ABSTRACT

Two-Dimensional Horava-Lifshitz Theory of Gravity
Baofei Li, Ph.D.
Advisor: Anzhong Wang, Ph.D.

In this dissertation, two-dimensional Harava theory of gravity has been stud-
ied on the classical and quantum mechanical levels. The classical solutions of the
projectable and nonprojectable Horava gravity have been found and their spacetime
structures are investigated by Penrose diagrams. When quantizing the theory in the
canonical approach, the integral Hamiltonian constraint in the projectable case will
generate the so-called Wheeler-DeWitt equation which can be exactly solved if the
invariant length and its conjugate momentum are used as the new variables. On the
other hand, for the nonprojectable case, the lapse function is no longer a Lagrangian
multiplier but one of the canonical variables. This results in a local and second-class
Hamiltonian constraint which can be solved for the lapse function. The quantization
of nonprojectable case is carried out by directly dropping the unphysical degrees of
freedom, that is, replacing Poisson brackets with Dirac brackets. In the last part of
the dissertation, the interactions between two-dimensional Hotava gravity and a non-
relativistic scalar field are considered. In the projectable case, the minimal coupling is
adopted and canonical quantization is implemented in the same way as we have done
for the pure gravity case. In the nonprojectable case, we turn to the non-minimal

couplings and find both Killing and universal horizons from the classical solutions.
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CHAPTER ONE

Introduction to Hotava-Lifshitz Theory of Gravity

1.1  Problems in General Relativity

1.1.1 Somes Aspects of General Relativity

Since Albert Einstein wrote his paper on field equations of general relativity (GR)
in 1915 [1], great achievements have been attained with the development of the theory
in the last one hundred years. The first exact solution with spherical symmetry was
discovered by Schwarzschild [2] in 1915 shortly after Einstein’s paper was written. It
describes the spacetime around an uncharged and non-rotating spherical body which
collapses into a black hole when its radius is less than Schwarzschild radius. Later,
the charged black hole solution was independently found between 1916 and 1918
by Reissner [3] and Nordstrom [4]. It was as late as in 1963 that the uncharged,
rotating black hole solution was discovered by R. P. Kerr [5]. Soon, the no-hair
theorem about black holes was proposed by Werner Israel in 1967 [6]. This theorem
postulates that the black hole solutions can be completely characterized by only three
classical parameters: mass, electric charge and angular momentum. This finally led
to the discovery of four laws of black hole mechanics. In 1973, Bekenstein-Hawking
black hole entropy was presented in its current form. The next year, S. Hawking
published his work on the Hawking radiation. The black hole thermodynamics was
thus constructed. On the other hand, together with cosmological principle and Weyl’s
postulate, general relativity has become one of the three bases in the big bang model
of cosmology where the cosmic background radiation (CMB) [7] was discovered and
the abundances of the light elements in the universe (BBN) were explained. Later in
order to resolve the horizon and magnetic monopole problems in the big bang model,

inflation was also proposed.



In the development of general relativity, one of the important modifications to the
classical Einstein-Hilbert action is the inclusion of the surface term. The necessity of
adding the boundary term was first realized by J. W. York [8], later it was redefined
by Gary Gibbons and S. Hawking! [9] in their path-integral formulation of general
relativity. They showed that in order to have a well-defined variational principle for
a manifold M with a boundary 0 M, the complete action of general relativity should
be

5:16;(;{/]\4614:5\/—_94(3—2/\)”7%61% ) } (1.1)

where G is Newton constant, ¢* the determinant of four-dimensional metric, R the
four-dimensional Ricci scalar, A the cosmological constant, h the determinant of the
induced metric on the boundary and K the trace of the extrinsic curvature of the
boundary. The surface term also plays an important role in the Hamiltonian formu-
lation of the theory. One can derive the gravitational Hamiltonian from the covariant
action, however, if the surface term in the action is ignored. The resultant Hamil-
tonian will only consist of constraints even for the asymptotically flat spacetime,
this implies the energy for any gravitational system is zero which obviously does not
make any sense. The solution to this question, as shown in [15], is that the Hamilto-
nian also requires a boundary term for the noncompact spacetimes. This boundary
term does not vanish on the constraint surface so it gives the definition of so-called
Arnowitt-Deser-Misner (ADM) energy of the system. Besides, the boundary term
also makes the equations of motion (EOM) in the phase space well defined. It can
been shown [10] that the surface terms in the Hamiltonian can be directly derived

from the boundary terms in the action Eq. (1.1).2

! Therefore, this surface term is usually called Gibbons-Hawking-York boundary term. For a
more recent discussion of variational principle and surface terms, see [10,14].

2 Unlike other field theories, the physical quantities in general relativity, like energy, momentum,
and angular momentum, are usually given by integrals at the boundaries of the spacetime, this is
due to the general covariance which makes the contribution from the bulk vanish, as well as the
special asymptotic behavior of the metric at the boundaries: different from gravity, fields in other



1.1.2  Non-renormalizability of General Relativity

Despite all the successes achieved with general relativity, some intrinsic problems
in the theory imply that the theory has its own limitations. Firstly, the presence
of spacetime singularities in general relativity signifies its incompleteness. These
singularities usually show up in two circumstances, one is in the black hole solutions
while the other in the big bang cosmology. The singularities in the black hole solutions
can be better understood in terms of geodesic incompleteness by Penrose-Hawking
singularity theorem [11]. It states the geodesics can not be extended beyond a certain
affine parameter and any physics processes simply terminate at the singularities where
either the matter density or the curvature becomes infinite. The initial singularity
in the big bang cosmology even predicts at the beginning of the time the universe
is in a state of infinite density and energy. So both of these singularities are related
with the infinite physical quantities which demand further treatment from a higher
perspective. Just like the problem of the electron’s infinite self-energy in the classical
electromagnetic theory is finally resolved by its quantized version QED, one possible
way to overcome the singularity problem is to solve it in the context of quantum
gravity. However, the search of quantum gravity poses one of the biggest challenges
in physics since it turns out general relativity defies a consistent quantum mechanical
description: it is non-renormalizable in the covariant quantization approach.?

In simple words, the non-renormalizability of general relativity is deeply rooted
in the fact that the only coupling constant of the theory, Newton constant G, has
24

a negative dimension [m] Thus, according to the simple argument in [13], the

perturbation expansion of a physical quantity F' in powers of the Newton constant

branches of physics are always assumed to approach zero at a rate a little bit faster than 1/73/2 at
infinity.

3 See [12] for a brief history of quantum gravity before 2000.

4 Of course, we use natural units 2 = 1 and ¢ = 1, so [m] indicates the dimension of mass/energy.



must be in the form

F = ian (GE*)", (1.2)

n=0

which implies that the expansion breaks up when the energy of the system E be-

comes larger than G~1/2

. So the theory is inevitably UV divergent and perturbation
approach fails. Another viewpoint to look at the same question is due to S. Weinberg.
It is shown in [16] that the loop integral in nth order Feynman diagram for perturba-
tion calculation behaves like [ dppA~"P at large momentum, where A depends on the
specific process and D denotes the dimension of coupling constant, thus if the cou-
pling constant is of negative dimension, then the integral will become divergent for
any process at any sufficiently large orders, so correspondingly in order to renormalize
this type of theory, in principle, an infinite number of counter-terms is required to
absorb these divergences at higher orders.® As a result, GR is perturbatively non-

renormalizable: the divergences at each order of perturbation expansion can not be

absorbed into a redefinition of fields and coupling constants.

1.2 Horava-Lifshitz Theory of Gravity

1.2.1 High Derivative Theory

Since general relativity is non-renormalizable in the covariant quantization pro-
gramme, in the 1970s, people began to study high derivative theory in the hope of
finding a version of modified GR in the UV regime which would give a renormalizable
perturbation expansion. In 1977, Stelle [18] showed that once terms quadratic in the

curvature are added to the Einstein-Hilbert action, the new action®

S = / d*z/=g (aR,, R" + BR* + YR), (1.3)

5 See [17] for an example of two loop divergences in Einstein’s theory, there the divergent term
is composed of high-order terms in Riemann tensor.

6 Tt is understood that a common factor ﬁ has already been absorbed into the coefficient of
each term in the action.



becomes renormalizable with an appropriate choice of the coupling constants. How-
ever, due to the appearance of time derivatives with orders higher than one, the
theory is plagued with the problem of not being stable since there exist negative
energy modes which kinematically make the energy of the system unbounded from
below. Actually, as early as in 1850, Ostrogradsky [19] found that any system with
a nondegenerate higher time derivative Lagrangian is not stable. It can be shown
clearly that the Hamiltonians of these systems will include terms linear in the canon-
ical momentum so there exists no lowest energy state (ground sate) and the system
itself is unstable. Therefore, any high derivative theory with Lorentz invariance (LI)
appears a poor extension of general relativity.

On the other side, the possibility of breaking LI at high energy scales was studied
by several groups of researchers [20-24]. From the viewpoint of field theory, one can
treat Lorentz symmetry breaking as a regulator to regularize the divergences in the
loop integrals of perturbation expansion. The renormalizability of these LI breaking
theories is analyzed in the papers [25,26]. In order to understand some preliminary
concepts of these theories, one can simply start with an action of scalar field in d+1

dimensions
Sfree = /dtddl' {¢2 - ¢(A)Z¢} ) (14)
here dot means time derivative of the scalar field, A = V2 is the spatial Laplacian and

z is the dynamical critical exponent. Based on the fact that the kinetic and potential

terms in the action should have the same dimension, one can conclude
1] = [=". (1.5)

Besides, since the action is a dimensionless quantity in the units 47 = 1, the dimension
of the scalar field is

0] = )=/ = -2, (1.6



where [m] denotes the dimension of energy. Thus if one introduces polynomial inter-

actions

N
Sinteraction = /dtddl' {Zgn¢n} ? (17)
n=1

the dimensions of coupling constants g, are
[gn] _ [m] [d—l—z—n(d—z)/Q]/z’ (1.8)

Now for the power-counting renormalizable theories, the dimensions of coupling con-
stants can not be negative (as discussed in the last section) which will identically hold
if the dynamical critical exponent z is no less than spatial dimensions d.”

The lessons we can learn from above analysis are twofold: firstly, to find a high
derivative unitary theory, there should only be first-order time derivatives in the
action. Besides, to make the theory power-counting renormalizable, the order of the
spatial derivative operators in the action can not be lower than twice of the spatial
dimensions. Actually, these are exactly two important features of the Horava-Lifshitz

gravity which will be introduced below.

1.2.2  3+1 Decomposition of General Relativity
One of the basic features of general relativity is that the theory is invariant under
the diffeomorphism

t—t'(t,2"), o' —a"(t,2"). (1.9)

This invariance, usually termed as general covariance, is also the origin of the problem
of time in general relativity. In any theory with time reparametrization symmetry,
we are forced to distinguish two different types of time: one is the coordinate time as
that appears in the coordinate transformation, the other is the physical time which
is much more subtle and elusive to identify. In the canonical formulation of general

relativity, for the Lorentzian manifold, one has to choose a timelike direction and slice

7 One can find the same conclusion from the analysis of superficial degrees of divergence of the
loop integrals [25].



the entire manifold into a sequence of spacelike hypersurfaces. The ADM (Arnowitt-
Deser-Misner) decomposition [27] is a particular foliation of spacetime where the

spacelike hypersurfaces are given by t = Constant, thus
M =R x ¥, (1.10)

here >, represents the spacelike hypersurfaces ¢ = Constant and ¢t € R. In this
decomposition, the future-directed normal vector n#* of the hypersurfaces® are given

by the lapse function N and the shift vectors N°

1 N°

and the metric takes the well-known form
ds* = —N?dt* + g;; (N'dt + dz*) (N7dt + da’) . (1.12)

Now by applying the Gauss-Godazzi relations, the covariant action Eq. (1.1) also

acquires its decomposition form [28]

=— | d*a/gN (KVK,;; — K2+ () 1.1
S T d*z\/g ( ij + R), (1.13)

here g represents the determinant of 3-metric g;;, ()R is the intrinsic curvature of
the hypersurface, K the trace of extrinsic curvature K;; of the hypersurface which is
defined as

1
K = ﬁ(—gij‘FviNj“‘vjNi)' (1.14)

Here V; represents the covariant derivative with respect to the 3-metric g;; and

Gij = 85?. The action (1.13) serves as the starting point to shift to the Hamilto-

nian formulation of general relativity. Furthermore, with the help of the DeWitt
metric

G = = (g%g" + g"g?*) — g7 g, (1.15)

N =

8 From now on, the Greek letters are reserved for the indices of 4-dimensional tensors while the
Latin letters for the indices of 3-dimensional tensors on the hypersurface.

7



the kinetic terms in the action can be put into a symmetric form
KK — K* = K;;G'M Ky, (1.16)

1.2.8  Foliation-Preserving Diffeomorphism

Hotava-Lifshitz gravity was first proposed in 2009 [29] with the purpose of modi-
fying the UV behavior of general relativity while keeping the Ostrogradsky ghost out
of the theory. This purpose was realized by assuming the anisotropic scaling between
time and space

t—b"t, ' — bl (1.17)

where z is the dynamical critical exponent. As discussed in Sec. 1.2.1, in order to
make the theory power-counting renormalizable, one sufficient condition is z > d.
Thus Lorentz symmetry is broken at high energy and later re-emerge when energy
becomes low. In this theory, the coordinate time plays a more special role than in
general relativity as Horava assumed that the general covariance is broken to the

so-called foliation-preserving diffeomorphism
t—t'(t), o' —a"(ta"), (1.18)

which is usually denoted by Diff(M, F). This modified symmetry indicates there ex-
ists a fixed foliation of spacetime, one can rescale the coordinate time in any arbitrary
way but can not rotate the time direction. Therefore, the most natural coordinate
system for this spacetime is that of the ADM variables (N, N, g;;) introduced in the

last subsection. The scaling dimensions of these variables are assumed to be [29]
[N] =[g5] =0, [N]=2z-1. (1.19)
Besides, under the infinitesimal Diff(M, F)

t—= &), o' =& (L"), (1.20)



the change of the 4d metric gy, is just its Lie derivative along the direction (&, &").
In terms of ADM variables, their variances can be shown as [30]

SN = E"ViN + N& + N&,

ON; = NVi&¥ + VN, + ga® + Ni&o + Niko,

0gij = Vi&+ V& + odij- (1.21)
With the transformation properties of the metric components, one can find that the

basic building blocks of the action that is invariant under the Diff(M, F) are the

3-dimensional Ricci tensor R;;, the extrinsic curvature Kj;, the covariant derivative

with respect to 3-metric V; and the 3-vector a; = dclll;fv ,

so the general form of the

action is?

