ABSTRACT

Grand Unified Theories in Higher Dimensions:
From the Heterotic String to Randall-Sundrum

G. Benjamin Dundee, B.S.
Advisor: Gerald B. Cleaver, Ph.D.

We explore the phenomenology of effective field theories in two different cases.
First, we look at a mirror universe model, using an orbifold compactification of the
heterotic string, in the free fermionic approach. An expected non-chiral Pati-Salam
mirror universe model is transformed into a chiral model with enhanced hidden sector
gauge symmetry and reduced observable sector gauge symmetry: [SU(4)c x SU(2) X
SU((2)g]? x [SU(4)c x SU(2);, x SU(2)g|", is necessarily transformed into a chiral
[SU(4)c x SU(2)1]° x [SO(10) x SU(2)g]™.

Second, we look at a non-supersymmetric SU(5) theory built within the Randall-
Sundrum framework. We derive the low energy running of the couplings, and show
how the effects of the numbers and types of representations used for model building
can be constrained by looking at universal contributions from KK modes to the beta
functions. We show that the Yukawa couplings are, in general, exponentially small,

leading to an exponentially short proton lifetime.
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CHAPTER ONE

Introduction

1.1 The Standard Model of Particle Physics

The Standard Model of particle physics (SM) [2] is the culmination of four
decades of theoretical development and experimental verification. Barring some well-
hidden new physics, the final pieces of the SM should fall into place when the higgs
scalar is discovered in Geneva, by the end of this decade. By specifying a relatively
small number of parameters, one is able to understand the dynamics of particle in-
teractions at the electroweak scale, and the conditions in the universe up to its first
minutes of existence.

The gauge group of the SM is SU(3)c x SU(2);, x U(1)y—three (chiral) gener-
ations of fermions transform in the fundamental representations of the gauge group,
while the gauge bosons transform in the adjoint representations. Under SU(3)¢ X

SU(2)r, x U(1)y, the particles transform as follows:

Quirks: Qp = (3.2.1/6)  Qp = (3.1,1/3)
Leptons: L; = (1,2,1/2) Lp = (1,1,-1/2) (1.1.1)
Gauge Bosons: ¢ = (8,1,0) W=* 7 = (1,3,1/2),

where the quantum numbers are given as (SU(3) rep, SU(2) rep, U (1) charge).
Breaking the SM to SU(3)¢ x U (1),,, requires a complex higgs particle,
Bt
h= : (1.1.2)
hO
which transforms as (1,2,1/2). The SM requires eighteen experimental inputs, like

masses of quarks, quark mixings and strengths of forces—once these are set, one is

able to make phenomenological predictions of astounding accuracy.



It was realized, in 1973 [3], that the couplings of non-Abelian gauge theories
were energy dependent. In general, the renormalization group flow equation is given
by

d

dog o/}~ )

where the parameter A is an arbitrary energy scale, and the coupling is given by g.
We will generally choose A as a UV threshold, above which the runnings cannot be
extrapolated. This has been called “parameterizing our ignorance”, and corresponds
to an energy regime at which the physics is unknown to us. We will see examples of
this UV cutoff in several places in the following document.!

The function which characterizes the change of the coupling constant with in-
cident energy is called the beta function, 5(g). The sign of the beta function will
tell us how the coupling constant evolves as a function of the energy, ¢q. In a theory
like quantum electrodynamics, the beta function is positive. This means that as the
energy of the scattering experiment increases, so does the coupling constant. Because
the expansion in Feynman diagrams is a perturbation expansion, and only good for
values of the coupling constant (much) less than 1, these types of theories may only
be treated perturbatively in the IR limit—that is low energies and long distances.

Another class of quantum field theories are the finite field theories, whose beta
functions are zero. In two dimensions, one can formulate conformal field theories
(CFTs), which have the same beta function properties. These are of vital importance
to string theory, in which the world-sheet degrees of freedom are fields governed by
a 2-d CFT. There are, however, no physically important examples of 4-d finite field

theories.

1'We can also choose A to be an IR (low energy) cutoff, for example Mz. An IR cutoff
is customarily chosen when deriving the runnings of the SM beta functions, Equations (1.1.6).
Choosing A as Mz for the SM beta functions means that we are not able to know anything about
energies ¢ S M.



Finally, if the beta function is negative, the gauge theory is called asymptotically
free. This means that the low energy behavior may not be treated with perturbative
methods, but that we can apply those methods in the high energy limit. The most
relevant example of this class of field theories is quantum chromodynamics (QCD). At
low energies in QCD, perturbation theory breaks down, and one must use complicated
numerical techniques to get reasonable results [4].

The general form of the beta function for a non-Abelian gauge theory, with
symmetry SU(N), is given by

3 T11 4
ﬂ(g)=—1g7r2 TN =3 NC(r) +0 (g%, (1.1.4)

where C'(r) is the Dynkin index of the fermion representation r [5], and Ny is the
number of fermions in the theory. The derivation of this equation is tedious but
straightforward, and will be done in Appendix A.?2 To find the beta function for QCD,
we insert N = 3, Ny = 6 quarks and C' (r) = 1/2 for the fundamental representation,

3
—Tg
Bacp = 153 +0(g°). (1.1.5)

Now, we can integrate Equation (1.1.3) using the form of the beta function given
in Equation (1.1.4). We choose our A as the electroweak symmetry breaking scale,

Mz = 91.1876 £+ 0.0021 GeV [6], because SU(3)c x SU(2) x U(1)y is only a good

gauge group above this energy. We will also make the substitution a@ = % in natural

units, where h = ¢ = 1. Then...

b E
—1 =l = a =
Ay (BE)=a; =+ or log N (1.1.6a)
_ _ ba [E]
O‘srlj(z) (B)=o0y' =+ Gy log A (1.1.6b)
o (B) =a3' = g | 2| 1.1.6
Qgprs (B) = oy =Gt 08| (1.1.6¢)

2The case for Abelian symmetries is a bit easier, as the number of graphs we must compute
is smaller. The general form of the coupling constant’s dependence on energy is the same.



2 14 16
log;y (E/GeV)

Figure 1.1. The running of the couplings in the Standard Model. Note the approximate
unification around 104716 GeV.

The constants, ¢;, are boundary conditions, which we derive from experiments. We
know that ag (Myz) = 0.1187 4+ 0.0020, as (Mz) = 0.033961 £ 0.000006, and «; =
0.017022 + 0.000002 [6], and from Equation (1.1.4) we know b; = 41/10, by = —19/6,
and b3 = —7. Using this information, we can plot how the coupling constants a; '
change with energy scale E, which we have done in Figure 1.1. It is important to
remember that we are looking at the plot of the inverse coupling constants. The
strong force, SU(3), starts out at around 0.1 and becomes weaker with increasing
energy scale. Conversely, the weakest force, the hypercharge, increases in strength as
energy scales increase. These forms of the couplings are essentially an experimental
prediction of the SM, assuming that there exists no intermediate scale matter—an
“intermediate-scale desert”. We will see that different theories tend to predict differ-
ent runnings of the couplings.

If we want to include exotic matter with mass greater than My (but smaller
than Mp; ~ 10®¥GeV in our models, we would have to go back and compute con-

tributions to the graphs in Appendix A. The contributions from this exotic matter



will, in general, change the form of the renormalization group equations, and effect
the runnings near the new mass scale.

It is important to note that precision measurements of Equations (1.1.6) are
pretty limited in scope—that is, they have not been measured past the electroweak
symmetry breaking scale. The graphs in Figure 1.1 are extrapolations. This is one
exciting idea that the LHC will be looking at [7, 8]—the beta functions put strong
constraints on the type of matter that one can have in the theory. The existence of
any new matter or forces will change the running of the coupling above the related
mass scales for the 0 b;, so any variation in the slopes of any of the lines in Figure
1.1 corresponds to new physics. We will try to parameterize the contributions of new

matter at some intermediate scale A; as

bi+db. [E
-1 c-+L5110g{ } (1.1.7)

27 A_I
1.2 The Shortcomings of the Standard Model
After twenty-five years of experimental tests of the SM, we have yet to find any
violations. There was some hope, earlier this year, that b-mixing experiments [9, 10],
which are extremely sensitive to new physics, would hint at something beyond the
SM, but the results only served to verify the SM prediction [11]. The best candidate
for a new physics event has been the observation of the muon anomalous magnetic
moment [12], which differs from the SM prediction by anywhere between 0.7 o and
3.2 0, depending on which experimental and theoretical values one compares [13].
Generally we consider any experimental result that differs from theory by more than
3 0 to be evidence of new physics, but because we don’t have a consensus on the
calculational end, we cannot be certain that we are seeing something new.
In spite of the tremendous successes of the SM, few accept that it is the final
theory. We will focus on five open questions that the SM has nothing to say about

[14]: the algebra question, the fermion question, the charge question, the gravity



question, and the hierarchy problem. In general, these issues are all “naturalness”
arguments, borne from the assumption that the SM is an effective field theory of some
more fundamental framework. It is widely held that any satisfactory UV completion

of the SM should address all of these issues.

1.2.1 The Algebra Question

In particle physics, we have found that (spin %) fermions transform as represen-
tations of Lie groups [15], with (spin 1) bosons acting as generators and transforming
in the adjoint. For example, in QCD, the quarks transform in the fundamental (3)
of SU(3), while the gluons transform in the adjoint (8). The same is true for the
electroweak theory—fermions come in SU(2) x U(1) doublets (the fundamental rep-
resentation), and the W bosons transform in the adjoint. By definition, the gauge
bosons must transform as the adjoint representation (they are the generators of the
algebra), but it would be a grand coincidence if all of the fermions in the low energy
effective field theory just happened to transform as the fundamental representations.

What dictates the higgs transformation properties under the various groups?
The higgs is a color singlet and a doublet under SU(2). We know that, in order to
preserve SU(3)c x U (1),,, in the low energy limit, the higgs must not break QCD,
and must transform as a singlet under SU(3)c. Electroweak symmetry breaking
seems to be unique in that the symmetry breaking is accomplished with a higgs in
the fundamental rep of SU(2). This is not a generic feature of symmetry breaking—
when we study grand unified theories in Chapter 2, we will see that the higgs scalars
lie in “very large” representations of the gauge group, generally adjoint or higher. Is
there a guiding principle which chooses the which representations the higgses live in?
Finally, why do we see the symmetries that we do—why is the effective lagrangian of

the SM invariant under the symmetry SU(3), x SU(2), x U(1)y?



1.2.2  The Fermion Question

If we look at the masses of the fermions in the SM, we see the generational
structure taking shape. For example, the quark masses seem to follow my, m;, >>
Me, Mg >> my, my. If we look at the accepted experimental data [6], the masses
obey the (approximate) ratio 1 : 1073 : 1075, Further, if we associate the 7 lepton
with the top/bottom, the p lepton with the charm/strange and the electron with the
up/down, we see the same generational pattern: m, >> m, >> m..> Why does
such a pattern exist? And why are there exactly three generations? The SM does
not tell us how many generations we should observe—instead there are observational
constraints on the number of generations we have.

The conservation of B and L can be proved in the SM [17, 18], with its standard
particle content.* We generally understand conserved charges as being protected by
some unbroken symmetry—for example, we know that electric charge is conserved in
low energy scattering experiments because it is protected by the U (1),,, which exists
below the electroweak symmetry breaking scale. The B — L symmetry is “accidental”
in the sense that there is no symmetry in the SM which explicitly protects B — L,
but it is conserved anyway.

The fermionic sector of the SM also has other issues. We know that neutrinos
have mass [19], and aside from explicitly adding mass terms (that are necessarily
fine-tuned because of the estimated size of the neutrino mass) to the SM, the most
promising way to generate neutrino masses is the seesaw mechanism [20, 21], which
requires a (right-handed) neutrino singlet to work, and avoids fine tuning problems.

A light, left-handed, Majorana neutrino is naturally obtained when a right-handed

3 Although the neutrino masses are not known exactly, there is the possibility that they,
too, obey this approximate ratio. The current upper bounds on neutrino masses are m,_ <
18.2 MeV,m,, < 0.19 MeV,m,, < 3 x 1072 MeV [6]. There are also stricter cosmological bounds

on the sum of the three neutrino masses, > m, = 0.567( 50eV [16].

4Baryons are hadrons that contain three quarks—the proton and neutron are both assigned
baryon number of B = 1, thus each of the quarks have B = 1/3, and the anti-quarks have B = —1/3.
The electron has lepton number L = +1, and the positron has lepton number L = —1.



(Majorana) neutrino has a large mass term. The mass terms for the neutrinos are

postulated to come from

1 VL
L= —5 (v, vr) M + h.c. (1.2.1)
VR
The mass matrix is given by
m¥ m
M= " 7 (1.2.2)
mp mﬁ
where
mi, >>mp >>m¥;. (1.2.3)

The eigenvalues of this matrix give the mass terms of the left-handed and right-handed

neutrinos:
2
mp
R
My

My, ~ M (1.2.4)

i~ 'm@ _

Either way, a massive left-handed neutrino means that the SM must be modified with
at least the addition of another lepton, with the same generational mixings as the
other leptons and the quarks.

Finally, the strong C'P problem of QCD either represents a tremendous fine-
tuning of coupling constants, or a symmetry which we have not been clever enough
to discover. In general, all renormalizable, mass dimension 4, gauge invariant terms
that can be added to the lagrangian should be added. Of all of these possible terms
in the SM lagrangian, only one is not observed—that is the C'P violating term of
QCD. Charge C, Parity P and Time Reversal T' are all discrete symmetries of a
quantum field theory. The symmetry C'P is maximally violated in the electroweak
model, but no violations have been found in the strong force. From the QCD field
strength tensor, we can make the following (renormalizable) combinations

—1 v Nf929 ~
LQCD D) F/\*F—I—F/\F: TTI‘FMVFM — WTI‘FHVFM s (125)



where 6 is the C'P-violating angle. *F" is the Hodge dual of F', and is given by

«F = F,, = —%eme“”. (1.2.6)
One expects that
N 1
32m? 4
i o(L) a2

The best limits come from measurements of the electron’s dipole moment, and give
0 < 1.5 x 1071% [22]. Why is QCD any different from the electroweak model, in
which C'P is maximally violated? Why should C'P violations be so small? There are
beautiful correlations between C'P violations and the matter/anti-matter asymmetry
of the universe. The fact that we see only matter (versus a 50/50 mix of matter/anti-

matter) in this universe is a consequence of this C'P violation [23].

1.2.3 The Charge Question

Another cosmic coincidence in the SM is the difference in charge between the
electron and the proton—the difference is less that 1 part in 1072 [24]. There is
no mechanism predicting the charges of particles in the SM, just as there are not
predictions of masses or couplings in the SM. Charge quantization may be explained
by the condition that the SM be free from anomalies, and that a right handed neutrino

exists [25]. The right handed neutrino, however, is generally not considered part of

the SM.

1.2.4 The Gravity Question

Gravity is the most important force on scales larger than about 1 m, and on
scales on the order of the Planck length (~ 1073% m) but it is completely without
mention in the SM. Any attempts to quantize gravity in the way that we quantize the

(non-)Abelian symmetries in the SM leads to disastrous consequences. There have
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Figure 1.2. In general, the higgs will couple to all of the fermions in the theory. The one
loop graph is quadratically divergent.

been attempts to resum the graviton propagator [26], but the regimes in which gravity
becomes strong are still poorly understood, at best. This conflict can be understood
by noting that the gravitational scattering of two particles scales as (E/M Pl)2 at tree
level, which diverges for arbitrarily large energies. This divergence is a power-law
divergence, arising because the theory of gravity at large energies has no UV cutoff.?

Finally, the propagators of all of the other forces are spin one bosons, but the
(hypothetical) graviton must have spin two. This suggests that perhaps there is some

fundamental difference in the way we must treat the forces.

1.2.5 The Hierarchy Problem

In order for the electroweak symmetry breaking to be consistent, we must pos-
tulate the existence of a scalar higgs field. SU(2),, x U(1)y is broken to U(1),,, when
the higgs scalar takes on a vacuum expectation value (vev), which is dictated by the
minimum of some potential.® The higgs vev, v, is related to the higgs mass mpy
and the higgs self-coupling, A, by v = \/fo The SM data give the higgs mass as
113135 GeV [6], giving a vev of around 174 GeV. We know that the higgs mass must
be larger than 114.4 GeV, via direct searches at Fermilab. The problem remains that
the SM offers no way to determine the shape of the higgs potential, and thus no way

to firmly predict the vev that the higgs field will take.

5 Gravity could, of course, be a low energy effective field theory of some larger theory, but
without some fundamental length, this is just a reductio ad infinitum—one could continue such
extensions forever.

6One can imagine a ball rolling down the side of a hill—the place where the ball eventually
comes to rest corresponds to the stable minimum where the higgs field will “settle”, or its vev.
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We can estimate the higgs mass by looking at the terms from mass renormal-
ization. The higgs will couple to all of the fermions in the theory, as in Figure 1.2,

and the higgs mass is quadratically divergent:

g
Am? = —@A@V. (1.2.8)

A is a UV cutoff, and is the scale at which the SM is violated—mnaturally the Planck
scale where gravity becomes strong. We know that the SM cannot hold at arbitrarily
high energies where gravity becomes important—this means that the UV cutoft should
be the Planck scale, 101871 GeV, if there is no new intermediate scale physics. This
calculation tells us that the higgs mass will scale as the UV cutoff, which cannot be
the case, because the higgs gains a mass at the electroweak scale, which we know
from experiments. There should, therefore, be some mechanism which protects the

higgs from gaining a vev before the electroweak scale.

1.2.6  Answers

Throughout this thesis, we will examine different ways to resolve these issues
in the context of model building. We will take the position that every quantum field
theory is some low energy effective approximation [27] of a higher theory, until we
understand the UV completion of the final theory. We will see that different model
building approaches are particularly well-suited for solving particular problems, at
the expense of introducing new problems.

There is one final, albeit bleak, possibility. It could be that the constants are
the way they are by chance, and there are no first principles from which they may
be derived—this is the natural paradigm if we accept that there is no UV completion
to the SM. We could accept the higgs mass as fine tuned, that renormalization is
the only way to solve our UV divergences, and realize that we are living in a very
narrow strip of the SM parameter space that allows us to exist [28]. We may be

forced to acknowledge that quantum gravity is too hard of a problem for us to solve,
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and that the energies involved are just too inaccessible. If precision measurements of
SM parameters continue to agree with theory as well as they have in the past—for
example, if we fail to find any new physics and only a single higgs at the LHC—and we
can find no evidence of anything new in our next generation cosmological experiments

[29], then this paradigm may be inevitable.

1.3 Supersymmetry and the Minimal Supersymmetric Standard Model
Supersymmetry (or SUSY) [30-33] has been shown to be the last possible sym-
metry that one can add to the S matrix. SUSY is the famous exception to the

Coleman-Mandula theorem [34], which assumes that:

(1) the S-matrix is based on a local, relativistic quantum field theory in four-

dimensional space-time,

(2) there are only a finite number of different particles associated with one-particle

states of a given mass, and
(3) there is an energy gap between the vacuum and the one particle states.

The theorem asserts that symmetries of the S-matrix are limited to the Poincaré
group, P, and some internal symmetries, which are semisimple Lie groups G, (with

additional U (1) factors) whose generators obey
[Tm Tb] = Z‘fabciro (131)

The Poincaré group contains the energy-momentum operator, P, = —i0;, and the

Lorentz rotation generator, J;;, which obey the following algebra:
[P, Py] =0, (1.3.2a)
(P, Jiel = gijPr — 9P (1.3.2b)

Jijs Tl = — (9 + gj1die — 9ij I — 9aJjn) - (1.3.2c)



13

The symmetries of the S matrix must be a direct product of the two groups, P®G—in

other words,
Ty, Py = [Ty, Jij] = 0. (1.3.3)

Typically, Lie algebras are defined in terms of commutators, but SUSY avoids
the constraints of the Coleman-Mandula theorem by generalizing the idea of a Lie
algebra—super-Lie algebras are defined in terms of an anti-commutator. In the follow-

ing section, we first review supersymmetry, and then the supersymmetric extension

to the Standard Model.”

1.3.1 The Supersymmetry Algebra and Superspace

All of the symmetries in the SM are internal symmetries, in the sense of the
Coleman-Mandula theorem—that is, there exist operators which transform bosons
into bosons and fermions into fermions. Symmetries which relate bosons to fermions
are supersymmetries. The fundamental requirement of supersymmetry is that we
have corresponding fermionic (1),) and bosonic (¢) states. The supersymmetry is
generated by an operator (), called the supercharge, which takes bosonic states into
fermionic states and fermioininc states into bosonic states.

