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By the Pieri rule, the tensor product of an exterior power and a finite-dimensional
irreducible representation of a general linear group has a multiplicity-free decompo-
sition. The embeddings of the constituents are called Pieri inclusions and were first
studied by Weyman in his thesis and described explicitly by Olver. More recently,
these maps have appeared in the work of Eisenbud, Flgstad, and Weyman and of
Sam and Weyman to compute pure free resolutions for classical groups. We give a
new closed form, non-recursive description of Pieri inclusions. For partitions with a
bounded number of distinct parts, the resulting algorithm has polynomial time com-

plexity whereas the previously known algorithm has exponential time complexity.
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CHAPTER ONE

Preliminaries

In this chapter we construct the Schur-Weyl modules, first giving the necessary
background, and then outline the description of Pieri Inclusions. We also give two
examples computing the image of a Pieri inclusion removing a single box, one acting

on a highest weight vector and one where the image must be straightened.

1.1 Partitions, Young Tableaux, and the Pieri Rule

1.1.1

A partition A = (A, Ag,...) of a non-negative integer d is a sequence of non-
negative integers in weakly decreasing order where the sum of the \; is d. We call the
number of nonzero parts A; the length of A, denoted by [(\), which is clearly finite.
We will write partitions without trailing zeroes, e.g.

(5,3,1,1,0,0,...) = (5,3,1,1).

To each partition we can associate an array of boxes called a Young diagram where
the diagram associated to A = (A1,..., A\x) has k rows with A\; boxes in the first row
from the top, A2 boxes in the second row from the top, etc. We will frequently denote
by A both a partition and its corresponding Young diagram.

A Young tableaux of shape A is a filling of a Young diagram A\ with positive
integers. A Young tableaux is called semistandard if the entries are weakly increasing

across the rows and strictly increasing down the columns.



Ezample. The Young diagram associated to A = (5,3,1,1) is

and a semistandard tableaux on the shape A is

U = DN =

1.1.2

If V' is a complex vector space of dimension n < [(\), we can apply the Schur—Weyl
functor Sy as in (Fulton & Harris, 2013) to V' to obtain an irreducible representation
Sa(V) of the general linear group GL(V). It follows from Pieri’s formula for the
product of an elementary symmetric polynomial and a Schur polynomial that the
tensor product representation A™(V) ® Sy(V') decomposes multiplicity-free into a

direct sum of irreducible representations

AM(V) @ SA(V) = EPSu(V),

where the sum is over all partitions p with /(1) < n whose Young diagram is obtained
from the Young diagram of A by adding exactly m boxes, at most one to each row.
Since the decomposition is multiplicity-free, it is natural to ask for explicit descriptions
of the embeddings ®,, : S, (V) — A"(V) ® Sy(V). Following (Sam & Weyman,

2011), we call these embeddings (skew) Pieri inclusions. Similarly, Pieri’s formula



for the product of a complete symmetric function and a Schur polynomial yields a
multiplicity-free decomposition of the tensor product representation S™ (V) @ Sy(V)

into a direct sum of irreducible representations

S™V) @SA\(V) = P su(v),

where the sum is over all partitions p with (1) < n whose Young diagram is obtained
from the Young diagram of A by adding exactly m boxes, at most one in each column.
As the decomposition is again multiplicity-free, we can ask for explicit descriptions

of the (symmetric) Pieri inclusions S, (V) <= S™(V) ® S\(V).

1.1.8

Given a basis {e1,e,...,¢e,} of V, the representation Sy(V') is equipped with a
canonical basis indexed by the set of semistandard tableaux of shape A with fillings
from the set {1,...,n}. In (Olver, 1982), Olver gave an explicit description of the
Pieri inclusions with respect to these canonical bases in the special case when m =
1. We will denote this description by ®;. When m > 1, the Pieri inclusion ®,,
can be obtained by iteration of the special case (Sam & Weyman, 2011, Corollary
1.8). The main purpose of this paper is to give a new combinatorial description of
®,, that (a) leads to a more efficient algorithm and (b) can be given in a general
closed form (avoiding iteration) for m > 1. In regard to (a), we will show that
our algorithm achieves an exponential speed-up over Olver’s algorithm when it is
restricted to partitions with a bounded number of distinct parts. More precisely, if
we fix a positive integer N and consider partitions A that can be written in exponential

notation as A\ = (171,22 3hs ) with at most N nonzero exponents h;, then our



algorithm to compute the image of a highest weight vector under a Pieri inclusion
®; 0 S,(V) = V @S,(V) has a run-time complexity of O(I(A\)Y), whereas Olver’s

algorithm has a run-time complexity of Q(2'™).

1.2 Constructing Schur—-Weyl Modules

1.2.1
From now on, let A = (Ay,...,\,) be a fixed partition of d. Let T, be the set of
all tableaux T' of shape A with filling from the alphabet {1,...,n}. Fix the canonical
tableau T} of shape A labeled with {1,...,d}, starting with the top left most box and
filling across each row, so the first box of the first row is labeled 1, the first box of

the second row is labeled A\; + 1, etc.

Ezample. If A = (6,3,3,2,1), then

13|14
15

1.2.2

Via this labeling, the symmetric group &, acts on the set of tableau with shape
A with respect to any given alphabet. Let
P =P, ={m e &, : m preserves the rows of Ty}
and

Q= Q)= {0 € &, : 0 preserves the columns of Ty} .



As elements of the group algebra of &4, C&,, define

AA:ZW and BA:Z(—l)GU.

meP oeQ

The Young Symmetrizer is then defined as Cy = A,B,. Note this convention sym-
metrizes along rows first and antisymmetrizes along columns second (following, for

example, (Sternberg, 1995)).

1.2.3

From now on, fix a complex vector space V' of dimension n. Let &, also act on
elements of V®¢ by permuting the coordinates. In particular, the Young symmetrizer
Cy acts on V®4. The corresponding Schur-Weyl module is

Sa(V) =C, - V&

Clearly, S)(V) is a GL(V)-module. When r, the number of non-zero parts or the
number of rows of A, is at most n it is known that Sy(V') is an irreducible representa-
tion of GL(V') and that all (in-equivalent) polynomial irreducible representations are
constructed this way.

Write {e;}1<i<, for the standard basis of V. For T' € Ty, define er € Sy(V') by

er =Ch-((er;, @ ®en, )@ ®(er, ® - Qer, ))

where T;; is the entry in the ith row and jth column of T starting from the top left.
Clearly S)(V') is spanned by such elements, and it is known that a basis is given by

the semistandard ones.



1.2.4
Let V4 be the standard flag in V/,
Vo: Vi=span{e,...,e;} (1 <i<n).
Let B C GL(V) be the Borel subgroup given by
B={geGL(V):gViCV,for1<i<n}
Throughout this paper, all highest weights are with respect to B. The highest weight
vector of Sy (V) is

er, =Ch- (1@ ®e) @ ((e, @+ ®ep)).
N—_——— N———/
A1 Ar

That is, T) is the tableau of shape A with all ones in the first row, all twos in the

second row, etc.

Ezample. If A = (5,3,3,1,1), then

1 111
2
T =|3
4
5
and
er, =Ch-(e1®e1®e1 Qe Ve Qe Ve ®ey ez Ve ® ez ey X es).
1.2.5

For any subset A of boxes of T, let w4 be the maximum width of a row containing

an element of A. Let

G4 ={0€S,:0 preserves A and fixes Ty \ A} .



When |A| > wa, define a Garnir operator as an element of CS, by

1.2.0
Let F), be the formal C-span of symbols 1" € T, ,, and let R, be the subspace
of Fy, generated by all
Ty — T, where T} and T5 agree up to a row permutation, (1.2.6.1)

and

Ga(T), where A C Ty with |A] > wy. (1.2.6.2)

Theorem. As GL(V)-modules, we have

f)\,n/R)\,n = SA(‘/)

Proof. The map is induced by T' — er. See, for example, (Fulton, 1997, §8), where

the convention is transpose to ours. ]

1.3 Outlining the General Formula for Pieri Inclusions

1.5.1
Our general formula for a Pieri inclusion ®,, : S, (V) — A"(V) @ S\(V), where 1
is obtained from A by adding m boxes with no two in the same row, is as follows. If
T is a semistandard tableau of shape p with filling in {1,...,n} and ep € S, (V) is

the corresponding basis element, then

T

—~

afer) =3 ];(1}3) P(T)




where the sum is over a certain set of “m-paths” P which remove m boxes from the
shape \, (—1)F is a sign, and H(P) is a positive integer that is a product of certain
“hook lengths.” We will write the path P acting on 7" as
P(T) = ey, ®er,
where ey, = e;; A---ANe;, € N"(V) is given by the entries of the boxes removed
by P, and Tp is a (not necessarily semistandard) tableau of shape A with filings in
{1,...,n} such that
{entries of T'} = {entries of Yp} U {entries of Tp}

as a multi-set. All of this will be defined rigorously in Chapter Two.

1.5.2
To illustrate how our formula works, we look at an example in the case when n = 4
andm = 1. Let A = (2,1,1,1), and p = (2,1, 1). Then the Schur-Weyl module Sy(V)

appears as a summand in the decomposition of Si1)(V) ® S2,11)(V) =V ® S(21,1),

| m |
O« =1 &) eH .

Counsider the Pieri inclusion
(I)l . 8(2717171)(‘/) —SV® 8(27171)0/).

By abuse of notation, we will identify semistandard tableaux and their corresponding

Y

basis vectors. We will compute

.

[=]ee] o]~
[=]eo]ro] =



The sum is over all “1-paths” P on A. That is, certain maps on the boxes in A
that removes a single box. In Figure 1.1 we illustrate all such 1-paths with arrows,
shading the boxes on which the path acts, and give the corresponding terms in the
image. We will view the box removed by a 1-path as being moved to a “zeroth row”
at the top of the diagram and we give the image up to a row permutation, so that it

is semistandard.

1]1] 1]1] 1]1] 1]1]
2] ) 2 ) z M_)_@i )
3] 4] 2 4]
1]4] 1[3] 1]1] 1 1]2]
2|, W__®l 9 = W_®i )
3] [4] 2 (4
1]4] 1 1]3] 1]2]
2, W__®l ’ 13
5] Sl 4]

Figure 1.1. The 1-paths acting on the highest weight vector T} for A = (2,1,1,1)
and the corresponding terms in the image ®; (7)).

Then up to row permutations we have

Al ”>:_®

1
+§®

1]

+B]® —[2I®

EEEE
[eo] o] =
|>J>|l\’) —
|u>|w —

4] 3] 2]

1
+§®

=
X
|»l>|l\3 —_

DO | —
|»l>|w —_

|OJ|M =



1.3.8
In the computation from Section 1.3.2, all terms Tp that appeared were (after row
permutations) semistandard. We now compute an example where some of the terms

that appear in the image are not semistandard, and so must be straightened. Let &,
be as in Section 1.3.2. We will compute

o )

where the terms of the sum in the image are again indexed by the 1-paths on A

BEEE
[=]eo]ro] =

removing a single box. In Figure 1.2 we illustrate all such 1-paths with arrows,
shading the boxes on which the path acts, and give the corresponding terms in the
image. As before, we give the image up to row permutations and we now star the

terms that need to be straightened.

1]2] 1]2] 1]2] 1]2]
2 2, 2 ~ —2]®[3] ,
3 4] 3 4
2]4] 23] 1]2] 1 2]2]
12|, W__®l ; Z W_®i )
3] 4] S 47 [
1[4] 1 1[3] 1 1]2]
2], W__®i ) W_®i )
3] 47 [ 47 [

2]

Figure 1.2. The 1-paths acting on the tableau and the corresponding terms in

NENE

the image ®; (7)). The terms that require straightening are starred.

10



.

EEEE

)

—[4]®

[es]ro] =

1
+4_1®

2]

2
3
4

+

2]
+B]®

] =

|rl>|lo —

(]

2]

|u>|oo [

In this case, we must straighten the image of two of the 1-paths (starred), which

we show in Section 2.1.8. After straightening we have, up to row permutations,

3]

|>J>|l\') —_

1.4 Motivation and Organization

1.4.1

Part of the motivation for giving explicit descriptions of Pieri inclusions comes
from the frequent use of Pieri inclusions to construct differentials of complexes and
resolutions. For example, in results of Eisenbud, Flgstad, and Weyman (Eisenbud
et al., 2011) and of Sam and Weyman (Sam & Weyman, 2011), Pieri inclusions are
used to compute pure free resolutions for classical groups and in (Pragacz & Weyman,
1985), Weyman and Pragacz use Pieri inclusions to describe Lascoux resolutions. Sam
has also built a package for Macaulay2 (PieriMaps) (Sam, 2009) that computes Pieri
inclusions explicitly using the algorithm from (Sam & Weyman, 2011).