S = /d4x\/§N (Lx — Lv), (1.22)
where the kinetic term L is a functional of K;;. Since there appears to be only two
independent scalars quadratic in the velocity ¢;;, which are K;; K% and K?, we must
have

Lx = Kj;K7 — \K*. (1.23)
The parameter A\ approaches one in the relativistic limit. On the other hand, the
potential term Ly is a functional of R;;, V; and a;, so any scalar composed of these
three tensors are allowed in the action with only one restriction coming from the
renormalizability condition, that is, for the d4+1 dimensional Hotava-Lifshitz gravity,
the potential £y should include all the independent scalars with spatial derivatives
up to the 2zth order. As one can expect the number of independent terms in Ly is
huge in the 4-dimensional theory'? . Therefore, there are too many coupling constants
in the theory which greatly restrict the predictive power of the theory. In order to
reduce the number of free parameters, in his seminal paper [29], Hofava introduced

two more conditions: the projectable and detailed balance.

9 Here we set 167G to unity.

10 One can refer to [13] for a list of independent terms up to the order [k]°.

9



Firstly, the projectable condition is guaranteed by the Diff(M, F) as it can be
seen directly from the infinitesimal transformation (1.21) that if the lapse function
only depends on time, it will remain so after the coordinate transformation (1.18).
So once we assume the lapse funtion N stays constant on each spacelike hypersurface
>, all the terms related with a; in the potential will drop out. On the other hand,
the condition in which N also changes with the locations is called the nonprojectable
condition. There are various versions of Hotava-Lifshitz gravity based on whether the
lapse funtion depends on the space coordinates. I will talk a little about each version
in the next section.

In order to further reduce the number of the independent coupling constants,

Horava imposed detailed balance condition which requires the special form of the

potential
Ly = E;GMEy, (1.24)
g ow
JIEY = 59[?“] , (1.25)
ij

where W gy] is the superpotentialll and G¥* the generalized DeWitt metric
gzgkl — 5 (gzkgjl + gzlg]k) o )\gmgkl' (126)

Thus, the number of free parameters in the original version of Hotava-Lifshitz gravity
are reduced to five: the Newton constant, cosmological constant, A in the generalized
DeWitt metric and the other two constants from the superpotential. It looks like a
promising candidate for quantum gravity with UV completion and a decent amount
of parameters. However, as it turns out, this version is also plagued by inconsistency

due to the additional degree of freedom: the scalar mode.

1.2.3.1. The Scalar Mode There are at least two different viewpoints to under-

stand why, other than the spin-two graviton, there is such a scalar mode in the original

11 See [29] for more details on the expression of the superpotential.

10



Hotrava-Lifshitz theory of gravity. Firstly, as is well known, the physical degrees of
freedom for any system is the same as the dimension of the reduced phase space
which in turn depends on the constraints in the theory!? . Now since the projectable
condition in which the lapse function is only a function of time is applied, there is no
local Hamiltonian constraint in the canonical formalism of the theory. As a result,
the number of local constraints are reduced by two which results in the addition of
two degrees of freedom (i.e. the scalar mode) to the reduced phase space. Besides,
the most straightforward way to verify that this scalar mode is also a propagating
mode of the theory is to consider the linear scalar perturbations of the metric on the

Minkowski background as we will discuss in the next section.

1.2.4 Development of Hotava-Lifshitz Gravity Since 2009

In addition to the ghost and instability problems caused by the extra scalar mode
in the original Horava-Lifshitz gravity [32-34], the detailed balance condition will
entail a non-zero cosmological constant of the wrong sign to be compatible with
observation and consequently the Minkowski spacetime is not compatible with the
detailed balance condition either. Therefore, in the so-called minimal theory, only
the parity invariance and projectable condition are adopted [35]. A study of scalar
perturbation on the Minkowski background shows that in order to evade the ghost
problem in the theory, the parameter A in the kinetic term (1.23) must take the values
in the intervals A > 1 or A < 1/3 [36]. However, the instability problem still persists as
it turns out the dispersion relation will carry a negative sign in front of the k? term in
the infrared limit (IR). Now path diverges when people want to resolve the instability
problem of the minimal theory. There are mainly two directions as one can follow to
get out of this problem. The first one due to Hofava himself is to eliminate the scalar
mode from the theory. Since the appearance of the scalar mode is a direct result

from the Diff(M, F) which can be viewed as a reduced symmetry group of general

12 See Appendix A for details.

11



covariance, Hofava introduced into the theory an extra U(1) symmetry to eliminate
this degree of freedom [37]. Therefore, this version is called the projectable Horava-
Lifshitz gravity with U(1) symmetry. In order to realize this extra U(1) symmetry,
two auxiliary fields, the gauge field A and Newtonian pre-potential ¢ have to be
introduced. Under the U(1) transformation, these fields, together with the ADM

variables, are assumed to change like

0uA =6 — N'Va, a0 =—a,

(SaNi = NV,-oz, 5agij = 6OCN = 0, (127)

where « is an arbitrary function of spacetime. While under the foliation-preserving

diffeomorphism (1.20), they transform as

SA = EVA+EA+EA,

3o = &b+ EVip. (1.28)

In Hofava’s paper [37], it is asserted that the parameter A is forced to be one by
U(1) symmetry since this symmetry is passed over to the complete theory from its
linearized version in which the global U(1) transformation leaves the action invariant
only at A = 1. However, the extension to the version with an arbitrary value of A
was soon proposed in [38] where the author used minimal substitution approach to

construct the Lagrangian. Since the gauged shift vectors and extrinsic curvature

N, = N,+ NV,¢,

Ky = Kij —ViV;o, (1.29)

still act like a scalar under the U(1) transformation, one can simply replace K;; in
the minimal theory by its tilded counterpart. As for the gauge field A, one can also
introduce a new field

a=—¢+ NV + gviwigb. (1.30)

12



Then, it can been shown that this field acts in the way as the gauge field A under
the U(1) transformation, thus the combination A — a is left invariant under the U(1)

transformation. Therefore, the total Lagrangian takes the form

S = S[N,N, + NVi¢, gi;] + / dtd®xN /G (R — 29) (A —a) | (1.31)

where S represents the action from the minimal theory while the second term incor-
porates the couplings between the metric and the gauge field. The extra scalar mode
is still eliminated by the Gauss constraint R = 2{2 which is generated by the variation
of the total action S with respect to the gauge field A 38,39].

Another approach to alleviate the problems caused by the scalar mode is to live
with it but introduce the nonprojectable condition, i.e. the lapse function also de-
pends on the space coordinates. Therefore, terms related to the vector a; should be
added into the action in this case. In the IR, the only relevant term is a;a’, so the

action will become

Sk = / dtd*xN\/g (Lx + PR+ Ba;a’) (1.32)

where 3 is a coupling constant to be fixed by stability conditions. The linear scalar
perturbation of the metric on the Minkowski background will generate the dispersion

relation [40,41]

A—1 (2
w? = 1 (E - 1) k2. (1.33)

Thus, the scalar mode can be stabilized if 5 € (0,2). The requirement A > 1 or
A < 1/3 is still necessary to circumvent the ghost problem. As it turns out the lapse
function in the nonprojectable Horava-Lifshitz gravity becomes one of the canonical
variables since the terms related to the vector a; will make the local Hamiltonian
constraint depend on the lapse function.

Therefore, the Hamiltonian constraint and the canonical momentum of the lapse
function are both the second-class constraints of the theory which leads to the con-

clusion that nonprojectable condition alone will not eliminate the scalar mode in the
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minimal theory, that is why the fourth version, nonprojectable Hotrava-Lifshitz grav-
ity with U(1) symmetry was proposed in a series of papers [42-44]. This is actually
the final version of the Hotava-Lifshitz gravity with a local Hamiltonian constraint
and 4-dimensional symmetry at each point of the spacetime which makes it as one of
the best candidates for quantization of gravity.

Apart from the four different versions of the Horava-Lifshitz gravity mentioned
above, A = 1/3 is actually a special case when the generalized DeWitt metric (1.26)
becomes degenerate. This degeneracy results in the emergence of two additional
second-class constraints which remove the extra scalar mode in the theory. Besides,
when A\ = 1/3, the kinetic term L becomes conformal invariant, so this version is
called Hotava-Lifshitz gravity at the kinetic-conformal point. One can refer to [45-47]

for the discussion of this special version.

1.2.5 Organization of Dissertation

In this dissertation, I will mainly focus on the two dimensional Horava-Lifshitz
gravity. Unlike Einstein’s theory, the two dimensional Hofava-Lifshitz gravity is non-
trivial due to the special Diff(M, F). So Chapter Two will discuss the projectable 2d
Horava-Lifshitz gravity, the classical solutions will be derived and the corresponding
spacetime structure will be studied by using Penrose diagram. Then the metric will be
quantized in the canonical approach. This chapter is a published paper co-authored
by the author of this dissertation. Dr. A. Wang and Dr. Y. Wu are Baylor physics
professors. Dr. Z.C. Wu is a professor from Zhejiang University of Technology. Dr.
A. Wang supervised the whole project. Dr. Y. Wu and Dr. Z.C. Wu gave some
advise. The author of this dissertation completed most of the calculations in this
paper.

In Chapter Three, the nonprojectable 2d Horava-Lifshitz gravity will be consid-
ered. In this case, the Hamiltonian constraint will be solved and the quantization is

also implemented in the canonical approach. This chapter is a published paper co-
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authored by the author of this dissertation. Dr. A. Wang is Baylor physics professor
who supervised the whole project. V. H. Satheeshkumar and Baofei Li are Baylor
physics Ph.D. students who are research performers. They are approximately equal
contributors to this paper.

Chapter Four will be devoted to the discussion of the coupled system between
Hotava-Lifshitz gravity and a non-relativistic scalar field. The attention will be fo-
cused on the search of black hole solutions and finding the event and universal horizons
and Hawking radiation temperature. This chapter is a published paper co-authored
by the author of this dissertation. Dr. A. Wang is Baylor physics professor who
supervised the whole project. Madhurima Bhattacharjee and Baofei Li are Baylor
physics Ph.D. students who are research performers. They are approximately equal
contributors to this paper.

In the last chapter, I will summarize my work and give a general overview on the

status quo of the quantization of the Horava-Lifshitz gravity.
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CHAPTER TWO
Projectable Two-Dimensional Horava-Lifshitz Theory of Gravity
This chapter published as [48]: Bao-Fei Li, Anzhong Wang, Yumei Wu, Z.C. Wu,

“Quantization of (1+1)-Dimensional Hofava-Lifshitz Theory of Gravity,” Phys. Rev.
D 90, 124076 (2014).

2.1 Introduction

In this chapter, the spacetime structure and quantization of two-dimensional pro-
jectable Hotrava-Lifshitz gravity will be addressed. I shall first provide a brief review
on the 2d HL gravity from which it can be seen that, unlike the 2d GR, the 2d HL
gravity is non-trivial even without coupling to matter. This point can be further
confirmed by the fact that there exist non-trivial vacuum solutions of the theory with
the projectability condition. Studying the local and global properties of these solu-
tions will give us a general view of the structure, especially the singularities, of the
spacetime. Then the quantization of the 2d HL gravity is carried out explicitly with
the canonical quantization method. It turns out that the problem can be reduced to
the quantization of a simple harmonic oscillator [49], for which the expectation value
of the gauge-invariant length operator in the ground state provides a fundamental

length scale.

2.2 Horava-Lifshitz Theory of Gravity in (1+1)-Dimensions
Einstein’s theory of gravity in (141)-dimensional spacetimes is trivial, as the
Riemann and Ricci tensors R .3, and R, are uniquely determined by the Ricci

scalar R via the relations [50]

1
Ruvpy = §(guﬁgvv_gmguﬁ) R,
1
Ruu = §g,uuRa (21)
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where the Greek letters run from 0 to 1. Then, the Einstein tensor £, [= RW—% R

always vanishes, and the Einstein-Hilbert action !

Ser = (2 / *z/Pg (R — 2N + (L), (2.2)

leads to a set of non-dynamical field equations, in which the metric g, is directly

related to the energy-momentum tensor 7),, via the relation
Agy = 87GT),, (2.3)

where ¢? = 1/(167G) % . Therefore, in order to have a non-trivial theory of gravity
in 2-dimensions (2d), extra degrees are often introduced, such as a dilaton [51] or a
Liouville field [52].

However, this is not the case for the HL gravity [29-31], as the latter has a dif-
ferent symmetry, the foliation-preserving diffeomorphisms (1.18). Then, the general

gravitational action takes the form (1.22), that is

SHL = (Q/dtde\/g (EK — ﬁv), (24)

where N denotes the lapse function in the ADM decompositions [27], and g = det(g;;),
here g;; is the spatial metric defined on the leaves ¢ = Constant. Lx is the kinetic

part of the action in Eq. (1.23)

where A is a dimensionless constant, and K;; denotes the extrinsic curvature tensor

of the leaves t = Constant as given by Eq. (1.14)

Kij (—gij + ViNj + VjNi) , (2.6)

T 2N

! In 2d spacetimes, the integral J d?’z+\/)g R always gives a boundary term. So, normally one
does not consider it. This can also be seen from the field equations (2.3).

2 Tt should be noted that, unlike in the 4-dimensional case, now ¢ is dimensionless (so is G).
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and K = ¢" K;;. Here as mentioned previously ¢;; = 0g;;/0t, V; denotes the covariant
derivative of the metric g;;, and N* the shift vector. In the (14-1)-dimensional case,

since there is only one spatial dimension, we have i, j = 1, and

1 /4% N Ny
K = ¢g"Kj=——+-—-"F+ 2.7
g An N <7 " ) (2.7)

where v = /11, 7/ = 07/0x, etc.
On the other hand, £y denotes the potential part of the action, and is made of
R, V; and q;, that is
Ly =Ly (R, Vi, a;), (2.8)
where a; = N;/N and R denotes the Ricci scalar of the leaves ¢ = Constant, which
identically vanishes in one-dimension, i.e., R = 0. As pointed out in Sec. 1.2.1,
power-counting renormalizibility condition requires that Ly should contain spatial
operators with the highest dimensions that are not less than 2z, where z > d [25,29],
and d denotes the number of the spatial dimensions. Taking the minimal requirement,

that is, z = d, we find that in the current case (d = 1) we have
Ly = 2A — Ba;a', (2.9)

where A denotes the cosmological constant, and [ is another dimensionless coupling
constant. Collecting all the above together, we find that the gravitational action of

the HL gravity in (1 4 1)-dimensional spacetimes can be cast in the form
Syr = ¢? / dtdzN/g [(1 — N)K? = 2A + Baa’]. (2.10)

2.8  Classical Solutions of the 2d HL Gravity with the Projectable Condition

Assuming the projectability condition, we have [29]
N = N(t), (2.11)

from which we immediately find a; = 0. In the rest of this section, we shall assume

this condition. Then, the variations of the action Sy with respect to N and N; yield
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the Hamiltonian and momentum constraints, and are given, respectively, by
/dm(K2 +4A) =0, (2.12)
K' =0, (2.13)

where A = A/[2(1 — A)]. The variation of the action Sy with respect to v, on the

other hand, yields the dynamical equation

L1 K4 2KN!
K+ =N(K?—4R) + -1 220
2 ~?
MK\ 3KNy
+< ;2 ) + fy;fy ~0. (2.14)

Using the gauge freedom of Eq. (1.18), without loss of the generality, we can
always set

N=1, N; =0, (2.15)
so that the 2d metric takes the form
ds® = —dt* +7*(t, z)dx?. (2.16)
It should be noted that Eq. (2.15) uniquely fixes the gauge only up to
t'=t+ty, 2'={((x), (2.17)

where g is a constant, and {(x) is an arbitrary function of x only.