First, note that P™ transforms in the (%, %) representation of the Lorentz group,
SO(4) =2 SU(2), x SU(2)g. Now, the only symmetry generators consistent with the
Coleman-Mandula theorem are the P™ and the J™", which transform as (1,0)&(0, 1),
and are the proper Lorentz transformations. The set of operators P and J generate
the Poincaré group. Dirac fields (and the supercharge, Q) always transform in the

(1,0) and the (0, %) representations [35]. The anti-commutator, {QQ,QB}, must

)+ 08)~ (1)

"In what follows, we will need to develop some formalism, which is done in Appendix B.

transform as
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The only operator which lies in this representation is P™, which has a space-time index
m. In order to take care of the spinor indices (and preserve Lorentz invariance), we

must have

{Qaa Qg} = 20'argpm- (135)
The commutator of (3,4) and (0, ) must be in a linear combination of (3,1)
and (3,0), but because the (1, 1) representation of the Lorentz is reducible, we will

not consider it. Then, the indices tell us the correct form of the commutator:
[0 P, QY] = Qg (1.3.6)
We will state without proof that the constant ¢ = 0, giving
[0af P, Q%] = 0. (1.3.7)

This is equivalent to the statement that the supercharge is independent of the space-
time coordinates.

Finally, consider the anti-commutation of a supercharge with itself—two (0, %)
tensors must form a linear combination of (0,0) and (0,1). The (0,1) generators
are linear combinations of the J™", but because the ()’s commute with the P’s, so
must their anti-commutators. The Poincaré algebra, however, tells us that no linear

combination of J™" commutes with P™. The (0,0) tensors correspond to internal

symmetries [35], and for A/ > 1 SUSY, we have

{QaraQBs} = eaﬂer, (138)

where 7, s Tun over the SUSYs (r, s = 1,2, ..., /). The central charges of the group, Z,
obey Z,, = —Z,, which is trivially zero for ' = 1 SUSY. The e’s are Clebsch-Gordan

coefficients. Thus we have

{Qa,Qs} = {Qa, Qs} = 0. (1.3.9)
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The Equations (1.3.5), (1.3.7), and (1.3.9) comprise the N' = 1 SUSY algebra. If one
wanted to study >1 SUSY, one would have to include new indices on the supercharges
Q.

It was realized, by Salam and Strathdee [36], that the space acted on by the
supersymmetry generator is a generalized version of the space on which P™ acts. Just
as P™ generates translations in R*, the Q% generate translations in superspace. Just
as the Poincaré algebra is described by commutation relations and acts on commuting
coordinates, the supersymmetry algebra is described by anti-commutation relations
and acts on anti-commuting coordinates—points in superspace are identified by z =
(x“, 0, H_d). The #’s are the (anti-commuting) Grassman numbers, and are defined

as
{6.6°} = {0.,0,} = {6°,0;} = 0. (1.3.10)

The superspace coordinates also commute with the R* coordinates:
[2#,0%] = [2#,0,] = 0. (1.3.11)

Consider a function of the superfield coordinates, ® (x, 0, 5).8 Because of the
anticommutation relationships in Equation (1.3.10), we have 0'016% = —0'0'6? = 0 —
any combination of more than two Grassman numbers will always be zero. Note that
we are allowed combinations like #496, because the spinor indices of each 6 (9) can

be different. The most general form of a superfield is given by

® (2,0,0) = f(zx)+0¢(x)—i0y(x)
+ 00m (z) — 66n (z)
— 0™ v, () + 000X (x)

+ 0001 (z) + 0000d (z) . (1.3.12)

8From this point forward, we will (mostly) suppress the spinor indices.
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Now, suppose that we perform a transformation in superspace, such that

@(mm,Q, é) — CD(a:m—i—fm,H—i—e,Q_—l—E) , (1.3.13)
where €™ = —iec™f + i€c™0 is the general form of a translation in superspace for
x™. The superspace translations are generated by the ()’s, and we may write the

transformation as:
P — (eQ+eQ) P (1.3.14)

Inserting the definition of ® into Equation (1.3.14), and using (1.3.13), we find

Qa® = 0pa® —io, 0%, (1.3.15a)

Qa® = —05u®+i0%0, "0, P. (1.3.15b)
By imposing different conditions on the general field ®, we can construct the differ-
ent representations of the SUSY algebra, which will be useful when we construct a
supersymmetric field theory.

When working with internal symmetries in R*, we must define the notion of a
covariant derivative in order to ensure that the lagrangian transforms in such a way
as to leave the action invariant. In superspace, the super-covariant derivatives are
given by:

D, = Opa +i0,"0%0m, (1.3.16a)
Dy = —0ga —i0%0, " Op. (1.3.16b)
Because they are so similar to the ()’s, we might expect that the super-covariant
derivatives obey the same algebra. This is indeed the case: the differential operators

obey the same anti-commutator algebra that the supercharges do, and even anti-

commute with the supercharges:
{Da;Ds} = —207 Py (1.3.17a)
{Da;Dg} = {Da, Dy} =0 (1.3.17D)

{Da.Qs} = {Ds.Q4} ={Du,Qs} = {Ds.Qs} =0 (1.3.17¢)
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Referring to Equation (1.3.12), we see that the general superfield contains left-handed
fermionic fields ¢ and right-handed fermionic fields x. If we separate the left- and

right-handed parts from ®, we find:

D,®;, = 0 (1.3.18a)

D,®r = 0. (1.3.18b)
We can write ®; and ® in a more compact form, choosing 4" = 2™ + i#c™6. Then

O, = A(y)+ V20 (y) + 00F (y) (1.3.19a)

o = A" (yh) + V200 (y') + 00F (y7) . (1.3.19b)

The F field, called an auxiliary field, will not appear in the effective field theory, and

will be eliminated using its equation of motion:

oL

0Fy,
a£ * * * * * Ax

It is now quite clear that the chiral superfield relates a Weyl spinor (spin % fermion),

¥ with a complex (spin 0) scalar, A. Finally, the super-covariant derivatives are:

D@, = 0pa®yp + 200,00, (1.3.21a)

DyPr = —05u®p, (1.3.21Db)

Another representation of the SUSY algebra that we will use is the vector su-

perfield, V| defined to be real:
V=V (1.3.22)

Expanding in the Grassman parameters, the most general form of a vector superfield

9The spatial derivatives are taken with respect to y: 0, = %.
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is given by

V(r,0,0) = C(z)+i0x(r) —ifx(z)

+ %GH[M(x) +iN(x)] — %HH[M (x) = iN(z)]
B0, () + 09GN () + %am (@)

— 006\ (z) + %amﬁmx(x)]

+ %eeéé[p(:ﬁ) + %DC(m)]. (1.3.23)

The component fields, C, D, M, N and the vector field v, are all real. In the Wess—
Zumino gauge, we set C, x, M, and N to zero, thus removing much of the complexity

of Equation (1.3.23). The resulting vector superfield is given by
_ . - 1
V = —60™ v (x) + 099X () — iB06A(x) + 50099 D(x). (1.3.24)

As is typical, we have fixed the gauge and lost a manifest symmetry (supersymmetry).
This representation of the supersymmetry algebra relates a (spin 1) vector field, v,,,
and a left-handed (spin %) fermion, A. D is an auxiliary field like F', and will be

eliminated in the effective theory using its equation of motion:

D — AITS A, = 0, (1.3.25a)

(DY — A, TeAL = 0, (1.3.25h)

where T% = TT. This vector superfield is invariant under a local gauge transforma-

tion [30]:

V= V44 of (1.3.26)
and ensures a supersymmetric version of gauge invariance.
1.3.2  Supersymmetric Quantum Field Theories

Our supersymmetric quantum field theory will be built from the superfields that

we constructed in the last section. The superfields contain both bosonic and fermionic
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degrees of freedom—it is in this way that we will relate bosons to fermions in the
effective field theory. These fields live in superspace, and are acted on by the super-
covariant derivatives, D and D, defined in (1.3.16). The superspace is parameterized
by non-commuting Grassman coordinates, 6 and 6.°

The lagrangian will be constructed from two parts—a part containing chiral
superfields and a part containing vector superfields. As always, we want the action to
be invariant under transformations of the lagrangian. By Gauss’ theorem, this means
that any transformation can change the lagrangian by, at most, a total derivative.
If we look at the way a chiral superfield transforms under the supersymmetry trans-
formation, Equation (1.3.14), we see that only the 80 (66) components transform as
a total derivative. By direct multiplication, we see that the product of any number
of chiral superfields is also a superfield. Then we define a function P, called the

superpotential, which transforms as a total derivative under (1.3.14), as

1 1
P= {)\iq)i + 5mi i ®; + _gijkq)icqu)k} (1.3.27)

2 3

660 component

Note that we could, in general, have more terms in our superpotential. A quick check
of the mass dimensions of the higher order terms, however, shows that they are non-
renormalizable. As in non-supersymmetric quantum field theory, one could add such
non-renormalizable terms to the lagrangian—this is an interesting possibility, and
these higher order terms are of much interest in the heterotic, free-fermionic string
phenomenology that we will discuss later, in Chapter 3.

Now, consider the product ®'®. By direct multiplication, one can show that
this product is not a superfield, however, the coefficients of the 8668 term have the
correct transformation properties to be included in the lagrangian, namely the term

changes by an overall derivative.!!

10Tn what follows, we will assume a supersymmetric, Abelian field theory, with coupling g.

1 One can also count mass dimensions—in order to construct a renormalizable lagrangian, all
terms in that lagrangian must have mass dimension 4. The product ®'® has mass dimension 2, and
0000 has mass dimension -2, thus the coefficient of this term must have mass dimension 4.
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The full chiral superfield lagrangian can then be expressed in terms of the su-

perpotential:
2

JP
— &b,
L=, o (1.3.28)

+lz 82—7)@@‘1/) + h _Z
22 100,00, T T2

In this lagrangian, we have eliminated the auxiliary fields F' and D using Equations

0000

(1.3.20) and (1.3.25).
In order to construct the vector lagrangian, we make the observation that it
must be gauge invariant. The only constituent fields of V' which are gauge invariant

are A\, and D. Let us use D and D to define projection operators, that keep only the

Ay from V:
1 - _
W, = —Z—LDDDQV,
_ 1 _
Wd = —ZDDDQV (1329&)

By the commutation relationships in Equations (1.3.17), we immediately see that
DWWy = DaWB =0. (1.3.30)

This means that the W fields are chiral (¢f Equations (1.3.18)). They are also gauge

invariant—under the gauge transformation (1.3.26):
1 _
Wo — —;DDDs (V+ &+ )
1- .-
= Wa—7D {D,D}® =W,. (1.3.31)

If we were to write out the form of W,, we would see that it contain the gauge

invariant fields D and \,, as well as the (gauge invariant) Abelian field strength:
Uy = OmUp, — OnUpm.- (1.3.32)

Again, by either looking at the transformation properties, or by counting mass
dimensions, one finds that the kinetic terms for a vector and spinor field are contained
in

| ;
WoWa| = —20A0™ O h — 0™ 0y + D? + 0™ e, 1. (1.3.33)
y 2 1



21

The D fields are eliminated using their equations of motion, (1.3.25). The kinetic

part of the vector lagrangian is, then:

1 o
Liin = — {W“Wa + WWe

4

09} . (1.3.34)

06
This is the only renormalizable term allowed in the vector lagrangian.
We will not derive the form of the non-Abelian supersymmetric lagrangian here,

but note that this can be done by looking at the chiral superfield transformations:
P, — e WTAD, (1.3.35)
and the vector superfield transformations:
W, — e9M W, e 90, (1.3.36)
The final, supersymmetric, gauge invariant, lagrangian has the form

1 1 *p
éé} " _Z{a@ 3%%% *he }

4+ — {WO‘WQ
o066 2

£ = e, + WL

00

2

> 19a Z AlTe A, (1.3.37)

—Z’

The last line is the so-called “scalar potential”, consisting of the F' terms and D

terms, which we have left explicit:
12 P |?
" = |=
‘ ‘ ‘3@. '

ga ) AIT"4;

i

|D)* = (1.3.38)

1
2

1.8.3  The Minimal Supersymmetric Standard Model

In formulating a realistic (i.e., phenomenologically viable) supersymmetric ex-
tension to the SM, we must limit ourselves to N' =1 SUSY. There are tight exper-
imental limits on the masses of the supersymmetric particles, and if we had N' > 1

SUSY, we would have observed it already. Further, we know the SM to be chiral.
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Higher SUSYs lead to transformation laws between left-handed fermions and their
right-handed partners, destroying chirality in the effective field theory—Ieft-handed
and right-handed Majorana-Weyl spinors combine to form Dirac spinors. In N =1
SUSY, there is one bosonic state for each SM fermion state, and one fermion for each
SM boson. This means that we must double the spectrum of the SM to incorpo-
rate SUSY'? —which is now called the Minimal Supersymmetric Standard Model, or
MSSM [37].

Because we have not observed such a symmetry in our experiments yet [6], we
must assume that the symmetry breaks at some scale above the electroweak scale.
The main motivation for SUSY, as we will see in Section 1.3.4, is that it solves the
hierarchy problem—if the SUSY breaking scale is very much above the electroweak
scale, then it can no longer protect the hierarchy. This means adding more parameters
to our theory, in the form of a SUSY breaking potential. In gauge mediated SUSY
breaking, the potential is communicated from a hidden sector by a “messenger” gauge
group, usually an additional (possibly anomalous) U(1) [38]. Alternately, gravity
could act as the messenger—this is known as gravity mediated SUSY breaking [39],
and requires a local formulation of SUSY, known as supergravity. Whatever the final
answer, the ultimate supersymmetry-breaking parameter cannot belong to any of
the MSSM supermultiplets—a D-term vev for U (1), does not lead to an acceptable
spectrum, and there is no candidate gauge singlet in the MSSM whose F-term could
develop a vev [40]. So, if we accept that nature is supersymmetric (and if we believe
string theory, this must surely be the case), then we must accept that the MSSM as
a priori incomplete.

The fermions in the MSSM are assigned to chiral superfields, and the spin one

bosons come from vector superfields. The superpartners (spartners) of the fermions

12 0One might wonder whether the bosons and fermions in the SM satisfy supersymmetric
transformations. The answer is no—the particle spectrum of the SM does not have the correct
quantum numbers.
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Table 1.1. Particle Content of the MSSM. Reproduced from [1].

Superfield Bosons Fermions SU3)cSU2)L U (1)y
Gauge

G gluon g® gluino g 8 1 0
A% weak Wk (W W° wino, zino w* (w*,w’) 1 3 0
A% hypercharge B () bino b(%) 1 1 0
Matter

]I::Ji sleptons { %l _ (élg €)r leptons { é’l z gg ) 1 ? _;
Ql QZ = (’lNL, )L Qz = (u7d)L ‘3’ 2 1/3
U; squarks Ui = 1§ quarks Ui =uf 3 1 —4/3
D, D, = ds D; = d:. 3 1 2/3
Higgs

H, Higgses { Hy higgsinos { 1 1 -1
H, H, i, 1 1

are scalars (sfermions), and the spartners of the gauge bosons are fermions (gaugi-
nos). The higgs sector is now doubled—two higges live in chiral superfields and have
fermionic partners called the higgsinos. The particle content, quantum numbers and
naming conventions for the spartners are given in Table 1.1.

The superpotential for the MSSM is given by
PMSSM = YuUQHu - YdDQHd - YeELHe + MHqu (1339)

The fields that make up this superpotential are chiral superfields, and the dimension-
less Yukawa couplings, y, are matrices in family space.

Note that this is not the most general form of a superpotential that one can
write. One could also add (gauge invariant, renormalizable) terms that violate con-
servation of lepton number or baryon number, and introduce flavor changing neutral

currents at unacceptable rates:

1 .. . )
Par-1 = 5)\”’“LiLjEk + N9RL,Q,Dy, + 'L H,,, (1.3.40a)

|
Pap=1 = 5/\"”kUiDjDk, (1.3.40b)
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Figure 1.3. The running of the couplings in the Minimal Supersymmetric Standard Model.
The graph in Figure 1.3(a) has been magnified around the apparent unification scale, which
is an artifact of the thickness of the lines. In order to have perfect unification, we must rely
on GUT scale threshold effects, such as those calculated in Section 4.3.1.

where 77k are family indices. The couplings, A\, must either be exponentially sup-
pressed, or set to zero by some symmetry. Generally, phenomenologists invoke R

parity [40], a discrete symmetry of the MSSM, given by
Pp = (—1)*F 02 (1.3.41)

where s is the spin of the field in the supermultiplet. As a symmetry of the MSSM, all
of the interactions in the MSSM must respect R parity. This means that Pg projects
the terms (1.3.40) out of the lagrangian. These terms are certainly an undesirable
feature of the MSSM-—Dbaryon and lepton number in the SM are conserved because
there exist no dimension 4 (or higher) operators that produce baryon or lepton decay.
Here we have crudely imposed some unnatural symmetry on the model to make it
match the low energy measurements.

The b; values (see Equation (1.1.7)) for the MSSM beta functions are [41]

bl - %
by = 1 (1.3.42)
by = -3

The beta functions are plotted in Figure 1.3(a).
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The apparent unification of the forces at the energy scale ~ 2.5 x 106 GeV is
actually a trick, as seen in Figure 1.3(b). One generally relies on threshold effects to

save the day. The general form of a grand unified theory is

27 A

b'

-1 —1 i
o (F)=«a + —log [
(E) GUT Mg

b + 0 b; E
}+Ai:ag}1UT++—lo {

o g —} . (1.3.43)
The A,’s are found by requiring that the beta functions agree with experiment at

M.

1.3.4  Answers from the MSSM

We set out several issues that a successful extension to the SM should ad-
dress in Section 1.2. What does the inclusion of SUSY do for us? First of all,
between spartner masses, new mixings and new Yukawa couplings, the MSSM has
124 free parameters. These free parameters correspond to experimental observables,
much like the aforementioned 18 free parameters of the SM. SUSY says nothing
about the algebra question—we can make supersymmetric quantum field theories
that have all kinds of gauge groups. Because there are fermionic superpartners of the
gauge bosons, we now have fermions transforming in the adjoint representations of
SU3)c x SU(2)L x U(1)y. But now we also have a bunch of scalars transforming in
fundamental representations—we have introduced new particles and have (perhaps)
made our situation a bit more complicated. Further, we can change things in the
SM (like the number of generations, or the representations in which the fermions
transform) with no restrictions from SUSY. Finally, supersymmetry has no answers
for the fermion question, the charge question, or the gravity question.

The main motivation for SUSY is that it contains a mechanism to keep the higgs

3

mass at an acceptable value.! The suppression of the higgs mass works because

the higgs couples to the new scalar sparticles that SUSY postulates, whose loop

13SUSY also contains a suitable dark matter candidate, but this is outside the scope of this
thesis [42, 43].
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Figure 1.4. If our theory contains any extra scalars, the higgs receives radiative corrections
from the four-point interaction vertex.

contributions tend to cancel those in Equation (1.2.8). For example, when complex
scalars couple to the higgs (the sparticles of the MSSM) as in Figure 1.4, the higgs

mass gets corrected to a reasonable value [40]:

b A
Am?, = 16;5;2 [Agv —2m?% log (mLSV) — } . (1.3.44)

But the hierarchy problem has been hidden in a new problem—mnamely the scale of
SUSY breaking. In order to protect the higgs mass, the SUSY breaking scale must
be somewhere around the electroweak breaking scale. The expected SUSY breaking
scale, by the same types of naive calculations that we used in estimating the higgs
mass, is around the Planck scale. The breaking of SUSY could be relegated to some
non-perturbative, Planckian regime, and thus listed under the gravity question, in
which case we don’t expect an answer from any perturbative formulation of quantum
field theory, supersymmetric or not. In this vein, the best hope is a local formulation
of SUSY, called supergravity, or SUGRA.

The near-unification of forces after the inclusion of SUSY, illustrated in Figure
1.3(a), is the strongest evidence that we should be studying some supersymmetric
unified theory—two random lines generally always intersect, but three random lines
almost never intersect at the same place. Threshold corrections ~ 5% are sufficient to
achieve unification in SUSY, whereas one needs corrections ~ 20% to get unification
in the SM. If one incorporates SUSY into some larger theoretical framework, such as

a GUT or string theory, one finds solutions to most of the problems mentioned in
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Section 1.2. It would be a grand coincidence if this near-unification were an accident,

and nature really respected SU(3)c x SU(2)r x U(1)y at the highest energies.



CHAPTER TWO
Grand Unified Theories

The idea of unification is not a new one—Howard Georgi wrote down the first
version of an SU(5) Grand Unified Theory (GUT) in 1974 [44], and he even co-
discovered the embedding of the SM in SO(10), along with Fritzsch and Minkowski
in the same year [45, 46]. Let us first review the motivations for unification, the

possible unification scenarios, and then some specific examples.

2.1 General Arguments for Unification
Matter in our universe interacts according to the SM gauge group, SU(3)c X
SU(2), x U(1)y. It is only logical to imagine how the three gauge groups of the SM
may be embedded into some larger gauge group. We are also quite encouraged when
we compute the coupling constant’s dependence on energy, and find that they tend to
a common value at an energy scale of around 10'% GeV, as in Figures 1.1 and 1.3(a).
The question is, can we address any of the other issues of the Standard Model by

postulating unification?