In a forthcoming paper, (Hunziker et al., n.d.), we will show how our descrip-
tion of Pieri inclusions can be used to explicitly describe the differentials in mini-
mal free resolutions of modules of covariants (in the context of Weyl’s fundamental
theorems). These resolutions will be obtained via Howe duality from Bernstein—
Gelfand—Gelfand resolutions of unitary highest weight modules, the terms of which

are direct sums of (parabolic) Verma modules.
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1.4.2

The rest of the dissertation is organized in the following way. In Chapter Two we
describe the construction of the Pieri inclusion in the one-box removal case (V') and
the general m-box removal case (A™(V')), respectively. In Chapter Three we show
that all Garnir relations are generated by Garnir relations of minimal size over hooks
and give tools for collapsing the sum in the image of a Pieri Inclusion. In Chapters
Four and Five we use the tools from Chapter Three to show that the Pieri inclusions
are GL(V)-maps in the one-box removal and m-box removal cases, respectively. In
Chapter Six we show that the one-box removal map is the negative of Olver’s descrip-
tion via the uniqueness of an equivariant map, then use this and (Sam & Weyman,
2011) to show that this same description of Pieri inclusions gives a map in the case
Su(V) = Sym™(V) ® S)(V) and that iterating the the-box removal map is also a
GL(V) map. In this chapter we also show that when removing a column of boxes
from a diagram the m-box removal map and iterating one-box removal m times differ
by a multiple of m!. Finally, in Chapter Seven we compare the computational com-
plexity of the one-box removal description to that of the description given by Olver
and use the Pieri inclusion removing one box to optimally describe the image of a

highest weight vector.
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CHAPTER TWO

Constructing the Pieri Inclusions

In this chapter we construct the Pieri inclusions, first for removing a single box

and then the general case removing many boxes.
2.1 Constructing the Pieri Inclusion for Removing One Box

2.1.1
We will write A = (Aq,...,,) in block form as A = (w!", ... wh"), where w; <
w;y1 and exactly h; parts of A are equal to w;. That is, NV is the number of blocks in

the shape A, where block [1] is the lowest geometrically, wy, is the width of block [b],

and hy is the height of block [b]. See Figure 2.1.

hyn
block N
wWN
hn-1
block N —1
WN -1
h !
block 2 | wy 2
block 1 |w; I

Figure 2.1. The shape A with N blocks.
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Example. We will write (5,2,2,2,1,1) in block form as (1%,23,5),

| [ [}block 3

(5,2,2,2,1,1) = (12,2%,5) = block 2

— }block 1

2.1.2
For any box x € Tj at the bottom right of some block k, let A\ {z} be the partition

whose shape is obtained by removing the box z from 7j as in Figure 2.2.

= M {z} =

Figure 2.2. Obtaining A \ {z} from .

We will define the map
Q1 Fan = VR Fa{atm

on a basis and then show that ®; descends to a GL(V)-module map as in Figure 2.3.

2.1.3
We first introduce further notation. For a given shape A, let [b] denote the bth

block, [b](i) denote the ith row of the bth block, and [b](7, j) denote the box in block

14



F)\,n q)l V® f)\\{x},n

oy
f/\,n/R)\,n = SA(‘/) S ) f)\\{w},n/R)\,n =2V S)\\{x}(v)

Figure 2.3. ®; descending to a GL(V)-module map.

[b], row 4, and column j, with block 1 and row 1 the lowest geometrically and column
1 the furthest left. We write

[b](é, 3) < [e](k, 1)
if [b](i,7) is geometrically (weakly) lower than [c](k,l), i.e. b <cor b=cand i < k.
The strict inequality is defined in the natural way. We will extend this notation to
compare boxes, rows, and blocks in the natural way. For a given T' € F) ,,, we denote

the entry in box [b](7, 7) by Tiye,5)-

Example. If T is the tableau

QU = DN —

| O =] W[

then TM(QJ) =06 and T[g}(l,g)) = 4.
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2.1.4
An evacuation route R is a selection of a string of boxes starting from the bottom
of some block. An example of an evacuation route on A = (123,43 7%) is given by

the shaded boxes in the diagram in Figure 2.4.

Figure 2.4. A simple example of an evacuation route on A = (12, 3,43, 72).

An evacuation route has more freedom than the previous example shows, where
each of the chosen boxes was in the first column of the row. The boxes in an evacuation
route must be chosen starting from the bottom of some block, and the route can jump
up to higher blocks, however the boxes need not be only in the first column. The
chosen boxes can in fact be in any column in the diagram. Another example of an
evacuation route on A = (12,3, 43 7?) is given by the shaded boxes in the diagram in
Figure 2.5.

The above examples show that an evacuation route does not need to contain a box
from every row, however, it cannot skip rows within a block. The shaded selection

of boxes in Figure 2.6 is not an evacuation route on (2, 3% 5 7%) since a box in row

16



Figure 2.5. A more complex example of an evacuation route on \ = (1%, 3,43, 7?).

[3](3) (that is, the third row in the third block) is selected, while there is no box

selected from row [3](2), which is below row [3](3) but still in block [3].

Figure 2.6. A non-example of an evacuation route on (2,3% 5% 7%).

Formally, we have the following definition.

Definition (Evacuation Route). An evacuation route R starting at [by] is a subset
of boxes in T such that R contains a box in row [by|(1), R contains at most one
box per row, and if [b](7,j) € R, then [b](k,jx) € R for all 1 < k < i and some

I < jr < wyp.
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2.1.5

A 1-path P on A moves boxes up the diagram via some associated evacuation
route RY. We will treat a 1-path as acting on general shapes, where the highest box
in R? is “removed” by the 1-path and viewed as being moved to the box [N +1](1, 1)
attached to the top of Tj. In Figure 2.7 we illustrate a 1-path moving boxes up a

diagram via an evacuation route, highlighting only the boxes in the evacuation route.

T M

3
S} e

Figure 2.7. A simple example of a 1-path removing the box x.

As before, an evacuation route can contain boxes in any column in the diagram.
Another 1-path moving boxes up a diagram is shown in Figure 2.8.

Formally, we have the following definition.

Definition (1-path). Let X = {x1 := [b1](1,wp,)} and Y = {y; := [N + 1](1,1)},
where Y is viewed as block [N + 1] attached to the top of Ty. A 1-path P removing
X is a map of boxes

P:AUY - AUY

along with an evacuation route R = RF such that the following hold.
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b

Figure 2.8. A more complex example of a 1-path removing the box z.

R starts at [by]. Note that R can contain x;, though this is not a requirement.

e P is geometrically increasing on rows, with P strictly increasing on R. That is,

for all boxes x € AUY, x < P(x).

If Ry is the orbit of z; under PN, then y; € Ry and RUX UY = R;.

e P preserves row order in R within blocks. That is, if [0](7, j), [b](k,]) € R with

i <k and P([b](7, 7)), P([bI(k, 1)) € [b], then P([b](7,5)) < P([bl(k,1)).

P fixes those boxes not in R or X, i.e. P = idyy except on R U X, and

P(R)=R\XUY.

2.1.6

We now define the components of the formulation of the Pieri inclusion removing
one box, ®;. For a 1-path P removing X with evacuation route R”, let h* be the
number of rows in RF and (—1)F := (=1)"". For b = by,..., N, let h}’ to be the

number of rows in R N [b]. For b > b + 1 define h(b) = wy — wy_1 + hy_1 to be the
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hook length of block [b], and for b =0b; + 1,..., N define

HB) = 3 h()).

j=b1+1

Then for b="5b;+1,..., N, let

1 it RPN [b] =0
Hy(P) = :

H(b) otherwise

and let Hy, (P) = 1. Define

Ezample. For the partition (1, 3% 4%, 6%), shown in Figure 2.9, and X = {[1](1,1)}
(shaded), we have h(2) =3 —-14+1=3,h(3)=4—-3+2=3,h(4) =6—-4+3 =05,

H(1)=1, H(2) =3, H(3) = 6, and H(4) = 11.

Figure 2.9. The hook length of a block, h(b).
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2.1.7
For T' € Fy,, denote by af the entry in the box P~!(y;) € T and extend P to T
by acting on the entries, with the image
P(T)=Yp®Tp €V & Faxn,

where

_ P
YP_EXa17

which is standard form notation is eqr € V,and Tp € Fy\ x,, is defined by

(TP) i) = Te=2(wig)-

We omit Ex and just write

P .
aj | in place of  Ex|aj

in the image of P(T).

Definition (®,). The map ®; : Fy,, = V @ Fi\{a},n is given by

where the sum is over all 1-paths P removing X.

2.1.8

We now compute the straightening example from Section 1.3.3. If

Al - {[2](17 1)7 [2]7 (172)7 [1](27 1)} =

then modulo R21,1)4 we have

4] 2]

1
—G
g/

-
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Then if

Ay ={[1J(L, 1), [,V =0

modulo R21,1).4,

2]2] 2]2] [2]2]

Ga, (i > =[4] +[3]

3] 3] [4]

Thus modulo R(1,1)4 we get

1 2[4] 1 2]2]

- H®|2] =5 U3

4 3] 8 4]

Similarly, modulo R2,1,1),4 we have

1 2[3] 1 2]2]

-2 =-<- 13

4 1] 8 1]

Note that in this example the terms that were straightened cancelled with each

other and so did not appear in the image. This will not be the case in general.

2.2 Constructing the Pieri Inclusion for Removing Many Boxes

2.2.1
Let X = {z1 = [b1](1,wp,), .-, T = [bm](im, ws,, )} be a set of m boxes in A with
x; < x;4+1 so that removing the boxes in X from 7j gives a Young diagram and let
A\ X be the associated partition. See Figure 2.10.
We call such a set X a removal set for T (or for A). As before, we will define the
map ®,, : Fan — Fn @ Fax,n on a basis, where F,, = A"V, and then show that

®,, is a GL(V)-map. See Figure 2.11.
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Figure 2.10. Obtaining A \ X from A.

FA,n (I)m Fm ® F)\\X,n

|

P,
Fan/Roan ZSA(V) --=5 F @ Faxn/Ron 2 Frn @ Syx (V)

Figure 2.11. ®,, descending to a GL(V')-module map.

2.2.2

Extending the notion of a 1-path, an m-path on A is a map of boxes that moves
boxes up the diagram via some associated evacuation route with m interlaced orbits.
As with 1-paths, we treat m-paths as acting on general shapes, where the highest
m boxes in RF are “removed” by the m-path and viewed as being moved to the
boxes [N + 1](1,1),...,[N + 1](m, 1) attached to the top of Tj. An example of a
2-path removing X is given in Figure 2.12, where we highlight only the boxes in the
evacuation route and distinguish the two distinct orbits.

The interlacing property for m-paths is not so strict as the above example sug-
gests. We require that an m-path interlaces orbits only within blocks while multiple

orbits are present. This is illustrated further in Figure 2.13, where we show a 2-
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Figure 2.12. An example of a 2-path.

path removing X and again highlight only the boxes in the evacuation route and
distinguish the two distinct orbits.

Formally, we have the following definition.

Definition (m-path). Let X = {x1 = [bi](1,wy,), -, Zm = [bin] (G, ws,, )} be a
removal set for Ty and YV = {y; := [N +1](1,1),...,ym := [N +1](m, 1)}, where Y is
viewed as block N + 1 attached to the top of Ty. An m-path P removing X is a map
of boxes

P:AUY - AUY

along with an evacuation route R = RP such that the following hold.

e R starts at [b;]. Note that R can intersect X, though this is not a requirement.

24



Figure 2.13. An example of a 2-path showing the interlacing property.
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P is geometrically increasing on rows, with P strictly increasing on R. That is,

for all boxes x € AUY, x < P(x).
If R, is the orbit of ; under PN, then y; € R; and RUX UY = |_|1’11 R;.

If there are k distinct orbits in a block, then the first £ rows of that block

must be in different orbits. i.e., if RY

;... R} intersect some block [b], then for

)

j=1,...k, up to relabeling, R[N [b](j) # 0.

P preserves row order in R within blocks, and so interlaces orbits. That is,
if [b](4,7), [b](k,l) € R with ¢ < k and P([b](4,7)), P([b](k,1)) € [b], then
P([o](i, 7)) < P([b](k,1)).

P fixes those boxes not in R or X, i.e. P = idyy except on R U X, and

P(R)=R\XUY.

2.2.3

For an m-path P with evacuation route R”, let hf (=1)", hf and H(b) be

defined as in Section 2.1.6. For b = by + 1,..., N, let Hy(P) =1 if R¥ N [b] = 0 and

let Hy, (P)=1.If b>b; + 1 and |R N [b]| = ky # 0, then let

and
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2.2,
For T' € Fy,n, denote by ol the entry in the box P7'(y;) € T and extend P to T

by acting on the entries, with the image

P(T)=Yp®@Tp € Fy @ Fa\xpn = /\ V& Faxn

Here

Yp = Ex| :

which is standard form notation is N PASERVAYVS N"V,and Tp € Fy\ x,, is defined

by (Tp)[b}(m.) = Tp-1()ij))- As before, we omit Ex and just write

P P
am am
: in place of Ex| :

P P
a; 51

in the image of P(T).

Definition (®,,). The map ®,, : Fi, — Fn, ® Fax,n is given by

0,(1) = 3 s P,

where the sum is over all m-paths P removing X.
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2.2.5
We now compute an example of the Pieri inclusion when m = 2. Let n = 6,
A=1(2,2,1,1,1,1), and g = (2,2,1,1). Then the Schur—-Weyl module S, (V') appears

as a summand in the decomposition of S¢; 1)(V) ® S,(V), as seen in Figure 2.14.

H®:@@_@@

Figure 2.14. The Pieri rule for S(;,1)(V') ® Si2,2,1,1)(V).

Consider the Pieri inclusion (I)Q . 8(272’1’1’1’1)(‘/) — 8(1,1)(‘/) X S(QQJJ)(V). We

will show the image of the highest weight vector

—_

Tio21,110) =

BERENE

under this map,

_1)P
0, (T(2,2,1,1,1,1)) = P (T(2,2,1,1,1,1)) )
ZP: H(P)

—~

where the sum is over all m-paths P on A removing X = {z; = [1](1,1),2, =
[1](2,1)}. In Figure 2.15 we illustrate all such paths with arrows, where we shade
the boxes in the evacuation route, distinguishing the orbits of x; and x5. For paths
hitting rows [2](1) and [2](2), we only show the path that hits the first column of

both rows, as the paths that hit the second column in either row will give the same
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result. As in the 1-box removal example, we give the images up to row permutations
and we star the paths whose images require straightening.