With the above gauge choice, Eq. (2.14) reduces to
K?—2K +4A =0. (2.18)

On the other hand, from the momentum constraint (2.13) we can see that K is

independent of z, so the Hamiltonian constraint Eq. (2.12) reduces to,
(K? 4 4A) /dm(t, z) = 0. (2.19)
Therefore, there exist two possibilities
i) K2 +4A =0, i) /daw(t, z) = 0. (2.20)
In the following, we consider them separately.
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281 K2+4A=0

In this case, the extrinsic curvature K is just a constant given by
K = 42V —A, (2.21)
which makes sense only when A < 0. From Eq. (2.25), we can find

,y — 6:t2\/ —At-&-F(x)’ (222)

here F(x) is an arbitrary function of x only. Using the gauge residual (2.17), we can

always set F'(z) = 0, so the metric reduces to

ds* = —dt* + e4ﬁtda:2. (2.23)
This is nothing but the de Sitter spacetime.
2.8.2 [dxy(t,x) =0

In this case, we can see that (¢, z) has to be an odd function of x, i.e., y(t,z) =

—v(t,—x). Then, from Eq. (2.18) we find that

dK 1
—— = —dt. (2.24)
K2 +4A 2
Since K is independent of x, we find
1o _K(@). (2.25)
Y

To solve the above equations under the constraint [ dzvy(t,z) = 0, it is found conve-

nient to consider the cases A > 0, A < 0, and A = 0, separately.

2.3.2.1. A >0 Straightforward integration of Eq. (2.24) gives us
_ 5
K = Btan | St~ to) |, (2.26)

where 3 = 1/4|A|. Then, from Eq. (2.25) we find

y=eost (251 ) ). (2:27)
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To satisfy the Hamiltonian constraint, 4(z) must be an odd function of z, so that
Loo
/ A(z)dz = 0, (2.28)
—Loo
where + = +L., denote the boundaries of the spacetime in the spatial direction,
which can be taken to infinity. With this in mind, we can introduce a new coordinate

x' by dx’ = 4(x)dzx, so the metric takes the form

t
ds® = —dt* + cos* (%) da’”. (2.29)

Note that in writing the above expression, we had set {5 = 0 by using another gauge

freedom given in Eq. (2.17). Setting

2 Bt
T=-— — 2.30
Zan (%), (2.30)
the above metric can be cast in the conformally-flat form
A )
ds? = (1 + ZTQ) (—dT2 +da! ) , (2.31)
for which we have
52

That is, the space-time is singular at 7' = +o0o. This is a real space-time singularity in
the HL gravity [53], since it is a scalar one and cannot be removed by any coordinate
transformations allowed by the symmetry of the theory. The corresponding Penrose

diagram is given by Fig. 2.1.

2.3.2.2. A <0 In this case, Eq. (2.24) has the solution

—Btanh [2(t — K
o Btanh [§(t —to)], |K|<p (2.53)

—Beoth [S(t—to)], |K|>8
In the following, let us consider the two cases separately, as they will have different

properties.
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Figure 2.1: The Penrose diagram for the solution (2.31), in which the space-time is singular
at both past and further null infinities (T' = #+00), denoted by the lines AC, AD, BC and
BD.

Case a) |K| < : Then, from Eq. (2.25) we find that

v = cosh? {g(t - to)] A(z). (2.34)

Again, using the gauge residual (2.17), without loss of the generality, we can always

set tog = 0 and dz’ = A(z)dz, so the metric finally takes the form

t
ds® = —dt* + cosh’ (%) da®. (2.35)

Note that we dropped the prime from x in writing down the above expression. Then,
we can see that the metric is singular at t = +oo. However, Eq. (2.33) shows that K
is finite at these two limits. In addition, the corresponding 2d Ricci scalar R is given

by
9 cosh(ft)
cosh? (%) ’

which is also finite as t — +o00. To further study the properties of these singularities,

(2.36)

let us consider the tidal forces experienced by a free-falling observer, whose trajectory
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is given by the timelike geodesics, satisfying the Euler-Lagrange equation

% _ dir (%) =0, (2.37)
where 7 denotes the affine parameter along the geodesics, and
L,= (§)2 = —{? + cosh* (ﬁ) P2, (2.38)
dr 2
but now with ¢ = dt/dr, etc. For timelike geodesics we have £, = —1. Since the

metric (2.35) does not depend on z explicitly, Eq. (2.37) yields the conservation law

of momentum
t
2 cosh? (%) i =p, (2.39)
where p denotes the momentum of the observer. Inserting the above expression into

Eq. (2.38), we find that

(2.40)

where “+7 (“-”) corresponds to the observer moving along the positive (negative)

direction of the z-axis. Setting 6?0) = dz# /dr, we can construct another space-like

I

unit vector, €1y a8

e = , 2.41
) 2 cosh? (%) 2 cosh ( )

which is orthogonal to e’{o), and parallelly transported along the time-like geodesics

g“”e?a)e’(jb) = Tab; 6?1);1,61(/0) =0, (2.42)
where 7,, = diag.(—1,1), and a semicolon “” denotes the covariant derivative with

respect to the 2d metric g,,,. Projecting the 2d Ricci tensor onto the above orthogonal

frame, we find that

B 3% cosh(3t)
2 cosh? (%) ’
Row = 0, (2.43)
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which are all finite as t — +o0o. Therefore, the singularities at ¢ = 0o must be
coordinate ones. In fact, they represent the boundaries of the space-time. To see
this, let us consider the proper time that the observer needs to travel from a given
time ¢y to t = oo, which is given by

2 cosh? %)

AT = / \/4 o ( = op = 00, (2.44)

1 p?
for any finite ¢5. That is, starting at any given finite moment, ¢, the observer always
needs to spend infinite proper time to reach the time ¢ = co. In other words, t = oo
indeed represents the future timelike infinity of the space-time. Similarly, one can see
that ¢ = —oo represents the past timelike infinity.

To study its global structure, let us first introduce the new timelike coordinate T’

via the relation

2
T = 3 tanh (5;) ) (2.45)

we find that the metric takes the form
2 -2
ds® = (1 — ZTQ) (—dT* +dx?), (|IT| <2/8). (2.46)

It is interesting to note that the above metric is singular at 7' = +2/5. But, as shown
above, this corresponds to coordinate singularities. In fact, they are the space-time
boundaries, and any observer will need infinite proper time to reach them starting
from any finite time. The corresponding Penrose diagram is given by Fig. 2.2.

Finally, we note that the similarity of the metric (2.35) with the d.S; metric
dsyg, = —dt* + cosh®(Bt)dy?, (2.47)

where 0 < x < 7 with the hypersurfaces x = 0 and y = 7 identified, so the whole
space-time has a R' x S* topology. The space-time is complete in these coordinates.

This can be seen clearly by embedding Eq. (2.47) into a 3-dimensional Minkowski
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Figure 2.2: The Penrose diagram for the solution (2.35), in which the singularities at
t = 400, denoted by the curves AEB and AF B, are coordinate ones, and represent the
physical boundaries of the space-time.

space-time ds; = —dv? + dw?* + dX? with [11]

v o= %sinh(ﬁt}, w = %COSh(ﬁt} Cos (%) :
X = %COSh(ﬁt) sin (%) : (2.48)
which is a hyperboloid
Pttt X g, (249

in the 3-dimensional Minkowski space-time. The two metrics (2.35) and (2.47) be-
comes asymptotically identical when [t| > B!, provided that the coordinate y is
unrolled to —oo < x < 0.

Case b) |K| > (: In this case, following what was done in the last case, it can

be shown that
K = —f coth (%) , 7 = sinh? (%) ¥(z), (2.50)
and the corresponding line element takes the form
ds? = —dt® + sinh* (§t> dz’®. (2.51)
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Similar to the last case, the metric is singular at ¢ = +oo. However, these are
coordinate ones, as in the last case. In fact, following what we did there, we find that

the following forms a freely-falling frame

RN (R PR P
© 4sinh* (8)7 2sinh?* (21) )
+ +2gt
P 4 sinh (7)
el = + , , 2.52
™) 2 sinh? (%) sinh? (%) ( )
for which we have
> ﬁf
R(O)(O) = —R(l)( = ——ﬁ COSh(ﬁt) cosh ™2 ,
Rayo) = 0. (2.53)

It is clear that all of these components, representing the tidal forces exerted on the

observer, are finite. From Eq. (2.52) one can also show that

2 h2 Bt
AT = / sinh” (5) = 00, (2.54)
\/ 4 smh4 B— + p?

2

for any finite ty. That is, starting at any given finite moment, ¢y, the observer will
reach t = oo after spending infinite proper time, i.e., t = oo represents the space-time
boundary. Similarly, one can show that ¢ = —co represents the past timelike infinity.

However, in contrast to the last case, the space-time now becomes singular at
t = 0. This singularity is a scalar singularity, as one can see from Eq. (2.50) and the

expression for the 2-dimensional Ricci scalar

R = B2 {1 + coth® (gt)] : (2.55)

To study its global properties, we first introduce the new coordinate T via the

relation
2
T = ~3 coth (§t> , (2.56)
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Figure 2.3: The Penrose diagram for the solution (2.51), in which the space-time is sin-
gular at both past and further null infinities (7" = £oo or t = 0), denoted by the lines

AC, AD, BC and BD. The curved lines, AEB and m, are free of space-time singular-
ities, and represent the physical boundaries of the space-time.

which maps ¢ € (—o0,0) into the region T € (2/3, 00), and ¢ € (0, 00) into the region
T € (—o0,—2/8). In particular, the times ¢ = 0% are mapped to T = Foo, and
t =400 to T = F2/5. In terms of T, we find that

ds? = [1 - ZQTQ} - (—dT2 + da:’2> (T >2/8). (2.57)
The corresponding Penrose diagram is given by Fig. 2.3, from which we can see that
the nature of the singularity at ¢ = 0 is null.

It is remarkable to note that the metrics (2.46) and (2.57) take the same form,
but with different covering ranges. In Eq. (2.46) we have |T| € (0,2/8), while in
Eq. (2.57) we have |T| € (2/8,00). The metrics are singular at |T'| = 2/, which

represent the boundaries of the spacetimes, represented, respectively, by Eqgs. (2.46)

and (2.57).

2.3.2.3. A =0 Following what we have done in the above, it can be shown that

2
K=-2,  y=1%(), (2.58)
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and the line element takes the form
ds® = —dt? + t*da’”*. (2.59)

Setting
T =1/t (2.60)

then in the new coordinates we find that the metric takes the form

1 2
ds® = ﬁ( — dT? + dz"), (2.61)
for which we have
K = -2T. (2.62)
That is, the space-time is singular at 7" = Foo, and the corresponding Penrose

diagram is similar to that given in Fig. 2.1.

2.4 Quantization of 2d Horava-Lifshitz Gravity

In the projectable Horava-Lifshitz gravity, the action (2.10) reduces to
Sy =C? / dtdz N~y [(1 — N\)K? — 2A], (2.63)

where K is given by Eq. (2.7). In the following, we'll quantize the field by following

Dirac’s approach.

2.4.1 Hamiltonian Formulation and Dirac Quantization
Starting from the action Eq. (2.63), if we treat 7 as a dynamical variable, its

canonical momentum is found to be

Q
o

™=

T - 2C°(A — K. (2.64)

Q

After the Legendre transformation, the corresponding canonical Hamilton is given by
Ho(t) = / dz (N’H(x) + Nl(:c)’Hl(m)), (2.65)
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here the time variable is suppressed. With the projectability condition, the momen-

tum constraint is local while the Hamiltonian constraint is global, that is

7.‘_/

Hi = = ~ 0, (2.66)
/d:c?—[(:c) = /d:c(% +2AC2’Y>
~ 0. (2.67)

Straightforward calculations give us their Poisson brackets

{H(z), H(z")} = 0,

r 7’ = m Ar — 1
(M) Hale)} = 550wl —a)
ok - o)
ea-n
i - T
_277/?15(1: — ') + 7:—2/15(95 — 1)
- (2.68)

Therefore, we've got all the constraints and the physical degrees of freedom of the

theory per space-time point (A) is given by
N = —(dimP — 2N — ML),

= —(4-2%2-0)=0. (2.69)

N — DN —

Here dimP means the dimension of the phase space, N7 (N3) denotes the number
of first-class (second-class) constraints. Meanwhile, the local momentum constraint

indicates that 7 is a function of time only, i.e.
m(x,t) = m(t). (2.70)

Note also that the canonical momentum 7(t) is invariant under the gauge transfor-

mation, as can been seen from the expression

{w(x), / dx’g(x’ml(x’)} _ {@H(@) (2.71)

v(x)
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which vanishes on the constraint surface. For completeness, we also give the variation

of v under the spatial diffeomorphism

{'y(x), / dx'g(x'ml(x')} - (%) (2.72)

Since the momentum 7 is only a function of time, we can obtain an equivalent

constraint by integrating Eq. (2.67) directly, and then we have

2

H(r,L) = % +2ACL ~ 0, (2.73)

with
L(t) = /dmy(t,x), (2.74)
which is gauge-invariant owing to Eq. (2.72). It’s worth noting that m(¢) can be

regarded as conjugate momentum to the invariant length L(¢). Starting from the

basic relation

{v(2), 7(y)} = o(z — ), (2.75)

then integrating both sides with respect to x, since 7 is independent of spatial coor-
dinate y, we directly get
{L(t),n(t)} = 1. (2.76)

Now following Dirac’s approach, by promoting Eq. (2.76) to the commutation relation

[IA/, 71| = i, we get the Wheeler-DeWitt equation in the coordinate representation,
HU = 0. (2.77)

However, there is ordering ambiguity arising from the term Lz? in Eq. (2.73) [49].

In the following we consider each of the possible orderings separately.

2.4.1.1. :mL:= L#% In this case, the Hamiltonian constraint reads

62
L (@ — wﬁ) U =0, (2.78)

30



where p = 4¢2|1 — A1/|A], and €; is a sign function which is one for A > 0, zero for

A = 0 and negative one for A < 0. For A > 0, the general solution is
U(L,t) = Crett + Coe L. (2.79)

It can be shown that this solution is not normalizable even with C; = 0 with respect

to the measure L™'dL in the interval (0,400). For A = 0, we have
U(L,t) = AL+ A, (2.80)
while when A < 0, we find
U(L,t) = Bysin (ul + By), (2.81)
here Ay, Ay, By and Bs are some parameters independent of L. Again none of these

wavefunctions are normalizable with respect to the measure L='dL.

