BAYLOR UNIVERSITY

OSCILLATING SATELLITES ABOUT THE STRAIGHT LINE

EQUILIBRIUM POINTS

A THESIS SUBMITTED TO THE FACULTY OF
BAYLOR UNIVERSITY
IN PARTIAL FULFILLMENT OF THE
PEONEREMENTS FOR THE DEGREE

OF

MASTER OF ARTS

BY
ROBERT LEE CLAYTON

WACO TEXAS
MAY 1952



OSCILLATING SATELLITES ABOUT THE STRAIGHT LIKE

EQUILIBRIUM POINTS



Table of Contents

General Discussion of the Three Equilibrium Points*ee 1

The Equations of Motion ... cevvvieeieenn 3
The Points of Equilibrium ... e e e 6
Region of Convergence ................. « 9
Introduction of Parameters ... *13
Expansion INn Series ... LI 240)
INnitial Conditions of MOotION ... 1 *23
Coefficients of & eeee.......... ecccee i eccccccce?3
Coefficients of e PSPPSR eeee?5
Coefficients Of £? eeeee ecccce ... cecee?7

Coefficients of eeccccccccccscccccccccccccccccccss30
Orbit around PoINt (Q) .o cccce *34»
Orbit around Point (b) eee............ cooe s ecceee37
Orbit around Point (0) .. v, cecee i .40
Orbits TOr K = 1 o e e eee/3

Graph of Orbits - 44



OSCILLATING SATELLITES ABOUT THE STRAIGHT LINE
EQUILIBRIUM POINTS

Lagrange 1 has shown in the three body problem,
where one of them is an infinitesimal, that there are
three equilibrium points lying in the straight line
through the finite bodies. If the infinitesimal body
were placed at one of these points i1t would remain
forever relatively at rest with respect to the finite
bodies or rapidly leave the system. These points of
equilibrium may be readily obtained by expanding the'
necessary differential equations in which both the
velocity and acceleration of the infinitesimal body
are set equal to zero. The infinitesimal body must
remain relatively at rest when these conditions are
imposed upon Its motion.

In what follows we shall adopt the method as set
out in Chapter V of Periodic Orbits by Moulton.™ In
this method the differential equations of motion are
first set up with respect to the center of gravity of
the system. An axis is chosen with the origin at the

1 Forest Ray Moulton. An Introduction to "Celestial

Mechanics. The Macmillan Company, llew York,T847 p. 290

2 F. R. Moulton. Periodic Orbits. Carnegie Insti-
tution of Washington, 1'920. pp. 151-198



center of gravity and revolving at the same rate as

the rotation of the finite masses so that the three

bodies always remain in a straight line. The sura of
the masses Is used as the unit of mass and the dis-

tance between the finite masses as the unit of dis-

tance. The unit of time shall be so chosen that the
Gaussian constant will be unity.

The center of the coordinate system will then be
translated in succession to each of the equilibrium
points. A small displacement, together with a small
velocity, will be given to the infinitesimal body iIn
each instance.

The differential equations will then be changed
by the Introduction of two parameters to be deter-
mined later. One Involves the coordinates of displace-
ment and the other involves the time. The equations
will then be expanded into a power series iIn terras of
the displacement parameter and a solution will be made
In terms up to the fifth power of this parameter. At
this point the restriction will be made that the infin-
itesimal body shall be projected at right angles to the
axis of the finite bodies and shall have a constant

velocity in the direction perpendicular to the plane



of revolution of the finite bodies* The restriction
will also be made that the motion of the infinitesimal
body shall be periodic*

The masses of the two finite bodies will then be
assignhed and the three equations of motion and the
period will be computed In series to the desired accu-
racy. Finally a complete revolution of the infinitesi-
mal body will be computed with enough data provided to
allow a reasonable graph to be made of the path of the

body In three dimensions*

The Equations of Motion

The original axes with reference to the center of

gravity of the system shall be as follows:



Let the mass of the major body be 1-u and that of the
second body be u. The distance from the infinitesimal
body to the major body Is designated r™ and to the
second body rg. The coordinates of the major body,
the second body and the Infinitesimal body are respective-
it (S'V-0) (‘.jfe®) and Hence we have
rj = 'I(t,-S.)2 /\/J»>2 77 and rg *n5

The differential equations of motion for the

infinitesimal body then become

$-%) - u (e-%)

rp r%
~(-u) @7 - u (f-te? (1)
dt jr3 p3
_-(l-u) 3 -u 3
dt2 -3 -5

Let this motion be referred to a new set of axes
lying in the same plane with the finite bodies and
rotating with uniform angular velocity unity by means
of the following equations.

