. For many years, adding machine dynamics were assumed to be a hallmark
of infinite renormalization [23, p.236]. An example of an infinitely renormalizable
map is the Feigenbaum map; see p.10, p.39. Its restriction to the w-limit set of
the critical point is topologically conjugate to the dyadic adding machine. In 2005,
Block, Keesling and Misiurewicz discovered the existence of adding machine maps in
non-renormalizable unimodal maps, which include the tent family [13]. They named
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these maps strange adding machines. Our quest began as a search for the answer to
the following question posed by James Keesling:
Is it the case that for a unimodal map, f, with critical point,

¢, such that f|, ) is topologically conjugate to an adding machine,
the endpoints in the inverse limit space of {I, f} will be equal to

lim{e(c), flu )} ?

The set lim{w(c), flu(} is often called the set of folding points because at each
of these points, the inverse limit space is not homeomorphic to the product of a
zero-dimensional set and an arc [25]. We show that the conjecture is true for all
infinitely renormalizable maps (Theorem 39), and give a counterexample in the non-
renormalizable case, p.51. Henk Bruin asked if this counterexample provided a map
for which the set of endpoints is not closed in the inverse limit space. We answered
his question through not only this specific example but with a necessary condition
for the set of endpoints to be equal to the set of folding points in the inverse limit
space of a tent map (Theorem 3.1). In our investigation, we developed a bigger
result than expected. We completely characterize the kneading sequence structure of
these newly discovered strange adding machines; (Theorems 2.3 and 2.4). With this
characterization, we can construct kneading sequences of strange adding machines
and investigate their behavior. Following ideas discussed in [19], and conditions set
forth in [17], we use our techniques to construct the kneading sequence of a strange
adding machine for which w(c) is a wild attractor: a metric attractor which is not
a topological attractor [30]. Wild attractors were shown to exist in unimodal maps

on the interval by Bruin, Keller, Nowicki, and van Strien [20]; see also [14], [15].



We conjecture:

Given any sequence, o = (p1,pa,...), where each p; is an inte-

ger greater than or equal to two, there exists a non-renormalizable

unimodal map, f, such that f|, ) is topologically conjugate to the

adding machine f,.
The familiarity of the mathematical community with the Feigenbaum map prompted
curiosity as to whether or not a dyadic strange adding machine existed. The dyadic
kneading sequence is potentially the most difficult to write because of the limited
size of the building blocks and our need to have enough changes in the structure to
prevent a renomalizable map. We were able to construct one; the existence of which
is encouraging with respect to the validity of our conjecture. Our current work is on
tiling spaces [1], [9], [32]. Substitution tilings of constant length are essentially r-adic
adding machines. The maximal equicontinuous factor of the Prouhet-Thue-Morse
substitution, for example, is the dyadic adding machine [24, Chp. 5]. Marcy Barge
posed the following question:

Does every pure, primitive, aperiodic substitution of constant

length have an asymptotic cycle?
This question has implications for the Pisot conjecture which has been open for some
time [2], [8], [10]. We prove a special case of this conjecture (Theorem 5.2). We
found a counterexample to his conjecture in the general case. We are investigating
proximal cycles and their usefulness in place of asymptotic cycles, [5], [6]. In Chapter
2 we give a characterization of the kneading sequence structure for strange adding
machines, and provide an example. In Chapter 3 we show that Keesling’s conjecture
holds for infinitely renormalizable maps. We also give a necessary condition for the
set of endpoints to be equal to the set of folding points in the inverse limit space of
a tent map on the interval. We extend our results on Keesling’s conjecture in the

infinitely renormalizable case to maps on graphs (Theorem 3.1). This requires an



extension of a Barge and Martin result, [11, Theorem 2.9], that recurrence of zero
or one for a unimodal map implies the existence of an endpoint in the inverse limit
space, from the interval to finite graphs (Proposition 3.6). In Chapter 4 we give
the counterexample to Keesling’s conjecture, and answer Bruin’s question about the
existence of a unimodal map for which the set of endpoints in the inverse limit space
is not closed. In Chapter 5 we give our results which support Barge’s Conjecture in
the special case of a substitution for which the cardinality of the alphabet and the

column height are the same.



CHAPTER TWO

Kneading Sequence Structure of Strange Adding Machines

In this chapter we give the complete characterization of the kneading sequence
structure of strange adding machines. The starting point for our research on strange
adding machines is a study of infinitely renormalizable maps. The kneading sequence
of the Feigenbaum map, see p.10, is discussed in [16]. This sequence can be written
as an infinite concatenation of a finite collection of words of length 27 for all j € N.
In fact, for each j € N, there are exactly two words of length 2/ which comprise the
kneading sequence, W and W, where W agrees with W in every position but the
last. One of these words appears in every 2/n'" position of the kneading sequence
for n > 0. There is a specific pattern to the concatenation which is created by the
cyclic nature of the adding machine.

For the family of strange adding machines, it is natural to expect a similar
kneading sequence structure. However, because strange adding machines are not
renormalizable, the kneading sequence cannot admit a breakdown as above. We
still have sets consisting of a finite collection of words whose concatenation comprise
the kneading sequence, but our collections are more interesting in that each one
must contain two words that disagree in a position other than their last. The
difference in infinitely renormalizable maps with embedded adding machines and
strange adding machines can be seen not only in the kneading sequence structure,
but in the dynamics of the map restricted to the w-limit set of the critical point.
We consider both in the exploration that follows. The main results of this chapter
are Theorem 2.3 and Theorem 2.4, which specify the requirements for a kneading

sequence to be that of a strange adding machine.



We use symbolic dynamics and begin with some basic definitions, see [4], [16],

[21], [26] and [33]. We use I to represent the unit interval.

Definition 2.1. A continuous map f : I — [ is unimodal if there exists ¢ € (0,1)

such that f is strictly increasing on [0, ¢] and strictly decreasing on [c, 1].

Definition 2.2. Let a € [1,2]. The map T, : I — I such that T,(z) = ax for z € [0, 5]

and T,(z) = a(1 — z) for z € [3,1] is the symmetric tent map with slope a.

Definition 2.3. [16, Definition 3.2.1] Let (E,p) be a compact metric space and f :
E — FE be continuous. For z € E, we define the w-limit set of x under the map f
as: w(x, f) =w(z) ={y € E | there exists ny < ny < ... with f™(z) — y}. We

call x recurrent provided z € w(z).

Definition 2.4. A finite word, W, is an element of {0,%,1}" for some n € N. An

infinite word, W, is an element of {0, *, 1}°°.

Definition 2.5. Let f : I — I be unimodal with critical point ¢. The itinerary of
a point x € [ under f, which we label Z, is a sequence bybibs ... where b; = 0 if

fi(z) < by =1if fi(z) > ¢, and b; = * if fi(z) = c.

Definition 2.6. Let f : I — I be a unimodal map with critical point ¢. The kneading

sequence of f is the itinerary of f(c).

Definition 2.7. A sequence S is renormalizable if S = WbyWbiWhy ... or
WboWhy ... W for some word W and sequence B = bgb1by... or B = bgby ... b,_1,

such that W and B are nonempty strings of 0’s and 1’s.
Definition 2.8. Let & = s¢s182.... Define 0(Z) = 5152 . .., and call o the shift map.

Definition 2.9. Let f: I — I be a unimodal map with critical point ¢. Let v and w
be two elements of I, with itineraries © and w, such that v # w. Let p be the first

position where v and @ disagree, with symbols v, and w, in position p of ¥ and w
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respectively. Define the parity-lezicographical ordering as 0 < % < 1 if the number of
1’s preceeding v, is even and 1 < * < 0 if the number of 1’s preceeding v, is odd. If
under the parity-lexicographical ordering, v, < w,, then v is below w, and we write
U< w.

Definition 2.10. We say that a sequence K is shift-mazimal if o™(K) < K for all

n € N.

If K is an infinite sequence such that K is shift-maximal, 101*° < K, and K
is not renormalizable, then K is the kneading sequence of a tent map [21, Lemma

3.1.6).

Definition 2.11. Given a word W = wjws...w, such that w, # %, let W —1 =

Wiwsy . . wy_y, let W = wywsy ... (1 —wy), and let |[W] be n.
Lemmas 2.1 and 2.2 follow from [25, Lemma 2.2].

Lemma 2.1. Let f : I — I be a tent map. Let x € I such that f™(x) # ¢ for all
n > 0, and let € > 0. Then there exists an initial segment of ©, W, such that if

y € I and g begins with W, then y € B.(x).

Lemma 2.2. Let f : [ — I be a tent map. Let x € I such that f"(x) = ¢ for some
n >0, and let € > 0. Then there exists an initial segment of &, W x V', such that if

y € I and § begins with WOV or W1V | then y € B.(z).

Definition 2.12. We say a collection of sets C' = {C;}ien refines a collection D =
{D;}ien provided for every j € N, with C; € C, there is a k; € N with Dy, € D such

that Dy, contains the closure of Cj.

Definition 2.13. Let f: X — X and g : Y — Y be given. We say that f and g are
topologically conjugate provided there is a homeomorphism A : X — Y such that

hof=goh.



Theorem 2.1. [13, Theorem 1.1] Let o« = (p1,pa,...) be a sequence of integers with
p; > 2 for each i. Let j; =py-po----- p; for each i. Let f: X — X be a continuous
map of a compact metric space X. Then f is topologically conjugate to the adding

machine fo if and only if the following conditions hold.

(1) For each positive integer i, there exists a cover P; of X consisting of j;

pairwise disjoint, nonempty, clopen sets which are cyclically permuted by f.
(2) For each positive i, P;y1 refines P;.

(3) If mesh(P;) denotes the maximum diameter of an element of the cover P;,

then mesh(P;) — 0 as i — oo.
Nb: It is known that f, as described in Theorem 2.1, is a homeomorphism on X.

Definition 2.14. The point x € X is said to be regularly recurrent if for every neigh-

borhood V' of x, there is a positive integer n such that for every non-negative integer

k, ffr(z) e V.

Definition 2.14 in conjunction with Lemmas 2.1 and 2.2 establish Lemmas 2.3

and 2.4.

Lemma 2.3. Let f: I — I be a tent map, and let © € I such that f*(x) # c for all
n > 0. If for every initial word of , there exists a positive integer n such that for

every non-negative integer k, o*™(x) begins with W, then x is reqularly recurrent.

Lemma 2.4. Let f : I — I be a tent map, and let x € I such that f"(x) = ¢ for some
n > 0. Let W=V be an initial segment of T. If there exists a positive integer n such
that for every non-negative integer k, o*"(Z) begins with WOV or W1V, then x is

reqularly recurrent.

Definition 2.15. [16, Definition 3.5.7] Let f : E — E be a continuous map of a
compact metric space. We say F C FE is minimal provided F # (), F is closed,

f(F) C F, and no proper subset of F' has these three properties.
8



Theorem 2.2. [12, Corollary 2.5] Let f : X — X be a continuous map of a compact
Hausdorff space to itself. There is a sequence o of prime numbers such that f is
topologically conjugate to the adding machine map f, if and only if X is an infinite

manimal set for f and each point of X s reqularly recurrent.

We developed the following definition to describe the general structure of the
kneading sequence of a unimodal map for which the restriction of the map to the

w-limit set of the critical point is topologically conjugate to an adding machine.

Definition 2.16. Let K be an infinite sequence of 0’s and 1’s. Suppose K admits the

following decomposition into finite words:
(1) There exists a set of words {V{',...,V;!} such that
1yl il 1 1yl il 1 1yl Tl 1
K - Wl,1W1,2W1,3 e letl W2’1W272W273 e WQ,tl N Wl,l‘/I/’L,QI/‘/Z,-g e M/’i,t1 e

where W, = V! forj € {1,...,t;},and W, € {V}, V! for j € {1,...,1:},

and k£ > 1.

(2) Let m € N. Suppose we have a collection of words {V;"',...,V/""!} and
Wit oWyt Wt e such that Wt = VP for j e {1, b}

and W,Tj_l e{v/", ij—1} for j € {1,...,t,—1} and k > 1. There exists a

set of words {V{™,...,V/"}, such that

m m—1 m—1
‘/1 - 171 e 1,tm,1
m __ m—1 m—1
‘/2 - 2.1 e 2tm—1
m m—1 m—1
tm tm,l e tnutmfl



_ m m m m m m m m m m m m
K =WWwiawily . Wi, WyiWasWaols o Woh o WWSW W

where W™

17j

{1,...,tn}, and k > 1.

=V, for j € {1,....tn}, and W € {V/",Vi"} for j €

We call such a collection of words a building block scheme and refer to the

finite collection of words, {V{™,...,V;"} as the level m building blocks.