2.4.1.2. : 2L : = #L# In this case, we have

% (Lg—i) — e * LY = 0. (2.82)

When A > 0, its general solution is given by the linear combination of the modified
Bessel functions of the first and second kind which are denoted respectively by I and
K, so

U(L,t) = Cslo(pL) + CyKo(pL). (2.83)

However, the normalizable condition with the flat measure dL in the interval (0, 4+00)

leads to
2
For A = 0, we obtain
U(L,t)=Asln L + Ay, (2.85)
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which cannot be normalized in the interval (0, +00). When A < 0, the general solution
is given by

which is a linear combination of Bessel functions of the first and second kind. This

wave function can’t be normalized either.

2.4.1.8. 7L : = #2L In this case, we have

2
% <L\I!> — 120U = 0. (2.87)

When A > 0, the general solution of the above equation is given by
1
‘II(L,t) = Z (0567/‘[/ + C6€’ML) R (288)

where C5 and Cj are the integration constants. Similar to the first case, the wave-
function now is also not normalizable for any given C5 and Cg with respect to the

measure LdL in the interval (0, +00). When A = 0, the solution is

A
U(L,t) = As + fﬁ (2.89)

For A < 0, we find

W(L,t) = % By sin (uL + B)) . (2.90)

None of these wavefunctions are normalizable with respect to the measure LdL in the

interval (0, +00).

2.4.2  Simple Harmonic Oscillator
In this subsection, we shall show that under canonical transformation the above
system can be reduced to that of a simple harmonic oscillator. By using the gauge

freedom, we can always set
N(t) =1, Ny =0. (2.91)
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Then, applying the momentum constraint (2.70), the canonical Hamilton (2.65) re-

duces to

7T2

H(L,7) =1L Ty

+2C2A |, (2.92)

with L given by Eq. (2.74). After the canonical transformation,
L = 2%, 7=, (2.93)

we find that Eq. (2.76) yields {z,p} = 1, and Eq. (2.92) takes the form

2

However, this new Hamilton constraint (2.94) can only be equivalent to the original

one (2.92) on the classical level. One can immediately understand this point when

trying to find the solution to the corresponding Wheeler-DeWitt equation
H'(z,p)¥ =0, (2.95)

which yields no physical states due to non-vanishing of the energy of the ground state
of the quantized oscillator. Hence, we employ the following ansatz for the quantum

canonical transformation
. 1/1 1
L = 3% #7=- <7p+p7) . (2.96)
z Z

Correspondingly, some terms can be transformed into the forms

(S8

L7 = %2+ %éﬁ— et (2.97)
~2
TS pz - 161:%2, (2.98)
L — %2 — %%ﬁ + 1639%2 (2.99)
Now setting
e % (Efr? v rlA+ fr?i) : (2.100)
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we find that the new Hamilton under the canonical transformation (2.96) is given by

P’ 1

T 2.2
H——16C2(1_)\>+2A§"m TS (2.101)

Then, we can introduce the creation and annihilation operators
ip
a = ¢ l|lxz+ = )
( 8¢2(1 - A VA )

ad = ¢ <x - i ) , (2.102)
8¢2(1 — MVA
with ¢y = 2¢v/1 — A4, and

[a,a'] = 1. (2.103)
In terms of a, a' and #, we find
A=toatasi)o— 1 (2.104)
2 64¢%(1 — N2’

where hw = \/X Clearly, to have a well defined vacuum, we must require A > 0,

that is
A
— . 2.105
T 0 (2.105)
Then, the Wheeler-DeWitt equation reads
H(z,p)|¥) = 0. (2.106)

Expanding |¥) in terms of the complete set {|n)}

W) = ianln% (2.107)
n=0
we find that
ap 4+ 10v2a; = 0, (2.108)
17a; +14V6a3 = 0, (2.109)
and for n > 2,

(4n — 6)y/n(n — 1)a,_o + (8n* + 8n + 1)a,

+(4n +10)/(n 4+ 1)(n + 2)an2 = 0. (2.110)
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Therefore, the wavefunction is given by

o0

U(z) = (2[0) =Y anthu(x), (2.111)

n=0
where x = VL, and

_ !
Yn(z) = <$|n>_7r1/4—\/m

X (az‘ - ii) e h (2.112)

Thus, we find that W(L) oc e #E which is similar to the ones obtained by the Dirac
quantization, although they are not precisely equal, as we used two quite different
approaches to obtain the corresponding Hamiltons of quantum mechanics, as one can
see from Egs. (2.73) and (2.104).

It should be noted that, in the above studies, either in terms of the Dirac quan-
tization or in terms of the harmonic oscillator, we implicitly assumed L(t) # 0.
Classically, this corresponds to the case studied in Sec. III.A; in which solutions exist
only when A > 0, and the resulted space-time is de Sitter. But, quantum mechani-
cally the quantization can be carried out for any A. In addition, classical solutions
exist even when L(t) = 0. In order to deal with this case, we first note in the classical
solutions, we assume (¢, z) = 4(z)v(t), then 4(z) should be an odd function of x and
7(t) satisfies the EOM (2.18). Of course, in this case constraints (2.12) and (2.13) are
satisfied simultaneously. Now we only need to start from the EOM (2.18), in terms

of v it can be recast into the form
24y — 42 + 4A~? = 0. (2.113)

Then its corresponding Lagrange can be found as

ST
L= —4Ay. (2.114)
f)/

After Legendre transformation, the Hamilton turns out to be

H= %972 +4A~, (2.115)
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where p is conjugate momentum. This Hamilton happens to take the similar form as

Eq. (2.73).

2.5  Summary

In this chapter, all the solutions in the projectable case of 2d Hotfava gravity are
found. These solutions can be divided into three different classes, and each of them
have different local and global properties. Their corresponding Penrose diagrams are
given, respectively, by Figs. 2.1, 2.2 and 2.3. After solving the momentum constraint
explicitly for the projectable pure HL gravity, we have showed that the resulting
Hamilton can be quantized by using the standard Dirac quantization. In addition, it
can also be written in the form of a simple harmonic oscillator, with the expectation

value of the gauge-invariant length operator L(t) defined by Eq. (2.74) given by

O |L(t)|0) = — &

-~ e\ T = s (2.116)

which defines a fundamental length of the theory. Here (A — 1) denotes the deviation
of the kinetic part of the gravitational action from the relativistic one [cf. Eq. (2.5)],
and A denotes the cosmological constant. In order for the oscillator to have a stable

ground state, one has to assume that

A
L 2.11
S (2.117)

which also guarantees that (g, is real. A remarkable feature is that the space-time

can be quantized, even it classically has various singularities [cf. Fig. 2.1 |. In this

sense, the singularities are indeed smoothed out by the quantum effects.
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CHAPTER THREE
Nonprojectable Two-Dimensional Hotava-Lifshitz Theory of Gravity
This chapter published as [54]: Bao-Fei Li, V. H. Satheeshkumar, Anzhong Wang,

“Quantization of 2d Horava Gravity: Nonprojectable Case,” Phys. Rev. D 93,
064043 (2016).

3.1 Introduction
In this chapter, we examine the two-dimensional version of Hofava-Lifshitz (HL)
theory without projectability, where I shall extend the canonical quantization tech-
niques employed in the projectable version of the theory in the last chapter to the
nonprojectable case. I'll first give the action of the two-dimensional HL, theory with-
out projectability and discuss its classical solutions, then analyze its Hamiltonian
structure and quantize the theory.

The general gravitational action of the HL gravity is given by Eq. (1.22)

SHL = C2/dtdIN\/§<£K - Ev), (31)

where N denotes the lapse function in the Arnowitt-Deser-Misner (ADM) decompo-
sition [27], and g = det(g;;). As discussed in the last chapter, in the 2-dimensions,

the action can be reduced to a simple form (2.10), that is
SHL :§2/dtde7 (1= N)K? =27 + Ba;d’], (3.2)
where v = /911, 7 = 07v/0z, and

1 /% N Ny
K = g"Ky=-——(--—-} 3.3
g hn N (7 7 + ) (3.3)

with N} = g, N* = 2N
With regard to the above general action (3.2), it is interesting to note that, in a

particular gauge, the so-called T-gauge [55,56], in which the aether field u, can be
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written as [57], u, = tva/m7 where ¢ is the global time introduced above in the
HL gravity, the action of the 2d Einstein-aether theory [58] is identical to the action
(3.2). It should be noted that this identification is only on the action level, as the
two theories have different gauge symmetries, and the 2d HL theory is only a gauge-
fixed form of the 2d Einstein-aether one. Contrary examples can be found in [53,56].
Besides, one can also find the general classical solutions of the 2d Einstien-aether

theory without the cosmological constant A in detail in [58].

3.2  Classical Solutions

The line element in terms of N, N'! and ~, takes the form
ds® = —N2(t, z)dt* + +2(t, ) (dx + N'(t, z)dt), (3.4)
with the gauge freedom

th = £O<t)7 v = 51 <t7 l’) ) (35)

where £°(¢) and ¢! (¢, x) are arbitrary functions of their indicated arguments. Vari-
ations of the action Eq. (3.2) with respect to v, N, and N; yield, respectively, the

following equations

. NK? KN! 2KNv KN
201 -\ |K — - —1
( ) [ 2 72 + 73 + ( 72
N/2
— f\fv? —2AN =0, (3.6)
N/ / Nl2
(1= AyK2 + 274y + 2B<N7> ;=0 (3.7)

and K’ = 0. Thus, we have K = K(t). Using the gauge freedom (3.5), we can always
set N1(t,xz) = 0 without loss of the generality. It should be noted that this gauge

choice does not completely fix the gauge freedom, and the remaining one is

t=8), o =¢"(2). (3.8)
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With the gauge N; = 0, Eq. (3.3) reduces to K(t) = —y/(N+), while Egs. (3.6) and
(3.7) reduce to

(1—)\)K2—2(1—>\)%—|—6y2+2/\ = 0, (3.9)

2y + (y* —g(t)) v =0, (3.10)

where y = N’/(Nv) and g(t) = —87'[(1 — \)K? + 2A]. Equation (3.10) has the

general solution,

y(t,x) = —/g(t)tanh A(t, z),

St a)da

A(t, x) g(t) — s c(t) |, (3.11)

where ¢1(t) is an arbitrary function of ¢ only. On the other hand, from Egs. (3.9)
and (3.10), we find that

(1 —NyK + BNy =0, (3.12)
from which, together with Eq.(3.11), we find N(t,z) = Ny(t) N(t, z), where N(t, z) =
2 cosh? A(t,z) and No(t) = (A — 1)K /[Bg(t)]. Using the remaining gauge freedom of
Eq. (3.8), we can always absorb the factor Ny(t) into ¢, so the lapse function finally

takes the form
N(t,z) = 2cosh® A(t, ). (3.13)
Inserting it, together with y given by Eq. (3.11), into Eq. (3.12) we find that
K(t) — K2(t) + 1 =0, (3.14)

where 7 = 2A /(A — 1). When K = 0, Eq. (3.14) has the solution K = +,/1. Clearly,
for K to be real, we must assume 1 > 0. Then, from (3.13), we find that g(t) = 0
and N(t,z) = 2. Redefining ¢, we can always set N = 1. Then, from Eq. (3.12), we
find that v(t,2) = vo(z)eT2V7=%) where vo(z) is an arbitrary function of z, and

is a constant. Using the gauge residuals of Eq. (3.8), we can always set vo(x) = 1
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and ty = 0, so the corresponding metric finally takes the form,
ds? = —dt* + ™V dz?, (K = 0), (3.15)

which is nothing but the de Sitter spacetime.

When K # 0, Eq. (3.14) has a solution, K () = —/ntanh [/n(t—to)], from which
we find that, g(t) = —(2A/f) cosh™ [\/7(t — t9)]. On the other hand, combining Eqs.
(3.12) and (3.13) we find

44 2K(t) cosh® Ay = 0, (K #0), (3.16)
where A(t, z) is given by Eq. (3.11).

3.8  Hamiltonian Structure and Canonical Quantization
Now, let us turn to the Hamiltonian structure and canonical quantization. For
such a purpose, in this section, we shall not restrict ourselves to any gauge. Then,

from the action (3.2), we find that the canonical momenta are given by,

TN = —aE—O T :—aE—O
MT oo M TN,
_ oL,

with K given by Eq. (3.3). After Legendre transformation, the Hamiltonian density

is given by
Nyn? 9 Nyn'
T VR
2N (N
_ 6% (W) + TNO + TN, O, (3.17)

where o and o; are the Lagrangian multipliers. Then, the Hamiltonian takes the

form,

Hz/dm?-[(:c).
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Now, the preservation of the primary constraints, 7y ~ 0 and 7y, ~ 0, gives us the

secondary constraints. By evaluating the poisson brackets we find

’/'TNIZ{?TNI, }:—’H1~0

er:{wN, }:—H2~0

Here
ﬂ-l

H = ——, 3.18
1 S (3.18)

_ 7727 2

= ——— 1L 20(°A

12 /

+ BCQN + ,6<2<N,y) (3.19)

Rearranging the Hamiltonian in terms of the constraints, we end up with

H = NHi+ NHo+7myo+ mn,01
98¢ (]X ) (3.20)

In the following analysis, we will drop the last surface term. By straightforward
calculations, we can obtain the structure functions of the constraints, which are given

by

{mwuw)} = (

{Hl(x),”;'-[g(x')} — —%5@ _ )
+ :‘;Tf;axa(x )
+ Qi §j§v Daad(a — ')
(e o
_ % (7]2\7_;2)/5(9; — ). (3.21)

Clearly, H; and Hy don’t commute with each other on the constraint surface due to

the last three terms on the right-hand side of Eq. (3.21) (all the functions on the
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right-hand side of this commutator are functions of x). In addition, we also have

2Wr(@N' @) o
( xX

{7—[2(55),7-[2(:6')} - (1= M)N(z)y(2)

Bo(NTY
- TfX<N¢)5@_m%
26¢?

{WN(:U),HQ@')} - —Waﬂgg,a(z—w')

28020, (W) Doz — )

26¢* (N :
+ N (NV) Sz — ).

So, mn and Hs don’t commute either. In this case, we need to define a new constraint
via the relation

!/

~ N
Hl - 7’[1 + ?TFN. (3.22)

As it turns out that 7:[1 commutes with both H, and 7y on the constraint surface,

and their structure functions are given by

{7%1(:6), HQ(:C')} —%5@; — ')
HQ(:E) _
+ () 0.0(x ),
{7:[1(115), 7TN($/)} = %@5@ — ),

{7'21(35),7:[1@/)} = (?;é:; + 7;;5;;) O 6(x — ).