2.1.1 The Algebra Question

There is no answer to the algebra question in most GUTs. The breaking of
the GUT is chosen so that the low energy effective field theory contains the SM.
(The exception to this is the SU (5) partial GUTs—this situation is discussed in some
detail in Section 2.5.) We really just restate the gauge problem—we choose a GUT
symmetry so that we get desirable phenomenology. We will see this explicitly in the
following sections. This is known as model building from a bottom-up approach—
we look at (low energy) experimental data, and make an educated guess as to what

nature is like at higher energy scales, working through the problem backwards. Some

28
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could argue that traditional 4-d GUTs make this problem worse, as they need to
introduce another higgs (or a combination of new higgses) to break the grand unified
gauge group. Higgs vevs always correspond to free parameters of the theory, so
we run the risk of introducing too many degrees of freedom in our theory. The
fermions still transform in the fundamental reps of the gauge group, but sometimes

the bifundamental is needed. In this sense, the problem is not addressed at all.

2.1.2 The Fermion Question

GUTs typically do not address the generational structure of the SM. The viola-
tion of B — L, however, is a generic prediction of all GUTs, which tend to introduce
higher dimensional operators which can lead to proton decay. At the GUT scale,
there are tree level processes like Figure 2.1(a). The relevant term in the lagrangian

(after gauge fixing) is

_ Juv _
L~ g2 {uy“u (#) ev”d} . (2.1.1)
i k2 — M3
For M% >> k?, we can write

L~ ]\Z—i {u"ugey’d} . (2.1.2)
X

The process is suppressed by two powers of the GUT scale, which is typically around
10'® GeV. Still, the experimental searches for proton decay [47] can provide strong
constraints on new physics—for example, the simplest versions of non-supersymmetric
and supersymmetric SU(5) are already ruled out [48]. Baryon “conservation” is
really baryon “longevity”, which is understood as a consequence of Equation (2.1.2).
Another generic prediction of GUTs is neutron oscillation, N «» N—current bounds
on this process are > 1.3 x 10® s [6]. Indeed, if we observe such things as proton decay

or neutron oscillation, we will have strong evidence of some grand unified theory.
The neutrino mass problem is elegantly addressed by many GUTs via the “see-

saw” mechanism [20, 21], which is generally incorporated quite naturally. Questions
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Figure 2.1. The operators which cause proton decay. In (a) we have the Feynman graph
which comes from the lagrangian. In (b), we have the effective graph, after integrating over
the X boson.

about number of generations and generational mass ratios are not generally addressed

within the framework of GUTs.

2.1.83 The Charge Question

Grand Unified Theories naturally explain the quantization of charge via anomaly
cancellation. The Pati-Salam GUTs even contain a natural definition of electric
charge [49]. This, along with the near-unification of the coupling constants at some

large energy scale Mgyr (as in Figure 1.1), are perhaps the main motivation for

studying GUTs.

2.1.4 The Gravity Question

In general, the unification scale, Mgy ~ 106 GeV is much less than the Planck
scale, Mp; ~ 10719 where we believe gravity becomes important, so our understand-
ing of GUTs gives us no intuition about how to treat gravity at the relevant energy
scales. However, if we embed our GUTs in some larger framework, like string theory,
then we can quite naturally understand all of the issues associated with the gravity
question. On the other hand, in the heterotic string GUTs (as in Chapter Three),
all of the breaking occurs at the string scale. In this case, the gravity question is

answered by string theory.
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2.1.5 The Hierarchy Problem

The hierarchy problem is generally not addressed by GUTs. The higgs vevs
(both the electroweak higgs and the GUT higgs) are still free parameters in the theory,
and there exist no convincing arguments from which either of the higgs potentials
could be derived. On the contrary, it introduces another, smaller hierarchy between
the GUT scale (~ 10'® GeV) and the Planck scale (~ 1071 GeV)—why is there a
factor of > 100 difference between the Planck scale and the GUT scale? In our string
constructions, all of the symmetry breaking occurs at My, ~ 5 x 10'7 GeV [50].
We have investigated [51] some string based solutions to this question. Specifically,
Giedt’s “Optical Unification” proposal [52] gives conditions whereby Mg, = Moyt
by putting constraints on intermediate scale matter. This intermediate scale matter
changes the db;s in Equation (1.1.7) in such a way that all three lines intersect at one
point, at the Planck scale. This work is not included here.

Generally, model builders are content to invoke supersymmetry as a solution to
the hierarchy problem, which consequently solves some of the non-supersymmetric
GUT problems like proton decay. The idea is to embed the MSSM, as in Section
1.3.3 into a larger symmetry in the same manner as we embed the SM into a larger
symmetry. We do not discuss SUSY GUTs in this thesis, however, some may find the

review by Raby in [6] useful.

2.2 Candidates for Unification
What types of Lie Groups are suitable for embedding the SM? First, let’s look
at the four dimensional’ simple and exceptional groups which contain SU(3). This
rules out groups like SO(5)? and SU(2)*, both of which do not contain SU(3) [5].
Further, we need complex representations for the fermions—this rules out SO(4),

SO(9), Sp(8), G2, and F;. We are left with SU(5)!

!Because the gauge group of the SM is four dimensional (SU(3) x SU(2) x U(1)), this is the
smallest dimension for a unified gauge group.
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But what other groups are suitable for unification? We will briefly discuss
SO(10) and Eg GUTSs, but there are many more possibilities [53]. The most studied
GUTs are, by far, those based on the groups SO(10) and SU(5). The SU(5) GUTs
are discussed in some detail in the next section and the appendices—here we will
briefly review the breaking patterns of SO(10).

A generation of SM fermions fit into the 16 of SO(10). Higgsing to the SM
depends on the breaking pattern, but electroweak symmetry breaking is generally
accomplished by a higgs in the fundamental representation of the gauge group, as
is required by the standard Glashow-Weinberg-Salam theory. Generally, one breaks

SO(10) in one of four ways:

SO(10) — 50(6) x SO(4) 49},
— SU@B)e x SU((2)L x SU(2)r x U(1) [54], (2.2.1)
. SU(5) x U(1) [54),
. SU (5) x U(1)y [55].

Note that the last two breaking patterns are distinct, as will be demonstrated in
Section 2.5. The first option, the so-called Pati-Salam models, have some interesting
characteristics. For example, not only do they give a simple form of the electric
charge, but they naturally accommodate the see-saw mechanism, and they contain
a beautiful explanation of the chirality of the SM. We will discuss these types of
models, which will come up in the context of our string constructions, in Section
2.3. The second breaking pattern, often referred to as the Left-Right Symmetric (or
LRS) model, shares many of the same features as the first—the difference is how the
symmetries form the SM. In the first case, one observes that SO(6) and SO(4) are
isomorphic to SU(4) and SU(2), x SU(2)g, respectively. The SU(4) then breaks to
SU(3)c x U(1). The higgsing from SU(3)c x SU(2), x SU(2)g x U(1) to the SM in
both cases is then achieved in the same manner. The third breaking pattern will not

be explored here, but, as already mentioned, the simplest versions of this model have
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been eliminated. We do note, however, that the breaking of SU(5) is discussed in
Section 2.4, and in more detail in Appendix C. The final breaking pattern of SO(10)
are the flipped SU(5) models of Barr and others [55, 56]. These will be explained in
Section 2.5, although their embeddings in SO(10) will not be discussed.

There has also been some exploration of the Eg models [57], which generally

break in one of two ways:

By — SO(10) x U(1)x (58], 222

. SU(3). x SU3), x SUB)r [59].

The U(1) x has the interpretation of a family symmetry: family replication is achieved
naturally, which is one of the main motivations for embedding SO(10) in Eg. In the
previous examples, one must add generational copies of the representations to the
spectrum—so, for example, in typical SO(10) constructions, one adds a copy of each
16 for each generation of fermions. The Fg models contain a natural resolution to
some of the issues associated with the fermion problem (see Section 1.2.2), but these

models will not be discussed any further.

2.8  Pati-Salam and Partial Unification

In Section 1.1, it was noted that unification of all forces in the SM required
threshold corrections on the order of about 20%. What if we only want to unify two
of the forces? So, for example, SU(2) and U(1) unify at about 10 GeV, and we
could conceivably embed these forces into an extra SU(3), making the gauge group
SU(3) x SU(3)¢c at E 2 10" GeV. This partial unification creates a small hierarchy
between the masses of the partial GUT higgs and the GUT higgs, just as we saw
a hierarchy between the GUT higgs and the electroweak symmetry breaking higgs.
We might be willing to accept this new, smaller hierarchy if the partial unification

scheme does other things for us.
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The idea that only two of the forces unify at some intermediate scale is known
as partial unification. If some smaller gauge group, GG is embedded into a single larger

gauge group, G, at some mass scale M;, then the coupling constants must obey

g9 (Mr) = gg (M;). (2.3.1)

A less trivial case is when the generators of the smaller group G are a linear combi-
nation of the generators of several larger groups [[, G;. For ¢! a generator of G;, the
generators of G are given by
A=) )t (2.3.2)
i,a
where a, b run over the dimensions of the respective groups. The matching condition

in this case is then

1 . Z CZCLCZI‘),(Z (2 3 3)
96 (Mr)  £= g (M) o

Let us motivate the Pati-Salam constructions by noticing an asymmetry in the
SM gauge group, SU(3)c x SU(2)p x U(1)y, and the SM spectrum, in Equation
(1.1.1). Left-handed particles seem to be treated preferentially—that is, the SM is
a chiral theory. Some would view this as a non-issue, just a statement about how
nature works, but we will see how addressing this issue of chirality can solve some of
the other issues that we had with the SM, as per Section 1.1.

Pati and Salam proposed, in 1974, that SO(10) contains SO(6) x SO(4) [49,
60, 61], now called the Pati-Salam Group, or PS. We have seen before that SO(4) is
isomorphic to SU(2); x SU(2)g in the derivation of the Supersymmetry Algebra, in
Appendix B. Further, one can show that SO(6) = SU(4). After higgsing from the

SO(10) GUT we have the intermediate gauge group
SU(4)e x SU(2) x SU(2)g. (2.3.4)
The SU(4)¢ then breaks to QCD x U(1)p_p:

SUB3)e x SU2), x SU(2)g x U(1)p_r. (2.3.5)
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Besides the appealing feature of left-right symmetry, these models contain a
“natural” definition of the hypercharge quantum number, U(1)y, of the SM, and
a natural explanation for conservation of the B — L quantum number (see Section
1.2.2). There is no derivation of the hypercharge quantum number in the SM, just an
ad hoc assignment of values. In the Pati-Salam models, the hypercharge is defined in
terms of the SU(2), x SU(2)g isospins, and the B — L quantum number—the electric
charge is given by [62, 63]:

B—-L
Q= 1I3; + I3r + — (2.3.6)

which can be shown from Equation (2.3.3). Finally, the PS models contain a right-
handed neutrino, which gives small masses to the left-handed neutrinos via the seesaw
mechanism [20, 21].

As in the SM, the quarks and leptons come in doublets. In writing out the
quantum numbers under SU(2);, x SU(2)g x U(1)p_y, the symmetry between left-

handed and right -handed states is clear:

QL (2a171/3) QR = (1a2a1/3)
LL = (2717_1) LR = (1a27_1) (237)
W, = (3,1,00 Wz = (1,3,0).

The covariant derivative is just a generalization of that of the Glashow-Weinberg-

Salam theory:

1 , .
DLM + DRM = 5 {8M — 1910 - WLM - ZgB—LYB—LBu}L
1 . .
+§ {(9“ — 1JRo - WR# — ZngLYBfLB,LL}R . (238)
Notice that the covariant derivative is symmetric under L «+» R when g; = gr—this

shows explicitly the equal treatment of left- and right-handed particles. The o are

the generators of SU(2), and Yp_p is the B — L quantum number.
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Higgsing to the SM is accomplished using a minimal higgs sector—two higgses

in the adjoint of SU(2) x SU(2)r, AL and Ag, and one scalar “bi-doublet”, ¢:

Ap
Agr
(0
The higgs gain vevs of the form:
0 0
(Ap) =
Vg, 0
()

(3,1,2), (2.3.9a)
(1,3,2), (2.3.9b)
(2,2,0). (2.3.9¢)
0 VR
, (Ag) = , (2.3.10a)
0 0
k 0 4
= et (2.3.10b)
0 K

The scalars give the extra gauge bosons mass in the standard way: one can derive the

gauge boson masses by inserting the form of Equations (2.3.10) into the definition of

the covariant derivative, Equation (2.3.8). The gauge boson masses at the energy scale

where (2.3.5) is a good symmetry can then be found using the matching condition

that gor, (Mrrs) = g2r (MLrs).

The upper limit on the mass of the Z’ boson (from SU(2)g) is Mz > 860 GeV

at 95% confidence limit [6]. One can also put bounds on the mass of the extra Wg

bosons from astrophysical observation. If the neutrinos have Majorana mass terms

(of the form m,vv; + h.c.), we can use data from SN1987a [64, 65] to constrain

Myy,, 2 1000 GeV. These bounds should be significantly improved if no evidence of

an extra Z' boson is found when the LHC data is analyzed, by the end of this decade.
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2.4 SU(5) Unification

It is well known that the SM matter fits into the 1, the 5 () and 10 (¢)) reps

of SU(5) [44]:
d 0 a3 —uy —u —d
d? —tuy 0w —uy —dy
Xx=| & b= w4 —wm 0 —uy —ds ve=1 (2.4.1)
e Uy Us U3 0 —€
Ve dy dy ds e 0
L L

Traditionally, the breaking of SU(5) is achieved when some scalar field takes on a
vev. In the simplest example, a scalar ¥, transforming as the 24 (adjoint) of SU(5),

takes on a vev of the form

2.0 0 00
0 -2 0 00
E)=vl 0 0 =200 (2.4.2)
0 0 0 10
0 0 0 01

This form of the vev for the scalar ¥ is justified ex post facto—it leaves the gluons,
the W’s and the B all massless and preserves the SM at energies much less than
Mcyr, while giving the other 12 generators of SU(5) (the X’s and Y’s) masses of
Zv? ~ Mgur.?2  Finally, a higgs in the fundamental (5) representation achieves
electroweak symmetry breaking, giving the W* and the Z° boson’s mass ~ 100 GeV,

fourteen orders of magnitude smaller than the masses of the X and Y bosons.

2.5 SU(5) Unification
Flipped SU(5) [55, 56] (or SU(5)) unification has been studied extensively in the

context of string model building [66]. The first realistic examples of a string derived

2See Appendix C for details.
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MSSM came from SO(10) embeddings of SU (5), obtained from the free fermionic
heterotic string [67].

The fermions still fit into the 1, 5 and 10 reps of SU(5). The only difference is
that the neutrino and the electron, the up- and down-type quarks, and their respective

anti-particles, exchange places in the corresponding reps. So, we have

ﬂl 0 d3 —dQ —d1 —Ux
?7,2 —33 0 El —d2 — U9
X=|a |, 6 v=| d& —-d 0 —d3 —uy | , e=1 (2.5.1)
Ve dl d2 d3 0 — Ve
€ up Uz Uz e 0
L L

Two things are important here: First, it is immediately obvious that the hypercharges
of the fields in the reps (¢f the 5 and the 1) do not trace to zero. This means that
we must add another generator (proportional to the identity) to ensure freedom from

anomalies. The actual gauge group of this model is
SUB) x U(1)y. (2.5.2)
Under the SU (5) gauge group, the fermion reps transform as follows:

x = (6,-3/2), v = (10,1/2), ¢ = (1,5/2). (2.5.3)

Second, because there is now a color singlet in the 10, we may use this non-adjoint
rep for higgsing the GUT. Historically, this represents the first time a representation
with a dimension less than that of the adjoint was used for symmetry breaking in any
GUT. We still need a higgs in the fundamental rep to accomplish the electroweak

symmetry breaking. The higgs reps transform as

H = (10,1/2), (2.5.4a)

ho= (5.-1). (2.5.4b)
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Much of the phenomenology, as well as many of the predictions of traditional
SU(5) GUTs, are altered in SU(5). It is well known that the standard prediction
for down-type quarks and their associated leptons in the standard SU(5) GUT is
o= Z_u One way to address this (wrong) prediction is to add more GUT scale
higgses to the model, generating new mass terms. For example in the case of SU(5),
we can add a higgs in the 45 [68, 69]. This representation of the gauge group has the

property that

HY = —HP, (2.5.52)
5
> Hp =0 (2.5.5b)
p=1

The SU(5) lagrangian now contains new Yukawa couplings of the form
Ly = MppHPTxoq + - (2.5.6)
If we let this higgs take on a vev of the form
i -1,
(His) = — (His) = A, (2.5.7)

one can then show that this new theory, including the 45 higgs gives

Me 1my

(2.5.8)

m,  9my’

which is quite well-satisfied by experiment.?
The other way that we might think to address this problem is to make the
observation that the mass ratio predictions are GUT-scale predictions, and we can
only observe the fermion masses around 1 GeV. The fermion mass at energy scale u

is related to the fermion mass at energy scale M by

mfl—m)_omh(M) i ld_,u’
B ) g, () +/Z Y5, — Vi o (2.5.9)

3We could also add higgses in the 10 or 50 to fix this [14], and we have no a priori reason to
exclude these scalars from the theory, however, the attitude is often one of minimalism—we could
add as many free parameters to our theory as we like, but with enough free parameters, we could
model anything!
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The Y?¥’s are quantum numbers under some group G;. In the case of the down and
strange quarks, and the electron and muon, the quantum numbers under SU(3)¢c X
SU(2)r x U(1)y will all be the same, so the ratio holds at all scales M < Mgyr.

In SU (5) the problem is worse—because the neutrino has exchanged places with
the electron, the same product of representations (10 x 5 x 5 D 1) generate mass

My

terms for the neutrino -

= mm—; We will get realistic neutrino masses only when
we have a supersymmetric formulation of the theory. The current limits on neutrino
masses do not rule out this ratio, however, if one does insert Majorana mass terms
for the neutrino by hand into the SM, one runs into fine tuning problems.

We know that SU(5) D SU(3) x SU(2) x U(1). (We will denote this U(1) as
U(1)yr.) The form of the §[/J(5) partial GUT suggests that U(1)ys x U(1)y breaks

to U(1)y. The matching condition for the coupling constants at mass scale M, is

1 1
— = (2.5.10a)
9su(3) (M) g5 (M)
1 1
- = : (2.5.10b)
gg*U(Q) (M*) gg (M*)
1 1/25  24/25
= + . (2.5.10¢)
gy (M) 95 (M.) g3 (M)
The form of m contains terms weighted by the generators of SU(5) (24), and the
Y *
generators of U(1), as per Equation (2.3.3).
The beta functions for the standard SU(5) are given by [56]:
10 4 M
. . 1 [22 4. 1 M
aSLlf(2) (MZ) = Q5 ! (M*) + % ? - ng - ENH:| log WZ’ (2511b)
1[4 1 M
1(Mg) = oy (M) — — |= — Ny |log=Z. 2.5.11
gy (Mz) ar (M) or |3 f+10 H OgM* (2.5.11c)

We can solve the Equations (2.5.10) and (2.5.11), using M, ~ 3x10' GeV, a; ' (M,) =

3—17, and o' (M,) = ﬁ. The beta functions are plotted in Figure 2.2, showing ex-

plicitly the partial unification at the intermediate scale, which we have chosen to be
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o8]
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Figure 2.2. The running of the couplings in the minimal §fj(5) model. We have chosen the
partial unification of SU(3) x SU(2) to occur at ~ 3 x 10'% GeV.

3 x 10'® GeV. In general, this scale can be anywhere from 10** GeV up to about 107

GeV absent any Planck-scale threshold effects [70].



CHAPTER THREE

Heterotic Strings and Observable/Hidden Sector Symmetry

In this chapter, we present results from our investigation into the mirror uni-
verse proposal [71]. These models were constructed in the free-fermionic formulation
of the heterotic string. In Section 3.1 we will first review the bosonic string, and then
introduce the heterotic string and the GSO projections. The free-fermionic formu-
lations and applications to model building will be discussed next. An introduction
to the idea of mirror universes, along with an overview of our models is presented in
Section 3.2. We look more closely at the string scale symmetry breaking in Section

3.3. Finally, we comment on acceptable hypercharge definitions in Section 3.4.

3.1 A Brief Overview of String Theory

General relativity is a classical theory, as mentioned before in Section 1.2.4.
Attempts to quantize this theory have led to disastrous problems—for example, a
naive counting of the degree of divergence of the graviton propagator gives mass
dimension +4. This means that the one-loop corrections to the tree-level graviton-
graviton scattering amplitudes give quadratic divergences.

While there have been some other attempts to quantize gravity [72], string
theory [73, 74] is by far the most well-studied.! Early on it was realized that there
were five consistent theories, with varying degrees of freedom—it was not until 1995
[75] that the dualities were recognized, and the long sought UV completion of string
theory, M-theory, began to take shape. The five theories (plus 11-d supergravity)
were realized as limits of this larger (11-dimensional) theory, whose details still are

not well-known.