Notice that if K has a building block scheme as above then in position 1 4+
(n — 1)[VyVy ... V7| we will have V{ or V7, for all n € N, which we label W}, . In
position 1+ V7| + (n — 1)|Vy'Vy ... V| we will have V3 or Vy, for all n € N, which
we label W ,. In position 1+ [VyVy ... V] |+ (n = 1)[V7'Vy ... V]| we will have V;
or Vi, for i < t,, and all n € N, which we label W

An example of a kneading sequence with a building block scheme is the in-
finitely renormalizable Feigenbaum map. We describe this map here. An initial
segment of this sequence is 1011 1010 1011 1011 1011 1010 1011 1010 1011
1010 1011 1011 1011 1010 1011 1011. There are an infinite number of ways to
define a building block scheme for this sequence. One such scheme is to let the word
1011 1010 be the only building block on each level. Another scheme is as follows:
For level one, we set

V11 = W11,1 =1
V21 = W11,2 =0

For level two, we set

‘/12 - W12,1 - W11,1W11,2 =10
V22 - W12,2 - W11,1W11,2 =11
For level three, we set
Ve =W = Wi Wi, =1011
Ve =W, = Wi WE, = 1010
10



And for level i, we set
Vi =W, = Wi Wi
Vi = W, = W
We are interested in adding machines embedded in tent maps which cannot have

such simple kneading sequence structures. The following proposition and remark

allow us to consider only tent maps with slope greater than v/2.
Proposition 2.1. [16, Proposition 3.4.26]
(1) Each symmetric tent map T, with a € (1,+/2] is renormalizable.

(2) If V2 < a™ < 2 for some m € {2,22,23 ...}, then the symmetric tent map

T, is m times renormalizable, m < oo.
(38) A symmetric tent map T, with a € (v/2,2] is not renormalizable.

[16, Remark 3.3.7] For each b € (1, /2] there exists a n; € {2,4,8,16,...}, an
interval .J, containing the critical point, and a unique a € [v/2,2] such that 7;*|J;
is topologically conjugate to T,. We therefore restrict our attention to tent maps

which are not renormalizable.

2.1 Main Theorems
Definition 2.17. [16, Definition 3.4.12] We say a unimodal map f with critical point

¢ is locally eventually onto provided that for every e > 0 there exists M € N such

that, if U is an inverval with |U| > € and if n > M, then f*(U) = [f*(c), f(c)].

Tent maps are locally eventually onto, which in conjunction with Theorem 2.1,
(1), made the discovery of strange adding machines unexpected. Lemma 2.5 tells us
that more than one element of each cover, as described in Theorem 2.1, of w(c) will
contain c in its convex hull. This means the convex hull of our sets will fold more

than once in a cycle, compensating for the stretching inherent to the map.

11



Definition 2.18. Let A C [0, 1]. The convez hull of A, conv(A), is given by conv(A) =
[inf(A), sup(A)].

Lemma 2.5. Let o = (p1,p2,...) be a sequence of integers with p; > 2 for each i.
Let j; =p1-py----- p; for each i. Let f: I — I, be a tent map with critical point c,
such that f|.) is topologically conjugate to the adding machine fo. Let {P;}icn be

the covers of w(c) described below.

(1) For each positive integer i, there exists a cover P; of w(c) consisting of j;

pairwise disjoint, nonempty, clopen sets which are cyclically permuted by f.
(2) For each positive i, P;y1 refines P;.
(3) mesh(P;)— 0 as i — oo.

Then for every j € N, P; has more than one element that contains c in its

convex hull.

Proof. Choose j € N. Suppose that P; has only one element containing c in its
convex hull, and call this element P/. By [13, Proposition 1.3], ¢ € w(c), and
therefore ¢ € P?. By (1), P’ has a finite orbit, say {P?, f(P?),..., f'(P?)}, where
t = |P;| — 1. This means that f'*'(PJ) = P/, and none of the elements of the
set {f(P?),..., fY(P?)} contains ¢ in its convex hull. It is also true that f(c) =
1 € f(P?). So the first word of K of length ¢, which we will call W, is determined
by the position of the elements of {f(P7),..., f{(P?)} relative to ¢, as all of the
points for a particular element of the set will lie on the same side of ¢. The symbol
of K in position ¢t + 1 will be determined by ff(1). All of the elements of P/ are
cyclically permuted and follow the same path as before. So K will have the structure,
WboWb,Wh, ..., where b; is determined by the position of f&+Di(1) § > 0. This
means that we have a kneading sequence which is renormalizable contradicting the
definition of f. O
12



We now give the first of our two main theorems, providing one direction of our

strange adding machine characterization.

Theorem 2.3. If f : [ — I is a tent map, with critical point ¢, and there exists a
sequence « of prime numbers such that fl.) is topologically conjugate to the adding

machine f., then the kneading sequence of f, K, will have the following properties:
(1) K has a building block scheme.

(2) For each level, the set of building blocks contains at least two elements which

differ in a position other than the last.

Proof. We begin with the proof of (1).

Every cover in {P;}ien has a finite number of elements and therefore a finite
number of elements that contain ¢ in their convex hulls. We will label the unique
element of P; that contains ¢, P/ . We choose PJ to be the first element in the orbit
of P/ mnot equal to P/ that contains ¢ in its convex hull. We choose PJ, to be the
first element in the orbit of PJ not equal to P/, that contains ¢ in its convex hull. We
continue this process, obtaining the set of elements {FP7 ..., Pgtj}. Note that the
first element in the orbit of Pgtj not equal to Pg'tj that contains ¢ in its convex hull is
PJ . We also choose integers m;; such that f™(P) = P foriec {1,...,t; —1},
and f"7% (Pg;j) =P/

Choose j; = j, minimal, so that m;, > 2 fori € {1,...,¢;}. This is possible by
(3) of Theorem 2.1. Consider the elements {P?, f(PZ),..., f™1~1(P!)} of the orbit
of P/ . Note that f™1(P/) = P/ none of the elements of { f(P7),..., f™1~1(P!)}
contains ¢ in its convex hull, and 1 € f(P?). So the first word of K of length m;; —1,
is determined by the position of the elements of {f(P7),..., f™*~1(PJ)} relative
to ¢, as all of the points for a particular element of the set will lie on the same side
of ¢. The symbol of K in position m;; will be determined by f™1~(1). We will
call this initial word of K of length m; 1, Vi

13



We now follow the orbit of P/, as it contains f™*~(1). Note that f™2(P) =
P/ and none of the elements of {f(P2),..., f™271(PJ)} contains ¢ in its convex
hull. We are therefore able to determine the m;» — 1 symbols of K that follow V!,
by the position of the elements of {f(P7),..., f™=2"1(PJ)}. The symbol of K in
position m;; + m;» will be determined by f™2(f™171(1)). We will call this word
of K of length m;s, V3'. We have now established that the first segment of K is
Vivy.

We continue this process for {Pg;, e ,PCJ;J_ }, naming the words determined by
the paths of these elements, {V4',...,V,'} respectively. The initial segment of K
is VIV Vg We will also refer to this initial segment of K using the notation
W W, .. Witj.

frontme TG (P) = PJ. Thus the word following V'V ... V! as it ap-
pears as the initial segment of K will be either V/! or f/ll, as the first m;; —1 symbols
will be V}! — 1 as when we followed P’ before, and the last symbol is determined
by the position of fmat(fmsrtmi2t+mig=1(1))  We will call this element Wy,

Continuing this process, we see that
_ il vl vl 1 1 171 1/l 1 1171 17l 1
K =W Wi ,Wi,... Wuj Wy Wy oWos. .. Wz,tj W Wi Wi Ww e

where W/, =V, forn € {1,...,t;}, and Wklm € {an,f/nl} for n € {1,...,t;}, and
kE>1.

For the m' step in our process we assume that the covers {P;, } for i < m have
been chosen. We choose j,,,, minimal, so that each element of P; , containing c in its
convex hull will be contained in P/»~'. We will label the elements of P;,, that lie in
Pim-1, Pji”, o Pj:m }, ordered as before. The elements of the set {Pj;”, o Pj:;m }

establish the level m building blocks of K.

14



where WY, = V" forn € {1,...,s;,}, and W[} € {vim vmY forn e {1,...,s;,},
and k > 1.
We see that the pattern of K satisfies the definition of a building block scheme.
To prove item (2), we revisit the logic of Lemma 2.5. If for some level, K
has only one building block, W, or only the building blocks, W, W, then K =
(W = 1)bg(W — 1)by (W — 1)by ... which contradicts the assumptions that f is not

renormalizable and c¢ is not periodic.

[]

We now establish another description of K which will be useful in the proofs
that follow in addition to the building block structure, where K is as described in
Theorem 2.3. We consider the level m building blocks of K, where m > 1. All of
the building blocks of level m are the same length, say «. Recall that the elements
of Pj,, that lie in P/~ are {Pj{”, . ,Pj:;m }. The subset of this set for which ¢ is
contained in the convex hull of each element we will label {chlm, . ,Pg't’;m }, where

c e P = Pfg“. If there exists k € {2,...,s;,} such that PC{: # Plm for any

Jj€A{2,...,¢,,}, then Pj:l does not contain ¢ in its convex hull. Therefore, all of
its elements lie below or all lie above c. This means that W[ | = V" | for every

t e N.

On the other hand, the word established by the orbit of P/ as it travels to
Pl will be V*Vy™ .. V" for some 1 < ny < sj,,, and W) may be V" or ‘A/nrf The
strict inequality follows from Lemma 2.5. The length of V"V;™. . V™ is an;. We
call these blocks established by {Pglm, e Pg‘;;m} level m change blocks, and we label
them Q7. All of the blocks on level one are change blocks. There are ¢;, change

blocks for level m. If the length of @} is an;, then as;,, = a(ng +---+ny, ).
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QrQy..Qr =V{Vih LVt s

Sjm’

We may alternately express K in terms of the level m change blocks.

K=QrQy.. Q0 QumQy,...Qu .. .QnQn...Qn

where Q" € {Q}, Qm} for n € {1,...,t;.}, and k > 1. We will see in Lemma 2.7
that for all i € {1,...,t;,}, Q" will appear in position 1 + a(ny + --- + n;_y) +
tas;,, for some t € N, and therefore it will appear infinitely often.

A more detailed description of the level m building block structure of K is as

follows:

_ m m m m m m m m m m m m
K =WWiaWis . Wi, WoiWoaWas .o Wo o WITWL W . W

1,8jm .o

where W7, = Vi, for n € {1,...,s;,}. If Pi" = PJm for some n € {2,...,s;,},
q € {2,...,t,}, then W | € {vm, Vm Y. otherwise, Wi =V, k> 1

Recall that Pfl:” = Pgl’n. By Lemma 2.6, which follows, W,ggjm e {vm ym

Sjim ’ Sjim

Definition 2.19. If Q7" is a level m change block of K, K has t;, change blocks on
level m, and the last symbol of Q! sits in position § with o = |Q7". .. Q?;m\, then

we call 3 4+ na a change position of K on level m for n > 0.

The structure of K described in Theorem 2.3 tells us that if we choose a
building block level, say p, then every building block of level p + 2 will begin with
VP or VP Since there are at least two distinct building blocks on each level,
both VZ™ and V™ will begin with V. This means that every building block of
level p 4+ 2 will begin with V. The same is true for level p + 2 change blocks and
the word Q.

Lemma 2.6. Let f : I — I be a tent map with critical point ¢ such that there exists

a sequence o of prime numbers with f|.) topologically conjugate to the adding
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machine fo. Let {P}, }ien be the covers of w(c) chosen from {P;}ien that satisfy the

following:
(1) Choose j; € N.

(2) Form > 1, j,, is minimal such that each element of P;,, containing c in its

which

conver hull will be contained in Pglm—l, the unique element of P;

m—1

contains c.

Then for every i € N, ng will contain elements on both sides of c.

Proof. Suppose there exists an m € N such that Pg{”, the unique element of P,
that contains ¢, does not contain elements on both sides of ¢. Then all elements

of chlm other than ¢ are either below ¢ or above ¢, and for all £k € N, W,:’fsj =

V., the last building block on level jn. So for level m 4 1 all of the building
blocks {V;" ... ,V;J”tll} will end in V" . and therefore W,;”’;“l = V"t for t €

{1...s;,,,} and all k € N. This forces level m + 2 to have only one building block

contradicting Theorem 2.3, (2).
[

We now use Lemma 2.6 and the adding machine dynamics outlined in Theorem
2.1 to provide additional information about the kneading sequence structure of a

strange adding machine.

Lemma 2.7. Let f : I — I be a tent map with critical point ¢ such that there
exists a sequence o of prime numbers with fl.() topologically conjugate to the adding
machine f,. Let K be the kneading sequence of f. If Q' is a change block of K,
then Q7 will appear in position 1 + |QTQT ... Q" | + t|QTQw . .. i | for some

t € N, where t;, is the total number of change blocks on level m.

Proof. Let j,, € N such that P;, € {P;}ien, and jy, is chosen as in Lemma 2.6. Let
the elements of P;,, that contain points on both sides of ¢ be { P/, ..., P } where
Im
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¢ € Plm. The change words associated with these elements are {Q7",..., Q" }. Let
n€{2,...,t;,}. Consider P)". Let ¢; be the infimum of P/, and e, the supremum.

Let a = |Q7"...QF |and 3= Q7 ...Q5" ]

Since the elements of the cover P;,. are cyclically permuted, fo++(Pim) = pim
for all £ > 0.