Correspondingly, the Hamiltonian now takes the form !

ﬁ:le}:h—i-UﬂTNl—i-NHQ—l-O'?TN. (323)

Then, one can show that 7y, ~ 0 and 7-21 ~ 0 are the first-class constraints, while

7wy ~ 0 and Hy &~ 0 are the second-class constraints. These constraints are preserved

! Hamiltonian structure of four-dimensional HL theory without the projectability condition was
studied in [61], and a similar structure was obtained (See also [62]). We thank T. Jacobson for
pointing this out to us.
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under time evolution. So, the physical degrees (N) of freedom of the theory per

spacetime point is given by the formula (2.69), that is
N = Z(dimP — 2N, — N),

(6-—2%2—2)=0.

N~ N =

Here dimP means the dimension of the phase space, and N (N2) denotes the number
of first-class (second-class) constraints. It is interesting to note that N is not equal
to —1, as in the usual 2d relativistic case [59], due to the new gauge symmetry (3.5)
of the theory. It is also interesting to note that in the projectable case, the physical
degrees of freedom is also zero.

Now we proceed to the canonical quantization of the system by following Dirac
[60]. First, for the two second-class constraints 7y =~ 0 and Hs ~ 0, we can make

them strongly equal to zero,
(1) mn =0, (17) He =0, (3.24)

by simply replacing the Poisson bracket with the Dirac bracket. The first condition
is actually empty, while from the second condition, we can express N as a functional
of v and 7 by solving the equation Hy = 0, where H, is given by Eq. (3.19). The

general solution is given by

N(t,2) = No(t) exp { / N, I')dx’} , (3.25)

where Ny(t) is an integration function of ¢ only, and y(t,z) is given by Eq. (3.11).
As a result, we can drop N and 7y by going to the “reduced” phase space spanned
by (N1, 7N,;7, 7). However, the phase space can be further reduced by noting that
the first-class constraint 7, ~ 0 simply yields

—ih

7 —0
ON, ’

that is, the wave function ¢ will not depend on N; and 7my,. Then, the reduced phase

space actually becomes two-dimensional, spanned by v and 7.
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On the other hand, with the first condition (3.24), the first-class constraint H; ~ 0

reduces to H; ~ 0, as one can see from Eq. (3.22). This in turn implies
T —a(t) =0,

where a(t) = 2¢*(A — 1)K (t). Then, the corresponding Wheeler-DeWitt equation

takes the form

(—iﬁ% - a(t)) Y (y;t) =0, (3.26)

which has the general (plane wave) solution

b (7,) = et L. (3.27)

Here, L = L(t) is the gauge-invariant length, defined in Eq. (2.74),
Loo
L(t) = /L v(t, x)dx, (3.28)
where x = + L, represent the boundaries of the one-dimensional spatial space. The
integration “constant” 1y in general is a function of ¢. But, the normalization con-
dition, f_Lz‘; ih|” dz requires vy = € /(2L.), where ((t) is real and otherwise
arbitrary function of ¢ only. However, without loss of the generality, we can always

set f(t) = 0.

3.4 Summary

In this chapter, we have studied the quantization of 2d Horava theory of gravity
without the projectability condition, that is, the lapse function NN in general is a
function of both time and space, N = N(t,x). The classical solutions have been
studied in some detail and shown that the extrinsic curvature of the leaves t =
constant is always independent of the spatial coordinates. In the case of a constant
extrinsic curvature, the corresponding spacetime is de Sitter, while in the general
case, the dynamical variable (¢, x) satisfies a master equation given by Eq. (3.16).

Once v is known, the rest of metric coefficients can be found algebraically.
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Our investigation of the Hamiltonian structure of the theory shows that the system
consists of two first-class and two second-class constraints. As a result, the number
of total degrees of freedom is zero. Following Dirac [60], we have first turned the
two second-class constraints into strong ones, by requiring that they be strongly
equal to zero, from which we can express the lapse function N as a functional of the
canonical variable v and its momentum conjugate 7, so the phase space is reduced
from six to four dimensions, spanned by (N, 7y,;7, 7). But, one of the two first-
class constraints further tells us that the actual dimension of the phase space is
two, since the wave function of the system is independent of the shift vector Ny
and its momentum conjugate my,. As a result, the corresponding Wheeler-DeWitt
equation simply takes the form of Eq. (3.26) and has a plane wave solution (3.27),
in terms of the gauge-invariant length L(t) defined by Eq. (3.28). Therefore, similar
to the projectable case , this system is also quantum mechanical in nature. This is
understandable, as this system also has zero-degree of freedom. However, what is a
bit surprising is that the corresponding Wheeler-DeWitt equation simply yields the
plane wave solution.

In addition, the classical spacetimes do not play important role in the process of
quantization. In particular, it does not matter whether the classical background is de
Sitter or not, the wave function is always a plane wave solution. The only effects of
the classical backgrounds are encoded in the phase of the plane wave, in terms of the
extrinsic curvature K (t) of the leaves ¢ = constant, where t is the time coordinate,

with which the spacetime is foliated globally.
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CHAPTER FOUR
Two-Dimensional Hotava-Lifshitz Theory of Gravity Coupled with Matter
This chapter published as [63]: Bao-Fei Li, Madhurima Bhattacharjee, Anzhong
Wang, “Universal Horizons and Hawking Radiation in Nonprojectable 2d Horava

Gravity Coupled with A Non-relativistic Scalar Field,” Phys. Rev. D 96,
084006(2017).

4.1 Introduction

In this chapter, we will first generalize our studies to the case where the projectable
Hotrava-Lifshitz gravity is minimally coupled to a scalar field, which shares the same
gauge symmetry as the 2d Horava-Lifshitz gravity. Unlike the vacuum case, we find
that now the momentum constraint cannot be solved explicitly except for the case
in which the fundamental variables depend only on time. Similar to the vacuum
case, now the system can also be quantized by the standard Dirac quantization.
When the self-interaction of the scalar field vanishes, the problem reduces to two
independent simple harmonic oscillators, one has positive energy and the other has
negative energy. In the second part of this chapter, we will study universal horizons
and their thermodynamics in 2d nonprojectable Hofava gravity, coupled with a non-
relativistic scalar field. The existence of universal horizons is closely related to the
existence of a globally defined time-like khronon field ¢ [13]. Then, all the particles are
assumed to move in the increasing direction of ¢. At the beginning, universal horizons
were studied in the framework of the Einstein-aether theory with spherical symmetry,
in which the time-like aether naturally plays the role of the khronon field [64,65]. To
generalize such concepts to other theories, including Hotava-Lifshitz gravity, in which
the aether field is not part of the theory, one can consider the khronon field as a
test field [66], a role similar to a Killing vector field &,, which satisfies the Killing
equations, V&, = 0, on a given spacetime background g,,. In this chapter, we

shall adopt this generalization, and assume that the test khronon field satisfies the
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same equations as the aether field, the most general second-order partial differential

equations in terms of the aether four-velocity [67].

4.2 2D Projectable Hortava-Lifshitz Gravity Coupled with a Scalar Field

When the 2d HL gravity couples to a scalar field ¢, the total action becomes
S:SHL+S¢, (4'1)

where Sy, is the action of 2d projectable Hofava-Lifshitz gravity given by Eq. (2.4)
while S, denotes the action of the scalar field. To be power-counting renormalizable,
the marginal terms of S, must be at least of dimension 2z with z > d. Since ¢ is
dimensionless, one can see that the marginal terms are V;¢0V'¢ and a;V'¢. Then, Sg

must take the form

S, = /dtdmN\/ﬁ[% ((‘hgb)z — Qg (Vz¢)2 - V(¢)

—oquﬁviai — aggbaiviqﬁ] . (42)

Here 9, = N7 (9, — N'V,), V(¢) denotes the potential of the scalar field, and a,
are dimensionless coupling constants. Since the scalar field ¢ is dimensionless, these
coefficients in principle can be arbitrary functions of ¢. In this chapter, we consider

only the case where they are constants. Besides, in the relativistic limit, we have

(040; aq, O‘Q)GR = (1/2> 0, 0)'

4.2.1 Classical Field Equations
In the projectable case, we have a; = 0 and the last two terms in Eq. (4.2)

vanish. Then, the variations of the total action with respect to N,~, N; and ¢ yield,
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respectively,

+ (2967 + 49V (9)] } =0, (4.3)
£ N W Ry S &+ iqb’g 2V ()

v 2\y - 2 ’
(4.4)
(1) = 2o (1.5

N AW dv (o)
where ci = 20 must be non-negative in order for the scalar field to be stable, and

= L 4.7
A= o

Note that in the vacuum case v is a function of ¢ only, as shown previously.
However, because of the presence of the scalar field, now it is in general a function of
both t and x. To compare it with the vacuum case, in the following let us consider the
case 7 = yo(z)7y(t) only. In fact, as to be shown below, this is also the case where the
corresponding Hamiltonian constraint becomes local, while the momentum constraint
can be solved explicitly.

Setting v = o(x)y(t), from Eq. (4.5) we can choose that ¢ = ¢(t). Then, Egs.

(4.3), (4.4) and (4.6) reduce, respectively, to

/d:c {Z—i + 8C2Ay + 2v¢* 4 44V (¢>)} =0, (4.8)
(%) 4 % (3) vok = (82— 2V (9)), (4.9)
(7925)' + vd‘;—;@ = 0. (4.10)

To solve the above equations, we further assume that V(¢) = A = 0. Then from

Eq. (4.10), we know

b= —- (4.11)



here ¢ is a constant. Combining with Eq. (4.9), we derive an equation for ~y(t)
1

(1) = 53(0)° = K. (4.12)

One of the solutions can be easily obtained, and is given by

Ky
2
2¢37

o(t) = \/garctan (\/%W) + ¢, (4.14)

where ¢, ¢; and ¢; are constants. In order to make our solution consistent with the

Y(t) = (co+ert)’ + (4.13)

integral constraint (4.8), we require (¢, ) to be an odd function of z, so that the
integration of  over the whole interval = € (—o00, 00) vanishes. Keeping this in mind

and then using the residual gauge freedom, we find the metric takes the form,

ds® = —dt* + (£ + e,t?)” da?, (4.15)
here €, = sign(k), and
k|45
2= : 4.16
s 2ci ( )

Following what we did in Chapter I, we can derive the extrinsic curvature K, Ricci

scalar R, and the components of the tidal forces, given respectively by

t 2cit
K = ——R=-——"1— 4.17
2 2 + €12’ (4.17)
2c2
Emoy = —Roo =g 2 (4.18)

Therefore, the singularities of the spacetime are determined directly by the signs of
k. In particular, if A < 1, the spacetime is free of space-time singularities. For A > 1,

on the other hand, there is a curvature singularity located at
t = *+t,. (4.19)

The corresponding Penrose diagrams are given in Fig. 4.1.
It should be noted that, instead of imposing the condition that ~ is an odd function
of x, we can set the integrand of the Hamiltonian constraint to zero. But, this will

require ¢; = 0, and the corresponding space-time is flat.
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(a) (b)

Figure 4.1: (a) The Penrose diagram for the solution (4.15) with A < 1 (or x > 0), in
which the whole space-time is free of space-time singularities. (b) The Penrose diagram for
the solution (4.15) with A > 1 (or x < 0), in which the space-time is singular on t = +t,,

denoted by the thick solid curves CED and CE'D. Thus, in this case the two regions [
and I’ are causally disconnected.

4.2.2  Hamiltonian Structure and Canonical Quantization
When coupling with the scalar field, the Hamiltonian and momentum constraints

become

2

_ Ty 2., 7o

12
400 +7V(¢)} , (4.20)
/ (ZS/
H, = _% + 7?;2 : (4.21)

here 74 denotes the canonical moment conjugate to the scalar field ¢. Similarly, the

Poisson brackets of the two constraints are given by

(H(x), 1y ()} = H(z")o,(z — ) N TH10(x — x’)’

v2 (") C2(1— )
(Fa(o) Pa(a)) = AT
. )T r—2a
i ok O —a') 725( ).

(4.22)

For the non-local Hamiltonian constraint we also find

{ / deH (), / dx/H(xf)} 0, (4.23)
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as long as m4¢'/7? vanishes on boundaries.
In the rest of this section, we only consider the quantization of the system for the

case

¢ =0=r, (4.24)

in order to compare with what we obtained in the pure gravity case. As a matter
of fact, this also makes the problem considerably simplified and become tractable.

Under the above assumption, the Hamiltonian constraint reads

2L L2

H(t) = TN +2AC%L + -+ LV (¢) ~ 0. (4.25)

It must be noted that in writing down the above expression, we performed the spatial

integration and used the fact that
o =70, (4.26)

with the gauge choice N = 1 and N; = 0. On the other hand, from the canonical

relation
{o(),m5(y)} = 6(z —y), (4.27)

we can integrating both sides with respect to the spatial coordinates x and y, and

then use Eq. (4.26) and the constraint ¢ = ¢(t), to obtain

{o(t), L(d()} = 1, (4.28)

which enables us to identify 74 as m, = Lé. Now making this substitution in the
Hamiltonian constraint (4.25), we find the Hamilton with two discrete physical degrees

of freedom, L and ¢, takes the form

2 2

L oan+ T2y L), (4.29)

H(t) = AC2(1—\) 2L

Thus, the Wheeler-Dewitt equation now reads

H(t)U(L, ¢;t) = 0. (4.30)
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If we further assume that the potential of the scalar field can be ignored, V(¢) ~ 0,
we are able to find solutions to Eq. (4.30) by separation of variables. In this case,
assuming

U(L,¢) = X(L)Y(¢), (4.31)

we obtain two independent equations

Y"(¢) +mY (¢) = 0, (4.32)

) X(L) = 0. (4.33)

m

u
2V AL

[L7*] X(L) + (;LQL + €y

here [L7?] means some specific ordering of L and 7, m is an undetermined parameter,
1 is given as in the pure gravity case, and €, is one for A < 1 and negative one for
A > 1. Just as in the pure gravity case, there are three different orderings, which will

be considered below, separately.

4.2.2.1. : 72L: = L#2 In this case, the Hamiltonian constraint reads
L*X" — (ezp’L* + k°) X =0, (4.34)

where k? = 2e,m(2[1 — A and €; is defined in Sec. 2.4.1.1. For A > 0, the general
solution is given by the linear combination of the modified Bessel functions of the

first and second kind, denoted by I, and K, respectively, that is

Here v = /1 + 4k?/2. Generally, this wave-function is not normalizable with respect
to the measure dL/L in the interval (0,400). However, if |Re(v)| < 1/2, we have

normalized function as

1 4
Xnorm = — Ky Lu) . 4.36
7 \/ sec (mv) (L) (4:36)

In this particular case for —1/4 < k* < 0, depending on the value of A\, m can

be either positive or negative. In both cases, in order to have a normalizable wave
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function (4.31), we need to restrict the domain of ¢ to some finite region, for example
(0,27), then it would be straightforward to normalize Y (¢) from Eq. (4.32) in that

finite region.