N-xcos t -y sint N-x™cos t - y“sin t

E):z;gos t - y«sin t (2)



YZ x sin t /y cos t X,sin t / y,cos t
fyjjS Xjain t / y~cos t 2
£=12

The equations of relative motion for the Infini-

tesimal body then become

dex - 2 dy - x - (1-u) (X-x) - u(x-xqg)

dwn <*t 5 1,3

dfx /7 2 dx ; y - (1-u) jy-yii -u(y-yaj 3)
dfc2 dt rp

dfz - -(I-u) z -u z

dt2

IT the axes are so rotated that the x axis con-
tinually passes through the finite bodies y, s y™» 0
then equations (3) become

dy - x -(I-u) Ix-x,) -u (x-:

ae® dt r? r

«1z dx sy -(-u) 7 -u 7z

dt® cLt r’) i (4)
d®z -(I-u) z

dtn 2 -u z



The Points of Equilibrium

The necessary and sufficient conditions for equi-

librium at the three points are

dx - dfy- dEz , Q
dtn dt~  dtn

G o= g o0

The last two equations of (4) are satisfied for
all values of x wheny - z - 0. The first equation of
(4) is satisfied when the right member is placed equal
to zero. Therefore the conditions for equilibrium may

be stated as

X - * 0
7 *0
Z . 0
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At the equilibrium point a we have
X - XN r*
X -X,er,b1l1/r*
X-1-U/Z1m™®

Then the first of (6) becomes

1 -u/ - Q@ -will/Zr&) -u -
[/ r*>3* 3_
or 1 -u/ -1 -u - wu -0

17r*)2 rl|
or r.,~/ (3-uyr™ / (3-2u)r? -urt -2urt -u * 0

When this equation is expanded in a power series

i
in u we find



This will give the distance from the smaller finite
body to the equilibrium point opposite to the larger
finite body.
For the equilibrium point b we have
X - Xj= V-2
X-x=1-7r*
>x<xal-r~—-us (-u) -V,
Then the Tfirst of (6) becomes

l1-u-n-d-u) QO -r™m / u_ v =0

Oi - r,)2p [<.r,)2]i

or 1 -u-r,- (1 -u / u -0
@-ry  ef

or vf /7 (B-wrf / G-2W)r™ - urf /7 2ur*-u 2 0

L
When this is expanded into a power series in u*we find

This will give the distance from the smaller finite

body to the central equilibrium point.
At the equilibrium point ¢ we have
X-XS-1/p
X - Xj,= -1 -(-p) - -2/ p
X --u-1/p

)



Then the first of (6) becomes

- /1) /p- (@A - - uNA/Z P. " ®
wshse-@-m Gy &5 Sai*
or - W/ 1) /p/ X-pi / .. U ro
1 - p® -2 7 p»

or p® - (7 / up* / (19/6u)pS - (24/13u)p”™ /
(12 /7 14u) - 7u - 0

When this is expanded as a power series in u we find

p= 7 u/ 25 772
*2 124

or -2-7 u - 25. 72 (9)
12 12F
This will give the distance from the smaller finite

body to the equilibrium point opposite to the smaller

finite body.
Region of Convergence
Now at the points a, b or c let x - x* , ¥y z 0

and z = 0 , the value of x* depending upon which point

IS used. Let us give the infinitesimal a small displace-



ment and a small velocity. We then have

X s X0 / x*

dx - dx*
dt dt

5* 377

y-o0o/7
ot " &
dfz= dVv
dt? 5F

Z': OXTP

dz z dz*
dt dt

d*zz. d™z*
52 572

r, r H(xq [/ x*x / U)‘@ / y*/\ J Z*N

Let U - £(I-u) (rf/7 £ )/ ™u@™ / £) -

ifco /7 x»

r

The equations (4)’ then become

d?x* - 2 dy' rdT
datn ) X*
dfz* / 2 dx* )
dt® dt

dnz* SJTJ
dtn "Z»

r*

-1 /7 unN/ y»® [/ z»2

-&u(l-xi)

(11)

T) can be expressed as a power function In x*, y*",

and z*".

(11) wvill depend upon the convergence of 1 and 1*

10

The convergence of the right side of equations



We will expand these expressions and find

- [Xg Zx» /£ uU)N/y2/ 2] - (x0 /7 u) / u)

4M

[x*2 / yt2 / N2XK (X, / u) [/ 3 (X, / u)—F[xn /
8

-2.
y*n f <N/ 2x* (Xq / u)d

Now (Xg Z u) -E£XxX<>/7uU) [xXx*N /7 y*2 / z°2 / 2x* (

Xqg /Z u5 7/ 3(xq Z u) jx»2 / y»2 N / 2x* (Xq 7/ u)] «wo
8

AN Xq/Z u)'/ (Xqg Zu) [x*2 7 y»2 /7 22 7 2x» (Xq /

/ (3Cqg /7 u) [x»2 / y»2-/ z*™ / 2x» (Xq / uj]