There exists a refinement of P;,_, P;,, where j, is chosen as in Lemma 2.6 and
e, e, are in different elements of P;,. Such a refinement exists by (3) of Theorem 2.1.
Let PJs and PJs be those elements respectively, and let ¢ € PJs. Then f"(PJ;) = PJ:
and fUr(PJ*) = PJ* where v; = § + ki, v, = 3 + koo for some ky, ks > 0 such that
k1 # ko. This means that Q" ; and Qf_l will appear in K.

For the case that n = 1, we let 8 =0, and n—1 be t;,,. That Q7] has elements
e; and e, such that e; # e, # ¢ is shown in Lemma 2.6.

]

If W is an initial word of K, and the word W appears somewhere in K, then
there exists an n € N such that ¢"(K) begins with . The requirement that a
kneading sequence, K, be shift maximal tells us that ¢™(K) must be below K with
respect to the parity-lexicographical ordering. Consequently, by Lemma 2.7, the
change blocks of K which are initial words of K, {Q};cn, have odd parity; see
Lemma 2.15.

We now prove the converse of Theorem 2.3, and complete our characterization
of the kneading sequence structure for strange adding machines. We begin with a

fact about finite words.

Proposition 2.2. If we have a word, W, such that W = V*, the k-fold concatenation
of V, k> 1, and 'V is the shortest such word, then V' only begins in positions 1+t|V|,

t € N, with 1 being the first position of W.
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Proof. Suppose V begins in a position other than 1+ ¢|V] in V*. We will call this
position s, where s is minimal. There exists a word, V', that appears in positions 1
through s — 1, |V’| < |V/|. Since V' begins in positions 1 and s, there is a copy of V'
in positions s through 2(s — 1). If |[V| > 2|V’|, then V begins with V'V’. We may
continue this process until we have written V' in the form V"B, |B| < |[V'|, a > 1.
Since V begins in position s and W = V¥, where k& > 1, the last s — 1 symbols of this
second occurrence of V' in W will overlap the first s — 1 symbols of the occurrence of
V beginning in position |V| 4 1. This means that the last word of V' is the first s — 1
symbols of V| which is V', In other words, the copy of V' beginning in position s is
shifted forward in the string V* by s — 1 symbols and V therefore begins and ends
with the word V. Using the technique above, we see that if |V| > 2|V’|, V will end
in two copies of V’. Continuing this process we have V' = AV’® where |A| = |B].
So V= AV =V"B. Since |A| < |V'|, V! = AD where D is not the empty word.
Consider the first V in W. V = V"B = V'V'e=UB_ (If a = 1, then V'(®7V is the
empty word.) Beginning in position s = [V’|+ 1 we have a copy of V' = V"B which
has V@Y B in positions s through |[V|. So V = V"B = V@Y BV’ since a new
copy of V begins in position |V|+ 1 with initial word V’. Since |B| < |V’|, V' = BE
for some word E. Further, V! = AD = BFE with |A| = |B| giving us A = B. Now
since V' = AV' the word in position |A|+1 through |V is V'*. The word in position
V| + 1 through |V| + |A| is A since it is the beginning word of V. So starting in
position |A| + 1 we have V*A = V'*B = V. Recall that |A| < |V'| = s — 1, making
|A] +1 < s — 1 which contradicts our choice of s as the minimal position where V'
begins prior to |[V|+ 1 in W.

O]

In the lemmas that follow we prove that for a tent map, f, with critical point,
¢, and kneading sequence, K, satisfying the conditions of Theorem 2.3, w(c) will be
infinite and minimal and all of its points will be regularly recurrent. The map, f, will
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therefore satisfy the conditions of Theorem 2.2, making it topologically conjugate to

the adding machine, f,, for some a.

Lemma 2.8. Let f : I — I be a tent map with critical point ¢, and kneading sequence

K. Suppose K has the following properties:

(1) K has a building block scheme.

(2) For each level, the set of building blocks contains at least two elements that

differ in a position other than the last.
Then w(c) is infinite.

Proof. Since by construction, every initial segment of K repeats, K is not pre-
periodic. We assume that K is periodic for the purpose of contradiction. Then there
exists W, minimal, such that K = W. Let B be a building block of K on some
level greater than 1, say z, such that B is an initial subword of K, and |B| > |W|.
This implies that B and W will agree on |[W| symbols. For all n € N, ¢™BIWI(K)
will begin with B and W. For a fixed number, say k, the initial string of K of length
k|B||W| will be W*BI. This same string may be written as B;Bs. .. By, where
for each ¢ € {1,...,k|W|}, B; is either a building block of level z or a building block
with the last symbol changed. All level z + 2 building blocks begin with B, and
have the same length. Suppose that in K, B only begins in positions 1 + n|W/| for
n > 0. Then each level z 4 2 building block must begin in position 1 + n|W/| for
some n > 0. All level z + 2 building blocks are the same length. Therefore, every
building block of level z + 2 may be written as W7 for some j € N. This contradicts
(2). So B begins in a position other than 1 +n|W|, n € N. As W is a subword of
B, it must also begin in a position of K other than 1 + n|W/|. This contradicts the

minimality of W by Proposition 2.2.
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Lemma 2.9. Let f : I — I be a tent map with critical point ¢, and kneading sequence

K. Suppose K has the following properties:

(1) K has a building block scheme.

(2) For each level, the set of building blocks contains at least two elements that

differ in a position other than the last.

Then w(c) is minimal.

Proof. Let € w(c). Then w(x) C w(c). Now let y € w(c). Every initial segment
of § appears in K infinitely often. Let W be an initial segment of 5. Let p € N
be minimal such that oP(K) begins with W. Then there exists an N such that
o"N*P(K) begins with W for every k > 0. Such an N exists since this occurrence of
W must occur as a subword of V' for some i as V;' appears as an initial segment of
K. Vi is the initial subword of all building blocks on level i + 2. So o*Vi™“+7(K)
begins with W, although [V;*?| may not be minimal.

Since x € w(c), there exists t; > p such that 0" (K) and & agree on 3N initial
symbols. This implies that W is a subword of Z. To see that W appears infinitely
often in Z, we assume that there exists a position of z, say n, after which W no
longer appears. But there exists a ty > p, such that ¢'2(K) and & agree on n + 3N
initial symbols. This is a contradiction. As our choice of W was arbitrary, we have
shown that every initial segment of § appears in & infinitely often. Hence y € w(x),

and w(c) C w(z). O

Definition 2.20. Let R be a word of a kneading sequence K. Let p; € N be minimal
such that o' (K) has initial segment R. We define ¢ to be a reqular return time of R
in K associated with p;, provided o?**¢(K') begins with R for all k € N. Let Cg,,
be the least ¢ for which this holds and call the ordered pair (p1, Cr,,) a cycle of R.

Let p; € N be minimal such that ¢”i(K) has initial segment R, p; # p; + kCpy, for
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any k € N, [ < i. The cycle (pi, Crp,) of R is defined such that o? ™% (K) begins

with R for all £ € N, and Cr, is minimal.

Definition 2.21. Let R = W %V be a word such that either Ry = W0V or Ry = W1V
occur infinitely often in K. Let p; € N be minimal such that o?*(K) has either R,
or R; as its initial segment. We define g to be a regular return time of R in K
associated with py, provided oP™*(K) begins with Ry or Ry for all k € N. Let
Cryp, be the least ¢ for which this holds, and call the ordered pair (p;, Cry,) a cycle
of R. Let p; € N be minimal such that ¢ (K) has either Ry or R; as its initial
segment, p; # p; + kCry, for any k € N, [ < i. The cycle (p;, Cryp,) of R is defined
such that P "*Crri(K) has initial segment Ry or Ry for all k € N, and Cg,, is

minimal.

Lemma 2.10. Let K be the kneading sequence of a tent map such that K has a
building block scheme. If W is a subword of K, and m is a building block level of
K for which there does not exist a change position, q, of level m, and v € N, such
that 0¥ (K) begins with W and v < ¢ < v+ |W|, then W will have a finite number

of cycles.

If a word, W, satisfies the hypothesis, we say that W does not sit across a

change position on level m.

Proof. We first write K in terms of its level m change blocks.

K=QrQy.. Q0 QnQu,...Qu ...QnQn,...Qn

. z’tjm .o

where QJ", € {Qf,@?} forne{l,...,t;,.}, and k > 1.
Since W does not sit across a change position on level m, W is a subword
of one of the elements of {Q7" — 1}icq,..., t,.1- Bach of these elements occurs with

regularity |Q7'Q%5" . .. Q. | in K, which we will call &. This means that « is an upper
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bound on elements in the set {Cyy,, }. Since there are a finite number of words in

.....

]

Proposition 2.3. Let f : I — I be a tent map with critical point ¢ and kneading
sequence K. Let x € w(c), and let W be an initial word of &. If W = W' x V| then
let Wo = WOV and Wy, = W1V, If W contains no x, then Wy = W = W,. If
{Cwy,,}, the set of regular return times of W in K, is finite, then there exists an M

such that o™ (%) begins with Wy or Wy for all non-negative integers k.

Proof. Let x € w(c) and let W be an initial word of Z. There exists a sequence {ys }
such that y, — x and y, = f™(c) for some nj € N. Then there exists an N such
that for j > N, Wy or W, is an initial word of g;. By the hypothesis, {Cyy,,, } is finite
and therefore has a least common multiple which we will call r. Then for j > N,
o' (7;) begins with Wy or W for all ¢ € N. By the continuity of o, o' () — o' (&),
implying that o' (%) begins with Wy or W for all k € N. It follows that z is regularly

recurrent.

]

Proposition 2.4. Let f : I — I be a tent map with critical point ¢, and kneading

sequence K. Suppose K has the following properties:

(1) K has a building block scheme.

(2) For each level, the set of building blocks contains at least two elements that

differ in a position other than the last.

Then for all x € w(c), x is reqularly recurrent.
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Proof. We will consider three cases:
(1) = = f™(c) for some n € N.

(2) = # f(c), f¥(x) # c for any n, k > 0.
(3) f*(z) = c for some k > 0.

Case 1: Suppose there exists an n € N such that x = f"(c). Since every initial
segment of K appears in K infinitely often, f(c) € w(c). It follows that f*(c) € w(c)
for all k € N. Let T be an initial word of & = 0" }(K). As in the proof of Lemma
2.9, by the construction of K, there exists an M such that o*M+(=D(K) = g% (7)
begins with T for all £ > 0 as desired.

Case 2: Suppose x € w(c) such that x # f(c) and f*(z) # c for any n, k > 0.
Let T be an initial word of Z. As in the previous case, we wish to establish an M
such that o*™ (%) begins with T for every k € N,

Let €; > 0. Let W; be an initial word of & such that if § € I and § begins with
Wi, then y € B, (x). We continue this process and establish a set {W; };en of initial
words of Z such that for the j"* step we assume that €,...,¢;_1 and Wy, ..., W,
have been chosen. Choose 0 < ¢; < 6’7‘1 and let W; be an initial word of & such that
if 7 € I and § begins with W}, then y € B, ().

If all of the initial segments of Z are initial segments of K, then we are in Case
1. So there exists an L such that for all j > L, W; is not an initial segment of K.
We consider {W;};~, in the following argument.

Let T be a; .. .a,. If for all i, W; is equal to a; followed by an initial segment
of K, then x = %K which contradicts the hypothesis. So there exists an N; > L such
that Wy, = a; R where R is not an initial segment of K. Suppose that a; R = ajas R’
and R’ is an initial segment of K. If for all ¢ > Ny, W; is equal to ajas followed by
an initial segment of K, then ¥ = a; * K which is again a contradiction. We continue

this process for as, ..., a,, and obtain a word Wy, = ajas...a,R, where R, is not
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an initial segment of K. It is also true that if we write Wy, as Wy, = a1 M; =
ajaoMy = -+ =ay ...a,M,, the words {Mj, ..., M, } are not initial segments of K,
where M, = R,,.

Let z be a building block level of K, with V the first building block on level
z, making it an initial segment of K, such that |V{| > |[Wy, |. None of the words
{Why,, My, ..., M,} are initial segments of V.

Suppose T sits across a change position on level z + 2. Then T sits across
infinitely many change positions of K on level z + 2. Let {g;}ien be these change
positions with ¢; the first, g, the next, and so forth. Let {S;};en be the collection of
words that begin with 7" such that T sits across position g; as an initial segment of
S;, and |S;| = W, |. In other words, for all 4, there exists a t; € N such that o' (K)
begins with S; and ¢; < ¢; < t; + |T.

By previous remarks, every change position on level z 4+ 2 will be followed by
V7, an initial segment of K which has length strictly greater than Wy and therefore
greater than the words M, ..., M,. It follows that S; # Wy, for all ¢ € N.

Consider the sequence of shifts of K limiting to Z, {o%(K)}icn, such that all
terms in the sequence begin with 7. Each of these shifts is regularly recurrent by
Case 1. For a particular term of the sequence, say o* (K), let pr; = kj + 1, which
is the position in K where the itinerary of f%/(1) begins. Then T has a cycle which
may be represented by (pkj,C’Tpkj) where o "% (0% (K)) begins with T for all
m > 0.