If

Al - {[2](17 1)7 [2]7 (172)7 [2](2?2)} -

then we have, modulo R2211),

1|5 115 112 114
24| lG 2[4 i[5] [2]5
B o A \B B B
6] 6] 6] 6]
Then if
Ay = [2]<17 1)7 [2]7 (172)7 [1]<27 1)} - N
modulo R(2727171)76,
112 112 112 112
415 ]-G 415 3|5 3|4
BT T o\ B A B
6] 6] 6] 6]
Thus, modulo R(2727171)76,
1|5 112 112 114
214 35 34 215
E3 i Y B Y R 1
6] 6] 6] 6]
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Similarly, via straightening we have, modulo R22,1,1)6,

and

Thus,

i[5 2] [[3 i[6 1 2] [[5
213l [3[5] [25 2[5 [3[6] [3[5] [2][6
404 4] 7 El 4] 3] 7
6] 6] 6] 4] 1] 6] 4]
if6] [1[2] [1[2] [1[4 i[6 2] [[3
22| _ [3[6] _[3]a] [2[6 23] [3[6] [2]6
31 4] 5] 3] 4[4 4] 7
5] 1] 6] 5] 1] 6] 5]
i[4 i[2] [[3
23] [3[4] [2[Z
5[5 5] -
6] 6] 6]
2
Recall that for all 2-paths P, Yp € A”V, and so
El o]
11 11 I ]2 11
_ Bl o212 [A] 22 212 o6, Lo 2e
S®B @M% TE®E %R T E%E
g 5 5 g B
] 11 ]2 ]2 i[2]  [O[1
I PIPNEIE 2[5]  [1] o [2]4 23] | [4] o [2]2
Oar TEOpr TEOp TR TEOE
5 g 5 5 5
—ommoy 0 1 5 R 1 £
3] o [2]2 26 2] . [2]2 2l o 23] [1o[2
P ToE®E s EOpl T E®E E®RE
g g g 5 g
[ ]2 1 . N 11
1 2[4 2(3 2[2 2[5 2(3
| — — R
Hlopt - e +He B+ 5 e - 5 Hef]
6] 6] 6] 6] 6]
4 1[1 ]2 ]2 2] 11
N EEEBMNEE 23] [1] o [2]6] , L [2][2]2

BENEEE
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1 1|1 1|1
2|2 2|2 22
3 3 2 4|
[4] 5] 5]
1|1 1)1 1)1
2|5 2|4 2|3
3 3 Al >
[4] 5] 5]
12 12 1]2
2|5 204 213
3] 7 30 41 >
[4] 5] 5]
1|1 1|1 1|1
2(2 2(2 2|6
3| 4] > 31
[6] [6] [4]
1|1 1|1 1]2
2|4 23 2[6
3] 7 41 > 3] >
[6] [6] [4]
1]2 1]2 11
2[4 2|3 2|2
31 41 > 51
[6] [6] [6]

Figure 2.15. The 2-paths acting on T(21,1,1,1) with the distinct orbits distinguished
and the corresponding terms in the image ®o (T(

2.2,1,1,1, 1)). The terms that require
straightening are starred.
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[o]w]ro] =

[o]a]ro]~

1]1 1]1 1[1
2®25 ®23 2®26
4 i; iv 4 37

6] 6] 5]

1]2 1[2 1[2
_‘_1®25 2[3 il®26
R Bl e

1[1 1[1 1[1

®24 2®26 2®25

B 421 [4] NEIgEINE

6] 5] 6]

1[2 1[2 1[2

2[4 2[6 2[5

51 7 47 S

6] 5] 6]

1[5 1[4 1[3
2[6 2[6 2[6
3 317 4
4] 5] 5]
3 5
4 3

|Ch|rl> N —

Figure 2.15 (Cont.). The 2-paths acting on T(921,1,1,1) with the distinct orbits
distinguished and the corresponding terms in the image ®, (T(Q,ZLM 1)). The terms
that require straightening are starred.
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16 1[6 16
2[5 2|4 2[3
3] > 3] > 4| >
[4] 5] 5]
1[4 1[4 13
2[5 * 4|?|®23 2[5
3] 4l <] 4
E i @

Figure 2.15 (Cont.). The 2-paths acting on T(921,1,1,1) with the distinct orbits
distinguished and the corresponding terms in the image ®5 (T(2,271717171)). The terms
that require straightening are starred.
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CHAPTER THREE

Generating Garnir Relations and Tools for Collapsing Sums

In this chapter we will show that all Garnir relations are generated by Garnir
relations of minimal size, i.e. those G4 with |A| = w4 + 1, where w, is the maximum
width of a row containing an element of A. We then show that all Garnir relations
of minimal size are themselves generated by Garnir relations over “hooks”, which are
those G4 where A is of minimal size and consists of exactly a complete row and one

other box. We then give the tools for collapsing the sum in the image ®,, (7).

3.1 Generating All Garnir Relations by Those of Minimal Size

3.1.1

We start by formalizing the idea of a hook.

Definition (Hook). We say that A C Tj is a hook if for some row [b](r),

A = [b](r) U {ao}

where
b](r —1,1) ifr#1
ag =
b—1](hp—1,1) ifr=1
That is,
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Theorem. Let T € F), and A C T} such that |A| > w,. Then

GA(T) S <GA/(T/) T € ]‘—)\m, Ais a hOOk).

3.1.2
To prove Theorem 3.1.1, we first show that G 4(T) is generated by Garnir operators
of minimal size for any T" € F,,, and any A C T with [A] > wy. We will also show
that if |A| > wa + 1, then G4(T') is generated by Garnir operators over A\ {y} for

any y € A.

Lemma. Let T € F),. It A C T, with |A| > wa, then for any x € Tj such that
|A U {13}| > WAU{z0} s

GAu{g:}<T) < <GA(T/) T e ]:)\m)'

Proof. Let A C Ty with |[A| > ws and 2 € Ty \ A. For all y € AU {z}, let 7, be
the permutation that switches x and y and fixes the rest of AU {z}. Then for any
o € GAufa}s

o(y) =z <= (0Tsy) () =2 <= 07y € Ga.
Then,

UGGAU{m}

-y Yo

yeAU{z} 0€G AU{a)
s.t. o(y)=z

= Z Z (0T2y) (ToyT)

yEAU{CE} UEGAU{I}
s.t. o(y)=z

36



= Z Z 0 (ToyT)

yeEAU{z} €6 4

= Y GalrayT) € (GA(T') : T' € Fr)
ye AU{z}

3.1.8
We now show that all Garnir operators of minimal size are generated by Garnir

operators over a set consisting of a full row and a box below that row.

Lemma. Let T' € Fy,,. If A C T} of minimal size, then

Ga(T) € (Gavgpoy(T') - T" € Fp, A" = [b](r) for some [b](r) C Ty, by < [b](r)).

Proof. Let T € Fy,, and A C Ty such that A C [bJ(r). Assume, without loss of
generality, that r # 1 (else, replace [b](r — 1) in the following argument with [b —
1(hp-1)). Let B C Tj such that B < [b](r), B & [b](r — 1), and |[AU B| = wy, + 1.
Assume A # [b](r), i.e. |B| # 1. We will show that
Gaup(T) € (Gaup (T7) : T" € Fan, A =[b](r), |B'|=1,B < A).
Pick zg € [b](r) \ A and by € B, as in Figure 3.1.
For all # € AU {zo} U B, define 7, , as before. Then for all o € & auz0}uB,
0(z0) =2 <= (Tpya0) To = Tog <= Typ00 € Gaun

and

0(zg) =0 = (0Tpy0) T =0 <= 0Tyyu € S AuBU{zo\ {2}
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[T [ | - o 00

1]

Figure 3.1. A set of boxes in Ty with a distinguished top row. The blue solid boxes
represent the set A and the red striped boxes represent the set B where
|A UB | =wp + 1.

Then,
GAU{xO}UB(T) = Z ol
0€G AUu{z}UB
Y Y oY Yo
a€AU{z0} 0€G Au{zq}UB> beB 0€6 4u{zq}UB>
o(zo)=a o(zo)=b
= 2 2 Talwad)THY D (0Tas) TesT
aEAU{Io} UGGAU{mo}UBv beB UEGAU{IQ}UB7
o(zo)=a o(zo)=b
S Y Y Y Y o
a€AU{x0} G€G ALR bEB G€6 Au{zgUB\{b}
= Z Txo,aGAuB(T)+ZGAu{xO}uB\{b}(Txo,bT)
ac AU{zo} beB

and as 7, , is a row permutation for all « € AU {zy}, up to row permutations we

have

GAU{xO}uB(T) = |A U {IOHGAuB(T) + Z GAu{xo}uB\{b}(Txo,bT)~ (3.1.3.1)

beB
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Solving for Gaup(T) in equation 3.1.3.1 we get

Gaup(T) = m <GAU{m0}UB(T) - ; GAU{xo}UB\{b}(TxO,bT)> :
By Lemma 3.1.2, G aupugaoy (1) is generated by Garnir relations over AU{z}UB\
{bo}. Thus Gayup(T) is generated by Garnir relations over A'UB’, where A" = AU{x},
so that [A' N [b](r)| = |[AN[D](r)] + 1, and B" = B\ {b} for some b € B, so that

|B'| = |B| — 1. By induction, we get that

Gaup(T) € (Gaup(T") : T € Fapn, A"=1l(r), |B|=1).

3.1.4
We now give a way to to write G4 5(T") as above as a sum of 2-cycles, which will

make our calculations easier throughout.

Lemma. Let A = [b](r) and by € Tp \ A. Then for all T € F, ,,, modulo Ry, we

have

GA(T) = ’LUb! Z Ta,boT-

acA

Proof. As all & € &4 are row permutations and |A| = w;, we have, modulo R, ,,

Ga(T)= >  oT

UEGAU{Z)O}

= Z Z &Ta,boT

€6 A acAU{bo}

= wb! Z Ta,by T.

a€AU{bo}
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3.1.5

To prove Theorem 3.1.1, it remains to show that all Garnir relations of the form
Gaup(T) where A = [b](r) and |B| = 1, with B < A, are generated by Garnir
relations over hooks. We show that for any such A and B, G aup(T) is generated by
Garnir relations over A" U B’ where A’ is a full row and |B| = 1 with B’ < A’, and
where the distance between A" and B’ is less than the distance between A and B.
Theorem 3.1.1 is then proved by iterating this until we get that Gaup(7) is generated

(up to row permutation) by Garnir relations over hooks.

Lemma. Let T € Fy,, A= [b|(r), B C Ty with |B| =1 and B < A. Then

GAug(T) S <GA/(T/) T € fA7n,A, is a h00k>.

Proof. Let A = [b](r) and B = {by} with by € [c](s) and [c](s) < [b](r). Let j be the
number of rows between [b](r) and [¢|(s). Without loss of generality we will assume
that » > j+ 1 and by = [b](r —j — 1,1). Then

Gap(T)= > oT

oceAUB

=> > 67w T

€6 4 acAUB

:wb! Z Ta,boT-

acAUB

We also have that for all a € AU B,

Glel(r—iyuB(TapeT) = we! | TapT + Z Ta,bo Tasbo L
z€[b](r—j)
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and hence

1
Ta,bOT = w_blG[b](rfj)uB(Ta,boT) - Z Tx,boTa,boT-
) z€[b](r—j)

Now observe that for all a € AU B and all x € [b](r — j),
7—ac,boTa,bo,T’ = Ta,xTx,boT-
Then we have

GAUB(T) :wb! Z Ta,boT

acAUB

1
— wb! Z EG[b](r—j)UB(Ta,boT) - Z Tw,boTa,boT

acAuB velt)r—5)
= Y Gue—pusTasT) —w! Y Y TapeTanT
acAUB a€AUB ze[b](r—j)
= Z Gi(r—j)uB(Tap,T) — wy! Z (TM,OT + Z Tm7bOTa’b0T>
acAUB z€[b](r—yj) acA
= Z G[b](rfj)UB(Ta,boT) — wy! Z (Tx,boT + Z TWTIJ,OT)
a€AUB ze[b](r—yj) acA
= Z Gv)(r—j)uB(Tap T) — wy! Z G aufa} (TopeT).
acAUB z€[b](r—j)

]

So for any 7' € Fy,, and any A C Tj with |A| > wa, GA(T) is generated by Garnir

relations over hooks.

3.2 Collapsing the Sum in the Image of a Pieri Inclusion

3.2.1
The rest of this chapter is devoted to collapsing the sum in the image ®,,(7"). We

first consider the 1-path case, where the idea is that the sum over all possible paths
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between two boxes can be collapsed to a single tableau, modulo R\ x,,, with parity
depending only on the number of rows between the two boxes. See Figure 3.2. We

then generalize the result to 2-paths, before considering the m-path case.

Definition (o7}). Let A C Ty be a hook with [b](r) the top row of A. Label the
boxes in [b](r) as ay, . . ., a,, and let ag be the box in A below [b](r). For k =0,. .., w,,
define oi! to be the permutation of A that switches ag and a; and is the identity
otherwise. For T' € F,, and 0 < k < wy, let Ay, =T, and extend 0,;4 to act on the
entries of T, so that oA, = Ay and o7} is the identity on T otherwise. Then, by

Lemma 3.1.4, modulo Ry,

wp
GA(T) = wb! Z U?T
k=0

 row 7

™ over all (original tableau)
possible paths

:
[+ P

Figure 3.2. Collapsing a sum of paths.
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3.2.2

It will be useful to be able to identify those paths that are similar to a given
m-path. Given an m-path P and two rows [b](r) and [c|(s), a ([b](7), [c](s))-path ex-
tension of P is an m-path @) that is identical to P except on the interval of rows
([6](r), [c](s)) and on any boxes whose image under P is in the interval of rows
([b](r), [c](s)). In the row interval ([b](r),[c](s)), @ can differ from P, and in fact

can even act on different boxes.