The right side of the inequality is a geometric
progression with the ratio x*" / y*2 / z»2 [/ 2X*(x / u)
(xq / u)®
which will converge if the Jratioj is less than unity#

Hence

<rx*2 / y<2 / g>2 / 2x* (Xn / u) 1
Xo /

The limits of convergence will occur when the inequal-

11



ities are replaced by equalities. We have then
N y»2 £ N 2X'(Xg / u) - -(xqg /7 u)”™, which is

the equation of a point at (I-u). We have also

x'8/,-8/ 2z / 2x* (Xqg / u) - (Xqg /7 u)”™, which is
the equation of a sphere with center at (I-u) and rad-
ius 'firXg /7 u)«

Likewise for 1, x’N / y*™ / / 2x7(x™ - 1 / u)

r -(Xqg - 17/ u)2, which is the equation of a point at

u. We also have x*» / y*» / z2*N / 2X  (Xq - 1 / u) T

Xg - 1 /7 n)™, which is the equation of a sphere with
center at u and radius V2 (xq - 1 / u).

In figure 2. the distances from (I-u) and u to a
are (xqg /7 u) and (xqg - 1 / u) respectively. These are
the radii of the above spheres if multiplied by Si?. Since

f2 (Xq / u) -1>m>2 (Xqg - 1 7 u)
the sphere with (I-u) as a center completely surrounds
the sphere with u as a center. The point a i1s included
in both.

Therefore, within the sphere with u as a center
and with radius \[2 (X - 1 /7 u), the series converges

everywhere except at point u. By the same reasoning

12;



the series can be shown to converge at the points b

and c-

Introduction of Parameters

IT Iin equations (11) the following substitutions
are made
X* © XE y = ye z' ~ ze t -t~ : (/79S)T

where 8 and 8 are constants at present undetermined,

we have

ST RO S R
WL s 0o 7 s > i
gFZ':_Rg%'EIT:'_' (ie/§)((j:lzf g;\zz ’ (1/63)2 3%

d™x' - pill 0
dt2 p’\ _(1/5 gzﬁ

(1 /s
dv: /pdet - L £ diy/2 £ dy 12
a2 Pdt Tqissy WAL, (12
dA_*. } e d/\g
dt2 (1/5)2 ~2
1S

THE TEXAS COatCTjON
BMLGR UNWtMU



Url 1-u)] Xg 7/ x» / / y»® / z2n / 2r 1 -
a LN / N

I X»* Ztl™ / «'* [ 2™ <*f o0 /| EkK*™ /1 7 /gyt
x™ / u)® ® (*o/

N 2x» Xa / ufl -5 Ex"2 / yt2 / g*2/ 2x» (X, / u)f

—~ (x<, /7 u>*
7/ Y[V <f! NEMXKg -1/ X /u® /7 yYy® / 2*®
/ 2r 1-. -£EX»™AYIL2A z"Z/ 2x» (X -1/ u)_
L*0 “ * F Xq -1 /7 u)*

/ 2 F<™ / T [ 2*2 / 2x* *Xn ~ 1 /u)] - 5Cx*n~/_
8 Xo - 1 /7 t)S

/ 2*® / 2x* (Xq -. 1. /-TIL) / 55 [»« «» [/»*e@e N3y~

_(lo-1/~ e
7| lud - u=*
<€) - x* /7 (I - u) 2x* / 2ux* /7 3 (I -u
ax" * b,, /7 us x,,-1 /7 u)3 2
x2 /7™ / zZ"HX. I X /u) /3 ((I-u) / u)
»0 /7 1)® <*o / u)S
2,

- (I-u) 15 Cx»™ / 7*n / / 2x» (xX™ /7 tp] Xp / x» / n)

® (*0 J/

14



/ 3 u( x’g/vqg/ Z x'" 1 X *
/35[‘0000]-\]-.... ( g yg g)( H

]
16 (xo -1 /7 ub

-1 /7u) / 3ux*>xxXx™ -1/ u) - 15 ufx”™ / y»3 [/ qgi2
Uo - 1/ «>* ®

/ 2x* (X,, ~1/-al (x* /x» -1/-a /35 [\.«T]. 1

(xo - 1 /12)7 16 L J
12 sy d*xi-¥ /3 (1 - u)
<y’ c o /v Xq - 1 7 u)°
x»™ / / N/ 2x» (XN / tOl - 15 (1 - u) Cx** / y*n
(xg / u)5 ® (13)
/ z2°* 7/ 2x» (X / u)? / 35 p.------ ] PR
Xq /7 u)7 16
/ 2 rx»g / / 2N/ 2x* (Xr> - 1 / u~3 - 15 u
x -1/7w'm 8
r>==> / yn/ »* /2xV(Xx, -1/ ujjf /35F..3..7|
<*, - 1/ w7 << *
12 = . \- 1-11 - u /3 (1 - u
O z* n x / u)sS (xqg - 1 /7w
Px»2 / N7/ 22N/ 2x* (X / u)l - 15 (1 - m) Cx'« /
(xqg /7 \® ® 't