I'Steven Weinberg has said “I see all of the things that are wrong with the present situation,
but I still think string theory is the only game in town.”

42
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Because a full review of string theory is beyond the scope of this thesis, we
will concentrate our discussion on the two so-called “heterotic” string theories, whose
(space-time) gauge groups are SO(32) and Fg X Eg, and which are most relevant to
our model building process. We will also attempt to make the distinction between

world-sheet degrees of freedom and space-time degrees of freedom explicit.

3.1.1 The Bosonic String

Let us briefly review the bosonic string theory, in order that we might introduce
some language that will be vital to further development. The bosonic string theory
is a toy theory—it is known to be inconsistent because of the presence of a state
of negative mass-squared, called a tachyon, and because it contains no fermions. It
will give us hints, however, about how to proceed in more complex cases. We will
start with a string (which can be either open or closed), propagating in flat space,
parameterized by X*. The index p runs over the dimensions of space-time, upon
which we will put no constraints, for now. The string sweeps out a world-sheet,
defined by o, a “space” coordinate and 7, a “time” coordinate. 2

If we were dealing with a particle, we could construct its action by looking at
its world-line, and then use the Euler-Lagrange equations to find the extrema of the
action, giving us the equations of motion. We will proceed in that manner here—the

simplest action, the Nambu-Goto action, depends only on the area of the world-sheet.

The induced metric of the world-sheet is given by
hab == &LX“@bX”gW == &lX“@bXM. (311)

The indices a,b run over the world-sheet coordinates o, 7. The Nambu-Goto action

2Tt is often convenient to map the world-sheet coordinates to the upper-half complex plane,
also called the Teichmiiller space: z = exp[o + 7] and Z = exp [0 — i7]. The standard convention
for derivatives with respect to world-sheet coordinates is 9 = % and 0 = %. When we deal with
closed strings, we call z a right-moving coordinate and Z a left-moving coordinate. In this chapter,
the over-bar (7) will denote a left-moving degree of freedom.
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is given by:

N

Snag = — / drdo (—det hgp)? (3.1.2)
w

2o

where W is the world-sheet. o’ is the string coupling, related to the tension in the

string by T' = ﬁ
One can now ask about the symmetries of this action—that is, in what ways
can one change the lagrangian such that the action remains invariant. It turns out

that there are two such transformations:

(1) the isometry group of flat space-time, the Poincaré group in D-dimensions, cor-

responding to translations and Lorentz transformations, and

(2) two-dimensional (world-sheet) diffeomorphism invariance, which tells us that the

action does not depend on the manner in which we choose our coordinates.

Both (1) and (2) will ensure that we can always give our world-sheet a Lorentz metric,

called ~:
Yap = diag (—+). (3.1.3)

One can rewrite Equation (3.1.2) in terms of this Lorentzian metric:

1 1
Sp = / drdo (— dety,)? 'y“bé?aX“Oqu. (3.1.4)
w

Y
This is the Polyakov action, in which a new symmetry has become manifest—Weyl
invariance. This is essentially a scale-invariance of the world-sheet metric, which has
no analog in the Nambu-Goto action. It is also interesting to note that Equation
(3.1.4) is the action of D bosonic fields living in two dimensions—we will sometimes
call these “world-sheet bosons”, and they will be of vital importance to us shortly.
This fact, along with the appearance of scale-invariance, is closely tied to the fact
that a two-dimensional conformal field theory lives on the world-sheet, as was eluded

to in Section 1.1.
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One can now find the equations of motion by varying the Polyakov action:
Oa {(— det 'yab)% ’y“bﬁbX“} = (—det 'yab)% ViXH =0. (3.1.5)

Here is where we will have to distinguish between open strings and closed strings. In
order to solve this (second order) differential equation for X* (7, 0), we will need two
boundary conditions. Open strings are taken (by convention) with o € [0, 7], and we

will consider von Neumann boundary conditions:?

8UXM (7_7 0) = 07 8UXM (7-7 7T) =0. (316)
If we are studying closed strings, o € (0,27, and we must have

0, X" (1,0) = 0, X"(1,7), (3.1.7a)

XH*(r,0) = X*(r,m) (3.1.7b)

Because we will not be dealing with any open string theories in what follows, we will
concentrate our discussion from here on the closed string solutions.

The closed string’s right- and left-moving modes decouple—X* (z, z) = X} (2)+
X1 (2). If we express the equations of motion in z and Z, the right- and left-moving
modes, we can solve the equations of motion using a Fourier transform.

i 1 i ) Of, 1/2 u ) O/ 1/2 1 P
Xi(2) = S =il aglogz +1 - Zﬁanz (3.1.8a)

n#0

1 o'\ M2 o'\ M2 1
Xt (z) = 5:&—@'(5) @glogz+i<§) Zﬁdfﬁ_” (3.1.8b)

n#0

The «,,’s and @,,’s are the Fourier expansion coefficients, and will have the interpreta-
tion of operators upon quantization. For now, they represent right- and left-moving

waves in the string. The zero-mode of the closed string is given by

b =0p =1\/5P" (3.1.9)

3The open strings can also have Dirichlet boundary conditions—this led to an important
development in sting theory, namely the discovery of D(irichlet)-branes [76].
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The space-time vectors x* and p" correspond to the position and momentum of the
string—one can interpret these as center of mass quantities.
The classical Hamiltonian of the closed string can be found via the Legendre

transformation of the lagrangian, and is given by

o0

H = D ok, at, - dn). (3.1.10)

n=-—00

From this point forward we will suppress the space-time index on the oscillator mode
when it is summed over. We can define the Virasoro operators (which can be derived
by imposing certain physical constraints on the energy-momentum tensors) in terms

of the oscillator modes as well:

1 o
Ly, = §n_zooam_n o (3.1.11a)
_ 1 = -
L, = 3 iy, * Oy, (3.1.11b)
Note that the Hamiltonian is then
H = Lo+ L. (3.1.12)

The final point we will make, before quantization, is that using X* and its conjugate
momentum, [1*, we can derive Poisson brackets for the oscillator modes .. Quantizing
the closed string is then reduced to promoting Poisson brackets to commutators and
coordinates to operators, a la Dirac. A much more sophisticated process is to use the
Feynman approach with path integrals.

Upon quantization of the string, we find

ok, ak] = [ab,ar] = mopminon™ (3.1.13a)

[z, p"] = s lay,, an] =0, (3.1.13Db)

n

where we have suppressed factors of ¢ and A. Because the a’s do not commute, the

zero-mode Virasoro operator now has an extra term from an ordering ambiguity that
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looks quite dangerous:

= —on—I—Zoz_n a, + = (D —2) Zn (3.1.14)

The last term can be expressed as the Riemann zeta functlon ¢ (—1), which is not
analytic for negative integers. The problem is very similar as one that appears when
calculating scattering at one-loop in quantum field theory, where one obtains expres-
sions like I' (0). By using similar regulation methods, one can sum the last term
of Equation (3.1.14), and find "7, n = . We have several alternate derivations
of this result, so we should not dwell on this point too long. We will re-emphasize,
however, that we have done nothing different mathematically than to analytically
continue a function outside of its radius of convergence, a common procedure in the
process of dimensional regulation.

After quantization, the Virasoro algebra is given by:

D

[Lin, Ly] = (m —n) Lypyn + o (m* —m) do,m—n, (3.1.15a)
Lo L] = (m—m) Lyt 12 (m* = m) Gy (3115D)
(L, Ln] = 0. (3.1.15¢)

where D is the dimension of space-time. Physical states are required to obey
(Lo —a)|lp) = 0, (3.1.16a)
(Lo —a)l¢) = oO. (3.1.16b)

The value of the “normal ordering” constant a depends on the content of our theory.

For the bosonic string, the form of a is given by:
1 D—2
—a=5(D-2)> n=——. (3.1.17)

By applying the requirement that the string action be Lorentz invariant, and then
looking at the commutation relations obeyed by the Lorentz generators, one can prove

that D = 26, and then that a = 1.

4See Appendix A for an example of such a calculation.
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The appearance of the tachyon is easy to see from here. The momentum was
defined in terms of the zero oscillator mode, in Equation (3.1.9). Using Equation

(3.1.14), we find, for the ground state [¢)):

(Lo — a) [9) = (%,pQ +Y o, an> ¥) = 0. (3.1.18)

The ground state contains no oscillator modes, and using the mass-shell condition

M? = —p?, we find
M=-—=-= (3.1.19)

This was one of the original motivations for the abandonment of string theory as a
theory for strong gauge dynamics, in the early 1970’s. Along with a tachyon, the
theory contained an unexplained spin two boson—it took Green and Schwartz, and

Susskind, to reinterpret the failed competitor of QCD as a quantum theory of gravity.

3.1.2 The Heterotic String

In order to get fermions into the spectrum of bosonic string theory, we super-
symmetrize the (world-sheet) action, adding fermionic partners for each of the bosons.
When we do this, we find that the critical dimension is no longer 26—anomaly cancel-
lation and unitarity require that the superstring live in D = 10. The transformation

between the fermions and their bosonic superpartners is given by:

OX! = ieht, (3.1.20a)

Yt = ed XM (3.1.20b)

This is a world-sheet supersymmetry, and should not be taken to correspond to a
space-time supersymmetry. If, however, we make a GSO projection on the left- and
right-moving modes, we end up with a space-time supersymmetry.

The heterotic string theory [77] is a theory of a closed string. We will take the

left moving modes as the bosonic string, which live in 26 dimensions, and the right
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moving modes as the superstring, which live in 10 dimensions.> We will take the left
moving sector of the string to be purely bosonic, and the right moving sector to be
a superstring. We want our string world-sheet to propagate in ten large space-time
dimensions (for now), so we will compactify 16 of the bosonic directions on a torus,
T165 When we want to see what kind of low energy phenomena that we can get out
of string theory, we will compactify another six dimensions (or seven, if we're dealing
with M-theory), leaving us with four large space-time directions.

Let us count the degrees of freedom—equivalently we could phrase this “let’s
count the bosons and complex fermions”. In the left-moving (bosonic) sector (denoted
by 0), we have ten bosons (u = 0, ...,9) plus 32 real fermions (A = 1,...,32) = 16
bosons, and in the right-moving (supersymmetric) sector we have ten bosons and
their ten (real fermionic) superpartners. Note that the bosonic theory would have
had 26 bosons right out—we have “fermionized” some of the bosons! This does
not mean that we have added degrees of freedom to the theory—just that we have
reparameterized some of the bosons as fermions.”

The action of the heterotic string, as we expect from our counting exercise, is
given by

9 ) o 32 )
S = / 42z [aaX“axﬂ + O O, + > NN (3.1.21)
A=1
where the overbar (7) denotes a left-moving coordinate, and the space-time coordinate
1€ {0,...,9}. The \y’s are 32 real = 16 complex fermions from the left-moving sector,

and the 1)’s are the (10 real fermionic) superpartners of the right-moving bosons. As

per our convention, we see that X* is neither left-moving nor righ- moving, but left-

5If you're keeping track, this means that the string sees space-times of two different dimen-
sionalities, either 10 or 26, depending on which way the mode is propagating.

In general, the term “compactify” (and its variants) will mean that we choose the topology
of a space dimension to be finite and periodic—in the present case, we have made 16 large space
dimensions finite with the ansatz that those directions are circular.

7See Section 3.1.4 for the continuation of this idea.
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moving and right-moving. The objects 0X* and 0X* are left- and right-moving
degrees of freedom, respectively.

The world sheet of the heterotic string has an SO (9,1) x SO (32) symmetry.
The SO (9,1) symmetry is just the Lorentz symmetry in 941 dimensions, and the
SO (32) is an internal (or, “worldsheet”) symmetry acting on the real left-moving
(internal) fermions, the \’s. The SO (32) cannot be a space-time symmetry because
there are still unphysical tachyonic states in the bosonic sector—the tachyon has not
been destroyed in the process of fermionization, and still remains in the theory.

The SO(32) is an internal gauge symmetry, which acts on the 32 left-moving \’s
when they all have the same boundary conditions. (A more subtle possibility is that
the A’s do not obey the same boundary conditions: this is the case in the Eg x Fg
heterotic string theory.) We can break the SO (32) symmetry by assigning different
boundary conditions to some of these fermions—for example, Lorentz invariance tells
us that fermions can either be periodic or anti-periodic, so we could assign some \’s
even boundary conditions and some of them odd boundary conditions. Finally, it is
notable that the appearance of a non-Abelian internal symmetry is a purely stringy
effect. If we had been dealing with point particles, the internal symmetry would have
been Abelian—U(1)!. The appearance of non-Abelian space-time symmetries is a
post-diction of string theory—while we do not understand why we have a low energy
effective field theory which obeys SU(3)c x SU(2) x U(1)y, we are quite confident

that there exists a stringy vacuum with that symmetry.

3.1.8  The GSO Projection Operator

It is well-known that string theory is only consistent when we add world-sheet
fermions to the spectrum—bosonic string theory suffers from a state of negative mass
squared, called the tachyon (¢f Equation (3.1.19)), which is most certainly a bad

thing for particle theory. It is only when we add fermions and a GSO projection
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[78] do we recover a tachyon-free theory, with space-time supersymmetry and gauge
symmetries. The GSO projection can also be motivated as a statement of modular
invariance, or as a statement of unitarity.

Complex world-sheet degrees of freedom can, in principle, have any boundary
conditions, whereas real world-sheet states are either periodic or anti-periodic. In the
Ramond (R) sector, the fermions have periodic boundary conditions and are called
Ramond fermions. The anti-periodic sector is called the Neveu-Schwartz (N S) sector,
and world-sheet fermions with anti-periodic boundary conditions are called Neveu-
Schwartz fermions. We will look at the cases of both Ramond and Neveu-Schwartz
boundary conditions for the left-moving states. In the supersymmetric (right-moving)
sector, we will first treat the Ramond case, and then the Neveu-Schwartz case.

For simplicity, let us assume that all of the internal (left-moving) A*’s have the
same boundary conditions. The fermions A (with 7 = constant) from each sector can

be written as follows:

Mp(o) = > Mem, (3.1.22a)
nez

Myglo) = > Mer, (3.1.22h)
rez+1/2

The A%’s are the fermionic equivalent of the bosonic ladder operators, which appeared
in the context of the bosonic string, Equation (3.1.8).®  Much like the Grassman
variables that were invoked when we introduced supersymmetry in Section 1.3, these

ladder operators obey anti-commutation relations:
AN AEY = 6%60 100, (AL AE) =67P6,150. (3.1.23)

We can separate L for the heterotic string into two parts—the zero-modes and
the non-zero modes. We absorb the higher oscillator modes into a number operator,

N. For the supersymmetric (right-moving) Ramond sector of the heterotic string, the

8We have used the over-bar (7) to remind us that these are the the left-moving states.



52

number operator Ng, in the light-cone gauge (1 =1, ...,8) is defined as:

o

Ni =) (0", -ty +nt, b)) (3.1.24)

n=1

N is defined differently for the (fermionic) R and NS sectors:

Np = ) (6", @nyu+ 000 (3.1.25a)
n=1

Nys = Y a", -an,+ > rAAL (3.1.25b)
n=1 reZ+1/2

This number operator serves the same purpose as the familiar example from quantum
mechanics—it counts the level of the oscillator of the closed string. Now, Ly can be

put in the following form:

2 1

Ly = pf + Ng, (3.1.26a)
2 1

Ly = pf + Nas. (3.1.26b)

In the heterotic string, we have a similar statement about physical states as
Equations (3.1.16). The normal ordering constants depend on the content of our
theory: this was mentioned in Section 3.1.1. In general, we are dealing with bosonic
coordinates (X) and fermionic coordinates (A,1)). A bosonic coordinate contributes
a factor of 1/24 to a, an integrally moded fermionic coordinate (or Ramond fermion)
contributes a factor of -1/24, and a half-integrally moded fermionic coordinate (or
Neveu-Schwartz fermion) contributes a factor of 1/48. These contributions can be
derived from conformal field theory considerations—we are basically counting con-
tributions to the central charges of the conformal field theory which lives on the
world-sheet.? In the supersymmetric (right-moving) sector, the contributions to a

from the bosonic coordinates and fermionic coordinates cancel—after choosing the

2
9The general contribution, for any boundary condition is a = 1-12Q

24
1_411§Q2 for real world-sheet fermions, where @ is a U(1) charge, defined in

for complex world-

sheet fermions, and a =
Equation (3.1.45).
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light-cone gauge there are eight complex fermions and eight bosonic degrees of free-

dom (see Equation (3.1.21)), giving a = 0. In R and NS sectors, we have:

8 32
a = —+—=-1 1.2
agr 51 + 18 , (3.1.27a)
_ 8 32

In the supersymmetric (right-moving) sector, the physical state requirement, Equa-

tion (3.1.16), gives

p? = = —M>. (3.1.28)

p* = ptp, is the (center of mass) space-time momentum of the string. Because N is
positive semi-definite, this tells us that p is a space-like Lorentz vector, and that no
tachyons are present. The lowest state is the massless one.

Next, combining the two Equations (3.1.16) gives the following relationship for

the massless states:

0 = Ng+ Ng+1, (3.1.29a)

0 = Ng+ Nys—1. (3.1.29b)

Massless states must have Np = 0—that is, we expect them to be the lowest lying
states in the (right-moving) spectrum, and contain no oscillator modes. This implies
that Np = —1. Equations (3.1.25) tell us that N is positive definite, thus there are
no massless states in the R sector.!”

The condition that —N = Nyg — 1 has some interesting consequences. Ng
defined in Equation (3.1.24) has integer eigenvalues, whereas Nyg has integer or
half-integer values (see, for example, Equation (3.1.25b)). The half-integer values
cannot, therefore, contribute to the physical spectrum, because there is no suitable

choice of right-moving state that would enable one to obtain Ny = Nyg — 1. This

10While the R sector contains no massless modes, we cannot just discard it outright. Unitarity
in one-loop scattering processes requires that we keep both sectors.
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condition forces us to discard states with odd numbers of A4 oscillators. This is
the R — NS sector of the heterotic string, and we will argue below that the physical
states we keep correspond to space-time fermions.

Next, let us treat the case where we assign the right-moving fermions NS bound-
ary conditions. In this case, we have 8 bosonic degrees of freedom and eight NS
fermions, giving us a = % The relationships between the left-moving and right-

moving number operators are given by
- 1
0 = NNS+NR+§, (3.1.30a)

_ 3
0 = Nys+Nys—3. (3.1.30D)

Again, we find that there is no massless state in the R sector. In the NS sector, we
have a similar requirement as before: the values of Nyg are limited to integer values
by the requirement that Nyg is integrally valued. We find ourselves discarding half of
the candidate states because they are unphysical. This is the NS — NS sector of the
heterotic string, and we will argue below that the physical states we keep correspond
to space-time bosons.

Now we will make a connection between physical (space-time) states and all
of this oscillator counting. We will assign all states a quantum number F', called

“fermion number”, where
F=2N mod 2=0,1. (3.1.31)

There is one final observation to make: in the supersymmetric (right-moving) R
sector, there are consistency requirements that the vacuum have a spinor structure,
and thus has Fy, = 1. The fermion number of a particular state is then Fr+F+Fy, =
F.

In the R — NS sector, which gives space-time fermions, we have the condition

that

N =0= Nyg — 1. (3.1.32)
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Table 3.1. Summary of physical states in the heterotic string.

State Sector Frmod 2 Frmod2 Fymod?2 F mod?2
Space-time bosons NS — NS 1 0 0 1
Space-time fermions R — NS 0 0 1 1

F for the right-moving (Ramond) states is Fr = 0, while for the left-moving (Neveu-
Schwartz) states, F;, = 2 = 0 mod 2, because we are limited to even numbers of

oscillator modes. In the NS — NS sector, which gives space-time bosons, we have

1 _
Nys =5 = Nys —1=0. (3.1.33)

The lowest level has Fr = 1 and F, = 2 = 0 mod 2. These results are sumarized in
Table 3.1.3.

This is the GSO projection. We assign states a quantum number F which
essentially tells us how many A\*’s and a’s make up each state, as well as the index
structure of the vacuum. We know that the physical states have F' = 1 under this
symmetry, while unphysical states have F' = 0. Because they are unphysical, they

cannot contribute to the low energy phenomenology, and are of no interest to us.

3.1.4 The Free-Fermionic Formulation

In Equation (3.1.21), we “fermionized” some coordinates in the left-moving
(bosonic) sector of the theory. In the free-fermionic formulation of the heterotic
string, we fermionize the rest of the internal bosons in the same vein—that is we turn
each boson into two real (or equivalently one complex) fermions. We can rewrite the
“free-fermionic” version of the heterotic string action, Equation (3.1.21). First, we
will choose the light-cone gauge. This eliminates two non-physical degrees of freedom

from the action and simplifies our calculations by eliminating the related ghosts, but
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destroys manifest Lorentz invariance. We write:

S = O% / d%{ [Z aX#SXﬁwawH]

M:+77

+

9
> 0XI0X; + wﬂ'awj]

Jj=4

32
+>° AAéAA}. (3.1.34)

A=1
Now we will count left-moving (LM) and right-moving (RM) degrees of freedom, in

terms of real (Majorana-Weyl) fermions. We have:

> s 0XMOX, 4LM + 4 RM

>y VPOY,  2RM

>1 ,0X99X; 12LM + 12 RM (3.1.35)
2324 I O 6 RM

Large Space Time Dim{

Compactified Dim{

Bosonic Sector{ MO N 32 LM.