Ezample. Let the 1-path P be as in Figure 3.3. For any ([2](2), [4](1))-path exten-
sion @ of P, it must be that {[1](1,1), {[1](2,1),[2](1,3)} C R% as these are the boxes
in RY outside of the interval of rows ([2](2), [4](1)). As [2](1,3) € P7L(([2](2), [4](1))),
@ must be identical to P on {[1](1, 1), {[1](2, 1)}, but it can be the case that Q([2](1, 3)) #
P([2)(1,3)). Two such examples of ([2](2), [4](1))-path extensions of P are given in

Figure 3.4.

Figure 3.3. An example of a 1-path.
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Figure 3.4. Two examples of ([2](2), [4](1))-path extensions of the 1-path in Figure
3.3.

Ezample. Let the 2-path P be as in Figure 3.5. For any ([3](1), [4](1))-path ex-
tension @ of P, it must be that R\ ([3](1), [4](1)) = RP\ ([3](1), [4](1)). As
{[21(2,2), [2(3, )} < PH(([3](1), [4)(1))),
Q must be identical to P on
R\ (([8](1), [41(1) U {[21(2.2). [21(3,1)})
but @ can differ from P otherwise. An example of a ([3](1), [4](1))-path extension of
P is given in Figure 3.6.
Given an evacuation route R and a row [b](r), define
Repy={z € R:z <[b)(r)}  and  Roppy:={z € R:[b(r) <z}

We formalize the notion of path extensions with the following definitions.

Definition 3.2.2.1 (Route Extension). Given an evacuation route R and two rows
[b](r) and [c](s) with [b](r) < [c](s), an evacuation route B is a ([b](r), [¢](s))-route

extension of R if R<[b](r) = B<[b](r) and R>[C](s) = B>[C](S).
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Figure 3.5. An example of a 2-path.

Definition 3.2.2.2 (Path Extension). Given an m-path P and two rows [b](r) and

[c](s) with [b](r) < [¢](s), an m-path @ is a ([b](r), [](s))-path extension of P if:

o R%is a ([b](r),[c](s))-route extension of RY,

P —
y |R1>3[c](s) Q| RZ 10
o Plop, = Qlap, o where I = {x € Byt P(x) € (B10r). d(5)))

3.2.83
For any T € F),, let
X ={zy = [b1](L,wp,)} and Y = {yy := [N + 1](1,1)}
and let
21 = T
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Figure 3.6. An example of a ([3](1), [4](1))-path extension of the 2-path in Figure
3.5.

for some 1 < by <b, <N, 1 <4y <hy,and 1 < 51 < wp,. Let u = Tjp,6,.5.)) for
some by < b, <b,, 1 <1, <h,,and 1 < 3, < wy,, and let P be any 1-path on A
removing X such that P([b,](iy, ju)) € [b.](1) and P([b.](i1,71)) > [b.](i1), including
the case P([b.](i1,j1)) = y1. Let
[P] ={1-paths Q on A : Q is a ([b.](1), [b.](i1))-path extension of P
with Q([b:](i1, j1)) = P([b=](i1, 1))}

and 1" € Fy\ x,, be the unique tableau such that 7" = Tp on (A '\ X), except on the
interval of rows ([b:](1), [b-](¢1)), where T" = T', except T, ;;, 5y = u. We then have

the following.
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Lemma. For [P] as above, modulo Fi ® R\ x n,

> Q) =(-)"taf|jeT.

QE[P]

Proof. Assume, without loss of generality, that j; = 1. We will show the case b, < b,,
the case b, = b, is similar. If 4; = 1, then [P] = {P}, and so modulo F} ® R\ x,, we

get

> QT)=P(T)

QEe[P]

=laf|eT,

as desired. Let 7; = 2 and
A={ay = [b:)(1,k),... aqu, = [b](1,w,)} U{ao = [b.](2,1)}.
Then by Lemma 3.1.4 we have the following, modulo F; ® R\ x . See Figure 3.7.

wbz

Y QT =) |of| @i T

Qe[F] k=1

1

Wy, -

(]

=— || @T.

NE
2
|

<

ay

Figure 3.7. Collapsing a sum via Garnir relations on the bottom row of a block.
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Now let 7; > 2 and
B = {by := [b.](i1 — L,k),... by, = [b:](i1 — L,wp,)} U{bg := [b:](i1,1)}.
By Lemma 3.1.4 and induction applied to each entry in (i; — 1)%, see Figure 3.8,

modulo F} @ Ry x,, we have

Wy,
DT =D ()" |af| @ 0P T’
Qe[P] k=1
; 1
— (_1)11*2 O[f ® _GB (T/) _ T/
wbz!
= (-1)" " aP| 0T
Thus the claim holds for 1 <4y < hy_. ]
Wy bk k ' bk k
. [u] M=) ]
k=1
I

Figure 3.8. Collapsing a sum via Garnir relations in the middle of a block.

3.2.4
Lemma 3.2.3 also allows for calculations of sums of 2-paths, by applying the
technique of the proof twice and “skipping” certain rows each time. That is, for any

T e .F)\,n, let
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and let
2= Tingnr 22 = Teio o)
for some 1 < by <b, <N, 1< iy <ty < hy,and 1 < j1, 50 < wy,. Let
Uy = T[bul](iupjm)’ U = T’[buz](iuwjuz)

for some by < by, by,

< by, 1 <y < hp,, 1< juy < wp,,, 1 < iy, < hy,,, and
1 < ju, < wp,, . If by, = by,, then we also assume that i,, # iy,. Let P be any 2-path
on A such that
P([buy ] (turs Jur ) € [02)(1), P([bus] (iuy Jun ) € [02](2)
and
P([b:] (i1, 1)), P([b:] (42, j2)) > [b:](ir).
Assume, without loss of generality, that P([b,](i1, 1)), P([b.](i2,j2)) € Y. Let
[P] ={2-paths @Q on A : @ is a ([b.](1), [b.](i1))-path extension of P

with Q([b2](i1, j1)) = P([b=](i1, 1)), Q([b:](i2, j2)) = P([b:](i2, j2)) }
and 17" € Fy x,» be the unique tableau such that 7" = Tp on (A '\ X), except on the
interval of rows ([b:](1), [b-](i1)), where T" = T', except T}y, o1y = Uy Tjy 16,50) = V-

See Figure 3.9.

Corollary. For [P] as above, modulo Fy, ® R\ x,, we have

P
. . 8]
S Q) = (-1 e
Qe[P] ™

Proof. Apply the techniques from the proof of Lemma 3.2.3 to get a sum of tableaux
with u; in the box [b,](i1, 71), skipping row [b.](i2), then apply the techniques again

to get uy in the box [b,](i2, j2), skipping row [b,](iz — 1). O
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< TOW 17
<— TOW 13
~Y (_1)i1—2+i2—2

Z (original tableau)
QelP]

PHuw) £ ][4 P ()

Figure 3.9. Collapsing a sum of 2-paths.

3.2.5

The same technique used in 3.2.4 immediately generalizes to sums of m-path
extensions. Fix m > 2. For any T' € Fy,, let

X ={x1 = [W](L,wy,), ..., 2m = [bn](im, ws, )}
be a removal set and
2 = T3y for 1<k <m
for some 1 <b; <b, <N, 1 <4, < - <3 < hy,,and 1 < jp <wp, for 1 <k <m.
Let
Wk = Tl )iy ) fOT L <k <m

for some by < b,, <0b,,1 <7, < hbuk, 1 < ju, < wy,, . If b,, = by, for k # [, then we

also assume that 7,, # 7,,. Let P be any m-path on A such that, for 1 <k <m,

P([bu,] (g Jui)) € [0:2] ()
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and
P[]k, gr)) > [be](in)-
Assume, without loss of generality, that P([b,](ix,jx)) € Y for 1 < k < m. Let
[P] ={m-paths Q on A : @ is a ([b,](1), [b.](i1))-path extension of P
such that Q([b.](ik, jr)) = P([b:](ik, jir)) for 1 < k < m}
and 7" € Fy\ x, be the unique tableau such that 7" = Tp on (A \ X) except on

([b.](1),[b.](i2)), where T" = T except T},

(i) = Wk for 1 <k <m.

Corollary. For [P] and T as above, modulo F,,, ® R\ x n,

> Q) = (- [ e 1

QEe[P] af

Proof. Assume, without loss of generality, that
11 > 19,

i2>i3+1,

im—1 >+ (m—1) — 1.
Otherwise, the following goes through by skipping the appropriate rows. Apply the
techniques from the proof of Lemma 3.2.3 to get a sum of tableaux with u; in the box
[b.](i1, 71), skipping rows iZ, ..., 5. Then iterate the techniques again to get uy in the
box [b.](ix, jx), skipping rows [b.](im), . .., [b:](iks+1) and rows [b.](ix — 1), ..., [b.](ix —

(k —1)). O
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CHAPTER FOUR

The Pieri Inclusion Removing One Box is a GL(V)-map

In this chapter we show that the Pieri inclusion removing one box is a GL(V)-
map. We start by stating this as a theorem and then prove it in the two possible

cases.
4.1 The Theorem Statement and Set-Up

411
For all of Chapter 4, fix a removal set X = {z; := [b1(1,wp, )} C Tp. Let
Oy Fan = VO Faxm

be as in Section 2.1.

Theorem. ®; is a GL(V)-map, i.e. ®; descends to
(I)l : S)\(V) — F1 (029 SA\X(V)

and @, is GL(V)-equivaraint.

4.1.2

For each simple root vector «; with respect the standard Cartan subalgebra, the
action of e,, on a tableau 7' generates a sum of tableau T where each entry ¢ in T’
is replaced by an 7 + 1. Similarly, for each e_,,, where each entry 2 in 7" is replaced

by an 7 — 1. As ®; is a sum over 1-paths that move entries up the diagram, acting
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with e,, and applying ®; to the sum is the same as the opposite order. Then as the

simple root vectors generate gl(V'), ®; is gl(V')-equivariant.

4.1.3
To prove Theorem 4.1.1, it remains to show that
Q1 (Ran) C FI @ Raxn-
It is clear that ®; preserves property 1.2.6.1 as it is a sum over all 1-paths. It remains
to show that property 1.2.6.2 holds, i.e. forallT € F, , and all A C Tj with |A| > wa,
®1(Ga(T)) € I ® Raxn- (4.1.3.1)
By Theorem 3.1.1, it is enough to show that equation 4.1.3.1 holds for all hooks
A. If A is a hook, either A is completely contained in a block [b], with 1 <b < N, or
A is contained in two blocks, [b] and [b+ 1], with 1 < b < N — 1 as in Figure 4.1. We

consider these two options separately.

Ay e A, Ay oo Auy,
AO AO
(a) A hook A C [b]. (b) A hook A C [b]U [b+ 1].

Figure 4.1. Hooks contained in a single block or two blocks.
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4.2 Preserving Garnir Relations for Hooks Contained in a Single Block

4.2.1
We first show that Equation 4.1.3.1 holds for all hooks A C [b], for some 1 < b <
N. For the rest of Section 4.2, fix T' € F) ,, and
A ={ag = [b](o,1), a1 == [b](Go + 1,1), ..., au, = [b](do + 1,ws) } C Tp
with 1 < iy < hy, so that A C [b]. Denote the entries of A in T" by Ay = T, for
k=0,1,...,wp. Then by Lemma 3.1.4, modulo F; ® R\ x,, we have

®y (GA(T)) = Z% <Z JT> :CZZ%P(J,?T),

ceG 4 P k=0

where the sum is over all 1-paths P on \ removing X. The set of all B, := P(c{'T),
which we will generally call “paths,” appearing in the image ®; (G4(T)) above is the
union of the following disjoint sets.
The P.s that miss A,
T ={P.: RFNA=0} (4.2.1.1)
The Pgs that hit A and keep A in block [b],
Ty ={P.: RENA#0, P(A) <[} (4.2.1.2)

The Pys that hit A and move the entry A; above block [b], including P(ci4;) € Y,
wy
Ty = | |75 (4.2.1.3)
i=0

where

Ti={P,: RPN A#0, PlojAy) > [b]}.
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We then have, modulo F1 ® R\ x,n,

O (GAT) =CH Y %P (o2T) = CZ > %Pk.

4.2.2

We show that for each of the cases (4.2.1.1) - (4.2.1.3),

F{( P) 1 )\\ s
Pker

and hence equation 4.1.3.1 holds for all hooks A with A C [b].

Case (4.2.1.1). In this case we show that the sum over all paths that miss A is in

Fl ® R)\\X’n, 1.e.

F[(P) k 1 )\\ ne
Pkejl

Proof. As P misses A for all P, € T1, P|4 =idy, and thus
P(opT) =Yp®ojTp for all 0 < k < w.

Then modulo F; ® R\ x,, we have

—1)F (-
IR LI L

PeTy PyeTy, k=0
Wy P
(D)5 a
PyeTy k=0
()P
-3y = Gu(T.
Z CAH(P) oy |® A( P)
PoeTy
=0.



Case (4.2.1.2). In this case we show that the sum over all paths that hit A and

keep A in block [b] is in F} @ R\ xn, i.€.

PkEJZ

Proof. For a 1-path P, let P~! be the unique map of boxes
PTliAUY 5 AUY
such that for all x € A\UY, P7Y(P(z)) = x. For all k =0,1,...,wp, let
T]:l = PJ]?P_1 € Sp(a),
so that 77! permutes P(ag) and P(ay) and is the identity otherwise. Extend /! to act
on the entries of Tp.