min



o~/ 2% [e 2~ [-*)]/ 35G----—-3

<o/

/ 3 ufx™ /syt z*x*/ 2x» (X,,- 1 /7wl - 15 u
2 o “ 1/ > | (13)
Ixy2 / yt2 / z'2 g™, (X - 1/ uj] / 35[+**3...... N
Xg - 17/ u)
When we substitute x* - x£E , y* myc and z' -

z£ In (13) and combine with (12) we have

dfx - 20 7/ S) dy -1/ S)» ) (1 7 2A)x 7/
a2 dT - C

3(1 - u) C(EX™ /EJ* /[jz™)(EX / Xq / u) [/ 2Cx™(x,, 7/ uj]

N

(Xq 7/ u)5

15 (1 - uw r gxnN [e?2 /N2 A ax(x,, / u)JI £ «Ex / X,, /Z U)

® C* -1 / tO*
35 / 3 u(*x™ /qgy2 /gznN) (EX /7 Xp,
2 Xg - 17/ un
1/u) /3uex® (x ,1 /u) - 15 ukx® / /Esjl
Xg - 17 u®
~\2 N

8 (™o * 1 £ N*xEXr ~ 1/ UE / 35 »*¥*3* f
*0 - 1 / *>* PN N

(14)



arT / 21 /b)ax - A /S)®)1A -A vy /
aT2 aT - N

/ s (1 - u) Ut'x? /fcxT /g*s™ / 2tx(X,, / up y
2 (*0 /7 ">®

15 (1 - u) D’x™ /enNj2 I L-fi X gtx(Xn h -13* T 7/ 35[.].

8 (*o /7 u)n 16
/ 5uTt*x2 /&3 ytz~ / 2<x(xn - 1 /7 u~] T - 15 u
2 (*«, - 1 /7 »)* ) ®
2
LVx™ / Cxy2 / / 2Cx(X,, - X /Z u)d y [/ 55 F«.l*»»*>
Ug - 1 7/ 11)7 16 ~ (i4)

dez = (1 /7 S)™7-Az / 3(1 - u) fc [E*yN /6%
T~ N A\ (X,,/U)5

/ 2XX(xN / ] 2 - 15 (1 -u) Cc x™ /[E*y™ /E. /

(*o / «>*

2tx(xn / up z / 3 J. -3

/ 3u Uf [fcy™ [€*z™ /1 2ExX(X™ - 1 /7 w)l z - 15 u
2 Xo - 1 /7 ub 8

[VX" /g\/ /g\/ 7/ 2tx(x» - 1 / vOITz /35[*J..*1
Xqg - 1 /7 uf ~

17



Where A -

When 6-S*

1 - it 7/ u
Xq 7/ W® (Xq -1 7 u)3

O, equations (14) become

dEx - 2 dE - (1 7/ 2A)X

dT2

<T

dy /7 2dx - (1 - A)y

dT?2

d~z
dT2

<T

For £/70,5™ equations (14) may be written as

i 2QA /L) |3 r a /sTF 1ji / XgE/ Xjiv x~d/ ..

dT

dfx 72(X /s ) <ta ; (1 /S )® [Y]j / TgE/ YN/ Y™t*/ |

aﬁnz dT

dfz - 1 /sFT [\ / ZgtEl 27/ Z~t/

Tt

Where

*1 (1 /7 2A)x - 3B(-2x™ 7/ yN [/ «%)
2 " 2

Xj - 2C(2xN-3xy2-3xz") X - ID(-40x*-15y"™-15z"
4 - e

/120x2y2/120x"zN-30y2z"

18
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(16)

(17)



*1 7 (1-A)y

Y 3C(-4x™7 /7 y® / TN

x| - -Az

Z -3C(-4x z / y™z / z®)
N2

and where

al I-u/ u
Co) 3 t«~3

cr i-u/ u
to) 5 co) 5

N = 3Bxy

Y 75D (4xNy-3xy™-3xyz”?)

an
*9 = 3Bxz
Z» -5D(4x"z-3xy"z-3xz")
/ /
B r/ g.u - u
e C)4 ~(0)4
*7 r*
(18)
-4 /
D -/ I-u - u
C) 6 “c°rs

The top, center and bottom signs are for points (a),

Co
(b) and (c) respectively. The symbol r) designates the

distances from the major finite body to the points (a),

Co
(b) and (c) respectively and the symbol )\represents

the same distances from the minor finite body.