We have left out the contributions of the right-moving (world-sheet) bosons X*, in
the first line above, as they do not contribute to the massless states. They do not
contribute to the massless spectrum, and thus are of no interest in the effective field
theory. Our ultimate goal is to rewrite all of the internal complex bosons in terms of
complex fermions—these are the states which contribute to the massless sector, and
thus the low energy phenomenology. The left-moving (world-sheet) bosons in the first
line of Equation (3.1.35) only contribute to the graviton (and gravitino) modes. They
do not effect the low energy phenomenology, and will be ignored in what follows. This
gives us a total of 20 LM + 44 RM = 64 states to reparameterize as fermions.

The fermions are split into two parts: those that parameterize the specific com-

pactification that we are working with, and those that give us space-time gauge sym-
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metries. First, the (6+6) compactified bosons get split into (12+12) real fermions:

9 6
Y ox0x; = Y {yPoys+w%0nc},,,
Jj=4 B,C=1
6
+ > {yP0ys +w Oucl, (3.1.36)
B,C,D=1

These fermions parameterize the compactified space-time dimensions. The topological
properties of the internal (six-dimensional) manifold govern much of the low energy
phenomenology, in terms of the number of supersymmetries that we expect. In the
specific class of compactifications that we will be interested in, our internal space is an
orbifolded torus, 7%/ 2, x Z,, which ensure that we have A/ = 1 SUSY. Changing the
boundary conditions on these fermions will allow us considerable range in adjusting
the properties of the low energy effective field theories that we are working with.
The compactified fermions (spartners of the compactified bosons) from the right-

moving sector are renamed:
9 6 )
Z Yoy, = Z xPOxp. (3.1.37)
j=4 D=1
The 32 left-moving \’s are split into
32 ) 6 ) 5 ) 8 )
SN =D 0 Onp + D> o+ Y 6M 0w (3.1.38)
A=1 D=1 I=1 M=1

The x’s and the n’s will govern the generational structure of our effective field theory—
they will become the generators of an Abelian (U(1)?) when we talk about our model
building processes. The five ¥’s will form the generators of the observable sector
SO(10). Finally, the eight ¢’s will form the root lattice of the hidden sector FEj,
which can then be broken down to some smaller symmetries.!!

Now we can write down the full heterotic string action, in terms of free fermions,

where the y’s, w’s, n’s and x’s are (world-sheet) Majorana-Weyl spinors, while the

1 Note that we have not assigned boundary conditions just yet, so the space-time gauge
symmetry (after the GSO projection) is still technically SO(32). We will assign different boundary
conditions to the fermions in Section 3.1.5.
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¢’s and 1’s are complex.

6

8 5
Sp = / sz{ > [5%09s + 00w + 70np] + > 6M0d + W@@Dz}
M=1 I=1

B,C,D=1 LM

6

+ / d2z{ > [WPoys + wwe + xPoxp] + Y 1[)“8%} . (3.1.39)

B,C,D=1 p=-+,— RM

Remember we have done nothing more than reparameterize our original action, Equa-
tion (3.1.21), in terms of a single specie, namely fermions. Because we have neither
gained nor lost any degrees of freedom (except in the choice of gauge), we are allowed
to do this—a check of the number of degrees of freedom in the action (3.1.39) and in
Equation (3.1.35) will prove this. Recall, also, that we are dealing with world-sheet
fermions, and not space-time fermions. In obtaining the latter, we must ensure that

no unphysical states survive in the IR limit, and this means choosing the correct GSO

projection.

3.1.5 The NAHFE Set and Model Building

In order to construct a realistic, four-dimensional model from the free-fermionic
string, one must specify two things: first, a set of basis vectors {V;}, which generate
a finite, additive Abelian group Z, and a GSO projection matrix, k [79-82].

Modular invariance will be the principle which we use to guide our model build-
ing. In order to understand what modular invariance is, we will consider the simplest
example—the torus. The torus is completely specified with a flat metric and a com-
plex structure, 7. A torus in the complex z plane is pictured in Figure 3.1. Each
point outside of the region 7 is equivalent to a point inside 7 by the equivalence

relations

z ~ zZ+42mn,

z ~ z42wmrT, (3.1.40)

where n,m € Z.
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Figure 3.1. A torus in the complex plane. Each point outside of 7 is equivalent to a point
inside 7 by the equivalence relations in Equation (3.1.40).

The full family of equivalent tori, parameterized by their complex structure 7,

are described by the modular transformations:

T : 7—71+1,

1
S i rT-—— (3.1.41)
T

These transformations generate the group SL(2,7Z). This group is defined as the
group of 2 X 2 matrices with integer elements with determinant of unity. The complex

structure modulus, 7, is invariant under

at +b
N

L(2.7) :
SL(2,Z): 7 cr +d

(3.1.42)

The moduli space of inequivalent tori M is the upper-half complex plane M, (also
called the Teichiiller space) modded out by the group SL(2,Z)—M = M,/SL (2,Z),
which is shown in Figure 3.2. Modular invariance is the requirement that all tori with
the same complex structure modulus are equivalent, and therefore that the physical
properties of any model should be invariant under the SL(2,7Z) equivalences.

It can be proved [79, 81] that modular invariance in the one loop vacuum to
vacuum polarization graph (O (g?)), along with an additional constraint from the two

loop graph, implies modular invariance to all orders in the perturbation expansion.
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Im <t
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Figure 3.2. The moduli space of the torus is M = M,/SL (2,7Z), where M, is the Teichiiller
space and is isomorphic to the upper half of the complex plane. All tori (specified by their
complex structure, 7) correspond to points in this space.

The one loop graph is always isomorphic to a torus (7), which has homotopy group
m = S'@ S, and thus has two non-contractible one cycles, denoted a and b.'2  Upon
transport around either a or b, the fermion fields pick up a phase that is in general

complex:

a: P —emWhy (3.1.43a)

b: i —emPWy, (3.1.43b)

Real fermions must remain real under this transformation, and thus « (¢) (5 (¢))
must be an integer so we don’t introduce a complex phase. Note that this is stricter
than the general constraint that the internal fermions be invariant under an SO(32)
rotation, and amounts to the requirement that we limit ourselves to the R — NS or

the NS — NS sectors of the heterotic string.

12Tn English, this means that there are two ways to wrap a piece of string around the surface
of a donut such that the loops cannot be shrunk to a point.
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Figure 3.3. The heavy black lines are the two non-contractible one-cycles on the torus. The
fact that one can find two one-cycles on the surface of the torus means that its homotopy
group is m; = St @ S,

We can specify the boundary conditions on each of the 64 fermions from Equa-

tion (3.1.39) by choosing two 64 component vectors, called & and 5, which will be

(g:) (3.1.44)

Now, complex fermions, ¥? = 9" 4+ )", form a charge lattice, Q,. For each 64

denoted as

component boundary condition sector @, we have

(Qa)p = % + Fpa (3145)

where [ is the fermion number operator, as in Section 3.1.3. F}, has eigenvalues of
{0, —1} for real fermions and {0,+1} for complex fermions.

The one loop vacuum to vacuum partition function may be written as

Z://\A[IHCIZZ—ZWZB(T?)&ZEC(E:)Z<§), (3.1.46)

where M 2 M,/SL (2,7) is the moduli space of T?, and is shown in Figure 3.2. The

C(gi) are called the spin structure coefficients, or phase weights, and are generated
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by a finite, additive Abelian group, =. We may define a basis of =, {V;}, such that
a = ZajVj GE, Qa; GZ,
j=0

B =Y bV,eE bhel (3.1.47)

=0
Then we can show that the phase weights obey [80]
a sg+sz .
C(g) = (—1) atsg exp {WZZbZ(lﬂl] — %Vz . Vj)a]} . (3148)
1,
The sz and s ;5 are the four dimensional space-time components of @ and 5 (the bound-
ary conditions of 1, and 15 from Equation (3.1.39), and the k; j are the components
of the GSO projection matrices, which were discussed in Section 3.1.3, and ensure
that no unphysical states survive in the low energy effective field theory.
Modular invariance imposes constraints on the basis vectors V; and on the GSO

projection matrix k, with elements k; ;:

kij+ ki = %Vz‘ -V, mod(2), (3.1.49a)
Njki,j = 0, mod(2), (3149b)
kii+kio = —si+ iVi -V; mod(2). (3.1.49¢)

One can rewrite Equations (3.1.49) in terms of {V;} and show:

Ni,jVi : Vj = O, mod(4) (3150&)
The number of real fermions simultaneously periodic

for any three basis vectors is even. (3.1.50¢)

N, ; is the lowest common multiple of N; and N;, since Equation (3.1.50c) still applies
when two or more of the basis vectors are identical. Thus, each basis vector must

have an even number of real periodic fermions.
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Table 3.2. The NAHE Basis Set.

H X12 X34 X56 &1 ..... 5 77]1 ﬁ2 773 %[)/1 ~~~~~ 5 ﬁ/l 6/2 6/3
1 1 1 1 1 1,..,1 1 1 1 1,.,01 1 1 1
S 1 1 1 1 0..0 0 O O 0,.0 0 0 0
b; 1 1 0 o 1,.,1 1 0 O 0,...,0 O 0 0
b, 1 0 1 o 1,..,1 o0 1 O 0,..0 0 0 0
b 1 0 0 1 1..,1 0 0 1 0,.,0 0 0 0

Y8 gt T2 56 g2 56 e Gl

1 1,....1 1.1 1,...,1 1,...,1 1,...,1 1,..1

s 0,..,0 0,..0 0,..,0 0,...,0 0,...,0 0,..0

b; 1,..,1 1..1 0,...,0 0,...,0 0,....,0 0,..,0

b, 0,..,0 0,..0 1,....1 1,...,1 0,....,0 0,..,0

b; 0,..,0 0,...,0 0,...,0 0,...,0 1,....1 1,...1

The NAHE set [66] is composed of 5 basis vectors which give excellent low energy
phenomenology [83]. The low energy theories, quite generally, are compactifications
on an orbifolded six-torus (7°/Z, x Z,). They have the gauge group SO(10) x
SO(6) x E, N=1 (space-time) SUSY and 48 spinorial 16’s of SO(10), sixteen from
each sector by, by and bs. The NAHE sector reduces the gauge symmetry in the
observable sector Eg to SO(10) x U(1)3, and does not affect initial hidden sector E}
of the uncompactified 10-dimensional model. The U(1)? are then embedded in an

enhanced SO(6)*. The five sectors are listed in Table 3.2.

3.1.6  Answers from String Theory

We have mentioned, in several places, that string theory is the most well-studied
candidate for a UV completion of particle physics. The appearance of a spin two
boson (a graviton), as well as large, non-Abelian groups and chiral fermions tell us
that string theory almost certainly contains a description of our universe. Further,
string theory requires space-time SUSY, and while there exist no real mechanisms

by which to predict the SUSY breaking scale, string theory is robust enough to offer
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several different possibilities. It is hoped that a full, non-perturbative formulation of
string theory would post-dict the values of the experimental inputs of the MSSM.

One of the biggest problems with M-theory, as it currently stands, is the ab-
sence of a mechanism which selects a vacuum—M-theory almost certainly contains a
description of our universe, but it seems that our universe is no more likely than any
of the other 109759 pogssible universes. Moreover, there may be many descriptions
of our universe that are nearly degenerate—that is, they may predict the same values
of fundamental constants to a precision beyond our present or future measurement
capabilities. This has been dubbed the landscape [84], and there is some debate as
to whether this is a problem or whether it as a new paradigm for physics.?

There are other problems with string theory which manifest themselves in cos-
mological observations. For example, if our universe continues in the current trend of
accelerating expansion, then the equations of motion tend toward an approximately
de-Sitter vacuum, however, such late-time solutions are quite difficult to construct
and do not appear to be a natural feature of M-theory. There has been some progress
along these lines [85], however, these constructions suffer from the seemingly univer-
sal landscape problem of M-theory, and the late-time evolution of the universe is still
considered an open question.

The emergence of a naturally small cosmological constant from M-theory seems
unlikely, and is perhaps the biggest problem facing the string community [86]. On
the other hand, anti-de Sitter vacua come about quite naturally as solutions to M-
theory [87], and one could consider this as a prediction of M-theory—that the current
inflationary trend will reverse, and that at some point in the history of the universe
the expansion will change course. In Chapter 4, we will look at specific constructions

of field theories on anti-de Sitter spaces.

13This was also a widely noticed problem with string theory, before Witten’s 1995 discovery
of dualities [75]. It was hoped that these dualities between the various string theories would solve
the problem of vacuum selection, but this has turned out not to be the case.
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3.2 Introduction to Free Fermionic Mirror Universes

In general string constructions, there exists quite naturally a hidden sector,
whose matter will only interact with the SM matter via gravity. Immediately, one
recognizes this hidden sector matter as a possible candidate for the so-called “dark
matter”, which composes somewhere around 24% of the universe [88]. In the string
model building process, the hidden sector arises much in the same way as the visi-
ble sector, with (possibly) non-chiral matter living in representations of non-Abelian
gauge groups, which were broken from some larger non-Abelian gauge group. Mo-
tivated by the science fiction texts, we ask the question: If the symmetry breaking
occurs in the same way between the hidden sector and the visible sector, what are
the consequences?

The mirror universe models have been proposed in the context of neutrino
physics (specifically by attempts to understand the nature of a sterile neutrino) and in
the context of superstring/M-theory [89-93]. As a means to reconcile the constraints
of big bang nucleosynthesis, the reheating temperature of the mirror universe after
inflation was postulated to be lower than that in the observable universe [89]. From
this it was shown that the asymmetric reheating can be related to a difference of
the electroweak symmetry breaking scales in the two sectors, as required for a mirror
solution to the neutrino puzzle. In such models it was shown that the baryon asym-
metry is greater in the mirror universe than in the observable universe and that the
mirror baryons could provide the dominant dark matter in the bulk universe [92].

These mirror universes have been with us all along—M-theory compactified on
a line segment gives exactly Eg X Eg heterotic string theory [94], in which the Eg’s

do not interact.'*

At the time of the preparation of this thesis, however, string-
derived quasi-realistic three generation mirror universe models in four-dimensions

have, to our knowledge, not been constructed. Rather, in typical quasi-realistic string

4Indeed, our model can be pictured as such-—the hidden and observable symmetry groups
can be thought of as confined to separate branes, on the boundary of some internal space.
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models, the ten-dimensional mirror symmetry'® is broken by compactification to four
dimensions. In free fermionic [79, 81] models, mirror symmetry breaking generally
results from corresponding asymmetric boundary conditions of observable and hidden
sector world-sheet fermions. In this chapter an obstacle to mirror model construction
in weakly coupled heterotic strings is discussed, which produces an interesting physical
effect in its own right. Mirror symmetry breaking can necessarily still occur with
symmetric boundary conditions. This will be demonstrated, and the implications for
such models will be considered.

During the string/M-derived mirror universe investigation, we found that even
when symmetric world-sheet fermion boundary conditions are imposed, breaking of
mirror symmetry is sometimes mandated by an asymmetry in the GSO projections.
Two example models demonstrate how GSO projections can necessitate mirror sym-

metry breaking of observable (O) and hidden sector (H) Pati-Salam [49] gauge groups
[SU4)e x SU(2), x SU2)g]° x [SU@)e x SUQ2), x SUR)z" . (3.2.1)

In the first example, the GSO projections reduce the observable sector gauge group

to

[SU4)e x SU(2).]°, (3.2.2)
by transferring SU(2)9 to the hidden sector. In the process the

[SU4)e x SU(2).)" (3.2.3)
subgroup of the hidden sector Pati-Salam gauge symmetry is enhanced to

[SO(10)]" . (3.2.4)

15Note that we are using this term somewhat outside of its standard usage in string theory—
“Mirror Symmetry”, in the context of Type Ila or Type IIb string theory, is a correspondence
between two Calabi-Yau manifolds of different complex structure. See [95] for a review of this
fascinating topic.
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Table 3.3. Broken Mirror Model 1 GSO Matrix k
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Additionally, the initial shadow (S) sector (corresponding to charges carried by
both observable and hidden states) gauge group, [SU(2)® x SU(3) x U(1)7]°, absorbs
[SU(2)g]™ to become [SU(2)3 x SU(5) x U(1)6]” (see Table D.1)

The second example differs from the first in some of its k; , matrix elements (and
corresponding ki o). For model 2, the GSO projections reduce the observable sector
Pati-Salam gauge group to [SU(4)c x SU(2)g]© by alternately rendering SU(2)9 to
the hidden sector. The hidden sector [SU(4)c x SU(2)g]* subgroup of the Pati-Salam
group is similarly enhanced to [SO(10)]%. In this version, the shadow sector gauge
group remains of rank 12 and does not absorb SU(2)# (see Table D.4).

These models make use of the free fermionic construction, and are an exam-
ple of NAHE based models reviewed previously in Section 3.1.4 (see Table 3.2). A
presentation of the gauge groups and GSO matrices for our two models, along with

tables listing the full matter states of both models are found in Appendix D.

3.3  Symmetry Breaking of Mirror Models
Mirror models with matching observable and hidden sector symmetries and
states may be created from NAHE-based models by adding mirror basis vectors, b/,

b, and b}, as defined in Table 3.5. Due to the symmetry between b; and b, these
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Table 3.4. Broken Mirror Model 2 GSO Matrix
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mirror vectors break the hidden sector Eyg in the same manner as the NAHE set
breaks the observable sector Eg into SO(10) x U(1)3. Each b} produces 16 copies of
16’s of the hidden sector SO(10).

The right-moving components of the b; and the b’ basis vectors that are simul-
taneously non-zero form a subset of {y,w|y, @} 5. That is, b; and b/ states will
both carry some {y,w|y, 0} 0 “shadow sector” charges. Within the NAHE set the
only two bosonic sectors that can produce gauge states are 0 and 1+b;+bs+bs. All
observable and “shadow sector” SO (n) and U(1) generators, along with the hidden
sector 120 rep of SO (16) € Eg, originate in 0, while the hidden sector 128 rep of
SO (16) € Eg originates in 1 + by 4+ by + bs. The GSO projections from the mirror
sectors b/, b}, and b} remove the 128 rep of SO (16), reducing the hidden sector FEg
symmetry to SO (16). Further, the mirror sectors reduce the hidden sector SO (16)
to an SO(10) x U(1)® symmetry, matching the observable sector. (Similarly the GSO
projections of by, by, and bz remove any adjoint contribution to the observable gauge
group from the 1 + b + b}, + b} sector.)

The hidden sector U(1)* generation charges and the observable sector U(1)?
generation charges combine with the shadow sector charges in a like manner. Simul-

taneously, the b} sector GSO’s reduce the SO(4)3 shadow sector symmetry to U(1)S.
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Table 3.5. The Mirror Set

D Gl Sl S R M S AR GG/
, 1 1 0 0 0.0 0 0 O 1.1 1 0 0
b, 1 0 1 0 0.0 0 0 0 1.1 0 1 0
bs 1 0 0 1 0.0 0 0 0 1..1 0 0 1
yl,...,4 ,gl,. 4 y5,6 w1,2 g5,6 w1,2 w3,...,6 @3,.‘.76
b, 1.1 1.1 0..0 0..0 0..0 0.0
b, 0,..,0 0.0 1..1 1..1 0..0 0,..0
b3 0,..,0 0,...0 0..0 0.0 1..1 1..1

The net result is a SU(3) x SU(2)? x U(1)” shadow sector symmetry, whose charges
are carried by representations of the observable SO(10) and of the hidden SO(10).
The additional SU(3) x SU(2)3 generators originate in several additional massless
gauge sectors formed from linear combinations of 1, b;, and b}. All of these sectors
have massless vacua and only carry 7;, 7}, and gy, @ shadow charges. While most
massless gauge states from these sectors are projected out, a few are not. Those
that survive mix the SO(6)3 containing the 7j-charges carried by the observable states
and the shadow sector SO(6)® containing the r/-charge carried by the hidden sector
states. Thus, at this stage mirror symmetry still exists, as should be expected. Note
in particular that k is invariant under exchange of b; with corresponding b.