Then, modulo F; ® R\ x,,, we have

—1)r — (=1)F 4
Z <H(1)3)P’f: Z Z(HU)J)P(%T)

PreTo PyeTo k=0
-y 3 U i pr)
- H(P)
PyeTo k=0
wy
(=D 4
- Z Z H(P) ay (@1 Tp.
PyeTs k=0

As P(A) C [b] and |P(A)| = w,+ 1, by the proof of Lemma 3.1.4 we have, modulo

F1 @ Ry xn»

Z i (_1)P Ozf ®T];4Tp = Z L(_1>P O(f & GP(A) (Tp) =0.
vt Ca H(P)
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Remark. Notice that the proofs of Case (4.2.1.1) and Case (4.2.1.2) did not depend
on removing a single box nor on A being contained in a single block, and so this will

generalize to m > 1 for both options of a hook A.

Case (4.2.1.3). In this case we show that the sum over all paths that hit A and
move the entry A; above block [b] is in F} @ Ry x,»- We will assume that b > by, as the

case b = by can be treated similarly. It is enough to show that for each i =0, ... wy,

. H(P) k ! AXyn:
Pkejé

We will show the case ¢ = 0, with the cases i =1, ..., w, being similar.

Proof. For the rest of Case (4.2.1.3) let T := T9 and, for any 1-path P, let hE =
h? — hl’. Define the relation ~ on T by

P, ~Q; < Qisa ([b](1),[b](i + 1))-path extension of P.
It is clear that this defines an equivalence relation on 7, so that

)Q
Q)

S X X

PpeT ( [PL]€T/~  QreE[Py]
Pick Py € T with [b](i,1) € RF for all i = 1,...,ip, and let [b,](iy,ju) =
P~ ([b](1,1)), with w := T}, j(5,.5.) as in Figure 4.2.
It is then enough to show that
> %Qk € F1 @ Ry\xn-
Qre[Po]
In fact, as h@ = hP and H(Q) = H(P) for all Q, € [Py, it is enough to show that

Z (—1)thQk eEN® R/\\X,n‘

QrE[Po]
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Ny |

Figure 4.2. A path Py with [b](i,1) € RF for all i = 1,--- .

Observe that [P] can be written as the disjoint union

[P] = U[Po]i,

where the [Fp); are defined as follows.

[Py], is the set of all paths acting on o{'T" as in Figure 4.3,

[Po], = {Qo € [F]}-

KAl IAw
Ao

(y

Figure 4.3. The paths in [P); acting on o§'T.

[Py), is the set of all paths acting on )T for k # 0 that hit ay = ojla; as in
Figure 4.4,

[Po], = {Qr € [P] : k #0,a0 € R9}.
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Figure 4.4. The paths in [Py], acting on o!T for k # 0 that hit ag = oias.

[Po], is the set of all paths acting on of!T for k # 0 that miss ag = oj'a; as in

Figure 4.5,

[Po]; = {Qx € [P] : k #0,a0 ¢ R?}.

—
S

Figure 4.5. The paths in [Py]3 acting on o} for k # 0 that miss ag = of ay.

Let 7" € Fx\ x be the unique tableau with 7" = Tp on (A\ X) \ [b] and 7" = T on
[b] except T, = u, as in Figure 4.6.

Then by Lemma 3.2.3 and applications of G4, modulo F; ® R\ x,,, we have

S (=1 Qo = (1)t [af o T

Qo€[Poly

=—lof|aT,
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Figure 4.6. The unique tableau 7" with 7" = Tp on (A\ X) \ [b] and 7" =T on [b]
except T = u.

> (0 Qu = (~)o ey [of o 1
Qr€[Po],

P !
=wp |y | QT

and

ST () Q= (—1)ort ity — 1) [ @ 77
QrE[Pol3

= —(wb — 1) Ozf ®T/.

As

3
> (~1)" Qy = > (—1)" Qs
=1 le[PO]i

QrE[Po]

modulo F; @ R\ x,n, we have

Q
Z ()" Qr = (1 4wy —wy + 1) laf |@T"
QrE[P]

= 0.
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4.3 Preserving Garnir Relations for Hooks Contained in Two Blocks

4.3.1
We now show that Equation 4.1.3.1 holds for all hooks A C [b] U [b+ 1] for some
1 <b< N —1. For the rest of Section 4.3, fix T' € T, , and
A ={ag:= [b](h,1), a1 == [b+1](1,1),...,au,,, == [b+ 1J(1,wps1)} C To,
so that A C [bJU[b+1]. Denote the entries of Ain T'by Ay =T, for k =0,1,..., wpy1.

Then by Lemma 3.1.4, modulo F} ® R\ x,,, we have

O (Ga(T) =D %P (Z JT) =cy Z_: g(ll);;p (a7,

where the sum is over all 1-paths P on A removing X. The set of all P, := P(c{!T)
appearing in the image ®; (G4(7)) above is the union of the following disjoint sets.
The P.s that miss A,
T, ={P.: R" N A=0}. (4.3.1.1)
The Ps that hit A and keep A in blocks [b] and [b+ 1],
Ty={P.: RFNA#0, P(A) <[b+1]} (4.3.1.2)
The Pys that hit A and move the entry A; above block [b+ 1], including the case
P(ojtAi) €Y,
why1

Ts=| |7 (4.3.1.3)
=0

where

Ti={P. €T3: RENA#D, PloiA;) > [b+ 1]}
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Then we have, modulo F} @ R\ x n,

él(GA(T)):C’ZZ% (i)=Y 3 —(g)pk.

4.3.2

We show that for each of the cases (4.3.1.1) - (4.3.1.3),

F{( P) 1 )\\ s
Pker

and hence Equation 4.1.3.1 holds for all hooks A C [b]U[b+ 1]. Case (4.3.1.1) follows
from the proof of Case (4.2.1.1) and Case (4.3.1.2) follows from the proof of Case

(4.2.1.2). It remains to show Case (4.3.1.3).

Case (4.3.1.3). In this case we show that the sum over all paths that hit A and

move the entry A; above block [b+ 1] is in F} ® R xn- It is enough to show that for

/l':(),...,wb+]_’
> C) penar
Pk€7§
We will show the case ©+ = 0, with the cases i = 1,..., w1 being similar.

Proof. Note that as we are considering paths that hit A in this case, we must have
that b > b; — 1. We will consider the case b = by — 1 (and hence a,,,, = 71) and the

case b > b; — 1 separately.
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Subcase (4.3.1.3.1). We first show the case where b = b; — 1. We want to show
that

> ﬂP €EFLOR

PkE{J'g
Proof. As ag < x1, for all P, € T9 we must have k # 0. We can then write T3 as

Tg: |_| ‘Ip1

PeTy

where

Tp, = {Qr =€ T : Qis a ([b+ 1](1), [b + 1](1))-path extension of P}.

It is then enough to show that for each P, € T9,

wffﬂf’( AT eR®R
£ H(P) 10k 1 AN X, n-

Pick a P, € 7% and let A’ = A\ {aw, 11} C A\ X. As |A'| = wpq > wpy1 — 1, by the

proof of Lemma 3.1.4 we have

Wp+1 Wp+1
> PioiT) =) |af|@ i (Tp)
k=1 k=1

1
= — ozf ®Ga (Tp) € F1 ® Raxn-

Subcase (4.3.1.3.2). We now show the case b > by. For the rest of Subcase

4.3.1.3.2, let T:= T9 and for any 1-path P define h” := b — h and

~ H(P)
HP) = G Py (P)
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Define the relation ~ on T by
P, ~Q; < Q;isa ([b|(1),[b+ 1](1))-path extension of P.
It is clear that this defines an equivalence relation on T, so that
Q

>t XY G

PreT [PL]€T/~ QreE[Py]
Pick Py € T with [b](i,1) € RF for all i = 1,...,h, and let [b,](iy,Ju) =

P=H([b](1,1)) with w := T}, )(5,.5.) as in Figure 4.7.

KAl A

|
U

Figure 4.7. A path Py with [b](i,1) € RF foralli =1,..., h.

It is then enough to show that

Z (_1)QQk € Fi @ Rynx
Qre[Po] H(@)

In fact, as h@ = hP and H(Q) = H(P) for all Q, € [Py, it is enough to show that

Z (—1)h$ Qr € F1 ® Raxn
Qre[Po] Hy,(Q)Hp11(Q) n

Observe that [P] can be written as the disjoint union

T=| |R)]

i=1

where the [Fy); are defined as follows.



[P], is the set of all paths acting on o{'T" as in Figure 4.8,

[Po]; = {Qo € [F]}-

KAI A,

-

Figure 4.8. The paths in [P)]; acting on o§'T".

[Py, is the set of all paths acting on o'T for k # 0 that miss block [b] as in Figure
49,

[Po], = {Qr € [P) : k #0,R°N[p] = 0}.

Figure 4.9. The paths in [P], acting on o/\T for k # 0 that miss block [b].

[Py is the set of all paths acting on o' T for k # 0 that hit ap = ofa as in Figure

4.10,

[Po]; = {Qx € [P] : k #0,a9 € R?}.
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Figure 4.10. The paths in [Fy], acting on 04T for k # 0 that hit ay = oy,

[Py], is the set of all paths acting on o7 for k # 0 that miss ag = ofa; but hit
row [b](hy) as in Figure 4.11,

[Po], = {Qr € [Po] : k # 0, [b](hy, j) € RY for some 2 < j < wy}.

Figure 4.11. The paths in [P], acting on o{!T for k # 0 that miss ag = o{a; but hit
row [b](hp).

[Py, is the set of all paths acting on 0!T for k # 0 that miss row [b](hs) and leave
block [b] from an odd row and [Py is the set of all paths acting on oi!T for k # 0
that miss row [b](hy) and leave block [b] from an even row as in Figure 4.12,

[Poly = {Qr € EY 1 k #0,Q([b](i,7)) = ai for some 1 < j < wy, 1 <i < hy,i odd},
and

[Polg = {Qr € B 1 k #0,Q([b](i,7)) = ay for some 1 < j < wy, 1 <i < hy,i even}.
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Figure 4.12. The paths in [P], and [Py, acting on 0T for k # 0 that miss row
[b](hy) and leave block [b] from an odd or even row, respectively.

Let T" € Fa x» be the unique tableau with 77 = Tp on (A \ X) \ ([o] U [b+ 1))

and 7" =T on [b] U [b+ 1] except T, = u, as in Figure 4.13.

Ayl - Vlw

Figure 4.13. The unique tableau 7" with 7" = Tp on (A \ X) \ ([b] U [b+ 1]) and
1" =T on [b]U[b+ 1] except T, = u.

By Lemma 3.2.3 and applications of G4 we have, modulo F} ® R\ x,n,

_1)hb+hb—1

_1 thQ — ( OéP ®T/

Qoez[;oh( ) 0 H(b) :
—HOb+1)

AOHOG+ 1) L®

_1)1+1
2, (Ve Hio+1) 2U®
QkG[PO]2

=———~> a7,




(—1)lt1+ho=1

YO, — W1 y
> (0= e T

QrelPol,

Wp-1

H(0)H(b+1)

ay|@ T,

Q (_1)hb+1+1+hb—1(w _1)
> (W=

QreE[Poly

]_—U)b

CLE

PORCILIIE

P
31

®T',

(—1)i+IttHi-141

QrE[Pol; 1§¢§£Lb
70

= > FwEGTD

1<i<hy,
i odd

and

(_1)i+1+1+i—1+1

1

H(b)H(b+1)

ol ®

Q
> (fe- ¥ 7
QrE[Po]5 1<i<h, H<b>H(b + 1)
1 P
- Z T Ly |2 | ®
1S, HOH G+ 1)
Then as H(b+ 1) = H(b) + wp+1 — wy + Iy and
S ol ers ¥
1Si<hbH(b)H(b + 1) 1<’L<hb b + 1)
i odd Foven
hy — 1

Hb)H(Db+1)

we get, modulo F| ® R\ x n,

2, (FVRee= 3L D (-

Qr€E[Po] i=1,....6 Qre[Po),
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—HOb+1)+H®b) +wppr +1—wy+hy— 1 5 ,
HO)H(b+1)

]

Thus Equation 4.1.3.1 holds for all hooks A C [b] U [b+ 1], which proves Theorem

4.1.1.
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CHAPTER FIVE

The Pieri Inclusion Removing Many Boxes is a GL(V)-map

In this chapter we show that the Pieri inclusion removing many boxes is a GL(V)-
map. As in Chapter Four, we start by stating this as a theorem and then prove it in

the two possible cases.

5.1 The Theorem Statement and Set-Up

5.1.1
Let X = {x1 = [b1](L,wpy), - -, T = [bin]) (Gmy wp,, )} C A be a removal set and
q)m:fk,n_)Fm(gf)\\X,n

be as in Section 2.2.4.

Theorem. ®,, is a GL(V)-map, i.e. ®,, descends to
(I)m . g)\(V) — Fm (29 S)\\X(V)

and ®,, is GL(V)-equivariant.

5.1.2
As before, it is clear that ®,, is gl(V)-equivariant by construction. To prove
Theorem 5.1.1, it remains to show that
P (Ran) C Frn @ Ry x -
It is clear that ®,, preserves Property 1.2.6.1 as it is a sum over all m-paths, and

hence we must show that Property 1.2.6.2 holds, i.e. for all T" € F,, and all A C Tj
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with |A] > wy,
., (Ga(T)) € Fr, @ Ra\x,n- (5.1.2.1)
Recall that by Theorem 3.1.1, it is enough to show that 5.1.2.1 holds for all hooks
A. As any hook consists of exactly two rows at most two orbits of any m-path can
intersect A, and so it is enough to show that Equation 5.1.2.1 holds for m = 2. As
before, there are two options for hooks in 7, which we consider separately. For the

rest of Chapter 5, fix the removal set

X = {xl = [bl](lvwb1)7x2 = [b2](127wb2)}'
5.2 Preserving Garnir Relations for Hooks Contained in a Single Block

5.2.1
We first show that Equation 5.1.2.1 holds when m = 2 for all hooks A C [b], for
some 1 < b < N. For the rest of Section 5.2, fix T' € F),, and let
A ={ag = [b](d0,1), a1 = [b](ip + 1,1),..., aw, = [b](io + 1,wp)} C Tj
with 1 < iy < hy, so that A C [b]. Denote the entries of A in T by Ay = T, for

k=0,1,...,wy. Then by Lemma 3.1.4, modulo F, ® R\ x,n,

0,y (Ga(T)) =) %P (Z O'T)

wy _1P N
=T iy P i),

where the sum is over all 2-paths P on A removing X. The set of all P, := P(c{!T)

appearing in the image ®3 (GA(T")) above is the union of the following disjoint sets.
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The Pp.s that miss A,
T, ={P.: R" N A =0}.
The Pgs that hit A and keep A in block [b],
Ty={P.: RFNA#0, P(A) C[b]}.