For A = 0, the solution is given by
X = VL (ALY + A L7Y), (4.37)
while for A < 0, we find
X = VL (ByJ,(uL) + ByY, (uL)). (4.38)

Here v is defined as in the case A > 0. None of these two wave functions are normal-

izable with respect to the measure L™'dL in the interval (0, +00).

4.2.2.2. . m?L: = #L# In this case, we have
LPX" + LX'— (e°L* + k*) X = 0. (4.39)
Thus, for A > 0, the general solution is given by
X = C1 i (Lp) + CoKy(Lp). (4.40)
Again, for 0 < k* < 1/4, we have the normalized function X (L) given by
1 4

Xnorm = —
7\l sec (7k)

Ky (Lp) - (4.41)

The same discussion from above applies to Y (¢).

When A = 0, its general solution is
X = A LF + A L7F, (4.42)
while for A < 0, it is given by
X = ByJy(pL) + BoYy(puL). (4.43)
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It can be shown that none of these two wavefunctions are normalizable in the interval

(0, 4+00).

4.2.2.8. :w®L : = w2L In this case, we have
LPX" +2LX" — (e’ L* + k%) X = 0. (4.44)
Then, for A > 0, we find
X =Crjy1po(—iLlp) + Coy_,_1/2(—1Lp), (4.45)

here j,, y, denote the spherical Bessel functions of the first and second kind. When

A =0, we find that
X =L"?(AL"+ A, L), (4.46)

while for A < 0, we have
X = Cijy-172(pL) + Coyp—1/2(pL). (4.47)

It can be shown that in this case none of these wave functions are normalizable with
respect to the measure LdL in the interval (0, +00).

Just like in the pure gravity part, in the L(t) = 0 case, we can again assume
v(t,x) = 4(x)y(t), then requiring 4(z) to be an odd function, in this condition, the
constraints (4.3) and (4.5) are automatically satisfied, then from the equations of

motion (4.4) and (4.6), we are able to deduce the corresponding Lagrange

J 2 . ~
L= % + 2k70% — AAy — 4KV (), (4.48)

Here p is the canonical momentum conjugate to 7, P is conjugate momentum to ¢.

After Legendre transformation, the Hamilton reads

2 2
p <

H="~y+—+4Ay + 41V 4.49
17 8m+ v+ 4kyV(9), (4.49)

which has the similar form as the Hamilton constraint (4.29).
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4.2.8  Two Interacting Simple Harmonic Oscillators
Similar to what we have done in the pure gravity case, we can also treat the
Hamilton given by Eq. (4.29) as consisting of harmonic oscillators. To this goal, let

us first make the transformations

L(t) = wi(t) —ua(t),

o) = V22(A— 1) ln (ylt y(t)), (4.50)

for which we are able to convert Eq. (4.26) into the form

L= sm| (- w) — (- 93)
_‘/e(ylayQ)? (4-51)
but now with
A
m=8(1-\¢% W= TSR
Ve (y1>y2) (yl - yz) V(¢<yb yz))- (4-52)

Clearly, Eq. (4.51) describes the interaction between two simple harmonic oscilla-
tors, one with positive energy and the other with negative energy. Thus, in order for

the system to have a total positive energy, the interaction between them is important.

4.8 2D Nonprojectable Horava-Lifshitz Gravity Coupled with a Scalar Field
For the nonprojectable case, the gravitational action of Hotava-Lifshitz gravity is

given in the last chapter by Eq. (3.2) which is
Sy = g?/dt dz N7y [(1 — N)K? — 2A + Baja'], (4.53)

where a; = (In N)’, and

1 (4% N Ny
K=—- (1——1+ 1]) (4.54)
Y

95



with 7/ = 0v/0x, etc. On the other hand, the action for a non-relativistic scalar field

takes the form,

S, = /dtdzN\/_{ (8l¢) —Oéo(vi¢)2

—V(p) - f(¢)R}, (4.55)

where 9, = N1(9; — N'V;), o is a dimensionless coupling constant. In the rela-
tivistic case, it is equal to 1/2. The function f(¢) is arbitrary and depends on ¢ only,

and R denotes the Ricci scalar of the 2d spacetimes. The total action is

S =SuL+ S, = C2/dt dx N\/gL. (4.56)

4.3.1 Hamiltonian Structure

The 2d spacetimes are described by the general metric
ds® = —N2dt* + 4 (dz + N'dt)?, (4.57)
subjected to the gauge freedom (1.18), where N, N! and ~ are in general functions of

t and z. To be as much general as possible, we shall not impose any gauge conditions

in this section. Then, in terms of N, N7 and ~, the matter action takes the form

. i Nl(b/ Qo o
S, = / dtdz N~y {2N2 (¢> ) - 36
—V(9) = F(O)R }, (4.58)
where
2 N\’
= — H — [ —
R No {5’#(N7n K) ( > > ] . (4.59)
Here n* = N~1(1,—N"!) denotes the normal vector to the hypersurfaces ¢ = Constant.
Then, we find
N oL N oL
YT oav T M T oaN,
oL ,¢'> ,¢>’N1
oL ¢
= Ni—) +2f 7K. 4.60
R (AR EORLTE (4.60)
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After a Legendre transformation, it can be shown that the Hamiltonian can be cast

into the form

N\
Ho=NH+ NH' — 28 (7> : (4.61)
where
o T T 4.62
Yoo (4.62)
Tem (A —1)m, 9
H = — + K+ (1-\MK
2f/ f/ ( ) ry
/2 2
+2A7+0z0¢— 7 (E - 2f’K)
Y2\
V() — 2 (f ¢ )
5
N/2 N/ !
O + 28 (M) | (4.63)

Here K can be expressed in terms of the canonical fields and their momenta

oy +2f'm
Ay —2y(1 =)

(4.64)

A straightforward evaluation of poisson brackets between momentum constraints

shows

[t a) H @) ) = (Hl(“”/) + Hl(’”)) Do — o), (4.65)

V) ()

which is the same as in the pure gravity Eq. (3.21). The poisson bracket between H
and H! will not vanish on the constraint surface because of the terms related to the
lapse function N in the Hamiltonian constraint H. Therefore, we need to redefine
the momentum constraint by adding a term proportional to the primary constraint

7, which generates the diffeomorphisms of N,
H =N+ EQ/TN. (4.66)

Y
In principle, one can also add a term generating diffeomorphisms of N;. However, in

the present case, since the Hamiltonian constraint doesn’t depend on Ny, this term
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is not mandatory. In terms of H!, the structure of Eq. (4.65) will not change, while

one can show that H' now commutes with # on the constraint surface,

{7:[1(1'),7‘[<£L'/)} = — <4c7r + Ql;ﬂ) H (2)6(x — ')
:’;8 0,6(x — ). (4.67)

Here ¢ = —a/2 — 26%0% and b = ag(28 — 1) — 5[l + 2a(1 — N)], where a™! =
4€2 +2(A—1). Note that in writing down the above expression, we had set f(¢) = ¢
for the sake of simplicity. Thus, the total Hamiltonian of the coupled system can be
written as

/Ht:NH—f—Nl/)f[l—i-O'?TN—f—UlﬂNl. (468)

For this coupled system, there are two first-class constraints H! and TN, and two
second-class constraints H and 7.

Note that no other constraints will be generated by the EOM of the said four
constraints because the secondary constraint 7! will not give rise to any tertiary
constraints due to Eqgs. (4.65) and (4.67), while on the other hand the preservation of
‘H will only produce two differential equations for the lapse function N and Lagrange
multiplier o since H is a second-class constraint. Thus, the Dirac procedure of finding
all the constraints in the Hamiltonian formulation terminates at the level of secondary
constraints, and the physical degrees of freedom in the configuration space is one which
is due to the introduction of the scalar field into the whole system, while in the pure

gravity case it is zero as shown in Eq. (3.24).
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4.3.2  Field Equations
The variations of the total action S with respect to N, Ni,~ and ¢, yield, respec-

tively,

BN/Q
(1—A)7K2+26< 7) - N +v(2A + V)

; N1¢ 040¢/2
* v (¢‘ >+T

2K . B f/¢,N1) B <2f/¢/)/:
.2 i (fm T 5 0,

2(1 — )\)K & ((15 B N1¢’)
g TV 7
2K <2f’¢ B 2f’¢>’N1>

(4.69)

g Nry N3
v <f'q‘w f "ZIN ) —0, (4.70)

. NlK/ NK2 5N/2
20 =N ( K — —
( )( T 2 ) N2

; N1¢/ 2N1¢/ ] N1¢/
a5 (5

— N@2A+V)
+ 2f’¢/ﬁ; + 040<Z5/2EQ — 2K (f’é - fl¢/2N1)
Y 8 8
(2 2f N
N~ N~2 .
-2 (f oy f’¢’&)
4N17I
e (e )

(2 wene)
N2 N4 -

(4.71)
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6 Mo\ (Mé N\ (N
N o Ny ). Ny  N»? "\
+NAV! = 2f" gy K + 2(f'vK) + 2 f”gb’M

—2 (f/N1K> + 2f”¢’£ —9 (fINI> = 0. (4.72)
g o g

Here f'(¢) = df(¢)/d¢, etc. Note Eqs. (4.69)-(4.72) hold for any function f(¢).

4.4 Stationary Spacetimes
In this section, we will study stationary spacetimes of the 2d Horava gravity
coupled with a non-relativistic scalar field, presented in the last section. Setting all

the time derivative terms to zero in Eqs. (4.69)-(4.72), and

f(9) =&, (4.73)

where ¢ is a constant, we find that

N/ / ﬁNQ N2¢/2
1= MyK?+2 L
( P+ 26 (NV) " N2y " 2N273
g 2KE9'Ny
N~y

_ (2?5')/ _0, (4.74)

+

+v2A+V) —

21— NK' Ny¢? . WP K
g N3 g
26/ N1\ 284"y N,
N73 N,-)A

— 0, (4.75)

N- K/ N K2 N/2 N2 12
QG_M(l B ) BN” 3NPO

~2 2 N N~2 2N~4
N N K N’
+ apd? 5 + A€ —— + 269/ —
7 v 7
26N Ny
73
CAYONE (AN
N~P5 N4 ’

—NQ2A+V)+

(4.76)

60



(Nf@b') — 20 <Nf> NV

N~3
—2¢ (NlK) — 2 (ﬁ) = 0. (4.77)
gl v

4.4.1 Diagonal Solutions

When the metric is diagonal, we have
Ny =0, (4.78)

so the extrinsic curvature K vanishes and Eq. (4.75) holds identically, while Egs.
(4.74), (4.76) and (4.77) reduce, respectively, to

25 (I/// . V/M/) + BV/Q - 2£ ((b// . ¢/M/) + a0¢/2

= —(V +20)e, (4.79)

B — 2V — apg® = —(V + 2A)e?, (4.80)
2 <u” Iy V’//) + a0 (¢ — @i + V')

= eV, (4.81)

where v =In N and p = In~.

It should be noted that static diagonal solutions were studied recently in [68] with
A = 0 = £ However, comparing the above equation (4.79) with Eq. (12) given in [68],
it can be seen that the second-order derivative term v” (or N”) is missing there. This
is because, when taking the variation of the total action with respect to IV, the authors
of [68] incorrectly assumed that a; is independent of N. Unfortunately, as a result, all
the solutions resulted from Eq. (12) given in [68] in general are not solutions of the
field equations of the 2d Horava gravity coupled with a non-relativistic scalar field.

Using the gauge freedom given by Eq. (1.18), without loss of the generality, we
can always set u = —v, that is

=e". (4.82)



To solve Eqgs. (4.79)-(4.81), let us further consider the case where V' = —2A, so that

Eqgs. (4.79) - (4.81) reduce to

25 (1// + l//2> + ,6Vl2 _ 25 (¢// + qb,l/,)

+ apd? =0, (4.83)
B — 26V — g = 0, (4.84)
V2% 4 % (6" +20/¢)) = 0. (4.85)

Then, from Eqgs. (4.83) and (4.84) we find that

V' 4 2% — % (¢" +20¢') = 0. (4.86)

Thus, Eqgs. (4.85) and (4.86) show that there are two possibilities,

(i) aoB + € £ 0;  (id) aoB + €2 = 0. (4.87)

4.4.1.1. apB+E*#0 In this case we must have

V' 2% =0, (4.88)
¢// _I_ 2yl¢/ — O’ (489)
which have the solutions
N = \/ Col' + Cl,
¢ = ¢oln(Cox + Cy) + ¢, (4.90)

where C; and ¢; are the integration constants. Without loss of the generality, we can

always set Cyp = 1, so the metric and scalar field finally take the form

d2
ds* = —(x —xo)dt* + ° ,
r — g

¢ = ¢oln(z— o)+ ¢, (4.91)
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where xqg = —C. Clearly, the scalar field is singular at © = xg, so is the corresponding

spacetime.

4.4.1.2. g8 + €% = 0 1In this case, there are only two independent equations
which are Eqs. (4.84) and (4.85). Now if substituting the relation ag = —£2?/f into

these equations and defining a new constant k = £/, one can easily arrive at

V? = 2501V + K297 = 0, (4.92)

V' + VP — ke — K% = 0. (4.93)

The first equation tells us that v” and ¢ are linearly dependent, that is

§

v=5(6— ), (4.94)

which also makes the second equation hold identically, where ¢y is a constant. There-
fore, in the current case for any chosen ¢, the solution (4.94) will satisfy the field

equations (4.83)-(4.85). The corresponding metric takes the form

2¢(¢—90) 2¢(¢—99)

ds> = —e 7 dt’4+e 7 di? (4.95)

for ag = —£%/.

4.4.2  Non-Diagonal Solutions
In this case, using the gauge transformations (1.18), without loss of generality, we

can always set

v =1, (4.96)

so the metric takes the form

ds® = —N*(z)dt? + (dz + h(z)dt)*. (4.97)
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Then, Eqs. (4.74)-(4.77) reduce to

AN 12 2 112
(1-NK?+28 (%) + 6]]\\[[2 + 20+ V(9) + 252
+ o — @ — 269" =0, (4.98)
, he”? ' 28’
2(1 = K’ — N +2§¢K—< i ) =0, (4.99)
NK2 N/2 3h2 /2
STNY (AR PR
— NQA + V) 4+ ¢ N + 464’ hK
+ 26/ N' + 260 ¢'h — (%%hz) =0, (4.100)
h‘2¢/ ' \/ ! ! 1
( ¥ ) —2ay(N¢') + NV' —2¢(hK) —26N" =0,
(4.101)
where
K = u 4.102
=+ (4.102)

To solve the above equations, in the following we shall consider some particular cases.