There exists a D such that ¢ > D implies that Wy, is an initial segment
of o%i(K). Divide the elements of {o*(K)};~p into equivalence classes where an
element o*« (K) with starting position py, in K, is related to an element o* (K) with
starting position py,, if Crp, = Cryp, . If we have a finite number of equivalence
classes, then the collection {CT,pkl_ }ien has a least common multiple and we are done

as in the proof of Proposition 2.3. So we assume that we have an infinite number of
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equivalence classes and therefore an infinite collection of regular return times to 7'
for the set {o*(K)};~p. An infinite collection of regular return times implies that
we have an infinite number of cycles for T as T" appears as the initial word of each
element in the set {o%(K)};~p. Hence, by Lemma 2.10, there exist ¢,s € N such
that T, as an initial word of o*:(K) sits across the change position ¢; on level z + 2.
In other words, ks < ¢; < ks + |T'|. This means that S; is an initial word of o*(K)
such that |S;| = |Wy,|, contradicting the fact that S; # Wy, .

Case 3: Let © € w(c), such that f*(x) = ¢ for some k > 0. Then & = Z x K
for some word Z. Recall that x is our symbol for ¢. Let T" be an initial word of Z.
We may choose T" such that |T'| > |Z % |. Let To = Z0V or T} = Z1V.

Let {n}ren be a sequence such that o™ (K) — & and all elements in
{o™ (K) }ren begin with Ty or Tj.

By Proposition 2.3, if the set of all regular return times of 7" in K, {Cr,, }ien,
is finite, then x is regularly recurrent. By Lemma 2.10, if there exists a building
block level such that Ty and 77 do not sit across a change position of K on that level,
then T has a finite number of cycles and we satisfy the hypothesis of Proposition
2.3. In fact, if 0™ (K) — Z, such that the set of regular return times of 7" for these
shifts of K is finite, then x is regularly recurrent.

Let the regular return time to T associated with an element, 0" (K), of the
set {0 (K)}ren be Cryp, . Assume that the set {Cr,, }ien is infinite.

Without loss of generality, assume {ny }ren are chosen such that no more than
one element of {o"(K)}ren agrees with & for exactly n positions. Therefore, if
o™ (K) — &, and there exists a subsequence ¢"i(K) — Z, such that for some
M e N, oM (o™i (K)) begins with Ty or Tj for all i € N, ¢ > 0, then o™!(%) begins
with Ty or T3 for all ¢t > 0 by the continuity of o.

We further assume that for all building block levels of K, all but finitely many

elements in the set {o"*(K)}ren have their initial segment of length |77, which will
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be Ty or T3, sitting across a change position. This implies that at least one of Tj or
T will sit across infinitely many change positions on each level of K as an initial
segment of a subsequence of {o™* (K) }ren. Without loss of generality, we consider 7.
Let To = aqas . . . a,. For some j € {1,...,n}, a; sits in an infinite number of change
positions on every building block level as the j letter of T and of each element
in {0 (K)}ien, the subsequence of {0 (K)}reny mentioned above. Since change
positions are followed by increasingly longer initial segments of K as the building
block levels increase, o™i (K) — ajas...aj_1* K. Recall that o™i (K) — T = Z* K,
where Z is an initial word of 7. This implies that Z * K = ajay...a;—1 * K and
Z = ajay...a;_1, for otherwise al(K) = K for some [ € N, contradicting Lemma
2.8.

Let ¢ be minimal such that |T'| < |V}!| where V{? is the first building block on
level ¢q. Then V{! is the initial word of every building block on level ¢ + 2 and is
preceeded by VI or Vs‘i, where VI is the last building block on level g.

Let a = [V and § = |Z = |. Let

H =0 P(K), Hy=0*PK), ..  H=0c"PK),....

Since a; sits in an infinite number of change positions on every building block
level as the j* letter of Ty, and |Ty| < |V}Y], the first j — 1 symbols of H; for every
i € Nwillbe a; ...a;_; and the j™ symbol, which sits in the change positions on level
¢+ 2 may be a 0 or a 1. Thus the elements of { H;};cn begin with Ty or 7. Further,
there exists a subsequence of {o™ (K)}ien which we will call {o"*% (K)};en that is
a subset of {H, }ien. So 0% (o i (K)) begins with Ty , 0**(0" i (K)) — 0°%(&), and

o**(z) begins with Ty or T} for all j € N, s > 0.
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We now have the characterization theorem for the kneading sequence structure

of strange adding machines.

Theorem 2.4. Let f : I — I be a tent map with critical point ¢, and kneading sequence

K. Suppose K has the following properties:

(1) K has a building block scheme.

(2) For each level, the set of building blocks contains at least two elements that

differ in a position other than the last.

Then there exists a sequence o of prime numbers such that f|.c) is topologically

conjugate to the adding machine f,.

Proof. The proof follows from Theorem 2.2, Lemmas 2.8, 2.9, and Proposition 2.4.
O

2.2  Ezxample

The following is an example of a sequence, K, that satisfies the assumptions
of Theorem 2.4. We show that this sequence is above 101°°, non-renormalizable,
and shift maximal, making K the kneading sequence of a tent map with slope
greater than /2 on the interval [0, 1], which we will call f. It then follows that
flw(e) is topologically conjugate to an adding machine map. We defined an adding
machine map, f,, for @ = (py,pa,...) where for each ¢ € N, p; is prime. However,
if ' = (q1,pn,Pnt1,-..) where g = p1-p2- -+ pn_1, then f, defined in the same
manner as f, is topologically conjugate to f,. We will see that for our example, fl. ()

is topologically conjugate to the adding machine map f, where o« = (24,3,3,3,...).

28



Let

V! =10110110
vy = 11010111
Vil =10101111

and

i _ yri-lysi-lysiel
Vi=W vV

i _ ri-lyri-1yri-1
Vo=V 1V

i _ yri-lyri-ly/i-1
Vs =V VoV

where the initial segments of K are ViV)Vy, i € N. Consider the initial segment of

K for i = 3, which we will call Z:

VIV VI VI VIV VI VI VIV VIV VIV VY
This initial segment may be written as a sequence of 0’s and 1’s as follows:
101101101101011110101111101101111101011010101110101101101101011010101111

101101101101011110101110101101111101011010101111101101101101011010101110
101101101101011110101111101101111101011010101111101101101101011010101111

Now we show this kneading sequence is shift maximal by proving the following

lemmas regarding initial segments of K.

Lemma 2.11. FEvery word of K of length 24 or less will be below or will agree with the
initial segment of K of length 24, VVIVLL with respect to the parity lexicographical

ordering.

Proof. By the structure of K, every word of K of length 24 or less appears in
Z. It can be easily verified that every word of length 24 or less in Z satisfies the

Lemma. OJ
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Lemma 2.12. Let m > 0. If an initial segment of K and a shift of K agree for

(3™ - 24) positions, then they agree for (2 -3™ - 24 — 1) positions.

Proof. Observe that ViV V7 will only begin in positions (1 + 3k|[ViV5V{|) for k > 0,
and will always be followed by ViViVi or ViVjVi, which only differ in the last

symbol. O]

Lemma 2.13. Let m > 0. If an wnitial segment of K and a shift of K agree for

(2-3™ - 24) positions, then they agree for (3™! .24 — 1) positions.

Proof. Observe that ViViViV;iViVi will only begin in positions (14 3k|V;iViVi|) for
k > 0, and will always be followed by ViViVi or V;iVjVi, which only differ in the

last symbol. O

Lemma 2.14. Let m > 0. All initial segments of K of length (3™ -24), (2-3™ - 24),

and (3™1 - 24) have odd parity.

Proof. We show that the parity of Vi, V), V7 is odd, even, even respectively for
all € N. Let ¢ = 1. The parity of Vi, V;}, V! is odd, even, even respectively.
Assume that for ¢ = n, VJ", Vj*, V5" have parity odd, even, even respectively. Then
V' = VPVRVE has odd parity. V™ has even parity since V"' and V"™ disagree
in exactly three positions. V3"™' has even parity since V3" and V"™ disagree in
exactly one position. It follows that V', ViVy and ViViVy have odd parity for all

1€ N. [l

Lemma 2.15. Let L be a sequence of 0’s and 1’s. Let W be an initial segment of
L with odd parity. If there exists an n € N such that o"(L) begins with W, then

o™(L) < L.

Proof. If W ends in a 0, then the parity of the word W — 1 is odd. By the definition

of the parity-lexicographical ordering, an odd word followed by 0 is above the same

odd word followed by a 1. If W ends in a 1, then the parity of the word W — 1
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is even. An even word followed by 1 is above the same even word followed by a 0.

Therefore, 0™(L) < L. O
Proposition 2.5. K 1is shift maximal.
Proof. The proof follows from Lemmas 2.11, 2.12, 2.13, 2.14, and 2.15. ]

Proposition 2.6. K is the kneading sequence of a tent map with slope greater than

V2.

Proof. K is above 101*°. K is not renormalizable because it will have two building
blocks on each level that disagree in a position other than the last. K is shift

maximal by Proposition 2.5. [

Proposition 2.7. flu) is a homeomorphism that is topologically conjugate to an

adding machine f,.
Proof. K satisfies the conditions of Theorem 2.4. m

We wish to show that o = (24,3,3,...). We accomplish this by constructing
a sequence of covers as described in Theorem 2.1.

P, will have 24 elements defined as follows.

Let P} = {z € w(c)| 7 has either 101101101101 or 101101111101 as its initial
segment}. Note that 101101101101 is an initial word of K. This set contains all
points whose itineraries are 02¥"(K) for n > 0 and all limit points of these elements.

Recursively define P! = f(P!,), for 1 < i < 24, which contains the points
whose itineraries are o2+~ (K) for n > 0 and all limit points of these elements.

If we write K in terms of the words Vi, Vi, Vi, Vit, Vi, Vi, the change positions
in K are 8 + 24n, 16 + 24n, and 24(n + 1) for n > 0 (see Definition 2.19). This is
the level one description of K. By observation of Z above, we see that the initial

segments of length twelve for " (K),0 < n < 23, are distinct. Further, no two initial

segments of length twelve for 0™ (K),0 < n < 23, agree in every position that is not
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a change position. For example: if ny,ny € {0,...,23},n1 # ny, and 0™ (K) begins
with A = aqas . .. a2, with ay and aq sitting in change positions of K, and ¢"2(K)
begins with B = b1bs . .. b1 with b5 sitting in a change position of K, then the words
A and B will disagree in a position other than 2,5, or 10.

Let m € {0,...,23}. Then 0™(K) and o™"2*(K) k € N, are related as
follows. Let the initial word of ¢ (K) be A = ajay . .. aj2. Since the change positions
on this level occur every eight symbols, A will contain either one or two symbols that
sit in a change position. Without loss of generality, we may assume that as and aqq sit
in change positions of K on this level. Let k € N. Then the initial word of 0™ 2 (K)
of length twelve will be an element of {ajas .. .ajpa11a12, a1as ... ajpaa,
a1y . . . A10a11012, A1ds ... G1pa11012}, where a; = (1 — a;).

By comments regarding the uniqueness of the initial words of ¢™(K) for n €
{0,...,23}, we have that for ny # no, P! # P, . Let Py = {P!}2,.

By construction of our sets, for all n € N there exists a j € {1,...,24} such
that f"(c) € le, and for each j € {1,...,24}, le is closed. Therefore, P; is a cover
of w(e).

Assume for 0 < m < j we have constructed covers, P,,, of w(c) such that:

(1) Each P,, has 3™! - 24 many disjoint elements.

(2) € P if and only if 7 has V"V VL or VPV V! as ts initial

segment.
(3) f(P™)=Pmfor2<i<3m .24
(4) Py, refines Py, .

Define P/*! to be the elements whose itineraries are in the set {0 2% (K)}22,,

and the limit points of this set. These are the elements of w(c) whose itineraries
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begin with Vi = V/VIVJ or Vit = V/VJVJ. Recursively define P/ = f(PIH1),
2<1 <324,

It is clear that for each ¢ € N, the elements of P; are disjoint and cyclically
permuted, and mesh (P;) — 0 as i — oo. It follows from Theorem 2.1 that f|, ) is
topologically conjugate to the adding machine map f,, where v = (24,3,3,...).

This example allows us to better understand the dynamics of a strange adding
machine by demonstrating the properties of an adding machine described in Theo-
rem 2.1 in the setting a a non-renormalizable map. Further, the rich body of work
using kneading sequence theory, much of which is due to Henk Bruin ([18], [17]), is
now at our disposal. We were able, for example, to find a wild attractor in a non-
renormalizable unimodal map, and we show in Chapter 4, the existence of a map for

which the set of endpoints in the inverse limit space of a unimodal map is not closed.
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CHAPTER THREE

Endpoints

Endpoints of an inverse limit space are a topological invariant and help us
better understand the structure of the space. Endpoints and their relationship to
the w-limit set of the critical point have been extensively studied, [11], [18], [31].
In this chapter, we address Keesling’s conjecture by considering the question: For
a map with critical point ¢, when is it the case that all points in lim {w(c), flu()}
are endpoints? We give an answer for a family of maps that are a subset of the
continuous maps, f, with f|,) topologically conjugate to an adding machine. We
also provide a general result, Proposition 3.1, on a necessary condition for equality
of the set of endpoints and the set of folding points. In the last section we generalize

the results to adding machines embedded in maps on graphs.