To break each of the SO(10) to their corresponding Pati-Salam SO(6) x SO(4),
two additional sectors a and a’ are added to the model, where a and a’ are mirror sec-
tors, as shown in Table 3.5. The set of ten basis vectors {1, S, by, bs, bs, b}, b}, b}, a,a’},
produce a model with mirror symmetry boundary conditions for the observable and
hidden sectors. However, an asymmetry necessarily develops among the GSO projec-
tions with the addition of a and a’. Although all new degrees of freedom of k, 3 where
a € {a,a’} and § € {1,S,by, by, bs, b}, bl bi}, are chosen to be invariant under si-

multaneous exchange of primed and unprimed sectors for both a and 3, symmetry
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Table 3.6. SO(10) x SO(10) Breaking and Generation Reduction

- =1,..5 I 2 3
w ,(/}/ 77/ ,r]/ ,)7/

0 00,000 0 0 0
0 00011 0 0 0

Y T A B I T S
a 1 1 1 1 00011 1 1 1
a 1 1 1 1 0,0,0,000 0 0 O

Y,

breaking between k, o and ka o occurs automatically. Only one of ko and ky 5 is a
degree of freedom; the other is specified by (3.1.49a). As Table 3.6 shows, a-a’ = 10,
which from (3.1.49a) yields

k’a,a/ + k’a/,a =1 mod(2) (331)

Thus, kaa and ky o cannot be equal (mod 2). Instead, either kp o = 1 and ky o =0
or vice versa (since all components of a and a’ are either anti-periodic or periodic).

The addition of a and a’ to the model generates several new massless gauge
sectors of the form a + a’ + .... However, in both model variations presented herein,
the GSO projections remove all possible gauge states from such sectors, except those
coming from a + a’. The a + a’ sector has all anti-periodic components except for
four periodic associated with the two complex fermions generating the observable
SO(4) = SU(2)L x SU(2)g and the two complex fermions generating the hidden
sector SO(4) = SU(2), x SU(2)g. Thus, in the a 4+ a’ sector, massless gauge states
require one anti-periodic fermionic (with @) = 41) excitation.

The GSO projection from a acts on observable SO(4) spinors while a’ acts
on hidden SO(4) spinors. Since ko and ko differ by 1 (mod 2), so do kaatar
and ka ata. Thus, a state in the a + a’ sector survives both the a sector GSO
projections and a’ sector GSO projections if and only if its observable and hidden
SO(4) spinors have opposite chirality. That is, the net number of down spins among
the four spinors must be odd, implying that an a + a’ gauge state will either carry

observable SU(2);, € SO(4) charge and hidden SU(2)g € SO(4) charge or vice-versa.
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For model 1, the additional k;, and k; o require a + a’ states to always have
an even number of observable SO(4) —1 spins and an odd number of hidden SO(4)
—3 spins, linking observable SU(2)g € SO(4) reps with hidden SU(2), € SO(4)
reps. The remaining GSO projections on a + a’ gauge states require the Q = +1
anti-periodic fermion excitation charge to be from the hidden sector SO(6) ~ SU(4).

Thus, the surviving a + a’ simple root connects observable SU(2)g roots with the

hidden sector SO(6) and SU(2), roots, thereby regenerating a hidden sector SO(10):
[SU(2)g]° x [SO(6) x SU(2) " — [SO(10)]" (3.3.2)

as in Table D.1.
In addition, a sector 1+ by + b} + a gauge state with eight complex spinors
links the shadow gauge states with the hidden sector SU(2)g, increasing the shadow

sector gauge symmetry,
[SU(3) x SU(2)* x U(1)7]S x (SU(2)r)" — [SU(5) x SU(2)* x U(1)6]5 .(3.3.3)

The final model 1 gauge group is, therefore,
[SU(4) x SU(2)]° x [SU(5) x SU(2)* x U(1)*]® x [SO(10)]" . (3.3.4)

While maintaining symmetry under exchange of primed and unprimed com-
ponents of k, model two differs from model 1 in some choices of kg and ky g for
B € {1,S,by, b, bs, b, b, bi}. Model 2 GSO projections require an odd number of
observable SO(4) —1 spins and an even number of hidden SO(4) —1 spins in the a+a’
sector. This links observable SU(2), € SO(4) reps with hidden SU(2)g € SO(4) reps.
The remaining GSO projections again require the () = £1 anti-periodic fermion ex-
citation charge of an a + a’ simple root to be from the hidden sector SO(6). Thus,

for model 2 the gauge boson from a + a’ again regenerates a hidden sector SO(10):

[SU(2)]° x [SO(6) x SU(2)g]" — [SO10)]" . (3.3.5)
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However, in model 2, no additional gauge state is produced to mix the shadow sector

with the hidden sector SU(2),. The final model 2 gauge group is, therefore,
[SU(4) x SU(2)x]° x [SU3) x SU2)* x U(1)"]" x [SO(10) x SU(2).]" .(3.3.6)

For aesthetic reasons, we exchange the definitions of left and right-handedness in the

observable sector and of related SM states transforms this into

[SU(4) x SU(2)]° x [SU(3) x SU(2)* x U(1)T]” x [SO(10) x SU(2),]" .(3.3.7)

3.4 Hypercharge Definitions
An important issue for these models is whether an acceptable definition of hy-
percharge can be found, since the conventional hypercharge is missing either its equiv-
alent T2 contribution in model 1 or its equivalent Ty contribution in model 2. In

standard NAHE-based models the hypercharge is formed as

Y = %QC + %QL, (3.4.1)
(for Y (Qr) = % normalization), where Qo =30 | Qgm is the associated charge
trace of U(1)c = [V + *¢? + ¢**3] and Qr="_, Qgm is the associated
charge trace of U(1), = [¢*¢* +¢**¢°]. Since SU(4)c — SU3)c x U(1)p_r,
%QC = Qp_1, as Table 3.7 indicates. Similarly, since SO(4) = SU(2);, x SU(2)z —
SU(2)p, x U(1), Q1 = 2T, Thus,
Y =Qp_p + 2TE, (3.4.2)
which yields electromagnetic charge
Qem =Ty + Y =T+ T + 1051 (3.4.3)
Hence, model 1 requires a replacement for T4, while model 2 needs a replacement for
TE.
Under SU(4)c x SU(2);, the SM SU(3)¢ x SU(2)r, left handed reps combine

into
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Table 3.7. Hypercharge Components for Broken Mirror Models

@B-1 27},}% 2Ty Qepm =TF+TF+10Q0p 1
o jo. iy

Qr 3 0 =1 % -1

s -1 1 o 1

S G T "2

L, -1 0 =1 0, -1

e 11 0 1

Ve 1 -1 0 0

° Q=3 2)2T§:0 ® L= (1, 2)2T§:0 — (QL)L = (4, 2)2T§:07
o ¢ = (1, 1)2T3R:1 dj = (3, 1)2T3R:1 — (d%€) = (4, 1)2T3R:b

o vi = (1,1)ypr__y ®uf = (3, )ypp__y — (uv)r = (4, 1)ypr__;.
Model 1 contains three generations of pairs of (¢°I°);" = (4, 1) states (with generation
index specified by i = 1 to 3, pair element index specified by n = 1, 2, and left-handed
index L implicit), where (¢°l¢) denotes either (d°e®) or (u‘v®) (see Table D.2). These
states are also respective doublets under the three generation SU(2); of the shadow
sector. As discussed, for a three generation model, the SU(2); must be broken to the
generational U(1); of standard NAHE models by additional GSO projections from
further sectors. When each SU(2); is broken to U(1); in this manner, one component
of each SU(2); doublet is also projected out. If these additional GSO projections
can be chosen such that the up-spin component of SU(2); for (¢°1°)7~" survives along

with the down-spin component of SU(2); for (¢°1°)7=>, then for Y = Qp_1 + 2 (T3),

the (¢°1°)7~" become the (d%°),

. states and the (¢°1°)7= become the (u°v°); states.

(3
Under L < R exchange, the same process can be applied to create a consistent three
generation hypercharge for model 2.

For both models, this is the only possible choice for (¢°I¢) hypercharge, since in

each model the extra Abelian charges carried by the (¢°1°); are independent of the
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index n for each generation ¢. That is, no hypercharge definition involving only the
extra U(1); could yield valid hypercharge for both (d°°) and (u‘v°) reps. For model
1, this posses a difficulty for the MSSM Higgs. In model 1, the only additional SU(2),
doublets are singlets under all SU(2);. These are the pairs of states h' (n = 1, 2)

and the more exotic H, which are also 5 reps of SU(5)°. For a given generation

i, the extra U(1); charges are independent of the index n. Thus, no hypercharge
definition could yield both a (Y = —1)-charged up-Higgs and a (Y = +1)-charged
down-Higgs from an h?=! and h?=? pair. Instead, a hypercharge definition is required
such that the U(1); hypercharge contribution to QL and ¢l states is zero, while it is
+1 for at least one A} pair and -1 for at least one other A}, pair. Applying the six QL
and (¢°l°) constraints prevents any U(1); from appearing in a general hypercharge
definition. Thus, model 1 cannot provide a suitable definition for hypercharge, unless
the Cartan subalgebra of SU(5) can contribute to the hypercharge of H components
after SU(5)% is broken.

In contrast, the MSSM Higgs of model 2 come in the standard h; and h; pairs
for each generation i. However, each h; and h; is also an SU(2); doublet (see Table
D.5). Thus, if under SU(2); breaking by GSO projections from additional sectors,
the SU(2); up-spin component of h; survives and the SU(2); down-spin component

of h; (or vice-versa) then h; becomes down-Higgs and h; becomes up-Higgs (or vice

versa). Thus, a viable hypercharge definition for model 2 is

3
Y =1Qp-r+ > Ti. (3.4.4)
=1

This would produce generational Higgs pairs, which is a common occurrence
in NAHE-based models. This often provides for mass hierarchy between generations
since the physical Higgs usually becomes a weighted (by several orders of magnitude)
linear combination of generational Higgs. MSSM matter states then couple differently
by generation to the physical Higgs, producing a large mass hierarchy, even when all

mass couplings in the superpotential are third order.
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Models 1 and 2 both contain an anomalous U(1)4, and it is unlikely that ad-
ditional basis vectors would change this for either model. In fact, additional sectors

generally increase the anomaly. For model 2 the charge traces of the seven U(1)y is

—

Tr@ = (0,—144,96,0,0,—192,0) . (3.4.5)
(as can be computed from Table D.5). Thus, the anomaly may be rotated into

Ua = [-3Q2 4+ 2Q3 — 4Q] (3.4.6)
for which the trace is 1392. The orthogonal

Uy = 2Qs +3Q3 (3.4.7)

Uz = =3Q2 +2Q3 + (13/4)Qs - (3.4.8)

become non-anomalous (traceless).
Model 2 is an example [96, 97] in which non-Abelian fields must necessarily take

on vevs to cancel the Fayet-Iliopoulos (FI) term,

2M2
_ Gs PTI‘Q

¢ = (A) _ ga M3
19272

19272

1392, (3.4.9)

generated in the Uy D-term by the Green-Schwarz-Dine-Seiberg-Witten anomalous
U(1) breaking mechanism [98-100]. To see this, first note from Table D.5 that singlet
states ST through S§ carry the non-anomalous charge ); = 3, while the remaining
singlets have @); = 0. Thus, D-flatness for U(1); cannot be maintained if only singlets
receive vevs and one or more of the fields S} through S% are among those that do.
Next, the singlets S7; and S; do not carry anomalous charge (only @4 and Q5 charge),
and so cannot help cancel the F-I term. The remaining singlets are simply Sg and Sy,
and their vector partners of opposite charges. Sy carries anomalous charge Q4 = 4
and non-zero non-anomalous charges Qs = 1, Q5 = 4, @), = 6, Q5 = —42, while
Sg carries anomalous charge ()4 = 4 and non-zero non-anomalous charges Q4 = —1,

Qs = —4, Q) = 6, Q4 = —42. Sz and Sy carry respective opposite charges. Thus,
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we see that no combination of S7g9 and 577879 vevs can simultaneously cancel the
anomalous D 4-term contribution from the trace of U4 and keep the D-terms for Q)
and @)} flat. Therefore, some non-Abelian fields must take on vevs in the process of
canceling the Tr Q4 contribution to D4 to maintain D-flatness. Of particular interest
is whether SU (2);-charged fields take on vevs in the parameter space of flat directions.

Analysis of flat directions is, however, beyond the scope of this chapter.

3.5  Summary
This chapter has demonstrated, under certain conditions, mirror symmetry is
necessarily broken between observable and hidden sector gauge groups of heterotic
string models with mirror boundary conditions for observable and hidden sector
world-sheet fermions. The observable/hidden sector gauge group mirror breaking
occurs because of an unavoidable asymmetry in GSO projections. This effect can be
induced in free fermionic models though an observable/hidden sector mirror-like pair

of basis vectors, a and a’, with the properties that:

e Their vector sum yields new, independent gauge sectors (possibly after further

basis vectors are added) a+a’ + ....

e They do not overlap with non-zero components in the observable and hidden

sectors.
e Their inner product does not equal 0 mod(4).

Under these conditions the observable sector and hidden sector gauge states
from some a + a’ + ... sector (or sectors) will not be mirror images since the ob-
servable sector gauge states surviving the kaatar+.. GSO projections will be differ-
ent from the hidden sector gauge states surviving the corresponding ka ata+.. GSO

projections. In the examples shown, starting with mirror Pati-Salam gauge groups

[SU(4)e x SU(2), x SU(2)g]° % [SU#)e x SU(2)1, x SU(2)x]", the observable sec-



7

tor SU(2)p(r) was transformed to the hidden sector by this necessary asymmetry of
the GSO projections, enhancing the hidden sector gauge group to [SO(10) x SU(2)g]".
This transference of gauge rank from the observable sector to the hidden sector acts
favorably for coupling strength renormalizations, allowing non-Abelian hidden sector
coupling strengths to run upward faster than observable sector coupling strengths
as energy scales run downward from the string scale, leading to the formation of

generally advantageous intermediate scale hidden sector condensates.



CHAPTER FOUR

Randall-Sundrum Unification

In this chapter, we study the novel aspects of unification within the Randall-
Sundrum (RS) proposal. We first briefly review the RS proposal in Section 4.1. In
Section 4.2 we look at models that have been constructed using RS, almost exclusively
based of SU(5). We present our model [101], based on §U(5) in Section 4.3. In
Section 4.3.1 we compute the beta function of our model, using the results of [102—-
105]. Finally, we show in Section 4.3.3 that our model leads to an extremely small

lifetime for the proton if the Yukawa couplings are not fine-tuned.

4.1 An Introduction to the Randall-Sundrum Scenario
The Randall-Sundrum (RS) proposal [106, 107] represents a beautiful geomet-
rical solution to the hierarchy problem, outlined in Section 1.2.5. Specifically, by
embedding a four dimensional Minkowski space in a higher dimensional anti-de Sitter
(AdS) bulk, one is able to suppress the weak scale by a factor of e*™< with k and
r. the warp factor and compactification radius, respectively. The normal argument

goes like this: suppose we have an AdS space, whose measure is given by
ds* = e 2, datdr” + d2?, (4.1.1)

where the fifth dimension (z) is an orbifolded circle (S'/Z;). Suppose also that we

have a bulk scalar in our theory, H, whose action is given by:
SO / d*z / dv—G (GMNoyH'OnH + m*H'H) (4.1.2)
0
where G,y is the full 5-dimensional metric and is given by

Gun = e diag(—1, +1, +1, 41, e*) | (4.1.3a)
GMN = 2 diag(—1,+1,4+1,+1,e2%). (4.1.3b)

78
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If our universe exists in the IR limit of (4.1.2), then we evaluate the action on the IR

brane, namely where z = nr., and find
Sepp~ / d*z (e > HYO,H + e~ "™ em’HH) . (4.1.4)
Redefining the scalar field H — e ¥ H we see
Sepy ~ / d'z (0"H'0,H + e " m’H'H) . (4.1.5)

The mass parameter m (which is on the order of the Plank mass, as we expect from
dimensional analysis) is now weighted by the warp factor on the IR brane where we
would observe it, m — me~*™, and can be tuned to give phenomenologically accept-
able values. The stabilization of the brane separation has already been addressed in

[108], so that the choice of

M,
krr. = log [MUV] ~ 117 (4.1.6)
IR

is well-motivated.!

If we compare the MSSM with the RS proposal, we begin to see the advantages
of the latter. SUSY protects the higgs mass with 124 free parameters, whereas RS
only needs one, the warp factor knr., and the existence of a finite extra dimension, z.
Although, in some sense, the RS proposal is an alternative to SUSY, it can incorporate
SUSY—then the warp factor serves to protect the SUSY breaking scale, which in turn
protects the higgs mass.2 The SUSY breaking terms are generated on the UV brane,
and communicated (either gravitationally or via a “messenger” U(1)) to the IR brane.
These models will not be discussed in this thesis.

The presence of a compact extra dimension necessarily means that there will be

Kaluza-Klein modes [109, 110]. Calculating the shape of the wave-function in the fifth

1We see that the hierarchy problem has been replaced with a fine-tuning problem. This can
be seen from Equation (4.1.3)—the exponential factor is ~ 107°, while all the other entries in the
matrix are ~ 1.

2Indeed, if we want to embed RS into string theory, then it must be consistent with SUSY.
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Figure 4.1. In the Randall-Sundrum scenario, one starts with a five dimensional anti-de
Sitter space. The fifth dimension, z, is an orbifolded circle, S'/Z5, with three-branes at the
orbifold fixed points, 0 and 7r.. If we start with a circle of radius R, parameterized by the
angle 0, the Z, discrete symmetry identifies 8 with 27 — 6.

dimension is relatively straightforward, using the method of separation of variables.
If one varies the action, Equation (4.1.2), one finds that the equation of motion of

the scalar field H is given by:
O°H + e**05 (e "™ 0sH) — m3e **H = 0. (4.1.7)

To solve this differential equation, we express the higgs field as composed of two parts,

a four dimensional part (® (z)) and a one dimensional part (¢ (2)):

1
T

The general solution for the zero mode, whose mass is given by m? = ak?, for k the

H =

> o (z) ¢ (2). (4.1.8)

warp factor, is given by
o (2) = c1emkz 4 ) p(2Halkz (4.1.9)

where o = v/4 4 a. ¢; and ¢, are arbitrary constants. If one were to try to solve for the

arbitrary constants with simple von Neumann or Dirichlet boundary conditions, one
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would find that there is no zero mode solution [111]. We must modify the boundary

actions as with a mass term:

Shoundary = /d%dz\/—gakz 6(2)=6(z—mr,)] |H|?, (4.1.10)

where b is a dimensionless number which parameterizes the boundary mass of the

field. The modified von Neumann boundary condition® is given by

[a5¢(0) — bkgb(o)}

— 0. (4.1.11)

0,77
The fields are assigned von Neumann (+) or Dirichlet (-) boundary conditions about
the branes at the ends of the AdS space. Equivalently, these are the parities under the
Zy discrete symmetry which characterizes the orbifold. These boundary conditions
are specified in doublets, with the first entry corresponding to the UV brane, and the
second corresponding to the IR brane. Application of these new boundary conditions
across both of the orbifold fixed points to Equation (4.1.7) tells us that the scalar

zero modes with von Neumann boundary conditions must look like
¢ o e, (4.1.12)

Note that the b values are not calculable from the low energy effective field theory,
just as quark masses are not calculable in the SM. These represent free parameters
of the theory, that will be constrained by experiments if the RS proposal is validated
in the future.

One can now add spin % fermions [112] and spin 1 bosons [113, 114] to the
spectrum in much the same way. In typical RS constructions, fermion fields are
allowed to live in the bulk, and the individual fields in each representation are allowed
to take on different boundary conditions. We find that the spin one bosons have flat
wavefunctions in the fifth dimension, for either von Neumann or Dirichlet boundary

conditions.

3 A similar process can be followed to find modified Dirichlet boundary conditions.
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A spin % fermion whose wavefunction is symmetric about the Z; x Z5 orbifold

symmetry has the general form:
Wy~ elae)kzy, (4.1.13)

Here, U5 (1)4) is the five- (four-) dimensional wavefunction. The c—values (¢ € [0, 1])
dictate about which brane the wavefunction is localized, and thus the observed mass
in the low energy effective field theory. By picking numbers of O(%), one is able to

generate mass hierarchies which are put into the standard model (SM) by hand.

4.2 Unification in Five Dimensions: The GUTs of Randall-Sundrum

The question of unification in RS models has been addressed in several places,
and in several different incarnations. The first examples of unification in RS were
based on SU(5) GUTs [115]. Supersymmetric SU(5) unification has been investigated
[116] and more recently, some detailed investigations of SO(10) GUTs were preformed
[117].

Generally, one first replaces the S*/Z, orbifold with a new topology: St/ Zyx Z,.
One must now assign boundary conditions across each of the orbifold fixed points (at
0 and 7r.), which correspond to parities about the branes. The breaking of the GUT
symmetry down to the SM is achieved by assigning different boundary conditions to
the fields appearing in the representation. In the five-dimensional bulk, the fields
respect the GUT symmetry, say SU(5). On the boundaries, the representations (and
thus the GUT symmetry) are broken by the orbifold parities—in general, no GUT
scale scalars are needed to break the symmetries.