4.4.2.1. N(x) =1 In this case, let us first consider the solution with ¢ = ¢y,

where ¢ is a constant. Then, from Eq. (4.98) we find that
h?= (4.103)

where A = A + V(¢o)/2. The above equation has the solution

~

h(z) ==+

= +nx. 4.104
1% nx (4.104)

It can be shown that in this case a killing horizon exists, located at xxy = 01
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4.4.2.2. £ =0 When £ =0, Egs. (4.98)-(4.101) reduces to

I\ 2 AN /
(1—)\)<£> +26(£>+6N2+f/

N N N2

h2¢/2
= 4.1

o =0, (4.105)
h// h/N/ h¢12

202 (N‘W) TN T

" N 12 N/2 /2

21— (1 HNT WP BN? 3k

N N2 2h N hN 2N

T % (a0¢’2 - V) =0, (4.107)

(hjf/) —2a9(N¢') + NV' =0, (4.108)

+ o +

0, (4.106)

where V =V 4 2A. To solve the above equations, let us consider the case
N=h, V=0, (4.109)

for which the above equations reduce to

2B (1= A+ B = — +220‘0 @2, (4.110)
2(1 — A" = ¢, (4.111)
21—\ —(L=X+pB)W"° = %qﬁﬂ, (4.112)
(1 —2a0) (e"¢) =0, (4.113)

where v = In N. To solve the above equations, let us consider the cases ap = 1/2 and
ap # 1/2 separately.
Case B.2.1) ayp = 1/2: This is the relativistic case, and Eq. (4.113) is satisfied

identically, while from Eqgs. (4.110) and (4.112), we find
(1= X+ 30" =0. (4.114)

If A # B+ 1, it can be shown that the above equations have only the trivial solution
in which v and ¢ are all constants. On the other hand, when A\ = g + 1, Eqgs.

(4.110)-(4.112) reduce to a single equation
200" = —¢, (B=X—1). (4.115)
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for the two arbitrary functions v and ¢. Again, similar to Case A.2 considered in the
last subsection, the solutions are not uniquely determined. In fact, for any given ¢,

the solution
/ / ¢ (x")dx" + Cyx + C, (4.116)

will satisfy the field equations (4.110) and (4.112), where C and Cj are two integration
constants.

Case B.2.2) ag # 1/2: In this case, from Eq. (4.113) we find
¢ = Coe™, (4.117)
where Cj is another constant. Substituting it into Eq. (4.111), we obtain
NN"—N?+D =0, (4.118)

where D = CZ/(2(A — 1)). The above equation has two particular solutions

1 D
N _ Ci(z+C2) = —Ci(z+C2) 411
Np(z) = L6_01(“02) - 2601(”02) (4.120)
2012 2 ’

where C and Cy are two integration constants. Correspondingly, the scalar field ¢ is

given, respectively, by

_ 2 (22 4121
o) = g5t () e
op(r) = \/%tanh_l (01\/560@2“)). (4.122)

4.5  Universal Horizons and Hawking Radiation
In this section, we shall consider two issues, universal horizons and the correspond-
ing Hawking radiations. As a representative case, we shall focus on the solution given
by Eqgs. (4.97) and (4.104) with N = 1. Without loss of the generality, we consider
only the case with “-” sign, that is
ds* = —dt* + (dx — nxdt)”
= —(1—n’2%) dt* — 2nadtdx + da?, (4.123)
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where —oo < ¢,z < oo. The corresponding inverse metric is given by
gt =—1, ¢ =—-nx, ¢ =1-—n*? (4.124)

which is non-singular, except at the infinities + = +o0o. The latter are coordinate
singularities, similar to the 4d de Sitter space. In fact, the extrinsic curvature and
2d Ricci scalar are all finite, and given by —n and 2n?, respectively. However, there
exist two cosmological Killing horizons located, respectively, at xxy = £n~!. Similar
to the 4d de Sitter space, the time-translation Killing vector, £ = 6, is time-like
only in the region ? < z% . In the regions x? > 2%, the Killing vector becomes
spacelike, and only in these regions can the universal horizon exist, as the latter is
defined by [13],

(&-u)=0. (4.125)

Since the four-velocity u of the khronon field is always time-like, Eq. (4.125) has
solutions only when ¢ becomes spacelike, which are the regions in which z? > 2%,
holds.

To see the difference between the physics at Killing horizons and that at universal

horizons, let us first consider Hawking radiation at the Killing horizon.

4.5.1 Hawking Radiation at the Killing Horizon

As shown in [69], at a Killing horizon only relativistic particles are radiated quan-
tum mechanically. So, in this subsection we consider only the relativistic limit in
which the dispersion relation of radiated massless scalar particles satisfies k% = kyk* =

0. Considering only the positive outgoing particles, k; = —w < 0, we find

. whxl)

b = 1—h2 "’

(4.126)

which is singular for & at the Killing horizon at which we have h (xxy) = 1. Then,
from the following formula [69],

w

iy 4.127
T (4.127)

2ImS = Im?{k?{dx =
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we find that
W(zkm) n

Tkg = — P (4.128)
where xx = —n~!. On the other hand, the surface gravity at the Killing horizon is
given by [11]

1
o =\ (D) (D)
= (4.129)

where D,, denotes the covariant derivative with respect to the 2d metric g,,, and
X" = 6" is the timelike Killing vector. Therefore, the standard form

RKH
T = — 4.130
KH 27T 9 ( )

holds.

4.5.2  Universal Horizons and Hawking Radiation
The existence of a universal horizon is closely related to the existence of a globally

defined timelike scalar field ¢ [13,66],

_ auSO
b /P05

where the equation of ¢ is given by the action [58]

u

uyut = —1, (4.131)

S, = /dtde’y [%F“ﬁFag + Ko (Dau®)?
o (uCug + 1)} , (4.132)

where I3 = Dyug — Dgu,, o is a Lagrange multiplier, and k9 are two coupling
constants. It should be noted that the action (4.132) remains unchanged under the
transformations

o = F(9). (4.133)

where F() is a monotonically increasing or decreasing function of ¢ only. In the
following, we shall use this property to choose F(¢) so that dy is along the same

direction as dt in the regions we are interested in.
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Under the background (4.123), we find that the equations of motion are given by

k1(1 —n*2®)uf — oug = 0, (4.134)
rinzuy + ka(u')’ —ou; = 0, (4.135)
ug + 2nzuouy — (1 — n*x*u? —1 = 0. (4.136)

Generally, these coupled non-linear equations are difficult to solve. One simple solu-
tion can be obtained when x; = 0, in which we find cug = 0. Since uy # 0 we must

have o = 0, and Eqs. (4.134)-(4.136) have the solution *

0 neu' —/G(x)

u = 1 u =cr+d,
G(x) = (¢ —=n®)2”+2cda+ (d*+ 1), (4.137)
or inversely
Up = — G(l’),
— d
v = (cx + 2) ;i— nx\/G(x)’ (4.138)
néxt — 1

where ¢ and d are two integration constants. In asymptotically flat spacetimes, these
two constants can be determined by requiring that [64,66]: (a) it be aligned asymp-
totically with the time translation Killing vector; and (b) the khronon have a regular
future sound horizon. However, the spacetime we are studying is asymptotically de
Sitter, and these conditions cannot be applied to the present case. Instead, we shall
leave this possibility open, as long as it allows a globally defined khronon field ¢.
Since only the latter is essential for the existence of the universal horizon, as ex-
plained previously in the Introduction Sec. 4.1. Then, one may ask what is their

physical meanings. To see these, let us first calculate the quantity

Vaug = €SaSp + CliaSp, (4.139)

1 Eq. (4.136) is a quadratic equation for ug, so in general it has two solutions. In the following
we shall consider only the one with the minus sign, as the one with the plus sign will give the same
results.
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where
xn? — c(cx + d)
V14 (cr +d)2 — a2

Thus, c is directly related to the expansion of the aether. In fact, we have 6 =

¢ =

(4.140)

g*"V,ug = c. On the other hand, assuming that the aether is moving alone the
trajectory x# = z#(7), where 7 is the proper time measured by aether, from Eq.
(4.137) we find

= =d 4.141
Y dr |._o ’ ( )

that is, the parameter d is directly related to the constant part of the velocity of the
aether.
In order to have the solution (4.137) well-defined for all the values of x € (—o0, 00),

we must assume that G(z) > 0, which yields
> (1+d%) n. (4.142)

On the other hand, the universal horizon is located at [13], (u-§) = —/G(z) = 0.
Since G(z) > 0 for x € (—o0, 00), we must have [70],

G (zun) =0, dc;f) — 0, (4.143)

T=TUH

at the universal horizon x = xyg. Inserting Eq. (4.137) into the above equations, we
find that

V1 + d?
c=enV1+d?, xyg=—c. 77; , (4.144)

where €. = Sign(c). It is interesting to note that the above solution for ¢ saturates
the bound of Eq. (4.142). We also note that

1

as expected.
On the other hand, from Eqs. (4.131) and (4.133), we find that the khronon field

takes the form

o =t+ f(z), (4.146)
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Figure 4.2: The curves of ¢ = Constant. In this figure, we choose ¢, =1, d =1, n = /2.
The universal horizon (dotted vertical line) is located at zyy = —1, and the black vertical
line denotes the location of the cosmological Killing horizon located at zx g = ——

ﬁ'
where we had chosen F = —p, and dropped the tilde from ¢ for the sake of simplicity,

without causing any confusions. The function f satisfies the differential equation

oy ul—nay/G(z)
fl(z) = W ot (4.147)

In Fig. 4.2, we show the curves of Constant ¢, from which it can be seen clearly
the peeling behavior of the curves of constant ¢ at the universal horizon, while these
curves are well-behaved across the Killing horizon.

From Eq. (4.137), we can construct a spacelike unit vector s, = 305Z+315 &> which

is orthogonal to u*. It can be shown that s, has the non-vanishing components

so = —(cx+d),
1
nzu' — \/G(x)
S1 7721‘2 1 (4148)
Then, we can project k* onto u® and s*, and obtain
ko = (k-u) = —wu® + kyu',
ks = (k-s) = —wuy — kyuy. (4.149)

To proceed further, we need to consider the aether four-velocity u, in the regions

x > xyy and © < xyp, separately. In particular, €, is set to unity in Eq. (4.144)
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which leads to the solution

Uy =

Uy =

—|dnz + vV d? + 1],
d,
Vd? +1,

nvd?+ 1z +d,

B d
and +Vd2 +1’
1

——In (nxd—i—\/dQ—i-l),
n

(4.150)

for e>xy . When <y, we find that uy and u' remain the same while u°, u,, f’

and f are changed to

22V A2 + 1+ 2dnz + Vd? +

o= n?x? —1
- _ 2nzv d?+ 1+ dn*2® +d
n?x? —1 ’
. 2nx
znd + \/6127 1 —x2n?’
7
. %m (dxnlt ijvf ) (w<zm). (4.151)

At the universal horizon, similar to the (3+1)-dimensional case [69], relativistic

particles cannot be emitted in the form of Hawking radiation. Thus, in the following

we consider only the particles with the following non-relativistic dispersion relation

[69]

k‘4
k —k2+a2

et (4.152)

where as is a dimensionless constant of order one, and kg is the cutoff energy scale.

For k < ko, the particles become relativistic. Then, from Eq. (4.149) we find

ku

ko

1
= ——(kou' —w),

U

1
= ——(wul —+ k‘s) (4153)
Uo

72



Combined with the dispersion relation (4.152), we find that ks has a simple pole at
the universal horizon * = zyy with ug(zyy) = 0. Thus, we assume that near the
universal horizon we have

ky = ———2, (4.154)

where b(z = zyy) # 0. To calculate the temperature given by Eq. (4.127) but now
at the universal horizon, in principle we only need the Laurent expansion of k, in the
neighborhood of the universal horizon. Setting ¢ = x — xy g, for the special case given

by Eq. (4.150), we find

uy = —dne,

1
ut = —3 +envd? + 1,

b(z) = by+bie+ O (),

bo 1 /w b1
ky = ——+-—+—= 1), 4.155
(24 o) o) (4155)
for x > xypy, where
ko

by = £——

0 \/(I_Qd’
by = nd*w—ndbyvd?+ 1. (4.156)

When z < zyy, the Taylor expansions of u! and b(x) remain the same as in Eq.

(4.155) while vy and k, are changed to

ug = dne,

bg 1 w bl
ke = —s+-|—+== 1 4.157
o= et (o) oW, (1157

Correspondingly, with the help of dispersion relation Eq. (4.152), one can show

ko
by = +—
0 Jazd’
by = —nd*w—ndbyvd2 + 1. (4.158)

In order to figure out the temperature at the universal horizon, one needs to analyti-

cally continue the radial momentum k, to the complex plane, combining Eqgs. (4.155)
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and (4.157), it’s easy to conclude that, by setting z = zyy + €€, for 6 € (0, 27)

b 2% bV 1
hp— 0 W v (4.159)
772(12626229 7’]6610 7’]d€

Then, using Eq. (4.127)

w 4w
—:Imj{kj{dx:—, 4.160
Tkn n ( )
from which we find that
n
Ty = —. 4.161
o= L (4.161)

The surface gravity at the universal horizon is given by [13] 2

1
kun = ~Da(u-¢) = 2, (4.162)
2 2
from which we find that the standard relation
Ty = 0H (4.163)
21

is satisfied at the universal horizon. This is similar to the (3+1)-dimensional case
[69,71,72]. For more general case with the dispersion relation

2z n
k
2 2 S
ki =k E a, <_k50) : (4.164)

n=0

it can be shown that the (3+1)-dimensional results [69]

9 fi’[ZJEHQ 2(z—1) KUH
T =~ = . ( o ) (4.165)
can be also obtained.
4.6 Summary

In this chapter, 2d projectable Hotava-Lifshitz gravity is coulped minimally to a

scalar field, the momentum constraint of this coupled system can be solved only in

2 It should be noted that xy g given by Eq. (4.162) can also be obtained by considering the
peeling behavior of the khronon field ¢ given by Eq. (4.146), as it was done in [71].
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the case where the fundamental variables are functions of time only. In this particular
case, the quantization of the coupled system can also be carried out by the standard
Dirac process. However, when the system is written in terms of two simple harmonic
oscillators, one of them has positive energy, while the other has negative energy,
whenever their interactions are ignored. The total energy of the system is always non-
negative, provided that the expectation values of the gauge-invariant length operator
L for any given physical state |ni, ns) must be non-negative. For the case when 2d non-
projectable Horava-Lifshitz gravity is coulped non-minimally with a non-relativistic
scalar field, the Hamiltonian structure of this coupled system is very similar to that
of pure gravity case. There exist two first-class constraints and two second-class
constraints (The combinations of two second-class constraints will generate two global
first-class constraints which account for global time reparametrization symmetry of
Hofava gravity as first pointed out in [61]). Therefore, the local degrees of freedom
is one due to the presence of the scalar field.