3.1  Preliminary Theorems and Definitions

We give preliminary definitions for graphs and local endpoints.

Definition 3.1. [33, Definition 28.1] A continuum is a compact, connected metric

space.

Definition 3.2. A graph, GG, is a connected union of finitely many arcs,

{A1, Ay, ..., Ax}, that intersect only at their endpoints. These endpoints, V, are
called the vertices of G. If v € V, the degree of v is the number of arcs, A;, that
contain v as an endpoint. If the degree of v is greater than or equal to three, we call

v a branch point.

Definition 3.3. A chain is a finite collection C = {C}, Cy, ..., C,} of open sets called
links such that C; N C; # 0 if and only if i — j| < 1. The mesh of a chain C is

max{diameter(C) : C is a link of C}. An e-chain is a chain whose mesh is not
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greater than €. A continuum is chainable if and only if it can be covered by an

e-chain for each positive e.

Definition 3.4. Let X be a chainable continuum, and =z € X. We say that z is
an endpoint of X provided that for every A, B which are subcontinua of X with
r € AN B, either AC Bor BC A.

Definition 3.5. Sets H and K in X are mutually separated in X if and only if
HNK=HNK =1

Definition 3.6. A continuum X is called a triod provided there exists a subcontinuum
Z of X such that X \Z is the union of three non-empty sets, each two of which are

mutually separated in X.

Inverse limit spaces of unimodal maps are known to be chainable. We are,
however, also interested in inverse limit spaces of graphs which may contain a triod.

We therefore provide the following definition of a local endpoint.

Definition 3.7. Let X be a compact metric space, and x € X. We say that x is a
local endpoint provided there exists € > 0 such that if A, B C B.(z) are subcontinua

and z € AN B then either A C B or B C A.

Definition 3.8. We define the inverse limit space, X, of amap f: 1 — [ as X =

{(xg,x1,29,...)| x; € I and x; = f(x;11)}

Let A C lim{/, f} be a subset. We adopt the notation ,(A) = A, for the n'"

projection of A. We use the notation A° for the interior of A.

Definition 3.9. Let f : E — FE be a continuous map of a compact metric space.
Let x € E. We say x is uniformly recurrent provided that, for every open set U
containing x, there exists an M € N such that fi(x) € U, j > 0, implies f/™*(x) € U

for some 0 < k < M.
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3.2 Unimodal Maps
It is known that for a unimodal map f : I — I, the set of endpoints in @{I, f}
is a subset of the set of folding points. This result follows from [11, Theorem 1.4];
see also [18, Corollary 2|, and [31, Lemma 6.6]. Proposition 3.1 tells us that if the
set of endpoints is equal to the set of folding points, then the critical point must be

uniformly recurrent under f.

Definition 3.10. [16, Definition 3.4.7] Let f : E — E be a continuous map of a
compact metric space. We say a nondegenerate open set U C FE is wandering

provided:
(1) fA(U)NU =0 for all n > 0, and

(2) U does not tend towards a periodic orbit, that is , |J w(z) is not a single
zelU

periodic orbit.
Proposition 3.1. Let f : I — I be a unimodal map, with recurrent critical point c,
such that ¢ is not periodic, f has no wandering intervals or periodic attractors, and
lim{w(c), flu} is equal to the set of endpoints of im{I, f}. Then c is uniformly

recurrent.

Proof. Assume that the hypothesis holds and that ¢ is not uniformly recurrent. Then
there exists an open set U containing ¢, and sets, {f%(c)}jen and {f%*"(c)}jen,
such that for each j, f%(c) € U and f%*"(c) € U, but fi*5(c) ¢ U for 1 < s < n;,
and n; — oo as j — oo0.

Then the sequence {f%*"7!(c)};en has a convergent subsequence,
flieotmieo=t () — x5 € w(c). Further, the sequence {f%=s0m20~2(c)} has a sub-
sequence { fi=1+.2172(¢)} which will converge to some point z; € w(c) such that
f(x1) = zo. Continuing this process, we define a point in lim{w(c), flu}, T =

(ZEo,Jfl,ZL‘Q, .. )
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By assumption, & is an endpoint. Proposition 2 of [18] states that if & is an
endpoint, then there exists a sequence of coordinates of &, {x, }jen such that zy, —
1. Under the conditions of the hypothesis, we are guaranteed that x;,,; — c. In
particular, there exists an integer, NV, such that the coordinate of Z, zy, is contained
in U. Then all but finitely many elements of the sequence { ftenen+(=N=1D(c)}
must also lie in U. However, for n;,, > N + 1, this is a contradiction.

]

The following result is similar to that of Bruin [18, Proposition 2], and follows

from Barge and Martin [11, Theorem 2.9].

Proposition 3.2. Let f : I — I be a unimodal map with critical point c. Let X =
lim{w(c), flo@}- If & = (xo,21,...) € X such that for infinitely many j € N we
have that for all e > 0, there exists k € N such that f*([zjx,1]) C Bc(z;), then & is

an endpoint of im{/, f}.

Proof. Let z be a point in X satisfying the hypotheses above and assume that z is not
an endpoint of lim{7, f}. Then there exist A and B, subcontinua of lim{7, f} such
that Z € ANB and A—B # (), B—A # (). Further, there exists an M such that for all
J>M,A;—B; #0and Bj—A; # (. Let j > M, € > 0such that B.(z;) C (A;UB;)°,
and a; € A;—B; and b; € B;—A;. Then there exists a k € N such that f*(z;,x) = x;
and f*([x4x,1]) C Be(x;). Since f*(A;1r) = A;, f¥(Bjix) = B , a; has a preimage
in Ajir — Bjtr and b; has a preimage in B — Aj1y, which we will call aj 1, bjt
respectively. Also, x4, € A;1xNBjiy, and each of A1y, Bjyk, and A;,UB, 4 is an
arc. Since a;4 and b are not in [z,44, 1], it must be that b1y < ajip < Tj, <1
or ajrr < bjyr < wjyr < 1. In the first case, ajir € [bjik, Tjx] € Bjtr, which
is a contradiction. In the second case, bjx € [ajik, Tj1x] € Ajtg, which is also a

contradiction. ]
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Proposition 3.3. Let a = (p1,p2,...) be a sequence of integers with p; > 2 for each
1. Let j; =p1-pg----- p; for each i. Let f .1 — I, be a unimodal map with critical
point c, such that f|. ) is topologically conjugate to the adding machine fo. If there

ezist covers, {P;}ien, of w(c) such that for all i € N, we have:

(1) P; is a cover of w(c) consisting of j; pairwise disjoint, nonempty, clopen sets

which are cyclically permuted by f.
(2) Piy1 refines P;.
(3) mesh(P;)— 0 as i — oo.

(4) there exists an N such that for all m > N, P,, has only one element which

contains c in its convexr hull
then lim{w(c), flu(e} is equal to the set of endpoints of im{[, f}.

Proof. Let & = (z9,1,...) be a point in lim{w(c), flu(}, and let € > 0. Consider
xj, a coordinate of Z, such that xz; # 1, z; # c. We wish to find %k such that
f*([xjx,1]) C Be(x;). Without loss of generality, we may assume N = 1 in the
hypothesis, and thus for each cover in {P;}icn, only one element contains ¢ in its
convex hull. Then by (3), there exists an integer m, such that the element of the
cover P, which contains x;, Pj", is contained in Bc(z;). Let P/" and P" be the
elements of P, which contain 1 and c¢ respectively. We may assume that m is large
enough so that P, P/*, and P" are distinct. Note that f(P") = Pi". There exists
a minimal k € N such that f*(P[") = P/, by (1). Then P/" contains a preimage of
z; under f* and since f |w(e) i @ homeomorphism, this element is ;,, a coordinate
of #. Let s be minimal such that f*(P*) = P’. Such an s exists by (1), and
1 <k < (s—1). By (4) since only the element P contains ¢ in its convex hull,
ft(conv(P™)) = conv(ft(P™)) for 1 <t < s. Further, for each t € {1,...,s — 1}

all of the points of conv(f*(P™)), lie on the same side of c¢. This means that f* is
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monotone on [z, 1], giving us f*([x;4x, 1]) C Be(x;), which satisfies the conditions
of Proposition 3.2.
[

We now describe a family of maps for which the conditions of the hypothesis

of Proposition 3.3 are met.

Definition 3.11. [16, p.39] Let f : I — I be continuous and onto. An interval J C I

is called restrictive if J # I and there exists an n > 1, minimal, such that f"(J) C J.

Definition 3.12. [23, p.139] The unimodal map f : I — I is renormalizable if there
exists a restrictive interval J C [ of period n such that J contains the critical
point and f" : J — J is a unimodal map. f folds J onto f(J) and maps f'(J)

homeomorphically onto f*™(J) fori=1,...,n—1.

If the renormalization process can be repeated infinitely often, we have an
infinitely renormalizable map. This map possesses a nested sequence of intervals

c € - C Jy CJy C I such that for every n € N, J, is a restrictive interval as
n—1

described in Definition 3.12, which has period ¢,. Let K, = |J f*(J,). Under
k=0

o0
sufficient smoothness conditions C' = [ K, is a minimal Cantor set on which f is
n=1

topologically conjugate to a (p;)-adic adding machine, with the sequence p; defined
k
by gx = [1(pi) , [19] and [23, p.236].

i=1
Given an infinitely renormalizable unimodal map, f : I — [, we can con-
struct covers C,, = w(c) N K, that satisfy the conditions of Proposition 3.3. We
therefore may conclude that the set of endpoints in lim{/, f} is equal to the set
@{W(C), f|w(c)}
For strange adding machines, each cover of w(c) will contain more than one

element with c¢ in its convex hull; see Lemma 2.5. The conditions of Proposition 3.3

are therefore not met by these maps.
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3.8 Local Endpoints
We turn our attention to finite graphs. We consider adding machine dynamics
in this more general setting and address Keesling’s conjecture. The conditions of
Proposition 3.2 are undefined on finite graphs. We therefore introduce the convex
hull property (Definition 3.18), as our tool for establishing that a folding point is
an endpoint. We give conditions in Theorem 3.1, which include the convex hull
property, under which the set of folding points are equal to the set of endpoints in

the inverse limit space of a map on a graph.

Definition 3.13. Let G be a graph, and f : G — G a continuous function. We say

that f is monotone if f~'(z) is connected for all x € G.

Definition 3.14. Let G be a graph, and f : G — G a continuous function. We
say that f is piecewise monotone if there exist finitely many compact connected
subsets of G, {A1, Ay, ..., A}, such that G = Ay U--- U Ay and f|4, is monotone

forie{1,... k}.

Definition 3.15. Let G be a graph, and f : G — G a continuous function. A critical
point, ¢, is a point such that for every € > 0, f|p,(¢) is not monotone, or f(c) is an

endpoint.
Definition 3.16. A tree is a graph with no simple closed curves.

Definition 3.17. Let G be a graph and A C G. Let € > 0 such that diam(A) < e.
Then the e-convexr hull of A is conv(A) = ({K 2 A : K C G is compact and

connected, diam(K) < €}.

Lemma 3.1 is necessary to ensure that we can avoid simple closed curves in

our use of the convex hull of a set.

Lemma 3.1. Let G be a graph. There exists an € > 0, such that for A C G with
diam(A) < ¢, conv.(A) is a tree.
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Proof. Let the simple closed curves of G be {l,...,l;}. Let the arc-length of I; be
my, for i € {1,...,t}. Let m = min{my,...,m;}. Since G has a finite number
of branch points, there exists a minimum distance between any two branch points,
which we will call d. Let € = min{d, 3m}, and let A C G be such that diam(A) < e.

We have the following cases:

(1) There exists an arc, J, which contains A such that the length of .J is less than
€. Then conv (A) = ({K 2 A: K C J, K is compact and connected },

which is a tree.

(2) A is contained in a finite number of arcs, {Ji,..., i}, each of length less
than e, which are connected at a single branch point. Let J = |JJ; for
i€ {l,...,k}. Then conv. (A) = ({K 2 A: K C J, K is compact and

connected }, which is a tree.

]

In what follows we write conv(A) for conv.(A) where € is small enough to
guarantee that conv (A) is a tree.

Let G be a graph with at least one endpoint, e. Let f : G — G be a continuous
function with finitely many critical points,{cy, o, ..., ¢n}. Suppose that for one of
the critical points, ¢y = ¢, f(c) = e. Also assume that ¢ is recurrent and that there
exists a sequence o of prime numbers, such that f|.) is topologically conjugate to
the adding machine f,. Let {P;}ien be the covers of w(c) described in Theorem
2.1. There exists an M such that for ¢ > M, the convex hull of each element of P;,
P! C G, is connected and contains no simple closed curves. We assume without loss
of generality that M = 1. Let Pf;%c be the element of P; which contains c.