19



Expansion In Series

Let X, Yy, z andf£ be expanded in a power series In

£ such that they are periodic with period 2)T* Let

X
I

XNE / Xgfer / N3 { 7

7 = 7i* 7/ 7™ 7 73N J TA* S

(19)

zr cCsiiVAT [/ zz&/ zc™ [/ 2z / z /
o~ 1= 3 4
@a/S) =1 N,
Then equations (14) become
gt -*#H "gr* tp gr*& 4l
z A P3N, =
(20)

(@ / 2a)x, 1 33 ~sinva Tjt / j0/2A)Xj/ 3B2Z,sin Va 3

/ [(1/2A)x3/ 3 (-2X? [/ yf [/ zf) / 3Bz ¢ sin VA T
71

20



6Cx, cESIN* VA T/ 2% (1/ 2A)X, / 34 B cE£sirE YA T
A A

15-r, sin \1k e\ 7/ V({/2A)x™ / 3g (-4x,x*/ 2y, y*
“IT A? J L 2

/ 22 ¢ sinVa T/ 2z,2j) -6C( 2x,z, ¢ SINVAT /
Va

x,cfsinVA T) / 2 &({/2A)xt / 6B&Z, ¢ sSinVA T /
A VA

27A(/2A)x, / 37B cfsin"VA t - I&z.£V/" Va fI°
A 2 AH

(20)

fdfs /126-3" [dixt /7 2 dxtldV fe=/2( ta./j dx,1t

[di2 & d?2 ~3 M2 dT  *>dTJ
/7 r<IV« / 2( dx« /F dx, /i dx. jf*/ ... - (I-F-A)y.t
dip2 ht ®*ar

/ (I-AjyMt* /7 J71-A)y™ /13BX,y, / 3q y, cfsinnA T 7/

— 2 A

2MN1-A)ynNat /7 |(I-FA)Y4 /7 3B(Xx,y*/ xy, ) / 3 C(2y, z, c

21



sinVAT /Yy, sinfA T ) / 2 S,(I-A)y* 7/ 25,(1-A)yHfc

A
daTtn Tt rp2
f-AZy/ 3Bx, ¢ sin VA T / 3~ Sin/A T -2Sa/Ac sin VA off
n {?A 2" AX *

/ [-AZ3 / 3BX" ¢ sinVA T / X,z,) / 97 cfsin™ VA T-2<5"Az,
/\ t r
(20)

-2SjVAc sin VA t|™ / P-Az™ / 3B(x®» ¢ sSin VA T / x, z™ x"z, )

*. \la

/ 5c(-4xf csin VA T / 3z*CjJ3IiINVA T / 3z csinVA 1)
2 {7a A yA

NfAyp ¢ sSinVA T - 15 Dx, csinf VA T - 25 Az /
VA a*;

6 %Bx ¢ sin VAT / 3SC c”sin "y/kk T - 2£Az,
*

7a *oan

2~/ S™yjh ¢ sin VA tJc* /

22



Initial Conditions of Motion

Let the infinitesimal body be piven a constant

velocity ¢ at the time T “ 0. Since
z = SinVA T/ ze / zg? / =z / VAR

Z’ rocosVAT/ 2z / z«t* £ / Z°EN /

we have for T r O

3
(21)
z' =c¢, Z r 2¢ zZ - Z' - -0
3 4
Coefficients of £
Prom equations (20) we have
(/2A)X%, - |b sinv™ T
er2 d
sb5c*/ 27N\S'-
di2 * (-A)y, ro (22)
,2
-0
GST

On solving the fTirst two of these equations si-
multaneously we find that



; 0 . , &, - WgJld-/Jdise™™
*. 2 *%
/ 03 sin V(A-2)j>Ag-8Ag 1 ¢ 31 1(A-9)-W*-8AN,

a1

3Bc* / 3(3A/HBcN A T
COS .
AA(I/2A) AA(I-TA 7 18A%)

The first and second of these terms are rejected

because they are not periodic. The third and fourth

terms must also be rejected because they are not of

the period 2n as restricted on page 20. Therefore,
7a

01 k4 02 ~ 03 - 04 77 O

(23)
When this value of x* is substituted in (22) we find y-**
On solving the last of equations (20) we find
Zf - O sin VA T / Cg cos \fk T and
zE r O VA cos VA T - CgVA sin VA T
Using equations (21) we find Cg |1 C’é - 0. Hence
*] = 3Bc* / 5,(5A,,X3J;)?0?-— cos VA T
- 4A12A) 4A(1-TA /7 18AN)
71 - - \']A A7A 7 18A)2<)r_ 3in 2VA T (24)
*1 = o)

24



Coeffj dents of £*

From equations (20) we have

2gJ»-(1/12A)%,: 2Bz, > sin VA T

2&MI-A)y* =0 (25)
dir n

Az*r 3BX,-™ sin >A T / |c I”sinVA T -2JAcEsinVA T
When equations (24) are substituted Iin (25) we obtain
<OLz_ 2™N2_ (I/12A)X™r 0
daT™ ~
S3xf 2=*- (1-A)Y: - O