The Pgs that have exactly one orbit in [b] and move A; above [b],

= || 7

0<i<wy

where

Tt = {P, : exactly one of Ry, Ry intersects [b] and P(0.,4;) > [b]}.

The Pgs that move A; and A; above [b],

Ty = |_| Ty’

0<i<j<wy
where
T3 = {P, € Ty : P(o'a;) > [b] and P(o}}a;) > [b]}.
The Pgs that move A; and a box z € [b], with z < A, above [b],

2
I I
0<i<wy, 2=[b](iz,jz),

1<iz<io—1,1<j.<wp

where
To* = {P, € T : P(oia;) > [b], P(2) > [b]}.
The Pgs that move A; and a box z ¢ A in row i above [b],

- o

0<i<wy, 2<j<wy
where

T’ = {Py € Tg : P(ojia;) > [b], P([b](io, 5)) > [b]}.
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The Pgs that move A; and a box in [b] above A above [b],

T= ] 7 (5.2.1.7)

OSZS’wb
1<j<wy

where
T3 = {P € Tr: Pof'As) > [B], [(io +2,5) € R™).

Then, modulo Fy ® R\ x,,, we have

5.2.2

We show that for 7 =1,...,7,

Pkejj

and hence Equation 5.1.2.1 holds when m = 2 for all blocks A C [b]. The proofs of
Cases (5.2.1.1), (5.2.1.2), and (5.2.1.3) are similar to the proofs of Cases (4.2.1.1),
(4.2.1.2), and (4.2.1.3), respectively. It remains to show the proofs of Cases (5.2.1.4),
(5.2.1.5), (5.2.1.6), and (5.2.1.7). In each case we will assume b > by, with the case
b = by being similar. We will also assume in each case that ANX = (), asif ANX # ()

we may follow the proof of Subcase (4.3.1.3.1).
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Case (5.2.1.4). In this case we show that the sum over all paths that move A,

and A; above [b] is in F, ® R\ x,»n. Recall that

T= || 7

0<i<j<wy
where
‘inj ={P, €Ty: P(Ul?ai) > [b] and P<O;f4aj) > [0}

It is enough to show that for 0 <i < 7 < wy,

> (_1>PP €EFROR

Py, E‘Jﬁ’j

We will show the case + = 0 and j = 1, with rest being similar.

Proof. For the rest of Case (5.2.1.4) let T := T9"'. Observe that for all P, € T, either
k=0 or k =1, as otherwise of Ay and o' A; are in the same row.

Next we will define for each Py € T a unique P} € T that agrees with P except
on {ag,a;}. See Figure 5.1. The conditions on P will depend on whether or not P
“removes” (i.e. maps to Y') either or both of ag, a;. We want to construct P| so that
it sends Ay and A; to the same place P does, but with the freedom to do so with
either the orbit of x; or xo. For each Iy € T, let P| € T such that P’ = P except on

{agp, a1}, and

e if {P(ag), P(a1)} NY =0,

P'(c{tay) = P(ag) and P'(c{}(ay)) = P(ay).

o if P(ag) € Y and P(ay) €Y,

P'(0{ag) € Y and P'(0{(ay)) = P(ay).
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o if P(ag) €Y and P(ay) €Y,

P'(c{'ag) = P(ag) and P'(0{'(a;)) €Y.

o if {P(ap), P(ar)} =Y,

{P(01'a0), P'(07'(a1))} = Y.

o 7

Figure 5.1. A path Py removing the entries Ag and A; from block [b] and its dual
path P).

It is clear that for for each Py € T the choice of Pj is unique, and that all Q; € T

arise in such a way. Thus

) R L S
2 H(P)P’“‘Z<H<P>P°+H<P'>Pl>

PreT PoeT

/

As (=) = (=1) and H(P) = H(P'), it is then enough to show that

Z Py+ Pl € F5 @ Ry xn-

PyeT

We will in fact show that for each iy € T, Py + P| € F> ® Ryxn Pick Fy
and the corresponding P; € T and let u = P~ (ap) and v = P7Y(A;). Let T" €
Faxn be the unique tableau with 7" = Tp on (A \ X) \ {[b](%), [b](ip + 1)} and

1" =T on {[b](io), [b](io + 1)} except T, =wu and T, = wv, as in Figure 5.2.
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Then, modulo F5 ® R\ x,n,

Py+ Pl = ( afi 1 ai ®T
o )
=0.
O
|
v 4, Au

-

Figure 5.2. The unique tableau 7" corresponding to the path F.

Case (5.2.1.5). In this case we show that the sum over all paths that move A,

and a box z € [b], with z < A, above [b] is in F, ® R\ x,». Recall that

»
0<i<wy, Z:[b](izij)v
1<, <ip—1,1<j,<wy

where
Jo* ={P, € T : P(oia;) > [b], P(2) > [b]}.

It is enough to show that

H(P) k /\\ ;N
Pk€J57Z

for some z = [b](i,, j.) a fixed box with Z =T,, 1 <i, <ig—1o0dd, and 1 < j, < wy,

with the other cases being similar.
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Proof. For the rest of Case (5.2.1.5) let T := ‘J'gz and, for any 2-path P, let WP =
h? — hf'. Define the relation ~ on T by
Py~ Q; <= Qisa ([b](1),[b](ip + 1))-path extension of P
and if P(u) € [b](1) for some box u < [b], then Q(u) € [b](1).

It is clear that this defines an equivalence relation on 7, so that

R D SED S

PLeTY? [Pe]€T/~ Qre[Py]

)Q
Q)

Pick Py € T with [b](i,1) € R” for all 1 < i # i, < i, and let [b,](y, ju) =
P_l([b](l, 1)) and [bv](iv,jv) == P_1<[b](2, 1)) With u = T[bu](iu,ju) and v = T[bv](iu,ju)'

See Figure 5.3.

b
Bz
L
\u v

Figure 5.3. A path Py removing the entries Ay and Z from block [b].

It is then enough to show that

Z (_1>QQk S ®'R)\\X .
QkE[Po] H(Q)

In fact, as h@ = h? and H(Q) = H(P) for all Q, € [Py, it is enough to show that

Z (—1)thQk eEF® RA\X,n-

QrE[Po]
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Observe that [Py] can be written as the disjoint union
3
[Ro] = |_|Poi,

i=1

where the [Fy]; are defined as follows.
[Py], is the set of all paths acting on 0{'T" as in Figure 5.4,

[Fol; = {Qo € [P}

Figure 5.4. The paths in [P)]; acting on §'T".

[Py], is the set of all paths acting on ¢\T for k # 0 that hit ag
Figure 5.5,
[Po], = {Qr € [P] : k # 0,00 € R9}.
[Po], is the set of all paths acting on ¢{!T for k # 0 that miss ag

Figure 5.6,

[PO]?’:{Qk € [P()]k??éo,aogRQ}

oilay, as in

oitay, as in

Let 7" € Fx\ x be the unique tableau with 7" = Tp on (A\ X) \ [b] and 7" = T on

[b] except T] = v and T, = u as in Figure 5.7.
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Figure 5.6. The paths in [Py]; acting on of'T for k # 0 that miss ag = of ax.

Ay IAw

Figure 5.7. The unique tableau 7" with 77 = Tp on (A\ X) \ [b] and 7" =T on [b]
except T, = v and T, = u.
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Then by Corollary 3.2.4 and applications of (G4, modulo F> ® Ry x,, we have

P
L . Q
Z (_1)thQk: _ (_1)zo+zo—2+zz—2 ?D QT
QrE[Po]y %
P
o
— ?D @T’,
a

Z (_1)hl?@k _ (_1)i0+1+i0—2+iz—2(wb)

QrE[Poly

® T,

and

Z (_1)h§Qk = ()it 242y 1)

Qr€[Pol3

=—wp,+1 QT

Thus modulo Fy ® Ry x,, we have

ST Q= (—1 4wy — wy + 1)

QrE[Po]

= 0.

QT

@ T

QT

Case (5.2.1.6). In this case we show that the sum over all paths that that move

A; and a box z € A in row ig above [b] is in Fy ® R\ x,n- Recall that

76 = |_| ‘J/é7j 5

0<i<wy, 2<j<wy
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where
T! = {Px € T : P(ojia;) > [b], P([b](io, 5)) > [b]}-

It is enough to show that

> (_1)PP €cFROR

Pk€72’2

with the other cases being similar.

Proof. Let z := [b(ig,2) and Z := T., and observe that Tg is the union of the
following disjoint sets:

Te™' = {P, € Tg” : P(ojlay), P(2) € Y},

12,2
Ts

(P, € T0? . P(ofag) € Y, P(2) € Y},

T2 = {Py € T¢% : P(2) €Y, P(ojag) ¢ Y}, and

To>* = {P, € T9° : P(oi'ay), P(2) € Y}.
It is enough to show that for 1 <i <4,

> CD e nor
PpeTg™"

Define the relation ~' on 9", for 1 < i < 4, as follows. Define ~! on T9*' by
Py~ Q; <= Qs a ([b](1), [b](ip + 1))-path extension of P,
Q(UJAAO) = P(0}! Ay), and Q(Z) = P(Z).
Define ~? on Tg*? by
P, ~* Q; <= Qisa ([b](1), [b](io + 1))-path extension of P,

and Q(Z) = P(Z).
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Define ~* on Tg*® by
P~ Q; <= Qisa ([b](1), [b](ip + 1))-path extension of P,
and Q(UJAAQ) = P(oj! Ap).
Define ~* on To>* by
P, ~' Q; <= Qisa ([b](1),[b](ip + 1))-path extension of P.
It is clear that for 1 < i < 4 ~% an equivalence relation on ?{6)72’i, so that

(1" e,
> et Y% o

PreTy?! [P]eTo 2 /i QuE[P]

Thus it is enough to show that for 1 < i <4,

> Z Qk € F, @ Rxxn-

[PLIETY 2 /i QuE[PE]

We will show the case ¢ = 1, with the rest being similar. For the rest of Case
(5.2.1.6), let T:= Tg*'. For I = 1,2, let T,, be the set of all Q; in T such that the
orbit of x; intersects the first row in [b],

T, = {P. € T: RN [b](1) # 0}.

As ag = [b](ig, 1) and z = [b](ip, 2) are in the same row, it must be that 1 < k < w,
for all P, € T. Pick P, € T with [b](i,1) € R for all i = 1,...,4p — 1, and let
[bu] (iu; ju) = P7H[PI(1, 1)) and [b](iv, ju) = PH([b](2,1)) with w = Tjp,j,,,) and
v = Tp,)(ir.5,) s in Figure 5.8.

It is then enough to show that

_1\@
Z (H(lQ))) Qr € F> @ R xn-

Qre[P1]
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Figure 5.8. A path P, with [b](i,1) € R for alli =1,...,i — 1.

In fact, as (—1) = (—=1)? and H(Q) = H(P) for all Q. € [P], it is enough to show
that

> QL€ R®Ryxa

Qre[P1]

Assume, without loss of generality, that P, € T,,, and let [P], = [P}] N T,, and

[P], = [P1] N Ts,, so that

[P] = [P, |_| [P, -

See Figure 5.9.

o A
(a) Qx € [P1],, (b) Q € [P1],,

Figure 5.9. Paths in [P],, and [P],, removing the entries Ay and Z from block [b].
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Let T" € Fy x be the unique tableau with 7" = Tp on (A\ X) \ [b] and 7" = T on

[b] except T, = wu and T = v. See Figure 5.10

Ay |A

Figure 5.10. The unique tableau 7" with 77 = Tp on (A\ X) \ [b] and 7" = T on [
except T =w and T, = v

By the proof of Lemma 3.2.3, the result of Corollary 3.2.4 still holds when moving
u and v to boxes in the same row, which we have here after applying GG 4. This gives,

modulo F5 @ R\ xn,

Yo=Y QU+ > Qw

le[Pl} le[Pl]zl Qk’e[Pl]zg
. ‘ of ' | e
= (—1)zo+1+1+2(zo—1) O} QT + (_1>m+1+1+2(@071) O} 9T
! 2

=0.

Case (5.2.1.7). In this section we show that the sum over all paths that move A;
and a box in [b] above A above [b] is in F> ® Ry x,n. Note that for any such path,

there must be a box [b](ig + 2,j) € R”. Recall that

_ i,J
= | 7
0<i<w,
1<j<wy
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where
T ={D, € T2 : P(oj A) > [b], [b](io + 2,5) € R"}.
For [ = 1,2, let T7,, be the set of all P in J7 such that the orbit of x; intersects the
first row in [b],
Tra = {Ps € T7 - R O [0](1) # 0}

Then

Tr = Tr0 | | 7o,
and letting

‘J’%i«l =T ﬂ T
we have

_ .j
= || 7,
1=1,2, 0<i<wy
1<j<wy

It is then enough to show that

> (_1)PP €EFROR

0,1
Pkeg’?,zl

with z = [b](ip + 2, 1) and Z = T, with the other cases being similar.