Note that for ¢ chosen as above, conv(f*(Py,. )) is contained in ft(conV(ani’c))

N

for t € {1,...,|P;]}, although they will not necessarily be equal.
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Definition 3.18. We say that f has the convex hull property if

rnesh{f(conv(Pﬁli’c))7 ., fPl(conv(P:, N} — 0asi — oco.

i,C

Proposition 3.4. Let G be a graph and [ : G — G a continuous function with critical
point ¢, such that c is uniformly recurrent under f. Let & € lim{w(c), flu(}. Then
for z € w(c), there exists a subsequence {xy, }jen of coordinates of & such that

T, — 2

Proof. Let z € w(c) such that there does not exist a subsequence {,, } jen of coor-
dinates of & with x,;, — 2. Then there exists an open set U that contains z such
that z; ¢ U for all j € N. Since z € w(c), there exists a subsequence of the orbit
of ¢, {f™i(c)}jen which converges to z. Further, there exists an M such that for all
k> M, f™(c) € U. Since c is uniformly recurrent, w(c) is minimal. Thus for every
i, w(fi(c)) = w(c), and w(fi(c)) is minimal. It follows that since fi(c) € w(fi(c)),
f¥(c) is uniformly recurrent [16, p.43]. The uniform recurrence of the elements of the
set {f™(c)}jen tells us that for k > M there exists a Ji such that fm™*tik(c) € U
for t1p < Ji, tiyi e — tip < Ji

Choose a € N such that f*(c) € {f™(c)};>m, and for simplicity, let J, = J.
Let s € N, where z; is a coordinate of . Since x4, ;11 € w(c) = w(f*(c)), there exists
a sequence {b;} such that fo*%(c) — z,, ;7,1 asi — oo. Since f!(x,, s11) is not in U
fort € {0,..., J+1}, there is a finite collection of open sets {Uy, Uy, ..., Usi1}, with
f(xsy741) € Uy, such that | JU; will not meet U. Note that z,y ;.1 € Uy. By the
continuity of f, there exists I;fl, open, such that zs, ;.1 € Wi C Uy and f(W;) C Uy.
Likewise, there exists W,., open, such that s, ;.1 € W, C Uy and f"(W,) C U, for
re{2,...,J+1}. Then xs y1 € \W,, r €{1,...,J+ 1}, and this intersection is

an open set which we call W. There exists an N such that for i > N, f**bi(c) € W.
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In particular, there exists v > N such that fo*%(c) € W C Uy, fot*+(c) € U, for
t € {1,...,J + 1}. This implies fo™*¥(c) ¢ U for t € {0,...,J + 1}, which is a
contradiction.

]

Proposition 3.5. Let G be a graph and f : G — G a continuous function. Let
X =lm{G, f}. Let V = {vi,va,...,v:} be the vertices of G of degree greater than
two. Let e be an endpoint of G such that e ¢ orb(v;) for all i € {1,...,t}. Then
there exists a 0 > 0 such that if 7T;1<Bl§<€)) =U C X for some j € N, then for any

subcontinuum A C U, m,(A) is a subcontinuum of an arc for alln > j.

Proof. Since e ¢ orb(v;), there exists a d; for each i € {1,...,t} such that Bs,(e) N

orb(v;) is empty. Let 6 = min{d;}!_;. Choose j € N. Let A be a subcontinuum of

7' (Bs(e)). We wish to show that 7, (A) contains no vertices with degree greater
than two for all n > j. Suppose there exists v, € {v1,vs,...,}, and r > j, such
that v, € m,.(A). Then f"7(v,,) € Bs(e) which contradicts our choice of 4.

]

It is a result of Barge and Martin [11, Theorem 2.9] that for h : [ — I, a
continuous function, if either 0 or 1 is recurrent under h, then the inverse limit space
of h has at least one endpoint. We generalize this result in Proposition 3.6 for a

continuous map on a graph satisfying the hypothesis of Proposition 3.5.

Proposition 3.6. Let G be a graph and f : G — G a continuous function. Let
{v1,v9,...,v:} be the vertices of G of degree greater than two. If G has an endpoint,
e, such that e is recurrent and e ¢ orb(v;) for alli € {1,...,t}, then lim{G, f} has

at least one local endpoint.

Proof. Let e be an endpoint of G such that e is recurrent under f. There exists a

9; for each i € {1,...,t} such that By, (e) Norb(v;) is empty by assumption. Let
§ = min{d; };_,.
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Let ny = 1 and ¢ = §. For all i > 1 we assume that [e,e + €] C [e,e + )
where the ¢; are chosen below. Choose ny so that f"2(e) € B, (e) and f"7"2(e) €
B (f™(e)). The first choice is possible by the recurrence of e and the second by
the continuity of f™. Let €5 > 0 be chosen so that f"2([e,e + €]) C [e,e + €;) and
frtme(le,e + €)]) C Bg(f”l(e)). By [e,e + €], i € N, we mean the arc in G with
endpoints e and some point z such that the arclength distance from e to z is ;. We
are guaranteed that this interval does not contain a branch point of G by our choice
of 4.

We now assume that positive integers ni,no,...,n, and positive numbers

€1, €9, ..., € have been defined. Let ngy; be such that:
fri(e) € [e, e+ ex)

frrmeee) € lee + ew1) N B_s_(f"(e))

DY

fnk,1+nk+nk+1 (6) c [6, e+ 6k72) NB /jﬂ (fnk—1+nk (6))
2

fn2+...+nk+nk+1 (6) c [6, e+ 61) NB s (fn2+...+nk (6))

s
kT 1

frn o) € By (FUF ().

2k 1

Let €;11 > 0 be chosen so that
[ 1(le, e + €x1]) C [e, e+ ex)
frerm(le,e + engal) C [e e+ ex-1) N B_s_(f™(e))

s
DY =S|

Jmk*ﬁn“—mwrl ([67 e+ €k+1]) - [e, e+ 6k—2) NB_s_ (fnk71+nk(e))

2k +1

freformetne (e e + €41]) C le;e 4+ €1) N B_s (f™77 7 (e))

DY =S|

(e e + epa]) © B_s (fMT T (e)).

PYEN!
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The sequence { f™=+1(e), fr+1tm+2(e) ... fresifmeztoteri(e) 1 where

frosvmez(e) € lee+ &) N B_s (f™(e))

fnk+1+nk+2+'“+nk+i(e) c [6,6 + ﬁk) N B 5 (fnk+1+ g 1(6))

is a Cauchy sequence and we designate xy, to be its limit, where

Ny = ny+ng+- - -+ny. Note that as each element is in [e, e+€), xn, € [e, e+€x]. Fur-
ther, the sequence { f™=+i+1(e), fr+itiThriz2(e) .. frhsitithiat T erivi(e) o}
converges to some point which we will call zy, ;. Continuity gives us
frowtt e (g, ) = 2, By construction,

frivrrma(le, e+ epyg]) C lee 4 e) N B_s_(free =i (e))

and the distance from zy, to fm+11" +”k+7—1(e) is less than 5% . Therefore,

fnk+1+-n+nk+j([e7e + ekJrj]) C B +5_ (xNk) fOI‘ k j € N.

Let & € lim{G, f} be the point defined by 7y, (2) = zn,. We claim that &
is a local endpoint. For the purpose of contradiction, assume otherwise. Let € > 0
such that B.(2) C my. (Bs(e)). Let & € AN B where A and B are subcontinua of
lim{G, f} and AUB C B.(2), A= B # 0, B— A # (), . Then there exists an M such
that for all j > M, A;— B; # () and B; — A; # (. Choose N; > M. Then my,(AUB)
is a subcontinuum of an arc by Proposition 3.5, and 7y, (Z) = zy, € Ay, N By,,. Let
an, € Ay, — By, and by, € By, — An,. Let v > 0 be such that B, (zy,) € 7y, (AUDB)
and ay, € By(zn,), by, € By(xn,). Then there exists m > [ such that the following

hold:

(1) 525 <7
(2) Jretm iy, ) = o,
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(3) xn,, € [e,e+ €y] and

(4) frmrrmorm((e e+ en]) € B s (en)-

=T

xn,, € An,, N By, and my, (AUB) is a subcontinuum of an arc. The point ay,
has a preimage in Ay, — By,, while by, has a preimage in By, — Ay,, which we will
call ay,,, by, respectively. By (4) above, ay,, ¢ [e,e+€n], bn,, ¢ [e, e+ €], while by
(3), xn,, € [e,e+ €n]. Then either e < zy, < ay,, < by, ore<uzy, <by, <ap,,
where by y < z on [e, e + €] we mean d(e,y) < d(e, z) with d representing arclength
distance, which is a contradiction.

]

Theorem 3.1. Let G be a graph with at least one endpoint, e. Let f : G — G be
a continuous function such that f has finitely many critical points, {c1,ca, ..., Cm}-
Suppose that for one of the critical points, ¢, = ¢, f(c) = e. Let the vertices of G of

degree greater than two be {vi,vs, ..., v}. Further assume that the following hold:

(1) e & orb(v;) for alli € {1,...,t},
(2) c is recurrent,

(3) there exists a sequence a of prime numbers, such that f|, ) is topologically

conjugate to the adding machine f,, and
(4) the convex hull property holds for the covers {P;}ien of w(c).

Let & € lim{w(c), flue}- Then & is a local endpoint.

Proof. Let  be chosen as in Proposition 3.5. Then by Theorem 2.2 and Proposition
4, there exists a subsequence {,,}jen of the coordinates of & that limit to e. So
there exists an M such that for k > M, z,, € Bjs(e). By Proposition 3.5, if T

is a subcontinuum of 7~}

oy (Bs(e)), then 7, (T') is a subcontinuum of an arc for all

m > nyy. Notice that Z € 7, (Bs(e)). Let € > 0 such that B.(z) C m, (Bs(e)).
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Since w(c) is an infinite minimal set containing e, we know that e is not
periodic. Therefore, there exists an L such that z; # f*(e) for any k with i > L.
Let {P;}ien be the covers of w(c) described in Theorem 2.1, and let the individual
elements of each cover be denoted P}.

Suppose T is not a local endpoint. Let A and B be two subcontinua in the
inverse limit space which contain #, such that AU B C B(%), and A € B, B ¢
A. Then there exists an N such that for all n > N, A, € B, and B, ¢ A,. Let
j > max{L, N,ny}, with z; a coordinate of Z. For every i, let m;; € N such
that x; € Py, .~ and let m;, € N such that e € Py, . For every 4, there exists
a k; such that fk(P;l) = P! since the elements of P; are cyclically permuted.

My,
z; € () fFi(conv(Py,. ) with the diameter of the elements in {f*(conv(P},, ))}ien
goingletNo zero. So there exists a u such that f*(conv(Py )) is contained in the
interior of A; U B; and f’““(P#Lu’e) = Py, . We may choose u large enough so that e
is not an element of Py . Since fre(Py ) = Py, Pr,. will contain e and z;4y,,
the preimage of z; under f~*u |w(e)- Recall that since f|. () is topologically conjugate
to an adding machine, f is a homeomorphism when acting on w(c).

By our choice of j, A; — B; # 0,B; — A; # 0. As& € ANB and A, B
are continua, 7;(A U B) is compact and A; U B; is an arc. Let a; € (A; — B;) —
fk“(conv(P;,fmye)), b € (B — A;) — ka(conv(P;,‘Lu,e)). Such an a; and b; exist by
our choice of j and the fact that f*(conv(Py ) C (A; U B;)°. Let ajyr, € Ajir,,
such that f*(a;ir,) = aj, and let b; 1k, € Bjir,, such that f*(b; 4, ) = b;. Then
Wik, € Ajik, = Bjthus bjtk, € Bjtk, — Ajik,, and ajip,, bjir, ¢ conv(Py ).
Also, ik, € Ajir, N Bjyk,, and each of Ak, Bjtk,, and Ajpg, U Bjyy, is an
arc. So either ajir, < bjip, < Tjpr, < € 0T bjtg, < jip, < Tjtr, < e. In the first

case, biip € laivp ,xivk | € Aiir , which is a contradiction. In the second case
Y ]+ U ]+ u ) ]+ U J+kuo )

Qjtky € [bjtkus Tjth] € Bjik,, which is also a contradiction. O

47



An example of a function, f, and graph, GG, which satisfy the hypotheses of

Theorem 3.1 is the following:

(1) G contains an edge, A, with endpoint e,

(2) fla is an infinitely renormalizable logistic map with recurrent critical point

(3) f(c)=e, and

(4) the vertices of G of degree greater than two are fixed under f.
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CHAPTER FOUR

Endpoints of a Strange Adding Machine

In this chapter we show that the strange adding machine in the example section
of Chapter 2 is a map for which the set of endpoints in the inverse limit space is
strictly contained in the set of folding points, thus providing a counterexample to
Keesling’s conjecture. We also prove that the set of endpoints is dense in the set
of folding points, which in conjunction with the counterexample, answers Bruin’s
question about the existence of a map for which the set of endpoints is not closed.