- - N VAN
i/ A« - m 2WA 27Bgcg(l-gA/, ,14AM 9Cc sINVA T
daTA 8AN1/2A)(1-7A/18A2) BA 4
9B cN(BA/D) _ 3Cc

8AN-7A/ieAN) — gay SN VAT

The solutions of the first two of these equations
are xM zy ZO0 since, as in (23), we are to reject all

terms which are neither periodic nor of period 2XT.
\7Ta

25



On solving the last of equations (26) we get

2737 (1-5A / 14AN

Zg s CrsIm/A' T / CgCOSVA T 7/
LIBA2 (1/2A) (1-7A/18A2)

) T cosVA T / 3Cc™ 9(5A/H)B cN
16 BAA*- 64AN (1-7TA/18AN)
sin 3/A T.
The third terra of this expression iIs non periodic and

must vanish. Hence

§ 7 . 27B2c2(1.5A/14a2) / 9Cc
* 16 ANI/2A)(1-7A/ISAN) 16AN

By (21) Cg - 0 and since
3Cc3 _ 9(BA/BACh
CVA cosVA T /7 3VA -
Y cos L64AN  64A* (1-7A/18AN) COS SVA T
5Cch  9(3A/1)BAC

C, r-3 Hence
64A*  B64A* (1_TA/IBANt
*D x ¢
y -0
VAVRUAN
g 5 [ SBA/L)B e 3sinVA T - sin

B4A" (1-7TA/18AN)

26



Coefficients of f’?

From equations (20) we have

(1 / 2A)X3= 8B C-2x,~ / 7, " /
Ap2  CiX 2

3Bz, ¢ sinVA T -6Cx,£p sin*VA T / 2 $j(/12A)X, /
ala >

3B J? Sint/A' T - NMd ™ sinVA T

(29)
2gp- (-A)y, = 3Bx,y, 7 |Cy, sin *Va T /

an~(1-A)y,

g
/ Az* - SBxe™- sirVA T / 3BXx,z,/ |cz, £ sSin™A

-2"Az, «25jVa c sin JdA T.
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When equations (24), (27), and (28) are substituted

in (29) we obtain

/2A)=j2 M / N cos A T 7/ P cos 4VA T)ch

dm &f
dj[s/23-(1 -A)y™r (Q sin 2A' T / R sin 4VA T)c4 (30)
at™ =

ilJLs/ Azjr -2S3VA ¢ sinVa T

daT™
where
b _ -3B
AAGTEAY VA(I-7A /7 18A%)
| r_ Sg(/SAI tt - -27Bg(1.3A £ 14AZ) / gc
4A(1-VA / 18A®) 16A2(1/2A)(1.7TA/18A2)  16A"
L = 3 3B2(/5A) _ ¢ (31)
64A* 1-7A / 18A"
Vv _ _3BHA - |BI2 / ~212 7/ || I2KH(I/2A) /
AR 1 3B

N - 4JK/A -6BHT . 8BL 7 3CH SClI / 15D -3KB
YA A 16A"  "A
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/ 2KE(1/2A)

PS-y 2 AF/BAH LY,
64AN
g = 4VAIK /7 3BHI / 7 2KJ(1-A) (31)

H - =BIJ - 3CJ
2 8A

When we solve the third equation in (30) we get

Zj - SiNfA T/ Cg cosVA T / T cosVA T.

The third term is non periodic and therefore
*r— o

C.J* and CM r 0 by (21), and therefore z™- O.

On solving the first two equations of (30) and

making use of (23) we have

cos 4VA T. 33)
7 r 4R/A.a.6A5 4 »/. * . JsgSIhJIS&fiotn */k T
- 1IAT"W® N 1-a* / 270A
Z3 r o
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Coefi'lclents of g*

From equations (20) we have

d_X4-2|X4.(1/72A)x4= |B(-4x*x*/ vy, |9 sin VAT

/ 2z,7*) -6G(2x,z,- SiInVA T / x~gE sin "A T) /

2N (R2A)X] ~ 6B ~z,sin VA T F 2 67 (/12A)x,

3NB £* sinVA T - in~Dz, 7 sinnNA T / 2§, 2"\ NZ!
dT

2g4.(i_A)y4r SBfx.y*/ x*y, ) / |cy, zZ,sSVWVA T (34)
/'y SINCA T) /7 2<5, (I-F-A)Y* /7 27~ (I1-A)y, -2*,fe-