Breaking the GUT symmetry with boundary conditions requires that one add
copies of representations to the spectrum since only fields with (+ +) boundary
conditions are physical, and the quarks and leptons (from the same generation) in

the SM come from different representations in the underlying symmetry group. So,
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taking one of the models in [115], one has

Bi= Lt +di- (4.2.1a)

5y =L +df" (4.2.1b)

The SM states have (+ +) boundary conditions while the other fields have (+ —)
boundary conditions. While all of these models elegantly incorporate the features of
the RS proposal, they all suffer from this seemingly universal problem of representa-
tion proliferation. For example, the SO(10) model in ref. [117] required 6 copies of
each 16 for each generation! This is an issue associated with any model in which the
GUT symmetry is broken with boundary conditions.

This proliferation of representations does solve some problems. The experimen-
talists have given us strict bounds on the proton’s lifetime, 7, > 6.7 x 10%® y [47], and
one must be wary of higher dimensional operators in the effective field theory which
violate these bounds. For example, in 5-d one could write the following operator

down (from 5 x 5 x 10 x 10 D 1) [111]:

VWUV
/ d%dzx/—G%gON. (4.2.2)

We can evaluate this integral on the IR brane, using (4.1.13)...

2k 1 ewkrc(4fc1702703704) -1 d4 . . ,
M3 5Vt 2.3
M2 N;N;NyNy 4 —¢1—ca—c3— ¢y / 55 Piot0, ( )
where
]_/2 — C;
Ni = c(l—2c)kmre _ 1 (4.2.4)

The c—values are less than 1, making the coupling constant in the effective field
theory exponentially large. These operators are responsible for phenomena such as
proton decay, and such large couplings will cause proton lifetime to be exponentially
short. By requiring quarks and leptons to come from different generations, there exist

no physical (i.e. on the IR brane) quark-lepton mixing, unlike in traditional GUTs.
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It seems that there are no conventional baryon decay modes in this type of
model, so the prediction is that experiments like Super-Kamiokande [47] will never
see p — leptons + mesons. If such decays were observed, then (to avoid fine tuning, as
per the RS paradigm) one would either have to find some other way to suppress these
processes, or accept the exponentially tuned Yukawa couplings required by terms like
(4.2.3). Finally, it should be noted that there have been investigations into breaking
the GUT by turning on the vev of a bulk scalar field [104, 115].

4.3 A §f](5) Model in the RS Scenario

In the following model, we consider a non-supersymmetric SU (5) partial GUT
living in the background of Equation (4.1.1). The breaking of SU (5) is accomplished
with one bulk scalar field, called ®, that takes on a vev at some intermediate scale M,,.
Note that, in general, M, is less than the GUT scale, Mgyr, but it is not completely
unreasonable that one push M, up to Mgyr—this would eliminate the embedding of
SU (5) into some larger symmetry, like SO(10). We take a minimal matter content,
as in Equation (2.5.1).

SUSY SU (5) unification in extra dimensions has been studied in [118, 119], but
this analysis was in the presence of a flat extra dimension, on an orbifolded circle
(S'/Z, x Z5). The main difference between these two approaches is the form of
the Kaluza-Klein modes and their contributions to the § functions (see [102, 103]
for more details)—in the RS proposal the masses of the KK modes are solutions to
combinations of Bessel functions, whereas in the flat case

n2
n=mt A (4.3.1)

m
forn =0,1,2,.... Generally, one would like to unify the SU (5) theory in some higher
dimensional GUT, like SO(10). Here we will only work at the partial GUT level, and

leave the problem of SO(10) embedding to a future study [120].
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4.3.1  Gauge Coupling Renormalization

Calculating the one-loop corrections to the vacuum-to-vacuum polarizations is
relatively straightforward, and has been done for the (extremely popular) case of
scalar QED in several places [102-105]. The difference between the standard QFT
calculation and the RS1 calculation is the appearance of a tower of KK modes. For
fields that are even about the orbifold Z; x Z; symmetry, the KK masses are solutions

to [111]
mhre) (4.3.2)
where

ba (Mn) = —

a mT") (4.3.3)
s

and the constants are given by

v4+a spin 0 b spin 0 4 spin 0
o= }C:I: %| spin % ;=494 Fc spin % y 8= 1 spin % . (4.3.4)
v1+4+d spinl 0 spinl 2 spin 1

In this study, we are concerned with fields which have (+ +) boundary conditions
on the Zy x Z) orbifold symmetry—there are similar expressions for the odd case.
The constants a, b, ¢ and d come from the wavefunction’s “boundary mass”, and
parameterize the field’s profile in the fifth dimension—for example, we have already
seen how c is defined in Equation (4.1.13). The constant a for a scalar field is given
by a = WIZ—;%, where mg is the five dimensional scalar mass. The constant b = 2 + «,
and d = ]‘,f—;, where M is the gauge boson’s mass—possibly zero. Finally,n = 1,2, .. ..

Before we begin, it can be shown [122] that the leading contribution to the
running of the couplings is logarithmic, as we find in the standard 4-d case—the
corrections should contain terms ~ log [%], as long as we consider the regime where

p << A < k, where p is some intermediate energy scale. The general form of the
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Figure 4.2. Possible graphs for calculating the massive contribution to the runnings of the
couplings, al-_l. We must include contributions to the vector boson self-energy from fermions
(a), scalars (b), SU(5) gauge bosons (c), and ghosts (d). We also get contributions from
the fermion-fermion-boson counterterm (e) and the fermion self-energy (f). Note that we
must include the KK mode sum in each of the loops. Note that fields which lie in complete
representations of the GUT do not contribute to the differential runnings of the couplings.
These graphs were generated using [121].

running coupling constants in an RS background is given by [102-104]:

1 1 | \
7 (p2) gl + Apy + A + 52 {A1 loop + St 3/\777’C + b; log [p} } (4.3.5)

The g5 is the bulk coupling constant, the Ay and A;r come from the couplings of the
Maxwell tensors localized on the branes, and the Aj_jop, are the one-loop contribu-
tions from the graphs in Figure 4.2-they arise because of the presence of Kaluza-Klein

modes in the spectrum. The linear divergences are regularization scheme dependant,

and cannot be calculated within our effective field theory. They are of (9( =) and

4 The last term is the familiar non-Abelian beta

will be ignored in what follows.
function contributions.
In general, Ay, Arg and g5 are incalculable—they depend on some completion

of the theory (possibly string theory). We will take the incalculable parts of Equation

4Equivalently, one could include these contributions in the redefinition (4.3.6), as in [103].
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(4.3.5) to be [103]

1 1 1
T3 +Apy +Ag = 5 +0 <—2> . (436)
kgs I5065) 8T

Now, let’s compute the contribution of a massive scalar and its KK modes.
The relevant graphs are shown in Figure 4.2, (b). The Feynman rules for a scalar
transforming in an arbitrary representation of a non-Abelian symmetry are just a
straightforward modification of the rules for scalar QED. We take our bulk scalar
to have (+ +) boundary conditions. If we compute the amplitude of the graphs in
Figure 4.2, (b), we find that the one loop correction A2 '(¢*), for a massive scalar

and its KK excitations is given by:®

20 (r D\ (! 2\
Aic—allg(r)p (q2) _ g (Q)F (2 _ 5) / dx Z ([/é—) (1 — 2.%')2 , (437)
(4m)> 0 KK modes \ "
where
K,=ml+z(1—-2)(—¢*) =ml +x". (4.3.8)

C(r) is the Dynkin index of the representation of the scalar field. Sums of this form

have been evaluated in [104, 105], and Equation (4.3.7) can be shown to be equal to

ZK?” = % + (g - 2) llog [f (ix)] + log
+ O(D-4)?, (4.3.9)

krre

e 2 |
X?TT + log x

where

v =z (-2 (~¢2). (4.3.10)

For our case, a 5-d bulk scalar with (+ +) boundary conditions whose zero mode has

mass mg, we have

f(my) = L (e::c)a_ (m—g’ , itra ) : (4.3.11)

T m2 20 —2

®As was mentioned above, if the only field in the theory is the zero mode (n = 0) scalar, then
the sum consists of just one term—reducing the integral then gives the standard result.
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Because we are interested in the effect on the low energy effective field theory (~
TeV) due to the (massive) KK modes, we have used the asymptotic form of the Bessel
functions (m, — 0), and the fact that e¥™ >> 1 [104]. If we consider k >> myg,
we can use this form of (4.3.11) in (4.3.9) to evaluate the integral in Eq. (4.3.7), the

correction to the coupling is given by:

C(r)
6

Ascalar (q2) — _

1—loop

{(a — 1) krro + log %} . (4.3.12)

From this analysis, we can construct the full form of the (energy dependent)
SM couplings. Luckily, this “rather tedious” analysis has already been done, and
we will adapt these results to fit our purposes. The arbitrary mass scale which was
introduced in the regularization p (¢f Eq. 4.3.7) becomes M,—the scale of partial
unification, and our cutoff. Using Equation (4.3.6), we find [103]:

o) = o +0(5)

Q50 (5)

3

5 k
2 ) _
+ Tom { kmr. + log 7 }

5
+ 5y {22k + 211og M.y}

b; M, 1 M?
+ —log —1—(’)( *)lmrrc
2w D

om k2

+ 5 — d threshold effects. (4.3.13)
The second line gives the contributions to the couplings from the massive scalar in the
bulk—if we wish to modify the spectrum of the theory by adding additional higgses,
we can add terms similar to these. The next line gives the contributions from the X
and Y gauge bosons of SU (5), and the next line is of the familiar form. Note that
the second two lines give a universal (to each of the beta functions, independent of

p) correction to 04571] 5 suggesting that we take

-1 _ -1 -1
Qofp = Ogpy T Aa™. (4.3.14)
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The correction (Aa~!) is ~ 45 for the model presented here, and we will take ae_flf ~
61.9

We also notice the familiar SM runnings in the fourth line. Because the fermions
form complete representations in the GUT, they have no contributions to the run-

nings. The SM gauge bosons, however, do contribute. They are given as...

SU@) by = -2 (4.3.15)
SU@3) by = —11.

The last O <%A£> krnr. are 5-d mass splittings that are calculable, but of sub-sub-
leading order and we do not calculate them here.

Finally, there are the 5-d threshold effects [115] that are assumed to give the
corrections needed for unification. In order to break SU (5), we need the bulk scalar
fields to take on vevs. This is done by choosing a suitable potential for the fields, with
minima at the desired mass scale. It is this 5-d potential that gives the threshold
corrections needed for unification.

We see that the leading logarithm in each term of Equation (4.3.13) is exactly
as expected, from [122]. Also notice that the terms proportional to k7nr. are effects
due to KK modes. If we were to eliminate these states from the spectrum, we would
recover the standard form of a coupling constant plus threshold corrections.”

Let us compare the runnings of the couplings in our model to those of the SM. In

the SU(5) models, SU(5) D SU(3)¢ x SU(2) 1. We take the effective SU(5) coupling,

6 This value of ae_flf has been chosen because we want a value for the partial GUT coupling
that is less than the value of a{,(ll) (M), so we get unification of SU(2) x SU(3) before they unify
with U(1). See Figure 4.3 below.

"See, for example, [123].
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Figure 4.3. SM beta functions in our model, with corrections from KK modes, GUT scalars,
and GUT-mass bosons. Note that the unification at M, ~ 3 x 10*® GeV is not exact—only
SU(3) and SU(2) unify here, as expected.

oze_flf = 61. The runnings of SU(3) and SU(2) are given by

bs M,  6bs M

az' (E) = ajp + 9 log = to. log f*’ (4.3.16a)
_ _ b2 M* 562 M*
ay ' (E) = agjy + gy log - T35 log T (4.3.16Db)

One can calculate the 6b;’s needed for unification using ag (M) = 0.1187 £ 0.0020,

as (Mz) = 0.033961 £ 0.000006, and a; = 0.017022 + 0.000002 [6], and find

SU(3): 6bs = 0.761, (4.3.17a)

SU(2) : 6by = 0.185. (4.3.17b)

These expressions are plotted in Figure 4.3, using k ~ 10'® GeV and M, ~ 3 x 10'°
GeV. We have added threshold effects on the order of about 10% to the U(1)y in the
SM, because we expect that the corrections to the coupling are of the same size as

those of the other graphs.

4.3.2  Constraining Randall-Sundrum GUTs
We will now briefly comment on an interesting contstraint revealed in our in-
vestigations of this model. It is hoped that the constraints shown here will be of use

to anyone wishing to construct Randall-Sundrum GUTs. Further, while it was not
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Table 4.1. We look at the scalar content of various non-supersymmetric SU(5) construc-
tions, to get some idea of the representations that are important for model-building. As we
include larger and larger bulk scalar reps, the universal contributions to the beta functions
approach zero. Calculated here are the contributions from an adjoint (24) of gauge bosons,
and scalars in various reps.

Model Bulk Scalars > C(r) Maur (GeV) k (GeV) A/2x

RSFSU5 10 1.5 3 x 10" 10" 44.796
Georgi [44] 24 5 3 x 1015 10" 38.956
Dorsner [124] 15,24 8.5 3 x 10 1018 33.143
HHM I [125] 24, 45 17 3 % 101 10 19.026
HHM 1T [125] 45, 75 37 3 x 10° 1018 -14.191

explicitly invesitgated, we believe that these constraints apply also to more general
5-d orbifold GUTs, as well as any construction that gives universal corrections to
the beta functions of the model. In general, the contributions to the beta functions

coming from the KK modes of the bulk scalars and the GUT gauge bosons are:

A1—loop — C(T‘)
2r 12«

247

k
—kmr. +1
{ Tre + ogM*

} + cw) {22k7r, 4+ 211log M,7mr.} . (4.3.18)

C(r) is the Dynkin index of the scalar field, and C'(N) is the quadratic Casimir
operator of the algebra. In what follows, we will look exclusively at SU(5), where
C(N) =5.

In some sense, the threshold effects due to the presence of a bulk scalar “com-
pete” with the corrections due to the SU(5) gauge bosons—they give contributions
of opposite sign. The scalar loops are weighted by their Dynkin index, a group the-
ory factor that depends on the representation in which the scalars transform. One
can compute these, or just look them up [5], and find that larger representations
(generally) have larger Dynkin indices.

The bulk field content of the model will govern the types of values that one can
obtain for M, and (xgvl

U(5)

bulk matter, as in Equation (4.3.14). Likewise, any constraints on a;% ) will tell

, via universal contributions to the beta functions from the

us the maximum contributions from KK threshold effects, as per [103]. Any effects
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from some higher unification scale, at Mgyr, would still enter the beta function as a
correction to the effective oze_flf7 and be of the same form as Equation (4.3.13). This
will also put constraints on the size and number of bulk fields introduced in the GUT
model. In Table 4.1 we have looked at the scalar content of some 4-d SU(5) theories.
We note that these models were not built within the RS framework, but we have
looked at these examples to get an idea for the important scalar reps used in model
building.

In the model presented in this paper, the corrections due to scalars and vectors
are ~ 45. Requiring that our threshold effects be on the order of 10% means that
55 < ongl](S) < 62, which in turn forces 10 < Oé;?l](s) < 17. A more interesting case is
when the corrections due to the KK modes are negative, as in the case in the HHM II
model [125], and is the case when we include larger (or more) scalar reps in our models.
In this case, the value of ozgllj(s) must be at least as large as the corrections coming
from the bulk scalar and vector representations in order to ensure the positivity of
a;flf, as per Equation (4.3.14). If we were to build an SU(5) RS GUT, placing the
matter content of HHM II [125] in the bulk, we could plot Equation (4.3.14), showing
where 04;(1](5) becomes negative—see Figure 4.4. This gives the possibility of excluding

this model, based on estimates of the size of oz, or equivalently g5 from Equation

(4.3.6).

4.3.8  Proton Lifetime

As was mentioned in Section 4.2, without some exponential tuning of Yukawa
couplings, proton decay will be a problem as per Equation (4.2.3). We have solved
the hierarchy in the higgs sector of the model by introducing the warp factor, and we
must ask ourselves if we are willing to introduce another fine-tuning in the form of an
exponentially small Yukawa coupling. Ideally we would like to explain all things in

terms of O(1) parameters, and if we insist on using bulk scalar fields to break SU (5),
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Figure 4.4. A plot of Equation (4.3.14) for the model HHM II [125]. If we choose ae_flf less

than 15, we get a negative value for agg]@, which is unphysical.

we may have to take a more creative approach, invoking some (possibly discrete) sym-
metry to protect baryons in the low energy effective field theory by forbidding terms
like Equation (4.2.3). If proton decays are observed in a next generation experiment,
we will almost certainly have to accept some fine tuning.®

Further, in the RS scenario, one must be careful to check all of the possible
decay modes of the proton—there will be new decays through KK mode exchange.
In general, the KK modes will have masses on the order of a few TeV. The SM
fermions may interact with these KK modes to violate bounds on proton decay, and
may even produce flavor changing neutral currents at an unacceptable rate [117].
The problem is not limited to RS GUTs, but also to the RS formulation of the SM
[111]. The only way to eliminate these problems is to break the GUT symmetry with
boundary conditions [115, 116], or invoke some discrete or global symmetry which

protects baryon and lepton number.

8We already accept such fine-tunings when dealing with the strong CP problem of QCD.
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In the standard SU (5) models, the predominant baryon decay operator is given
by [126]:
2

L~ j\g/;z {—dy*duy,v + dy*uary, L}, (4.3.19)

where ¢~ is a linear combination of the three (left-handed) leptons. The typical

calculation, using ¢ ~ e, puts the SU (5) prediction for the proton lifetime

033737 y, (4.3.20)

Tp—setn0 ™ 1

which safely evades the current lower bounds. Let us quickly estimate the proton
lifetime using our choice of constants, that is, oze_flf ~ 61 and M, ~ 3x10" GeV. Ellis,
Lopez and Nanopoulos [127] have estimated the lifetime of the proton in SU(5) via

the decay channel p — et 7":

M. *70.042\ 2
~ 33 *
Tpetn0 2 1.5 % 10 (1015 Ge\/) ( - > y. (4.3.21)

Using our values, M, = 3 x 10'®> GeV and ae_flf = 55, we find
Tpetno ~ 8.0 x 10° y. (4.3.22)

Now, Equation (4.3.19) and Equation (4.2.3) give the same term in the effective

lagrangian. We may write:

r 2k A eohmre
AP0\ M3 N;N;N,N, 6

) Us¥stigino, (4.3.23)

where 6 > 1 in general, and A is some (dimensionless) coupling in the fundamental
theory. Comparing with Equation (4.3.19), with the replacement Mp, — M., we
have?

by eékﬂ’rc
" N:N,N.N, 6

gz (4.3.24)

9We will leave out factors of O(1), for comparison’s sake.
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Because the value of 6 must be calculated from the UV completion of the theory, we
cannot determine an accurate value for the proton lifetime. We know, however, that
6 is O(3), and using the relation between 4-d and 5-d mass scales, Mj is within two

or three orders of magnitude of M,, along with the parameters from Section 4.3.1, we

find
A~ 1074 (4.3.25)

in order to match the predictions of the SU (5) GUTs. One can now see why we
were so cavalier with two or three orders of magnitude and a few numbers of order
1! We have created a fine tuning problem thirty orders of magnitude worse than the
QCD CP problem from Section 1.2.2. If there exists a (D=6) baryon decay term like
Equation (4.2.3) in the GUT, then the Yukawa coupling must be tremendously small
to keep the proton sufficiently long lived. Thus, one most likely must invoke discrete

symmetries to remove such finely tuned terms.

4.4 Summary

In this Chapter, we have shown how SU (5) partial unification is obtained in the
framework of the Randall-Sundrum proposal. The higgsing from SU (5)—=SU(3)¢c x
SU(2)r x U(1l)y was obtained by taking the minimal higgs sector, namely a bulk
scalar transforming in the 10 of SU(5). We derived the evolution of the coupling
constants on the IR brane, relying on threshold effects on the order of 10%, which
are motivated from the GUT symmetry breaking higgs potential. We showed how
the threshold effects from bulk fields produced a correction to the unification scale on
the IR brane, and were able to derive bounds on the higgs sector by arguing that the
five dimensional coupling must be positive. Finally, we showed that, with Yukawa
couplings of O (1), the proton decays much too fast—if this model is correct, we must
accept exponentially tuned O (e’””) couplings, or invoke some discrete symmetry

which prevents the term from occuring in the five-dimensional lagrangian. We have
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not discussed the anticipated problem of flavor changing neutral currents (FCNC) or
neutrino masses, but leave these to future investigations. Because violations of FCNC
bounds come from operators like Equation (4.2.3), we expect that we will experience
a similar fine-tuning problem as was experienced with proton decays. Finally, the
neutrino mass issue is expected to be resolved when a supersymmetric version of this

model is formulated [128].
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APPENDIX A

Derivation of the Beta Function for a non-Abelian Gauge Theory

To calculate the SM beta functions, we need to compute the contributions to
the gauge boson self energy to O (¢?), and the corrections to the fermion propagator
to O (g?). The graphs we need to compute are the same graphs that are listed in
Figure A.1.