In [18], Bruin gives necessary and sufficient conditions for a point Z € lim{/, f}
to be an endpoint. The following definitions are taken from this reference; see also

21]. Given a point & = (...,2_2,2-1,%0) in lim{7, f}, we define its symbolic repre-

sentation by & = (..., Z_9,%_1, %), where
(
0 z;<c
T; = * X;=¢C
1 z;,>c
\

We similarly define the itinerary of xq, z; = fi(z0), i > 0 as follows:

0 fz(l'o) <c

B=4x filag) =

1 fz($0) >c

\

If Z is an endpoint, there must exist an infinite sequence {Z_y, };en such that

the word & _y, ... Z¢ is an initial word of the kneading sequence of f, [18, Proposition

2]. This means that zy has an infinite sequence of preimages { f =i w(e)(®0) }ien such
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that for j € N, f~%+™(, ) (20) and f™"(c) lie on the same side of ¢ for 0 < m < k;.
Additionally, the images of ¢, {f**1(c)};ey must be limiting to .

We first attempt to develop some intuition as to how a non-endpoint might
exist in the set of folding points for a strange adding machine, f.

It is known that ¢ € w(c) for all strange adding machines, [13, Proposition
3]. Let j € N such that P; is a cover as described in Theorem 2.1, and let chl
be the unique element in the set P; that contains c¢. From Lemma 2.5, we know
that there exists at least one other element in P;, which we will call Pgé, such that
¢ € conv(P?), the convex hull of P/. By Theorem 2.1, (1), there exists ky such
that f*(P/) = PJ. We assume that if P/ is distinct from P/ and P/, with
¢ € conv(PY), and f*(P!) = PJ for some k € N, then k > ko.

Note that none of the elements in f*(P/), 0 < n < ko, contains elements on
both sides of c. f*(c) € Pg2 and we may assume without loss of generality that
f(c) is to the right of ¢. Let Iy, = P/, N[0,¢) and If, = PJ N (c, 1], both of which
are non-empty.

Let zg € fR*!(PJ) such that f~!|,(20) € IF,. Then f~HotV|,(2) € P
The word created by f~%*0)(z) ...z, which we represent as Z_y, ...Z, disagrees
with the first word of K of length ko + 1 in position kg, where f*(c) is to the right
of ¢ and f*(z) is to the left of c. We say that the (kg + 1)** pre-image of z and ¢
are separated by ¢ in their k™ image.

Consider the refinements of P;, {Pji1m}men given by Theorem 2.1, and the
elements {ngm}meN, where for a particular r, chl” is the unique element of P,
containing c. Let {z_(x,,11) }men be the sequence of preimages of z in w(c) such that
Z_ (k1) € PIT™ and fEmtH(PIt™) = PIT™ the unique element of Pj,, containing
2y, where k,, + 1 is minimal. By (3), we know that z_(,,4+1) — ¢ and f**1(c) — z

as m — oo, making the elements in the sequence {z_(,,11)}men good candidates to

establish (..., 2z 9,2 1,2) as an endpoint in the inverse limit space. But suppose
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that for all m € N, f(c) and z_(,,) are separated on their initial journey to P/ by
passage through an element of P;,, that contains points on both sides of ¢, a split
element, with the forward image of f(c) on one side and the corresponding forward
image of z_(y,,) on the other. Then the word created by z_y,, ...z is not an initial
segment of K, and we have a chance that (...,z 9,2 1, 29) is not an endpoint. (We
should still be concerned that another sequence of preimages of zy might exist which
satisfies the conditions for (..., z_9,2_1,2¢) to be an endpoint.)

We now present the kneading sequence, K, of the strange adding machine for
which the set of endpoints is not equal to lim{w(c), flu} - It is shown in Chapter
2 that K is the kneading sequence of a tent map, f, such that f|, ) is topologically

conjugate to the adding machine f, where a = (24,3,3,...).
W = 10110110

W, = 11010111
W4 =10101111
Wi =W twy g
Wi = Wittt
Wi = Wi Wy twyg!

The initial segments of K are W/WiWi, i € N.

(1))

We construct a bi-infinite sequence with the in the initial segments shown
below coming prior to the starting position of the itinerary of a point, zy € w(c).
Recall that f|, ) is a homeomorphism.

Let 2= (..o, f%u()(20)s 2 lu@ (20), f (o) (20), 20) = (- 223, 220, 21, 20).-

Note that 2 € lim{w(c), flu(e) }-
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We begin with wazl W, which is equal to W22 We now extend this word in both
directions to

W2AW2W2 = wiwiwiwl wiwiwiwiwl
which is the word W3.

For the i*" step we have the word WQZ, and we prefix this word with Wf and
follow it with ;. Note that for j € N, [W/| =8-3/~! for k = {1,2,3}.

Proposition 4.1. Let Vi be the word formed by placing 10 at the end of W}, fori > 1,
k ={1,2,3}. Define Vi similarly. Then no subword of the words {Vi, Vi Vi Vi Vi}
beginning in position 1,...,|W}| and ending in position |V{| is an initial subword of
K. Further, Vi has no subword beginning in position 2,...,|W{| and ending in

position |V| which is an initial subword of K.

Proof. We begin with the case 1 = 2. W2 = 10110110 11010111 10101111 and is
always followed by 10. We may easily check that no subwords of
10110110 11010111 10101111 10 which start in positions 2,...,|W?| and end in
position |V}| are initial subwords of K. We list the remaining words to consider for
this case.
V2 = W?10 = 10110110 11010111 10101110 10
VZ = W210 = 10110111 11010110 10101110 10
1722 = ngo = 10110111 11010110 10101111 10
V2 =W210 = 10110110 11010110 10101111 10
1732 = VV3210 = 10110110 11010110 10101110 10

We see that for no subword beginning in position 1,. .., [W?| of a word in the
set {V2, V2 V2, V3 V3} and ending in position |[V;| of the respective word will be
an initial subword of K.

Let n € N, and assume that V}" has no subwords that start in positions

2,...,|W| and end in position |V}*| that are initial subwords of K. Further as-
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sume that the words {f/l”, V3, \72”, vy, 173”} have no subwords starting in positions
1...|W} and ending in position |V}"| that are initial subwords of K.

We now wish to establish the same properties for n + 1:

(1) No subword starting in position 2... W] of V;**! and ending in position

V"™ is an initial subword of K.

2) No subword starting in position 1...|W""!| of any of
g p 1 y
(vt vttt vt Uity and ending in position |V respectively,
is an initial subword of K.
Recall that:
1
Wi = Wiwy Wy
N— .
W Wy
L mcdmed
Wy =
Vg = Ty
. .
W = Wy
Vit = Wi Wy
Notice that V"™, V{‘H, 2+ and 173”“ all begin with V]*. We begin our analysis
with V"™, By the induction hypothesis, subwords of V™! beginning in positions
2,...,|W| and ending in position |V}"|, are not initial subwords of K. Therefore,
subwords of V;**! beginning in positions 2, ..., |W| and ending in position |V"|
are not initial subwords of K. Similarly, subwords of V;**! beginning in positions
W+ 1,...,|W"™| and ending in position |V,"™!| are handled by the induction
1 1 g 1 y
hypothesis.

It is immediate that V"™ = W2*'10 is not an initial segment of K. For

V2+ and Vi, although W7 is an initial subword of K, W2 W} is not. Thus the
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subwords of V"™ and ‘A/})”H beginning in position 1 and ending in position |Vz" |
fail to be initial subwords of K. The other subwords of V/"*!, V! and Vy"*! to be
considered, as well as all subwords of V;"** and ‘727”1 of concern, are handled by the

induction hypothesis.

We next prove Keesling’s conjecture is false.
Theorem 4.1 (p.51). 2= (...,2.3,2-9,2_1, 29) is not an endpoint.

Proof. We wish to establish that there does not exist a sequence {z_y, }ien, such that
7

that an initial subword of the itinerary of z, is W2 W3 and an initial subword of the

(0)(20) = 2_p, and the words {Z_y, ... Z}ien are initial segments of K. Recall

itinerary of z_g is Wll.WQIWSI, with the “.” indicating the beginning of the itinerary
of zg. We continue this pattern of prefixing Wf with Wf“, i — 00, and establish
the initial subwords of the itineraries of {z_, }nen. For i > 1, W/ will always be
followed by 10 in this construction, forming the word Vf By Proposition 4.1, no
subword beginning in position 1, ..., |[W¢| of V; and ending in position |V} is an
initial subword of K. Therefore, none of the words {Z_,, ... 2} for n > 8 are initial
subwords of K. By [18, Proposition 2|, Z is not an endpoint.

O

Lemma 4.1. Let f : I — I be a tent map with critical point ¢ such that ¢ is recurrent.
Let F' =lim{w(c), flu(e} be the set of folding points in X =1lim{[, f}. Let E be the

set of endpoints in X. Then E is a dense subset of F.

Proof. Let & = (...,x_9,2_1,%9) be a point in F. Let U’ be an open set in X
and let U = FNU’', such that £ € U. As previously noted, F is non-empty and
E CF. Let 2= (...,2_9,2_1,29) be an element of E. Note that for all £k € N,

fk(z) € E, where f( ceyZo9,2-1,20) = (-..,2-9,2-1). We are using the product
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topology: U = (I xU_, x---xUy)NF. Let V C U_, be open such that z_,, € V
and f*(V) C U;, for k =1,...,n and corresponding j values, j = —n+1,...0. Then
forany y_, € VNw(c), g =(..,Y-n,---,Y-1,Y0) will be in U by the definition of
V and the fact that w(c) is an invariant set. Since z_, € w(c), there exists an
m € N such that f™(¢) = ¢, € V. Since z is an endpoint, by [18, Proposition
2], there exists a sequence {k;};en such that z_y, — ¢, and f™(z_y,) — ¢, by the
continuity of f. Thus there exists a ¢t > n such that z_; € V Nw(c). This implies
that 2/ = (..., 2_—n)—1, 2—(1—n)) € U as desired.

O

It follows from Lemma 4.1 that if f : I — I is a tent map with critical point
¢ such that ¢ is recurrent and F' — E # (), the set of endpoints is not closed.

From 3.1, we know that if f : I — [ is a tent map with critical point ¢ such
that ¢ is recurrent and F' = FE, then c is uniformly recurrent. This implies that for
a tent map with a critical point that is recurrent but not uniformly recurrent, the

set of endpoints is not closed.

Lemma 4.2. Let f : I — I be a tent map with critical point ¢ such that ¢ is uni-
formly recurrent. Let F' = lim{w(c), flu)} be the set of folding points in X =
m{/, f}. Let E be the set of endpoints in X. If 2 = (...,2.9,2.1,%) € F, and

Fl. z9,21,20) = (..., 2_0,2_1), then the orbit of 2 under f will be dense in F.

In particular, if F — E # (), F\FE is dense in F.

Proof. 1t is known from 4 that if ¢ is uniformly recurrent under f and z € F', there
exists a subsequence {z_,, };en of coordinates of z such that z_,, — ¢. The proof

therefore mirrors the proof of Lemma 4.1. O]

It follows from Lemma 4.2 that if f : I — I is a tent map with critical point
¢ such that ¢ is uniformly recurrent and F — E # (), the set F' — E is not closed.

The critical point of a strange adding machine is regularly recurrent [12, Corollary
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2.5]. Therefore, the strange adding machine presented in this paper provides an

example of a map, f, such that the sets £ and F'\E are not closed with respect to

F= @{W(C)a f|w(6)}-
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CHAPTER FIVE

Current Research

In this chapter, we present our current research in tiling spaces. We are inter-
ested in tiling spaces that are associated with substitution systems. We introduce a
one-dimensional tiling space for its simplicity, but note that our work on substitu-
tion systems has implications for tiling spaces in higher dimensions. The following
definitions may be found in [5], [6].

We begin with an alphabet A = {1,...,n} and a substitution ¢ that sends
each letter of A to a finite word which is a collection of letters from A. For example,
the Fibonacci substitution has the alphabet {1,2} and the substitution ¢(1) = 12,

¢(2) = 1. The substitution rule naturally extends to a mapping of words to words.

Definition 5.1. Let ¢ be a substitution on the alphabet A = {1,...,n}. We say that
a bi-infinite word, w, is allowed if each finite subword of w is a subword of ¢™(7) for

some n € N and 7 € A.

Definition 5.2. Let w = ... w_j.wow; ... be an allowed bi-infinite word for ¢, and
let W, be the collection of all such bi-infinite words. The shift map, o : Wy — W,

is defined by the action o(...w_j.wow; ...) = (... w_qwp.wy ... ).

Associated with a substitution ¢ is an incidence matrix Ay, where the entry

in position a;; is the number of times the letter ¢ occurs in ¢(j). For the Fibonacci

1 1
substitution, the incidence matrix is A, =

1 0
Definition 5.3. A substitution, ¢, is said to be primitive provided there exists an
n € N such that for all i € A, ¢"(i) contains each letter of A. Similarly, [29, p. 678],

a matrix A with non-negative entries is said to be primitive if there exists an n € N

such that A™ contains strictly positive entries.
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Nb: A primitive substitution will have a primitive incidence matrix.