263¢T

N/ Az~r 3B(X3™J sIrn/A T / X, z*/ x*z,) / |c(-4xf _c.
dT
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sinv/A T / 3z* 2?sin~A T / 3z? ML sW*> T) /

lcy,® > sIn/A T - |SI>X, —sInVA T - 2 ™ Az*. /

(34)
e"Bx.~c sirMNA T / 3~7C ~"sinVA T - 2M"Az, -
2/ 2) c SINVA T .
When equations (24), (27), (28), (31), (32), and
(33) are substituted in equations (34) we obtain
dz*4-2372*-(1/12A)X%,, =
<p2 dT
AN (A-ADVA T (35)
atm~r ~
dE£z4/ kz~Z S sinNA T / V sin 3WVA T/ W<c® sin &A T
dT2
where
S < _3BM p 9BHL - -6KAL / 6K3ff _kWVa (36)
VA(/2A) ~ VA YA
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3B(4Q/A -5AM .H) _ 6CHI _ 3KBI / 45CL / 3CJ»

2VA(16A2 7A / 1) ~ AA —~
2 VA o
V r 5B(4QVA -3AN -N) / 9BIL _ 6CEE ~ 3KBI /
2VIA(18AN -TA / 1) 2- VA VA

45CL / 5CJ2 [/ 5CI~ / 15DH _ 45DI1 _ 3KC

2KAL 6A 8\7A \VAV4 8AN 167"  4A*

3B (8RVA -15AP -P)
2vIA(27T0A2 -31A 7/ 1)

3CIn 3BIL / 9CL / 15DI / 3B(rRv/A -15AP-P)
275 7 2 * 8A N I6A*IN 2W/A(270A2-31A /1)

(36)

_ 5CIn

The solutions of the Tfirst two equations of (35)

are by (23) x* rr y4. r 0* The solution of the last equation

4
in (35) is

»p CrsInV/A T CgCOsVA T - T cosVA T « gj—sin 3VA T

S

5 .
- 243 sin 5VA T
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The coefficient of T cosVA T must be zero since thfs

IS not a periodic term. Therefore S Z O, or must

be such that

*4 = 3EM / 93HL 3KAL £ 3T2BH  Y? 6BIL 3CH”
2A (1/2A 1 2\fk~ "2~ - TT
5d(4VA -SAN - II) _ 3CEE _ 3KBI  45CL £ 3Cj2 (37)
AA(12AN -TA /7 1) A AA 81S 8A

_ 3CIA _ 45LH ~ 15DI/ 9KC
2A 16A~  BA 8AN

The constant C2 : 0 by (21). Hence

5 5
Z4 r sin VA T - sin 3/A T sin VA T
N - alA cos VA T - - I cos 3/A T - Nos SMNA T
Therefore, by (21), "A24AM™ and we have
*4 = 0
74 = 0 (38)

19N/ W)A5 sWA T |~-sln VA T \é\ﬁ sin SvA T
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Orbit around Point (&)

Let us assume the two major bodies to be the Sun
and Jupiter. /U will then be approximately .001 and 1-»
will be .999. The constants will then be as follows

for the pofnt (a).

Constant Value
o) 070902
*x 1.070902
A 3.619065
B 40.330485
c 558.819"0
D 7872.2828

H -1.014541
| 468734
J -.300817
K 3.122815
L -.536456
M -30.347163
N 24.46419:2,
p

-65.393526



Constant
Q.
R

-M
ry—2i

4\/AQ-3AN-M
18AN-TA / 1

4a/A1T-Q-6AQ,
18AN-7TA / 1

R-8IN/A 7/ 18RA
1 - 31A /7 270 A"

8VAR-15AP -P
1 - 31A /7 270A"

54
\

W

9V / 5W
24A

8A

24A

35

Value
18.147951
8.388348

3.683*745

-.718837

-1.069219

462206

1.095017

1752.0296¢*
-2549.90818
352.53022

-243.92264

-88.072075

4.058717



These values are substituted In equations (24),
(28), (33) and (38) and the results substituted In
equations (13). At the same time we make use of the
fact that x> * £ , y'" = £, and z' - — . Let us write
ce - k since ¢ and e appear in each terra in the same

degree. We then have

X' Z -1.9145411~ / .468734k”cos 2VAT [/ 3.S83745k"

—.718837k"cos 2VAT / 1.095017k*oos 4VAT / ..

r -.300817k”sin 2VAT -1.069219k*sin 2VAT
-.462206k"sin 4VAT /

z' = .525656k sin/AT -1.609368k"sinVAT / .536456k"
sin VAT -243.92264k"sWAT / 88.0720°5k®sin VAT
-4.058717731n 5 VAT /

Period = 3.302*796( 1 / 3.122813k”™ / 1752.0296k" / -
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Orbits around Point N\

Let us now take the ssme two major bodies, the
Sun and Jupiter, and with the same masses as before.

We find the following values for point (b).