We also found diagonal static solutions for the couplings f(¢) = £¢, and showed
that Killing horizons exist in such solutions, but the scalar field turns out to be
singular at these Killing horizons. For the non-diagonal stationary solutions, when
the lapse function and the spatial metric component g;; are set to one, we found that
the solutions represent black holes, in which both Killing and universal horizons exist.
At the Killing horizon, the temperature of Hawking radiation is proportional to its
surface gravity defined as in the relativistic case [cf. Eq. (4.129)] [11].

To study locations of the universal horizons, we first considered a test timelike
scalar field in such a fixed background [66], and found solutions of the test field,
whereby the universal horizons located at x-u = 0 were found. By using the Hamilton-
Jacobi method [69], we calculated the temperature at the universal horizon, and
found that it is proportional to the modified surface gravity defined by Eq. (4.162).

For z = 2 of the dispersion relation (4.164), the modified surface gravity given by

5



Eq. (4.66) satisfies the standard relation with its temperature, Tyg = kyn/(27),
similar to the (3+1)-dimensional case [71,72]. But, in more general cases, both of
them will depend on z, as shown by Eq. (4.165), although the standard relation,
Ti7 = wir /(2m), is still expected to hold [73,74).

The results presented in this chapter show clearly that the existence of univer-
sal horizons and their thermodynamics are independent of dimensions of spacetimes
concerned. Therefore, the 2d Hotava gravity provides an ideal place to address these
important issues, which often technically become very complicated in higher dimen-

sional spacetimes.

76



CHAPTER FIVE

Conclusions and Outlook

This dissertation is mostly centered around the topic of low dimensional Horava-
Lifshitz theory of gravity. I have studied both the projectable and nonprojectable
versions of the theory. Although Hotrava-Lifshitz gravity is not trivial in 1+1 di-
mension, from the Hamiltonian formulation of the theory, I find there is actually no
local degree of freedom which makes the quantization of the theory easy to handle.
The difference between two versions of the theory mainly lies in the behavior of the
constraints. In the projectable case, since the lapse function only depends on time,
there is only integral Hamiltonian constraint which can be directly solved to yield
Wheeler-Dewitt equation. While for the nonprojectable case, the Hamiltonian con-
straint become both local and second-class, so one has to find the solution of the
Hamiltonian constraint and its accompanied Lagrangian multiplier in order to show
the theory is self-consistent. Later, I have considered the interactions between matter
sector and the low dimensional gravity. It turns out that the constraint algebra will
not be altered except the contributions from the scalar field should also be added
into the constraints. In the special case when the nonminimal coupling is taken into
account, universal horizon has been found from the classical solutions.

As a matter of fact, there are at least three approaches for the quantization of
a theory, the covariant approach which turns to the perturbation expansion of the
fields on the background of classical solutions (usually Minkowski spacetime), the
canonical approach which is based on the Hamiltonian formulation of the theory and
try to quantize it by solving the Wheeler-Dewitt equation, the path-integral approach
which deals with the generating functional of the correlation functions of the theory.
What I have followed in this dissertation is the canonical approach since for the pure

gravity in two dimensions, there is no propagating degrees of freedom. The covariant
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approach is more appropariate for the higher dimensional theories where there are
local degrees of freedom that can be considered as the fluctuations on the Minkowski
background. In this direction, the renormalization of projectable Horava-Lifshitz
gravity in 241 dimensions has been studied in [75], recently they have also calculated
the renormalization group flow and found the theory is asymptotically free [76]. As
for the path integral approach, the typical example is the lattice theory called causal
dynamical triangulations [77]. In this approach, the spacetime is discretized so one
can apply numerical methods to compute the generating functional.

There is lots of work that is worth my efforts in the future. The first thing I would
like to do is to study the coupled system of 2d Horava gravity and the scalar field since
the degree of freedom of this coupled system is one which makes it a good situation
to apply the perturbation expansions and I want to see how the gravity sector would
affect the matter part. Secondly, the 241 nonprojectable Horava-Lifshitz gravity
is still imposing challenges due to the second-class constraints, the closure of the

constraint algebra after quantization is an interesting topic to study.
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APPENDIX A

Dirac’s Algorithm for Constrained Systems

A.1  General Aspects of Dirac’s Algorithm for Singular Lagrangian

In this Appendix, I will give a brief description of Dirac’s Algorithm for discovering
all the constraints of the degenerate systems. Here I shall focus on the systems with
discrete degress of freedom for simplicity of notations. It can be easily extended to the
systems with continuous degrees of freedom. Important procedures and results will be
presented in a concise way, as for the details, since there exists a voluminous collection
of references on this subject, I'd like to refer those interested readers to [78-84] as
they cover a variety of topics as well as applications to concrete examples.

For the system described by a Lagrangian which is quadratic in velocities and free

of high derivative operators !

S = /dw(qi,qi), (A.1)

where superscript ¢ denotes different degrees of freedom, the momentum in this case

is defined by

oL
bi = oG (A.2)
Now there exits an operator called Hessian matrix denoted by W;; = %, whose

determinant W = det(WW;;) can be used to distinguish between degenerate and non-
degenerate systems. If W is nonzero, there is one-to-one correspondence between the
coordinate-velocity space (spannd by ¢' and ¢*) and the phase space (spannd by ¢

and p;), therefore, all the velocities ¢;’s can be uniquely determined as some functions

L If Lagrangian contains high-order time derivative terms, the system is unstable since the energy
is not bounded from below due to the presence of Ostrogradsky’s ghosts [19,85], on the other hand,
if Lagrangian contains a polynomial of velocities which usually appears in some modified gravity
theories [86], different techniques should be applied in order to obtain a unique Hamiltonian of the
system as discussed in [87].
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of ¢* and p;
¢ = fi(d',pi)- (A.3)

Then after applying Legendre transformation
H=pij — L, (A4)

the Hamiltonian can thus be derived so are the first-order EOM in the phase space
which are equivalent to Euler-Lagrange equations directly obtained from the action
by variational method.

Now comes the nondegenerate systems with constraints? which are featured by
vanishing Hessian determinant W = 0. In this case, one can’t solve for all the
velocities from the definition of momentum (A.2). Assuming the rank of Hessian
matrix W;; is m and there are n degrees of freedom (7, j range from one to n), thus
it can be shown that only m velocities ¢* (o takes the values from one to m) can
be solved as functions of ¢, p, and ¢°, where s = m + 1,...,n. The remaining
n — m definitions of p,’s will be reduced to n — m relations between the phase space
variables which are called primary constraints ¢s(q',p;). Therefore, after Legendre

transformation Eq. (A.4) is performed, the resulting canonical Hamiltonian reads
H = HO(Qiapa) + us(bsv (A5>

where summation over s from m + 1 to n is understood.? As a result, the EOM in

the phase space take the form of Poisson bracket

¢ o~ {c ),
(A.6)

2 The original purpose of studying nondegenerate systems is to quantize Einstein’s theory of grav-
ity. Although Bergmann and his students [88] first set out to formulate the difficulties encountered in
the canoncial formulation of degenerate systems and partially solve them, it was Dirac [89] who pro-
posed his method, known as Dirac’s algorithm nowadays, to systematically unveil the Hamiltonian
and all the constraints of degenerate systems.

3 Actually u* equals undetermined velocities ¢°, generally Hj is a nonzero quantity except when
the action is invariant under time reparametrization transformation [82], see [90] for a simple proof.
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where (' = (¢%,p;) and ” &~ 7 is called "weakly equals” which implies that the equa-
tions should be evaluated on the primary constraint surface which is carved out of
the whole phase space by ¢, = 0 and therefore all the trajectories of the motion will
be confined to it. However, this is not the end of the story since the primary con-
straints are identities due to the definition of momenta and degeneracy of the singular
Lagrangian, they should be satisfied as the system evolves over the time, this equally

states

Ps ~ {m,H} ~ 0. (A7)

There are three possibilities resulting from the above evolution equation,

Case (a) Eq. (A.7) can be simply reduced to the trivial identity on the constraint
surface, i.e. 70 &~ 0” which signifies the end of Dirac’s procedures.

Case (b) Eq. (A.7) is now equivalent to an algebraic (for discrete case) or partial
differential equation (for continuum case) of Lagrangian multiplies ® which indicates
the u® must be restricted by the evolution of the system. In this case, the existence
and uniqueness of the solutions of u® is a vital test for the viability and consistency
of the theory.*

Case (c) Generally, Eq. (A.7) will fall into this category in which the secondary
constraints will be generated. In this case, the evaluation of Eq. (A.7) can give us

relations between canonical variables

X (¢, pi) =0, (A.8)

which are independent of the primary constraints. These relations are called sec-
ondary constraints since they impose further restrictions on the possible surface where
trajectories of the motion can exist. Now the particles can only travel on the sub-
space spanned by ¢s = x, = 0. Once all the secondary constraints are derived, it’s

necessary that they should be preserved over the time, so one simply evaluates the

4 see [45] for one example on this topic.
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time evolution of secondary constraints until case (a) or (b) is reached which termi-
nates the whole process. In this way, all the constraints of the theory can be found
systematically. In the rest part of this appendix, the secondary constraints will be

denoted collectively by x,.°

A.2  First- and Second-Class Constraints
Based on the analysis in the last section, one can obtain canonical Hamiltonian
H in Eq. (A.5) of the constrained system with primary and secondary constraints,

6 collectively). The motion of the particles is confined to the

i.e. ¢z and y; (or ¥y
constraint surface spanned by ¢, = 0. In order to find the dimension of the physical
phase space, the knowledge of first- and second-class constraints is required.

The first-class constraints o are those which commute with all the constraints on

the constraint surface, that is,
{Uﬂ7¢ﬁ} ~ 0, (A,9)
here i = 1,...,u. For the second-class constraints 7, (7 = 1,...,v), there at least

exists one constraint 7, which fails to commute with 75,
My = {7'1777'17'} % 0. (A.IO)

One notable feature of matrix My, is that its determinant M is nonzero.” Therefore,
the inverse matrix M”” exists. In order to reveal the intrinsic difference between first-

and second-class constraints, one can consider the extended Hamiltonian defined by

Hext = HO‘I‘O&FLUﬁ—f—BﬁTp. (Al]_)

5 No difference will be made between secondary and so-called tertiary constraints which are
generated by time preservation of secondary constraints. All the constraints other than primary
constraints will be called secondary constraints.

6 Here the subscripts 3, 7 and 7 indicate the numbers of constraints are s, r, n respectively, so
there is relation n = s +r.

7 If M is zero, then there must be a linear combination of 7, which commutes with all the 7
which goes against the hypothesis that 75s constitute an irreducible set of second-class constraints.
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Correspondingly, the evolution of any functions of canonical variables is given by the

EOM
f(ql7p2) ~ {f(ql7pz)7 Hext}- <A12)
As a result, time invariance of the constraints immediately leads us to the conclusion

that all the o are truly arbitrary while the coefficients of the second class constraints

must be fixed as
37— —MW{TD,, HO}. (A.13)
Substituting the solution of 5” back into the evolution equation Eq. (A.12), one

finally arrives at
fld'p) = {f7 Hy + OéﬂU,z} - {f> Tp"}MDIID/{TDHHO + OzﬂU,z}- (A.14)

This form of evolution equation provides us a way to find the right definition of Dirac

bracket which is

~

(15}, - {15} - {rme o

here f and g are two arbitrary functions of canonical variables. Dirac bracket inherits

{7'17’79}, (A.15)

most of algebraic properties of Poisson bracket [82] while, on the other hand, has its
own advantages: the second-class constraints are rendered strongly equal to zero once

Poisson bracket is replaced with Dirac bracket in the EOM, since

{rﬁ,f}D _0, (A.16)

for any function f in the phase space. As a result, the EOM in terms of Dirac bracket
can be cast into the form

fa{f Ho+alou} (A.17)
This clearly shows that given the initial conditions which satisfy the first-class con-
traints at the initial time, the solutions of the motion can not be uniquely determined
at a later time, and the degrees of freedom caused by the arbitrariness of o are called

gauge degrees of freedom, a reflection of gauge invariance of the degenerate theory.
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A.3  Gauge Conditions and Reduced Phase Space
As pointed out at the end of the last section, the gauge degrees of freedom are
closely related to the first-class constraints of the theory. Actually, it can be shown
explicitly that the first-class constraints are the generators of gauge transformations
which leave the EOM in the Hamiltonian formulation form-invariant. A generic form

of these generators is of the type
Gi(e,é,....eM)) = Z a,, (A.18)

where 1 stands for Ith time derivative of gauge parameters ¢;, and G,, are some linear
combinations of first-class constraints which can be fixed in the Dirac’s procedure as
discussed in Sec. A. 1 [81]. The number of independent gauge parameters ¢; coincides
with the number of primary first-class constraints.®

In order to uniquely fix the trajectories of the motion, one needs to fix the coef-
ficients o/ in Eq. (A.17). The basic idea is to add the same number of additional

9 as that of first-class constraints so that all the first-class constraints

conditions o
together with the gauge conditions become second-class. So the EOM in terms of

Possion bracket now becomes
fr {f, Hy+aop + 77 + aﬁ'ﬁﬁ/}. (A.19)

The preservation of all the constraints o, 7, and 65 in time will generate (24 + v)
equations of their coefficients. Now an important question arises: whether these
(2p+v) equations have unique solutions? The fact is that only with a discreet choice
of gauge conditions, these equations can be solved for the coefficients o, 7, and

o 1% Once the solutions of these coefficients are substituted back into Eq. (A.19),

8 For example, in canonical formalism of general relativity, there are four primary first-class
constraints which are canonical momenta of the lapse function and shift vectors, so there are also
four independent gauge parameters which are the arbitrary functions in the general coordinate
transformation.

9 These conditions, called gauge conditions, are relations of canonical variables which are regarded
as additional constraints added to the theory so that gauge degrees of freedom can be eliminated.

10°See [91,92] for a discussion of admissible gauge conditions for constrained systems.
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the gauge degrees of freedom are eliminated and unique solutions of motion can be
found as long as initial conditions are provided. The motion of particles are now
confined to the subspace spanned by the constraints o, 7, and 6. This subspace is

called reduced phase space whose dimension can be calculated by the formula
D =2N —2u—v, (A.20)

with the understanding that half of D amounts to the physical degrees of freedom
in the coordinate space. The reduced phase space is physical in the sense that the
actual motion of particles can be parameterized by the canonical variables in that
space. Once the reduced phase space is found, the quantization of the system can
be implemented by promoting canonical variables to operators and replacing Poisson
brackets with commutators. However, this reduced phase space is generally difficult
to find. So when it comes to the quantization of systems with gauge symmetry,
instead of diminishing the dimensions of the phase space, people usually expand the
phase space by adding more degrees of freedom with opposite Grassman parity. The

study of this subject is outside the scope of this dissertation.
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