Definition 5.4. A bi-infinite word, w, for a substitution, ¢, is said to be ¢-periodic if

there exists an m such that ¢™(w) = w.

Definition 5.5. A substitution is aperiodic if it does not contain a ¢-periodic word,
w, which is periodic under the shift map. In other words, for every ¢-periodic word,

w, there does not exist a k such that o*(w) = w.

Definition 5.6. A substitution, ¢, is a constant length substitution of constant length

[, if for all i € A, ¢(7) is a word of length .

Definition 5.7. [22, Definition 2.8] Let ¢ be a primitive substitution of constant length
[ with ¢-periodic word w = ... w_j.wowy .... The height of the substitution, h(¢),

is max{n > [ : n and [ are relatively prime and n divides gcd{a : w, = wy,a > 0}}.

Nb: Under the assumptions of the definition, the height of ¢ is independent
of the ¢-periodic word chosen.

Every primitive substitution has at least one allowed ¢-periodic word [6].
Definition 5.8. [22, Definition 2.18] A primitive substitution ¢ is pure if h(¢) = 1.

Definition 5.9. [22] Let ¢ be a substitution of constant length [ on the alphabet A =
{1,...,n}. Leti € A. Note that the length of ¢* (i) will be I*, and so we write ¢*(i) =
(016 (1)s ... ¢ (7). For afixed r < I, the set {¢"(1),, *(2),...., o ()}, b > 1,

is called a column of ¢.

Definition 5.10. [22, Definition 3.1] Let ¢, represent the cardinality of the column
{¢"(1),, 9*(2)s, ..., ¢"(n),}. The column number, c(¢), is min{cy,}, 1 < r < I¥

kE>1.

We are interested in asymptotic cycles and proximal cycles in tiling spaces

that arise from substitution systems. The well-known Perron-Frobenius Theorem is

o8



important to our transition from a substitution system to a tiling space [24, p.10],

27, p.109], [29, p.667].

Theorem 5.1 (Perron-Frobenius). Let A be a primitive matriz. Then A has a strictly
positive eigenvalue A with associated positive left and right eigenvectors, such that

for any other eigenvalue, p, |pn] < A.

We call this leading eigenvalue the Perron-Frobenius eigenvalue.

The primary source for our tiling space description is [6]. Let ¢ be a primitive
substitution on n letters with Perron-Frobenius eigenvalue X of its associated transi-
tion matrix. Let w be the left eigenvector associated with A\, and denote the entries
of wby (wr,...,wy). The prototiles for ¢ are the intervals P, = [0,w;], 7 € {1,...,n}.
A tiling of the real line, T' = {7;}>,, is a covering of the line with tiles such that
each T; is a translate of one of {P;}7 ,, and two tiles, T}, T}, i # j, intersect in at
most one point. We say that a tile T; from a tiling T is of type j if it is a translate
of the prototile P;. We may therefore associate with 7' = {7;}>_ a bi-infinite word,
... W_jwWows ..., where w; = j if T} is of type j. We define our tiling space 7, to
be the collection of tilings such that for any 7' € 7, the bi-infinite word associated
with 7" is an allowed bi-infinite word for ¢. The flow on 7y is translation by t € R,
where 7' — t = {T; — t}*°,. The flow acting on 7, induces an equivalence relation
where two tilings, 7" and S, are equivalent if there exists ¢t € R such that T'= 5 —t.

Let ¥, represent the collection of all tilings of R. There is a natural topology
on X4, where two tilings, 7' = {T;}>° and 7" = {T/}>_ , are “close” if there exists

an € near 0 such that {7;}>_ and {7} + €}>°_ are identical in a large neighborhood

of the origin. More formally:

Definition 5.11. [1] Let T, 7" € ¥,. The distance, d(T,T"), is inf{e | T+ and T" +v

agree on the neighborhood [—1, 1] about the origin for some |ul, |v| < €}.
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The space ¥, is compact and metrizable with this topology [7].

Definition 5.12. [33, p.208] Let K be a continuum. For p € K, consider the set C,
of all points x of K such that a proper subcontinuum of K contains both p and =x.

We call C, the composant of p.

For a primitive substitution, the composants and arc components of 7, are
the same. If C is a composant of 7y, then C contains the points of 74 that are in an

orbit equivalence class induced by the flow.

Definition 5.13. Two tilings T,7" € 7, are forward asymptotic if lim, . dist(T —
t, 7" —t) = 0. If composants contain forward asymptotic tilings, the composants
are said to be forward asymptotic. Backward asymptotic tilings and composants are

similarly defined.

Definition 5.14. Two tilings 7,7 € 7, are prozimal if the infimum over ¢t € R of
dist(T —t,T" —t) is zero. If composants contain proximal tilings, the composants

are said to be proximal.

The distinction between asymptotic composants and proximal composants is
that proximal composants are allowed to have gaps of separation of arbitrary dis-

tance.

Definition 5.15. An asymptotic cycle is a collection of composants, {Cy, Cs, ..., Cs,}
such that (] is forward asymptotic to Cs, Cy is backward asymptotic to C5, (3 is

forward asymptotic to Cy, ..., Cs, is backward asymptotic to C'.

Our initial goal was to answer the following question posed by Marcy Barge: If
¢ is a pure, primitive, aperiodic substitution of constant length with column height
greater than one, does 7, contain an asymptotic cycle?

Let ¢ be a substitution and A = {1,...,n} the alphabet on which ¢ is de-
fined. If ¢(a) = a... for some a € A, then we say that a is a starting rule of

60



the substitution. If ¢(b) = ...b for some b € A, then we say that b is a stop-
ping rule of the substitution. Suppose that b is a stopping rule, a is a starting
rule, and the word ba appears as a subword of ¢*(i) for some i € A, k > 1, i.e.
ba is an allowed word of ¢, and ¢(b) = ub, ¢(a) = av for words u,v. The word
w = ...0%(u)p(u)ub.ave(v)p*(v) ... is both allowed for the substitution and fixed
by ¢ [5]. We say that the fixed word w is generated by b.a.

On a basic level, if we can identify 2n generators for fixed words of a substi-
tution, ¢, of the form {b;.ay, bs.ay, bs.as, ... b1.a,}, then 7, has an asymptotic cycle;
see [6]. This is enough to prove the existence of an asymptotic cycle in the case
that ¢ is a pure, primitive, aperiodic substitution of constant length acting on an

alphabet of n letters with ¢(¢) = n.

Lemma 5.1. Let A = {1,...,n}. If 0 is a constant length substitution on A such
that c(0) = n, then for all a € A, there exists m such that 6™(a) is a word that

begins and ends with a.

Proof. Suppose that there exists a; € A such that 6(a;) = asw, a1 # ay and w is a
word. Then since for all k > 1, the columns of 6%(1),...,6%(n) have cardinality n,
0(az) does not begin with as. Let the first letter of 6(az) be as. This process will
continue until we reach a; such that 0(a;) begins with a;. Let {aq,...,a;} be a set
of length ¢, where 6(a;) begins with a1, for i € {1,...,(t — 1)}, and 6(a;) begins
with a;. We call such a set a cycle. If we consider 62, then 6%(a;) begins with a; o
for i € {1,...,(t —2)}, and 6%(a;_1) begins with ay, 0*(a;) begins with ay. If we
consider ¢/, then 6/(a;) begins with a;;; for ¢ € {1,..., (¢t — j)}, and ¢’ (ap—j)+1))
begins with ay, ..., 67(a;) begins with a;.

Setting j = ¢, we see that 0*(a;) begins with a; for a; € {ay,...,a;}. Since A
is a finite alphabet, there exist a finite number of cycles, each associated with some
t; the least common multiple of which we will call m;. Then for all a € A, 6™ (a)

begins with a.
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By a similar argument, there exists an ms such that for all a € A, 0™2(a) ends

with a. If we let m = my - mao, then 6™ (a) = aw,a for all a € A. O

Theorem 5.2. Let A = {1,...,n}. If 0 is a pure, primitive, aperiodic, constant

length substitution on A such that c(0) = n, then 6 has an asymptotic cycle.

Proof. Since if 8™ has an asymptotic cycle, # has an asymptotic cycle, we may
assume that m = 1 in Lemma 5.1. It follows that the lists of starting and stopping
rules for 6 will each be {1,...,n}.

For the purpose of establishing our asymptotic cycle, we look at pairs of letters
that are adjacent under 6%(a) for all k > 1, and all a € A.

Suppose that for a € {1,...,n}, a is followed by only one letter b,. Then we
have the adjacent pairs: {(1b1),(2b3),...(nb,)}. By assumption, the first column
of our substitution is 1,2, ..., n. We must eventually have a column that is different
than column one, so we assume without loss of generality that column 2 is different
than column 1. This establishes the first two letters of §(1) as 1 b;. Since we have
column height n, if b; # 1, then we may assume that b; = 2. If by = 1, then we will
say that the elements of {1,2} form a cluster. If by # 1, then we may assume that
by = 3. If b3 = 1, then the elements of {1,2,3} form a cluster; otherwise we continue
until we reach a t such that b, = 1. If t = n, then 0 is periodic, since as k — 00,
k(1) =12 ...n12...n.... If t < n, then @ is not primitive since for all k, 6%(1)
begins with 1 and will only witness elements from its cluster.

This means that for some letter a € A, a is followed by something other than
b,. Without loss of generality we may assume that 1 is followed by b; and ¢; where
by # c1. There must exist two columns under §* for some k such that the adjacent
pair (1 ¢;) is witnessed. Let r be the column, which by assumption contains each of
{1,...,n}, so that 1 is in position 7 of #*(p,) for some k and p;, and ¢; is in position
r+ 1 of 6%(p;). Since ¢; # by, then ¢; = b,,, ¢1 # 1. Without loss of generality, we
may assume that ¢; = 2. This means that for 2 in position r of 8%(py), by is not in
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position 7 + 1 of #%(py). Let ¢y be in position r + 1 of #%(py). Therefore, 2 appears
in the horizontal pair (2 bs) for 6(2) by a previous argument, and 2 appears in the
horizontal pair (2 c;) under 6% (py), by # c».

Since ¢; = by, and the pairs (1 b1),(1 ¢;) have been witnessed, if ¢y =
by, then we have an asymptotic cycle consisting of the fixed words generated by
1.b1,1.¢1,2.01,2.¢4.

If ¢ # by, it must be the case that cy = by, for some g2 # 1, g2 # 2. We continue
this process until we reach ¢ such that ¢; = by, and the pairs {(1 ¢1), (2 ¢2),...,(t ¢)}
are witnessed under 6%. Further, ¢; = by for i € {1,...,(t — 1)}, and ¢, = b;.
Recall that we have already witnessed the pairs {(1 b1),(2 b2),...,(t b)}. We
therefore have the asymptotic cycle consisting of the fixed words generated by
{1.b1,1.¢1,2.¢1,2.¢9,3.¢9,3.c3, ..., t.ci_1,t.b1 }.

]

The existence of an asymptotic cycle in the tiling spaces of all pure, primitive,
aperiodic substitutions of constant length with column height greater than one did
not turn out to be true. We found a counterexample to Barge’s conjecture when we
investigated the case of substitutions on four-letter alphabets for which c(¢) = 2.

We are currently exploring the existence and usefulness of proximal cycles in

substitutions where no asymptotic cycle exists.
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CHAPTER SIX

Conclusion

In this thesis we considered adding machine dynamics as they appeared in
unimodal maps, finite graphs and tiling spaces. We gave a complete characteriza-
tion of the kneading sequence structure for the recently discovered strange adding
machines. We addressed the question of James Keesling, showing that for infinitely
renormalizable unimodal maps the set of folding points of the inverse limit space will
be equal to the set of endpoints of the inverse limit space, and for non-renormalizable
maps, this equality does not always hold. We showed that uniform recurrence of the
critical point is a necessary condition for equality of the set of endpoints and the
set of folding points in the inverse limit space of a tent map with recurrent critical
point. Further, since the set of endpoints is a dense subset of the set of folding
points, we have identified a class of tent maps for which the set of endpoints is not
closed, answering a question posed by Henk Bruin.

In our current research on tiling spaces, we proved Barge’s conjecture on the
existence of an asymptotic cycle in constant length substitutions in the special case
where the column height of the substitution and the cardinality of the alphabet on
which the substitution is acting are the same, and found a counterexample in the
general case.

We remain interested in inverse limit spaces of unimodal maps. We would like
to find sufficient conditions for a unimodal map, f, such that the set of endpoints
of the inverse limit space of f and the set of folding points of the inverse limit space
of f are equal. Another goal is to better understand the structure of the inverse
limit space of a strange adding machine and the implications of our results on this

structure.
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We also have a continued interest in tiling spaces. We are working to determine
the relationship between the contributions of an asymptotic cycle and a proximal
cycle for a pure, primitive, aperiodic, constant length substitution to the degree of

the Cech cohomology of the associated tiling space.
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