Proof. For the rest of Case (5.2.1.7) let S be the set of all P, € T%l that hit a box
other than ag in row [b](io),
S:={pP. € ‘J{%’;l - [b](ig, 7) € R” for some 2 < j < wy},

and let T := T%xll \ S. One can show

PkES
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by following the proof of Case (5.2.1.6). It remains to show

H (P) k 2 MNX,n-
P

Observe that T is the union of the following disjoint sets:

T'={P. € T: P(oj' Ay), P(Z) € Y},
T2 ={P, €T :P(oj!A) €Y,P(Z) ¢ Y},
T3 ={P. € T:P(Z)€Y,P(oj!Ay) €Y}, and

T*={P. € T: P(oj/ Ay), P(Z) € Y}.
So, it is enough to show that for 1 <i < 4,

Pke 7

Define the relation ~% on T¢, for 1 < i < 4, as follows. Define ~! on 7! by
P~ Q; <= Qs a ([b](4o), [b] (io + 1))-path extension of P,
Q(oi'Ag) = P(04' Ag), and Q(Z) = P(Z).
Define ~? on T2 by
P, ~* Q; <= Qs a ([b](49), [b] (io + 1))-path extension of P,
and Q(Z) = P(Z).
Define ~3 on T2 by
Py ~* Q; <= Qis a ([b](40), [b] (io + 1))-path extension of P,
and Q(o1'Ag) = P(o}, Ao).
Define ~* on T* by

P, ~* Q; <= Qis a ([b)(io), [b](ig + 1))-path extension of P.

86



It is clear that for 1 < i < 4, ~' an equivalence relation on 7%, so that

= 09,
2 w2 > ") ¢

P,EeTi [PleTt/~t Qre[Py)
Thus it is enough to show that for 1 <1 < 4,
Z Z Qk € Fo @ Ryxn-
[Pr]eTi/~ Qre[P, ]

We will show the case ¢ = 1, with the other cases being similar.

Pick Py € 7' with A; € R and let u := P7!(Ap) and v := P!

(A1). See Figure

5.11 and note that the image of Z can be in block [b]. It is then enough to show that

> (_1)QQk € F, @ Rax
QrE[P] H(Q)

with the other cases being similar.

Figure 5.11. A path Py € T' with A, € RF.

In fact, as (—=1)F = (=1)? and H(Q) = H(P) for all Q; € [P], it is enough to

show that

Z Qr € 5> @ Ry xn-

QrE[Po]
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Let [P), = {Qo € [Ro]} and [Ry], = {Qk € [P] : 1 < k < wp}, so that

[Po] = [Ro], || [P3),-

See Figure 5.12, where the image of Z can be in [b].

Ak\ : AO‘
Ao / ..... Ak/ .....
i 5
— -

(a) A path Qo € [Poli. (b) A path Qy € [Fyla.
Figure 5.12. The paths in [Fy]; and [P removing the entry Ay from block [b] and
acting on a box in [b] above A.
Let 7" € Fa\x be the unique tableau with 7" = Tp on (A \ X){([b](40), [b](i0 +2))}

and 7" =T on ([b](%0), [b] (90 + 2)) except T, = v and T}, = u as in Figure 5.13.

;
¢
E
L

Figure 5.13. The unique tableau 7" with 7" = Tp on (A \ X ){([b](i0), [b](io +2))}
and 7" =T on ([b](%0), [b](i¢ + 2)) except T] = v and T}, = u.
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Then by Corollary 3.2.4 and applications of G4 we have, modulo Fy ® R\ x n,

Z Qk = Z Rk + Z QK:_Q?D®T,— a;@T':().

QreEP Qre[Poly Qre[Poly

5.8 Preserving Garnir Relations for Hooks Contained in Two Blocks

5.8.1
We now show that Equation 5.1.2.1 holds when m = 2 for all hooks A C [b]U[b+1]
for some 1 < b < N — 1. For the rest of Section 5.3, fix T" € F,,, and let
A= {ag:=[b](h,1), a1 == [b+1](1,1),...,Qu,,, == [0+ 1)(1,wps1)} C To
so that A C [bJU[b+1]. Denote the entries of Ain T'by Ay =T, for k =0,1,..., wpy1.

Then by Lemma 3.1.4, modulo F; ® R\ x,, we have

where the sum is over all 2-paths P on A removing X. The set of all P, := P(c{!T)
appearing in the image ®5 (GA(T")) above is the union of the following disjoint sets.
The Pps that miss A,
T, ={P.: R"n A =0}. (5.3.1.1)
The Pgs that hit A and keep A in [b] U [b+ 1],

Ty={P.: RFNA#0, P(A) <[b+1]} (5.3.1.2)
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The Pys that have exactly one orbit in [b] U [b + 1] and move A; above [b+ 1],

Wh+1
Ta= T
i=0
where

Tt = {P, € T3 : exactly one of RY | RE

1> Py, intersect [b] U b+ 1]
and P(o{'A;) > [b+ 1]}
The Pgs that move A; and A; above [b+ 1],

74 = |_| ‘J-Zj )

0<i<j<wpi1
where
Ty = {P, : P(ojtA;) > [b+ 1], and P(oj'A;) > [b+ 1]}.
The Pgs that move A; and a box Z in [b] below A above [b+ 1],

(-T5 = |_| (‘T?Z?

0<i<wp 1
Z:[b](‘],k), 1§j<hb and lgkgwb

where

To* = {Py: P(ot A) > [b+ 1], P(2) > [+ 1]}.

(5.3.1.3)

(5.3.1.4)

(5.3.1.5)

The Pgs that move A; and a box other than ag in row [b](hy) above [b+ 1],

Te = |_| {JéJ )

0<i<wy i1, 2<j<wy
where
Tg? = {P: P Ay) > [b+ 1], P([b](h, j)) > [b+ 1]}
The Pgs that move A; and a box above A above [b+ 1],

_ i\J
= L 77
0<i<wp 41
1<j<wp 1
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where
J2° = {Py: P(ot Ay) > [b+ 1], P(p+1](2,5)) € RF}.

Then we have, modulo F5 ® R\ x n,

5.3.2

We show that for 1 < 57 <7,

Pkejj

and hence Equation 5.1.2.1 holds when m = 2 for all blocks A C [b] U [b+ 1].

The proofs of Case (5.3.1.1) and Case (5.3.1.2) are similar to the proofs of Case
(4.2.1.1) and Case (4.2.1.2), respectively. The proof of Case (5.3.1.3) is similar to the
proof of Case (4.3.1.3), and goes through by observing that using the definition of
H(P) for a 2-path only adds and subtracts 1 in some of the terms. The proofs of
Case (5.3.1.4) and Case (5.3.1.7) are similar to the proofs of Case (5.2.1.4) and Case
(5.2.1.7), respectively, as these proofs did not depend on H(P). It remains to show
Case (5.3.1.5) and Case (5.3.1.6). In both cases we assume b > b; and AN X = (), as

if b="0; orif AN X # () we may follow the proof of Subcase (4.3.1.3.1).

91



Case (5.3.1.5). In this case we show that the sum over all paths that move A,

and a box Z in [b] below A above [b+ 1] is in Fy ® R\ x,». Recall that

.
%= n T
0<i<wp1
z=[b](j,k), 1<j<hy and 1<k<w,

where
To* ={P, : P(oi'A;) > [b+ 1], P(2) > [b+1]}.
It is enough to show that

z : H(P) k 2 MNX,ns
P]@E‘Tg’z

where z = [b](i,,7,) is a fixed box with 1 < i, < hy — 1 odd, 1 < j, < wpyq, and

Z =T,, with the other cases being similar.

Proof. For the rest of Case (5.3.1.5), let T := ‘JQZ and, for any 2-path P on A removing

- ~ H(P) . .
X, let h? = " — bl — k!’ and H(P) = . Observe that 7T is the union
b b+1 ( ) Hb(P) Hb+]_ (P)

of the following disjoint sets:

T' = {P, € T: P(oj'ay), P(2) € Y},
T2 ={P, € T: P(ojlay) €Y, P(2) €Y},
T3 ={P, €T:P(2) €Y, P(ojlay) Y}, and

T ={P, € T: P(oj'ap), P(z) € Y}.

So it is enough to show that for 1 <i <4,

E ( ) P E .l 2 ® ;E, Xn
PkGJZ
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Define the relation ~% on T¢, for 1 < i < 4, as follows. Define ~! on T by
P, ~' Q; <= Qisa ([b)(1),[b+ 1](1))-path extension of P,
Q(Ufag) = P(ojap), and Q(z) = P(2).
Define ~? on 72 by
Py~ Q; <= Qisa ([b](1),[b+ 1](1))-path extension of P,
and Q(z) = P(2).
Define ~3 on T2 by
Py ~* Q; <= Qis a ([b](1),[b+ 1](1))-path extension of P,
and Q(oi'ag) = P(0} ag).
Define ~* on T* by
P, ~* Q; <= Qisa ([b)(1),[b+ 1](1))-path extension of P.
It is clear that for 1 < i < 4, ~' an equivalence relation on 7%, so that

—_1F
VD DI Bt =

PLeTi [Pr]€T!/~t QrE[Py ]
Thus it is enough to show that, for 1 <1 <4,
)Q
Z Z Q) 5 Qr € F2 @ Ry xn-
[PL]€T?/~t Qre[Pr]

We will show the case i = 1, with the rest being similar. Pick Py € T* with [b](i,1) €
RY for all 1 < i # i, < Iy, and let [b,](iu, Ju) = P7H[0](1,1)) and [b,](iv, j0) =
P71([b](2,1)) with u = T}, )¢, 5.) and v = Tiy,)(i,.5.) 8s in Figure 5.14.

It is then enough to show that

Z (_1)QQk € 5@ Raxn
QrE[P] H(Q)
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A o |Aw

Figure 5.14. A path Py with [b](i,1) € R for all 1 <i # i, < h,.

In fact, as h@ = h? and H(Q) = H(P) for all Q, € [Py, it is enough to show that

2.

QrE[Po]

<_1)h?+h§+l

—a—5 @k € F» @ Ry\xn-
Hy Hy,

Observe that [FP] can be written as the disjoint union

Bl =] ][R,

i=1
where the [Fp], are defined as follows.

[Po], is the set of all paths acting on 0T as in Figure 5.15,

[Po], = {Qo € []}

Ay ... |Aw

Figure 5.15. The paths in [Fy], acting on 07"
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[Py), is the set of all paths acting on of'T for k # 0 that hit of'a; as in Figure

5.16,

[Po], = {Qr € [P] : k # 0,a0 € R?},

Figure 5.16. The paths in [P, acting on o{!T for k # 0 that hit o{ ay.

[Py), is the set of all paths acting on o'T for k # 0 that miss oj'a; but hit row
[b](hy) as in Figure 5.17,

[Poly = {Qx € [Po] : k #0,[b](hy,5) € R? for some 2 < j < wy},

Figure 5.17. The paths in [P], acting on 07!T for k # 0 that miss o4 ax but hit row
[0] (hs).
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[Py], is the set of all paths acting on o'T for k # 0 that miss row [b](h,) with RY
leaving [b] in a row above Z as in Figure 5.18,

[Po], ={Qk € [Po] : k #0,Q([b](4,7)) = ay, for some i, < i < hy, 1 < j < wy},

<— TOW 1

Figure 5.18. The paths in [P)], acting on 04T for k # 0 that miss row [b](h;) with
RY leaving [b] in a row above Z.

[Py is the set of all paths acting on o717 for k # 0 that miss row [b](h,) with RY
leaving [b] from a row [b](i) below Z with i even as in Figure 5.19,
[Po], = {Qr € [P] : k #0,Q([b](i, 7)) = of'ao for some 1 < i < i, even,

and 1 < j <wy},

<— IrOW 1

Figure 5.19. The paths in [P)], acting on 07T for k # 0 that miss row [b](h,) with
RY leaving [b] in an even row [b](7) below Z.
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[Po]g is the set of all paths acting on 07T for k # 0 that miss row [b](h,) with RY
leaving [b] from a row [b](¢) below Z with i odd as in Figure 5.20,
[Pols = {Qx € [Po] : k # 0,Q([b](i,§)) = ofiap for some 1 < i < i, odd,

and 1 < j <wy},

H k
. Ao\
\ A
> <— TOW 1

Figure 5.20. The paths in [P]; acting on 07T for k # 0 that miss row [b](h,) with
RY leaving [b] in an odd row [b](7) below Z.

[Py], is the set of all paths acting on o7 for k # 0 with RY missing block [b] as
in Figure 5.21,

[Pol; = {Qk € [Ro] : k # 0, Ry N [b] = 0}

H k
Aol
E
..... l 7]
u

Figure 5.21. The paths in [P, acting on oi!T for k # 0 with RS missing block [b].
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Let T" € Fy x be the unique tableau with 77 = Tp on (A \ X) \ [b] U [b+ 1] and

T"=T on [b]U[b+ 1] except T, = u and T, = v as in Figure 5.22.

Ay |A

[¢]

N

Figure 5.22. The unique tableau 7" with 7" = Tp on (A \ X) \ [b] U [b + 1] and
T"=T on [b]U[b+ 1] except T, = u and T, = v.