Constant Value

*zto) 067697

©) .932303
4.456094
-46.291469

A
B
C 704.75932
D -10388.0854
H

.786028

-.342106
.201045
5.050581
-.472459
52.887090

zZ = r X 4«

-39.024429

o

66.526244
0. -19.706580

37



Constant
R

-M
T/ 2A

4Q'/A -3AN -TT
1 -VA /7 10A"

AAN -Q-6AQ
1 -VA / 18A"

8RVA -15AP -P
1 -31A /7 270A"

R -8PVA / 18RA
1 - 31A /7 270A"

9V 1 5W
24A

38

Value

-7.14*7895

-5.335561

1.205014

.663373

-.887088

-3.261552
1295.2523c*

2012.966297
246.859163

-157.850"3

-56.466690

2.308254



When these values are substituted in equations
(24), (28), (33) and (38) and the results substituted
in equations (19) In the same manner as was done

for point (a), we have, letting ct : k as before

xX* r *786028k" 342106k~cos 2VAT -5.335561k*
/ 1.205014k*cos 2VAT -.887088k* cos 4>/AT /

y* - .201045k"s™n 2MAT / .663373k*sln 2\/AT
/ 3'.261652k*sin 4VAT /

z' r 473721k sim/AT - 1,4173"6k®sinVAT / .472459k"»
sin VAT -157.85873k”sirr/AT / 56.46669k"sin VAT
-2,308254k”sin VAT / ....

Period r 2.976478( 1 / 5.050581k” / 1295.2523k* / e
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Orbit around Point €M

Again let us take the Sun and Jupiter to be the
two major bodies with the same masses as for points

(d) and (b). The constants determined for point (c)

will then be as follows

Constant Value

(0)
3 .999417

1.999417
1.000875
-1.001397
1.001950
-1.002519

IUOW>

.249984

—.249766
249711
.000018

-.000029

-.187389

T =2 rr X 4«

.187308
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Constant Value

P .000099
Q -.000066
R .000068
-If
Y7~za .062427
4QUAI1-3AN - N

(DAL SEN AN -.062367
4/AN- - Q - BAQ,

1 - 7A9 18AAQ .062370
8RVA - 15AP. - P

1 - 31A / 270A" --000004
R - 8P>A / 18RA

.000002

1 - 31A / 270A2

*4 9612890
Vv -.586854
w 117288
9V2£A5'W -.195464
v -.073293

w

M .004883
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When these values are substituted in equations
(24), (28), (33) and (38) and the results substituted

in equations (19) as was done for point (a), we have,

after again letting c£ * k

X* - .249984k" -,,249766k2cos 2"AT / .0624271~ -
*062367k”"cos 2-VAT -.O0O0OOCMk”"cos 4y/kT / ...

y» «  *249711k”sin 2>/AT / .062370k”sin 2"AT
-.0000021c”sin A\&T 7/

41
z» s .999563k sin VAT -,000086k”sin y/AT / .0000291" 4L

sin 3VAT «.195464k®sin y/AH / .073293k"sin Zy/AT
—004883k”sin 5VAT / ...

Peribd = 6.280437( 1 / .O00O0ISk™ / .961289k" / ..
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Orbits for k z .1

By assigning k s ,1 In equations (39), (40) and (4l)
we obtain the three equations for the orbits about (a)#
(b) and (c¢)

Point (a)

X -.009777 / .004615COS 2>/AT / .OOOIlIOcos 4VAT /..

-.003115sin 2VAT -.000046sin 4>/AT / ...

y))

Z» Z .049517sinVAT /.001417sln 3VAT -.000041sin 5VAT /.. “42)
Period s 3.302796( 1 / .031228 / .175203 / ..

Point (b)
x» = .007327 -.003301cos 2-/AT -.000089cos 4VAT /..
y» = .002077sin 2MAT / .000326sin 4VAT / .¢ 43)
2* S ,044376sirtVAT /.001037sin 3VAT —000023sin 5VAT /..
Period = 2.976478( 1 / .050506 /.129525 / ..

Point (c¢)
x» = .002500 -.002504cos 2y/AT / .000000cos 4-VAT
y» = .002503 sin 2VAT / .000000sin 4i/AT / .. (a4)

s» s .099958 sin VAT / .00000CQCsin 5y/AT / ..

Period = 6.280437( 1 / .000000 /.000096 7/ ...

We assign values to T to obtain the orbits about

the respective points which are shown on the graph on

the following page.
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OSCILLATING SATELLITES ABOUT THE STPAIGHT LINE
EQUILIBRIUM POINTS

ABSTRACT

The problem as- studied in this thesis is the behav-
ior of a satellite at the three equilibrium points* When
a satellite is displaced from rest at one of these points-
it will either oscillate or rapidly leave the system*
The equations of motion were first set up between the
satellite and two other rotating bodies*

These equations were then expanded In series- and
certain restrictions placed upon them* With these
restrictions, constants of integration were found and
the integrated equations of motion were also found.

An application was then made to the Solar System
in which the Sun and Jupiter were taken as the major
bodies* The masses of these two bodies were then substi-
tuted into the equations of motion and equations were
found for the three points of equilibrium*

The orbits were then plotted at the three points*

Robert Lee Clayton