The counter-terms that we must calculate are given in Figure A.2. The form of

these counter-terms are given by

= —i(¢*g" —¢"q¢") &
= igA\y"s (A.0.1)

N <X

= Z.pu/yu(s&
The beta function for a non-Abelian gauge theory is given, to lowest order, by

0

Blg) =ghzx (%51 — 0y + 53> : (A.0.2)

where A is the renormalization scale.

A.1  The Corrections to the Boson Self Enerqgy
The first graph is the fermion loop, in Figure A.1, (a). We will consider the

fermions (of mass m) to be in representation r of SU(N), generated by A,. The

4 1YY

(9)

Figure A.1. Graphs needed to compute the beta functions for non-Abelian gauge groups.
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/

X =7

Figure A.2. The relevant counterterms for computing the beta function of a non-Abelian
gauge theory.

amplitude is given by:

—g2
(47)P/?
re-5)

2
(m? —x (1—x) &)~

(@) = Tr AN (9" — ¢"¢")

X /1 dx 8z (1 — ) (A.1.1)

Now, there will, in general, be a similar contribution for each of the fermions in
the theory. Further, we’re really only interested in the divergent parts of the above
expression—the logarithmic divergences are hidden in the denominator of the inte-

grand of Equation (A.1.1), and are always of the form I' (2 — £) /A?7P/2 where A

is defined as
A=z (1-2) ¢ (A.1.2)

A is a function of the momenta invariants, and can always be set to A = A? in these
calculations. The final contribution to the counterterm X is (taking Equation (A.0.1)

into consideration):

(@)=L, ?A(f); g/z ENJCC(T)}. (A.13)
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The next task is to compute the boson and ghost loops, as in Figure A.1, (b),
(c), and (d). After a bit of algebra and a Wick rotation (b) can be expressed as,

(b) = 20y (G) [ drsriom

(47T)D/2

x (T(1=3)g"@[3(D-1) « (1-)]
(A.1.4)

The quantity Cs (G) is called the quadratic Casimir operator of the adjoint represen-
tation. For SU(N) algebras, we know C5 (G) = N. The next graph, in Figure A.1,
(c) is next. We do the same process with this graph—after we introduce a Feynman

parameter and Wick rotate, we find

() = 4nC2(C) fy drgrtos

Aeruepeeipo-ysaea oy
— I'(2-2)gm¢? [(D - 1)(1- 3:)2] }
Finally, the ghost contribution to the process is given by

(d) = 550 (G) [y dugtors

(4)

x 4 —T(1-2)gm¢? [La(1—2)] (A.1.6)

- T2-2)¢"¢" [ (1—:6)]}

Now, we integrate these three expressions, making the replacement A — A2, as we did
in Equation (A.1.3). The sum of these four expressions gives the total contribution

to the beta function:

_ ¢ TR-35)[5, 4
' 1672 (Az)Q—D/2 [51\7 3 ¢ (7")} : (A.1.7)



101

A.2  The Corrections to the Fermion-Boson Vertex
The corrections to the fermion-boson vertex, as in Figure A.2 Y, are computed
in the same manner as the previous two examples. First, we’ll compute Figure A.1,

(e). The graph has three vertices, and enters at O (¢?). After some algebra, we find

=22 e - 2esie) MfA@)—‘g/) (A21)

The other graph which contributes is Figure A.1, (f). All said and done, we find

()= & Eo <G>] mfA(Q)—_D_/)

(A2.2)

Now, these two expressions combine to give the counterterm in Figure A.2 Y. After

a bit of Dirac algebra, and arranging of group theory factors, we find the form of Y:

_FTre-3)
167T2 (A2)2_D/2

) [N+ Cy ()] (A.2.3)

A.8  The Corrections to the Fermion Propagator
The final graph which we must compute is the correction to the fermion self-
energy, Figure A.2, Z. The relevant graph is found in Figure A.1, (g). After going

through the usual procedure, we find:

i wen (D23

(9) = 62 kot Co (1) (AQ)Q—,D/Qa (A.3.1)
and comparing to Equation (A.0.1), we find
2 r (2 — 2)
_ 9 2
03 = 162 Cs (1) (A2FDE (A.3.2)

A.4  The Complete One-Loop Result
We can now sum all three contributions, inserting Equations (A.1.7), (A.2.3),

and (A.3.2) into Equation (A.0.2), and find the desired result, namely

3
@ 11 4 .
— —N — - ) A4.1
1672 | 3 3 O +0 (g ) ( )

B(g) =



APPENDIX B
SUSY Formalism

We will specialize our discussion to N’ = 1 SUSY, wherein we have one bosonic
state for each fermionic state in the spectrum. N > 1 SUSY is of interest in some more
theoretical constructions, but is generally not of phenomenological importance—N =
4 Yang-Mills theory is very important in formulating the AdS/CFT correspondence
[129], for example, but such discussions are outside the scope of this work.

Consider’ a matrix M € SL(2,C). The matrix, its complex conjugate M*,

1 are all

its transpose inverse (M T)_l and its hermitian conjugate inverse (M T)
representations of SL (2,C)—they represent the action of the Lorentz group on two-
component Weyl spinors.
The two-component Weyl spinors transform as follows under M:
W= MPu s 0L o= (M)
g = (M)t 5 e = ()7l

The Lorentz group in four dimensions is SO(4), which is isomorphic to SU(2), x

(B.0.1)

SU(2)r. Spinors are denoted with Greek indices?> —the dotted indices indicate

1

that the spinor transforms under the (O, 5) representation of the Lorentz group

(SU(2), x SU(2)g), whereas undotted indices transform under the (3,0) conjugate
representation of the Lorentz group. Note that it is customary to give the Lorentz
“spins” of the tensors, as opposed to the representation, as was done for the SM states

in Equation (1.1.1).

The Dirac matrices, in the Weyl basis, are given by

"= : (B.0.2)

! This section follows a similar development as in [130].

2Latin indices are space-time indices.
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where o', 02, 0% are the Pauli matrices, and

o’ = : (B.0.3)

Now, the Pauli matrices,®> plus ¢°, form a basis for SL (2,C), and we may always

expand any hermitian matrix P as

—Py+FP P —1iF
P=PFP,0" = ’ ’ ' ’ (B.0.4)

P+P, —-FB—-P

for P,, real. The matrix P transforms as
P = MPM'. (B.0.5)
We may write this out in terms of Equation (B.0.4), giving
o™P = Mo™P, M. (B.0.6)
This shows that the index structure of ¢ is
o (B.0.7)
Lorentz scalars can be formed from
Ve, Vs, and P ol O (B.0.8)

We denote a four-component Dirac spinor as

Xa
Up=1 _ [, (B.0.9)
wa
and a Majorana spinor as
Xao
Uy = E (B.0.10)
XOC

30r, equivalently, the generators of SU(2) times a half.
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We can transform between the two spinor components using the e tensor thusly:

¢a = Eaﬁwﬁy ¢a = Eaﬂ¢67 (B()ll)

1 21

where €91 = €2 = 1,619 = 2! = —1,€1; = €90 = 0, and eagem = 0). In general, the

two component spinors 1) and xy commute. Using the spinor summation convention:

VX = VN0 = —aX® = X" Va = XV, (B.0.12)

with a similar expression for the complex conjugates of the v, x fields.



APPENDIX C
Higgsing SU(5) and 5’?](5)

In this appendix, we will demonstrate how the higgs mechanism works when
breaking SU(5) or SU(5) down to the SM. Because we will need the covariant deriva-

tive for calculating the higgsing of 5’7](5),1 we list it here for the 10 [131].

A AT .
D,® = 9,0 —ig {AW?@ + @Aauf} — gV B,®. (C.0.1)

The A\*’s are the 24 generators of SU(5), and the Al’s are the corresponding gauge

bosons. The extra U(1)y’s gauge boson is denoted by Bu-

C.1 Higgsing SU(5)
In order to see how SU(5) is broken to the SM, we will look at the gauge kinetic

term for our scalar field, >:
. 1 .
L= (5’”00 - %Aau)\a20> (aﬂo—c - %AQAQEC) . (C.1.1)

The A,,’s are the (24) gauge bosons of SU(5), while the \,’s are the generators of
the group. One can multiply the matrices out directly, using the form of ¥ given in

Equation (2.4.2). The matrix A, A\, = flu is given by:

X, Y,
gluons 7i Vi
A, = % yi 751 : (C.1.2)
XpoXp X G oW
veowiovoown U

The cross terms cancel, and the gauge boson masses are given by:

oo = O (4,5)" (Arx) ©.13)

Tt is quite difficult to find the proper form of this in the literature, so we have also listed it
here for posterity’s sake!
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The matrix multiplication is straightforward, and one finds

3

25 i -

mesz.§@@2§:(xgx “+}gY’j. (C.1.4)
=1

There is a slightly more elegant way to arrive at this relationship, utilizing

some of the properties of the SU(5) algebra. First, we will note that the adjoint

representation of SU(N) obeys

/\azb = fabCEC)

[/\(M Ab] = fabc)\c (C15)
where the fg. are called the structure constants of the algebra. The generators obey
1 1
5%{&&}:§ﬁ{&&}:%b (C.1.6)
Now, we note that Equation (C.1.1) can be written as
1 . ¥ .
L= §Tr {)\I)\k} (8MUC — %AauAaZc) (8“0} — %Aﬁ‘)\lilk) . (Cl?)

Using Equation (C.1.5), we may write this as

1 ig T ig
L = §Tr {Ae} <(9ch + EAa,uEbfabc> <(9“Ek + EA?EJJCUO ;

- %Tr {)\1 <a#20 - %Aaﬂzbfabc)T (auzk - %gAg‘ijijO Ak} . (C.1.8)
Using the definition of the algebra, Equation (C.1.5), we can write this as
1 ig 1 ig
L= §Tr { (8,)\026 + EAauEbfabc)\c> (8“)\ka + EAijfijk)\k> } . (C.1.9)
Again, using the SU(5) algebra, we can write

1 ig T
E = §TI‘ (QL)\CZC + ? [Aay/\av Zb)\b])

X (8#Ak2k + % [Ag/\], Ek/\k]) } (CllO)
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The mass term is now written as

2
mass __ g_ ol li <
Lo = St { 4,3 |4, 2] } . (C.1.11)
Now, we will insert the form of the vev for ¥, and Equation (C.1.11) can be written

as (repeated indices are summed):
L = | AL 1* (5 — 25)%, (C.1.12)

where ¥ = diag (X, ...,25). If we look at the form of the vev for ¥, we find that

(3k — Zi)z = 29—5 or 0, and we find...

3
e = 2 3 (X ). (C.1.13)

J i=1
C.2 Higgsing @(5)
The higgsing of SU (5) is achieved in a similar manner as in the previous case.

The covariant derivative for the 10 is given by

Ao AT .
D,® =08, —ig {Aau?<b + @A(w?“} — iV B,®. (C.2.1)

Note that the actual gauge group of SU(5) is SU(5) x U(1). As in the previous case,

the terms which contribute to £™**% come from
2
L7 = S {40 @ + AN} {ANND + QAT + GV 2B, B" [0 . (C:22)

We have to do a little work to find the correct form of A\, but looking at the form

of the generators of SU(5),? , the gauge boson matrix, Equation (C.1.2) changes in a

simple way:
X,
gluons Yi 72
Ag}\(IT — % 7# ?i . (C.2.3)
XpOXp XD G W
vioovzoyp owp Wy i

2See, for example [14].
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One now finds that Equation (C.2.2) gives

3

1 3 - . )

L S gl {532 +6Y (X;X LYY “)} + PR, (C.2.4)
=1



APPENDIX D

Broken Mirror Models: Gauge Groups and States

Table D.1. Broken Mirror Model 1 Gauge Group

D

'QZ)I

Observable
SU(4)c

SU(2);

1 —2 —
! ! !
n

Ui

vt gr

Y13 You YW1 YW W3s Wae

7—72

771

Shadow

O HNHINO O 1_21__2
=N O 1__20 1__21_21_2
1__21__20 O —=NO O
O OO —H O HND
S OO~ OO
1_21__20 [a) 1_21__20

IO AN O =N
1 I 1

IO O =IO
1 1
O HNHINDO O O —IN
I |

HINO AN O AN |y
1
O HNHINO O O —HIN
I |

O ~HNHINDO O — NI
I I |
HIN O N O | N
1 1

NN O O =IO O

o

~ D
) =)
N R

3 1/_}5 1/_}/1 775/2 1513 1/_}/3 775/5

1,3

Hidden ¢! 4?2
SO(10)

O =D

O ~=HNOD
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Table D.2. Broken Mirror Model 1 States

110

(4c,20)0  (23,5)s 10y 4Q1 4Q2 4Q3 4Qs 4Qs5 4Qs
Singlets
S, (1L,1) (L1,1,1) (1) 0 -12 -4 -36 128 80
Sy (1,1) (1,1,1,1) (1) 0 12 4 36 -128 -80
S, (1,1) (L,1,1,1) (1) -4 4 4 -4 176 0
Sy (1,1) (1,1,1,1) (1) 4 -4 4 4 -176 0
Ss (1,1) (1,1,1,1) (1) -4 16 8 32 48 -80
Ss (1,1) (1,1,1,1) (1) 4 -16 -8 -32  -48 80
Observable
QLy="? 42) (LLLL) (1) 0 -6 -6 6 -40 -80
QLy="? 42) (1,1,1,1) (1) 0 0 -4 56 0 0
QLy="? 42) (1,1,1,1) (1) 6 0 0 0 0 0
gl ="? (4,1) (21,1,1) (1) -2 4 12 -12 24 -40
qgly="? -41) (1,21,1) (1) 0 -12 8 28 0 0
qly="? (-41) (1,1,21) (1) 0 -6 10 -10 -64 -40
hﬁm (1,2) (1,1,1,1) (1) 0 -6 -10 -50 -40 -80
héim (1,2) (1,1,1,1) (1) -6 -6 -6 6 -40 -80
hy (12) (1,1,1,1) (1) -6 0 -4 56 0 0
a7 (12) (1,LL5) (1) 2 8 4 16 8 -16
Hy='? (12) (L1,1,5) (1) 2 10 10 -10 -8 -16
Hy~? (1,2) (1,1,1,5) (1) 0 -6 6 14 -56 64




Table D.3. Broken Mirror Model 1 States Continued

(4c,20)0  (2°,5)s 10g 4Q1 4Q2 4Qs 4Qs 4Qs 4Qg

Shadow

F (1,1) (1,1,1,5) (1) 0 -12 -4 -36 -96 -16
F (1,1) (1,1,1,5) (1) -4 -8 0 -40 80 -16
Fj (1,1) (1,1,1,5) (1) -4 4 4 -4 -48 -96
xp=h? (1,1) (2,1,1,1) (1) -2 -4 16 44 24 -40
xXy=1? (1,1) (21,1,1) (1) -2 2 18 -18 64 40
xp=h? (1,1) (21,1,1) (1) -2 2 -14 14 112 -40
xp=? (1,1) (21,1,1) (1) -2 20 -8 -12 24 -40
v =2 (1,1) (1,2,1,1) (1) 0 -6 -18 -2 8 0
v =2 (1,1) (1,2,1,1) (1) 6 -12 8 -28 0 0
v (1,1) (1,21,1) (1) 0 -6 14 -3¢ 40 80
v, =2 (1,1) (1,2,1,1) (1) -2 -4 -16 -4 -48 80
zZp=h? (1,1) (1,1,21) (1) -2 2 -14 14 -112 40
zZy=1? (1,1) (1,1,21) (1) 0 -6 14 46 -64 -40
zy=1? (1,1) (1,1,2,1) (1) 0 18 -10 -10 -64 -40
zZp=h? (1,1) (1,1,21) (1) 6 -6 10 -10 -64 -40
U, (1,1) (221,1) (1) -4 -8 0 40 -24 40
U, (1,1) (2,21,1) (1) 4 8 0 -40 24 -40
Uy (1,1) (21,21 (1) -4 4 4 -4 48 80
Uy (1,1) (21,21 (1) 4 -4 -4 4 48 =80
Us (1,1) (1,221) (1) 0 -12 -4 44 24 -40
Us (1,1) (1,221) (1) 0 12 4 -44 24 40
Hidden

=12 (1,1) (1,1,1,1) (16) -2 -16 0 0 0 0
Ty=h? (1,1) (1,1,1,1) (16) -2 2 6 -26 -8 0
=12 (1,1) (1,1,1,1) (16) 0 0 4 24 24 0

111
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Table D.4. Broken Mirror Model 2 Gauge Group

A

wl

Observable
SU(4)c

SU(2)r

Ui

12

Ui

/1

Wa 6

Yew2

YsWy

772

771

Shadow

w35

Yo.4

Y1,3

O ~HNHIN D —~IN

HNO —lNHIN O

NN O N

> H NN O e e

HINO NN O

NN O N

O ~HNHIN O —IN

—HNO = NHIN O

O ~HNHIN O —~IN

O ~HNHIN D —~IN

IO —aN—HIN O

NN O N

s Ve
~ @
) )
n n

/L ,&/2 &/3 &/3 ,4/3/5

R A A

77/;1

Hidden

— AN

— —=HNO

S0O(10)

o

)

o

o

SU(2)L
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Table D.5. Broken Mirror Model 2 States

4Q3 4Qs 40Qs 4Qs 4Q7

(23>3)S (1072R)H 4Q1 4Q2

(4c,2Rr)o

1,2
1,2
1,2
1,2
1,2

n
n

Singlets
n

S
S,
S,
S
S,

24
24
-24
-24

n
4

n=

-16
16
32

n

1,2

16

-16

Observable

16

(2,1,1,1)
(1,2,1,1)
(1,1,2,1)

('471)
(_471)
('471)

1,2
1,2
1,2

n
n
n
3

ql
ql
ql

16
-16

1,2
1,2

n
n

16

=1,2

n
3

B




Table D.6. Broken Mirror Model 2 States Continued

114

(4c.2r)o  (2%,3)Y (10,2p)7 4Q1 4Q> 4Qs 4Qs 4Qs 4Qs 4Q
Shadow
Fr=h? (1,1)  (1,1,1,3) (1,1) -4 -8 -4 0 0 0 16
Fp=t? (1,1)  (1,1,1,3) (1,1) -4 -8 0 -6 0 4 -8
Fp=h? (1,1)  (1,1,1,3) (1,1) -4 -8 0 6 0 4 -8
Fp=h? (1,1)  (1,1,1,3) (1,1) -4 8 -4 0 0 0 -16
Fr=h? (1,1)  (1,1,1,3) (1,1) -4 8 0 -2 16 4 8
Fp=h? (1,1)  (1,1,1,3) (1,1) -4 8 0 2 -16 4 8
Fp=h? (1,1)  (1,1,1,3) (1,1) -8 0 -8 0 0 0 0
Fp=t2 (1,1)  (1,1,1,3) (1,1) 8 0 8 0 0 0 0
Fp=h? (1,1)  (1,1,1,3) (1,1) -8 0 0 -4 -16 8 0
Fp=h? (1,1)  (1,1,1,3) (1,1) 8 0 0 4 16 -8 0
Fp=h? (1,1)  (1,1,1,3) (1,1) -8 0 0 4 16 8 0
Fp=h? (1,1)  (1,1,1,3) (1,1) 8 0 0 -4 -16 -8 0
xp=r? (1,1)  (2,2,1,1) (1,1)  -12 0 0o 2 8 4 0
X, (1,1)  (2,2,1,1) (1,1) 0 0 0 -4 8 0 -24
X (1,1)  (2,2,1,1) (1,1) 0 0 0 4 -8 0 24
v (1,1)  (2,1,2,1) (1,1) -12 0 0 2 8 -4 0
Ya (1,1)  (2,1,2,1) (1,1) 0 0 0 4 -8 0 -24
Y3 (1,1)  (2,1,2,1) (1,1) 0 0 0 -4 8 0 24
Zp=h? (1,1)  (1,2,2,1) (1,1) -12 0 4 0 0 0 0
Zs (1,1)  (1,2,2,1) (1,1) 0 0 0o -8 16 0 0
Zs (1,1)  (1,2,2,1) (1,1) 0 0 0 8 -16 0 0
Hidden
=2 (1,1)  (1,1,1,1) (10,1) 0 -4 4 2 16 4 8
=12 (1,1)  (1,1,1,1) (10,1) 0 -4 4 2 216 -4 8
=2 (1,1)  (1,1,1,1) (10,1) 0 -4 0 0 0 -8 -16
P2 (1,1)  (1,1,1,3) 12) 4 4 4 0 0 0 -16
Fp=t? (1,1)  (1,1,1,3) (1,2) -4 -4 0 -6 0 -4 8
Fyp=t? (1,1)  (1,1,1,3) (1,2) -4 -4 0 6 0o -4 8
D=2 (1,1)  (1,1,1,1) (1,2) 12 4 4 0 0 0 16
py=1? (1,1)  (1,1,1,1) (1,2) 12 4 0o -2 16 -4 -8
Dy="? (1,1)  (1,1,1,1) (1,2) 12 4 0 2 <16 -4 -8
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