Then by Corollary 3.2.4 and applications of G4 we have, modulo Fy ® R\ x n,

2

Qre[Poly

2

Q7@
QrE[Poly HbH

b+1

2

Q7@
QrE[Pol3 HbH

b+1

(—1)k+he

(—1)h+h

Q _(_1)hb+hb—2+iz—2 AO ®T,
"THOHWG) -1) |z
B ~H(b+1)+1 Ao|
CHO)(Hb) -D)(HOB+1)-1) | Z L
()t ) [ Ag ,
=T = DEe =) -1 [2]° 7
o Wy+1 Ao T
CHOG)(HOG) -D(HO+F1) -1) | Z ©
_ ()Pt 2 (, — 1) [ Ag QT
"THOH®G) -1)(HO+1)-1) |z
- —wWy + 1 AO T,
CHOG)(HOG) -D(HO+1) -1) | Z @
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Z (_1)h§+h§+1 . hi_:l (=1 )it 2 =24 A, .
Q@ o — _
o2, HIHE, M7 2 HOHG) - DHG+)-1) | Z
_ hy—1—i. Ao
HOb)(Hb) —1)(Hb+1)—-1)|Z
(—1)h +hidh (= 1) lHa—2+i=241 A
Y e %= X pmmm - wer -1 |7]° "
QrElPol; Hy Hy% 1<i<iz,
Vit A
-y (1) P
2= HO)HG) - D(Hb+1) - 1) [ 2
(_1)h§?+h§+l (—1)i=t s —24i-2+1 A /
2 none, 9" 2 HO)H®G) - DHb 1) 1) 4]0
QrE[Polg b “Tb+1 1§z’(<i(iiz, 0
— Z (_1)14_2 AO ®T/
N A HO)(H((b) - 1D)(H(b+1) - 1) | Z
iodd
and
Z (_1)h?+h?+1 (—1)tt1+14ia-1 7 /
Qre[Pol; HbQHlfil ' (H(b) = 1)(H(b+1) = 1) |Ag
HMb)(HO) - 1)(HOb+1)-1) | Z '

Then as H(b+ 1) = H(b) + wpy1 — wp + hy and

(1)’ Ao|
1§2,H(b)(H(b)—1)(H(b+1)—1) 7 ®T

i even

@ T

(—1)i+!
t 2 WG - DEGTD -1

1<i<iy,

i odd

1, —1 Ao

= ®T/

H(b)(H() -1)(HOb+1) 1) | Z
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we get, modulo Fy @ R\ xn

(_1)h JrhbJr1 +hb+1
> HPHC = > Z HQHQ Tpage @
Qr€[Po] b+1 i=1,...,7 Qur€[Pol; b+1
- —H(b+1)+1+wb+1—U)b—i-l—i—hb—l—iz——i-iz—l—i-H(b) Ao T
Hb)(H(b)—-1)(H(b+1)—1) Z
=0
[l

Case (5.3.1.6). In this case we show that the sum over all paths that move A;

and a box other than ag in row [b](h;) above [b+ 1] is in 5 ® Ry x,». Recall that

= ] %

0<i<wpy1, 2<j<wy
where
Te? = {Py: P(oj*Ai) > [b+ 1], P([b](hs, 5)) > [b+ 1]}.

It is enough to show that

‘ H(P) k 2 MNX,ns
FkEJG’

with the other cases being similar.

Proof. For the rest of Case (5.3.1.6), let z = [b](hy, 2) and Z = T., and observe that
72’2 is the union of the following disjoint sets.

To* ={P € Tg* : P(ojlag), P(z) ¢ Y},
T022 (P, € T0: P(oflag) €V, P(=) ¢ Y,
3{6)’2’3 ={F € 3{6)’2 : P(2) €, P(a,‘?ao) Z Y}, and

To>t ={P, € T9* : P(oi'ay), P(2) € Y.
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So it is enough to show that for 1 <i <4,

v CVpcnor
PLeTd®t H(P) ’ ’ M
6

Now define the relation ~* on 3'2’2’i, for 1 < i < 4, as follows. Define ~! on ‘.]'{6)’2’1
by
P, ~' Q; <= Qis a ([b](1),[b+ 1](1))-path extension of P,
Q(O'JAAO) = P(0{!Ay), and Q(Z) = P(Z), and

Q’l(aon) and P~'(o!Ay) are in the same row.

Define ~? on Tg*? by
P, ~*Q; <= Qis a ([b](1),[b+ 1](1))-path extension of P,
Q(Z)=P(Z), and
Q_l(aon) and P~(o! Ay) are in the same row.
Define ~% on Tg*° by
P, ~* Q; <= Qis a ([b](1),[b+ 1](1))-path extension of P,
Q(aon) = P(o{!Ap), and
Q’l(aon) and P~'(o{! Ay) are in the same row.
Define ~* on Tg** by
P, ~* Q; <= Qis a ([b](1),[b+ 1](1))-path extension of P, and
Q_l(cron) and P~(o! Ay) are in the same row.
It is clear that for 1 < i < 4, ~' an equivalence relation on ?27271', so that

—_1F
=T ED DI D

PpeTg? [P]eTg?" /~i QrE[Py]

)Q

Q)
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Thus it is enough to show that for 1 <7 <4,

Q
> Z 22) Qr € F> ® Raxn-

[PeleTg®" /i QuElFY]

We will show the case i = 1, with the rest being similar. For the rest of Case (5.3.1.6),
let T :=Tg>".

For [ = 1,2, let T,, be the set of all Q) in T such that the orbit of x; intersects
the first row in [b],

T, ={P, € T: R0 [b)(1) # 0}.

Note that as ag = [b](hy, 1) is in the same row as z = [b](hsy,2), it must be that
1 <k <uw,forall B, € T. Pick P, € T with [b](i,1) € R for alli =1,... hy — 1,
and P~1(01Ag) € [b](i) with i odd, and let [b,] (7., ju) = P1([0](1,1)) and [b,] (74, 5u) =

P7H([b](2,1)) with w = Typ,)(1,0) a0d v = Tpb,),.5.), @S in Figure 5.23.

< TOW 1

T
U (%

Figure 5.23. A path P, with [b](i,1) € RF foralli=1,...,h — 1 and
P~ Y(01Ag) € [b](:) with 7 odd.

It is then enough to show that

> w@k € F, @ Ranx
Qre(P1] H(Q)

102



with the other cases being similar. In fact, as (—1)F = (=1)¥ and H(Q) = H(P) for

all Qy € [P1], it is enough to show that

Z Qr € F> @ Raxn-

Qre[P1]

Without loss of generality, assume P, € T, and let [P] = [P] N T, and

1

[P, = [P1]NT,,, so that

2

[P] =[P, | |2,

See Figure 5.24.

H k B k
AO‘ o] ‘ AO‘
>“ — TOW 1 (~ — TOW 1
(a) Qk € [P1],, (b) Qk € [1],,

Figure 5.24. The paths in [P],, and [P],, removing the entry Z from block [b] and
the enrty Ag from block [b+ 1].

Let 7" € F x be the unique tableau with 7" = Tp on (A\ X) \ ([b] U [b + 1]) and
T" =T on [b]U[b+ 1] except T, = v and T, = u as in Figure 5.25.

As in the calculations for the proof of Case 5.2.1.6, by the proof of Lemma 3.2.3,
the result of Corollary 3.2.4 still holds when moving u and v to boxes in the same

row, which we have here after applying G 4. This gives, modulo Fy & R\ x n,
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N

Figure 5.25. The unique tableau 7" with 7" = Tp on (A \ X) \ ([b] U [b+ 1]) and

T"=T on [b]U[b+ 1] except T, = v and T}, = u.

ZQk: Z Qr + Z Qr

Qre[P1] Qre[P1],, Qre(P1],,
()t 1R —2+i-241 ay T Yoty —2+i—2+1
= (-1 e T+ ()

= 0.

QT

O

Thus Equation 5.1.2.1 holds for all hooks A C [b] U [b+ 1], and so Theorem 5.1.1

holds.
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CHAPTER SIX

Relating Pieri Inclusion Descriptions

In this chapter we show that our description of the Pieri inclusion removing one
box, ®q, is the negative of Pieri inclusion description removing one box given in
(Olver, 1982, §6). We then show that iterating ®; is still a GL(V) map and that
our description of Pieri inclusions also describes the symmetric case. Finally, in the
special case where the removal set is a column of boxes in the diagram, we show that

iterating ®; and the Pieri inclusion removing many boxes, ®,,, differ my m!.

6.1 Comparing the One Box Removal Description to Olver’s Description
Let <T>1 be the Pieri inclusion removing one box described in (Olver, 1982, §6) and
(Sam & Weyman, 2011) and ®; be the Pieri inclusion removing one box described in

2.1.7.

Theorem. For ®&; and <T>1 as above,

(I)l - —&)1.

Proof. Let T\ € Ty, and Th\x € Ty x,» be the diagrams corresponding to highest

weight vectors as in 1.2.4. Then, in the image of T}, the coefficient of

a |®Thx

where

N
Q:Zhl

i=b1
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is readily seen to be —wy, in the image of ® and wy, in the image of D, By uniqueness

of the Pieri inclusion up to scalar multiple (Schur’s Lemma), the result holds. ]
6.2 Iterating the One Box Removal Description and the Symmetric Case

6.2.1
Given a removal set X = {1 = [b1](1, wp, ), - -+, Ton = [ (i, wp,, )} C A, let
E=XiCcXoC--C X=X
be a filtration of X where each | X | = k so that the corresponding shapes A\ X}, are
Young diagrams. For each such filtration, define ®7* to be the map given by iterating
®; where the box in X; is removed first, then the box in X5 \ X7, etc. That is, the

first iteration is

_1)P
OYT) =&y (T) =) j( P(T
where the sum is over all 1-paths P on A removing the box in X; and, for k = 2,...,m,

the kth iteration is

!

_1)
O (T) = ( P (YT
P
where the sum is over all 1-paths P on A\ Xj_; removing the box in X}, \ X;_; and

P(Yo®Ty) =i @ P(Tg)

where Yp is the box removed by P from Tj,.

6.2.2

Lemma. @7 is a GL(V)-map.
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Proof. By Theorem 6.1, this follows from the proof in (Sam & Weyman, 2011, Corol-

lary 1.8), where it is shown for the iteration of Olver’s map. O

6.2.53
Define the map
P Sa(V) = S™(V) @ Sux(V)
just as we have defined ®,, in 2.2.4 except for redefining for all m-paths P on A

removing X

_ P P
YprXam-~-ozl

?

which is standard form notation is e,r - -~ e,p € S™V.

Theorem. The map

is a GL(V)-map.

Proof. As ®,, is a GL(V')-map, similar to (Sam & Weyman, 2011, Corollary 1.8), this

follows by the results of Chapters Four and Five by keeping track of a sign. O]

6.3 Relating The Pieri Inclusion Removing Many Boxes and the Iteration of the
Pieri Inclusion Removing One Box in the Case of Removing a Column

Let ®,, be the Pieri inclusion removing m boxes constructed in 2.2.4 and let ®7*

be the Pieri inclusion given by iterating one box removal constructed in 6.2.1.
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Theorem. For ®7" and ®,,, as above and for the removal set X = {x; = [b](1, wp), x9 =

10](2,wp), ..., xm = [b](m,wp)},

o' =m!- P,

Proof. We will show that ®? = 2 - ®, and then proceed via induction. Let X, =
{z1 = [bo](L,wy,), x2 = [bo](2,ws,)} be a removal set in A and let T\ € T, and
Ty xo € T\ xo,n be the diagrams corresponding to highest weight vectors as in Section

1.2.4. In the image of T under ®,, the coefficient of

)

® T\ x,
a1

where
ar = (Ty),, fork=1,2
is readily seen to be w?o as the only 2-paths that remove the entries aq and «s are
the ones with
Ry C [bol(1) and Ry C [bo](2),

where R; and Rs are the orbits of x; and x5, respectively. See figure 6.1.

_ |

Qo
~ Wy ——1®@ Thx,

A
(]

\\OQ

Wal

Figure 6.1. The 2-paths removing the entries o; and ay from 7).

In the image of Ty under ®2, the only compositions of 1-paths that remove a; and
ay are the ones where the orbits of z7 and x, are contained in the rows [b](1) and
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[bo](2). See Figure 6.2. From this it is easy to see that the coefficient of

Qg

aq

® T/\\Xo

in the image of T under ®? is 2 - wgo. Then by uniqueness of the Pieri inclusion up

to scalar multiple we have that ®? = 2 - ®,.

——
RN
b~
I
-
e
oy
I

> —’LUbO

~ Wy

aq

6D)]

LWQQ

\rx/\zx/‘

1831

N

2 |Q2

S wb()
aq
2 |1

s _wbl
Qg

® Thx,

X T)\\X()

Figure 6.2. The compositions of 1-paths removing the entries a; and ay from T).

We now show that ®; (®,,_1) = m - ®,,, which proves the theorem. Let X =

{z1 = bJ(1,wy), 22 = [b](2,ws), ..., Tm

[b](m,w,)} be a removal set in A and let

Ty x be the diagram corresponding to the highest weight vector as in Section 1.2.4.

In the image of T under ®,,, the coefficient of

Om

(€51

® Thx
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where

A — (T)\)xk

is readily seen to be (—1)™wj}" as the only m-paths that remove the entries oy, . .

are the ones with

Ry, C [b](k)

fork=1,....m

fork=2,....m

where Ry, is the orbit of xy for £k =1,...,m. See Figure 6.3.

o o
e > (=1) ™ wy ® Th\x
RS P g
\zwv“al
N
Figure 6.3. The m-paths removing the entries ay, ..., a,, from T).

We now show that in the image ®; (®,,—1 (73)) the coefficient of the term

(€51

® Thx

Ol

is m-(—1)™w}p*. As above, in the image of T\ under ®,,_; the coefficient of the term

Cm —1

aq

& T)\\{l‘h...,xm—l}
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is (—=1)™ ;" "', Then in the image of this term under ®; the coefficient of the term

Um
b ®@Thhx

aq

is (—1)™w;" as the only 1-paths acting on Th\ (4., y that remove «,, are the ones

- Tm—1

where the orbit R, C [b](m), see Figure 6.4.

()"l ® (=)™ @ Tay

o (€51

N

Figure 6.4. The 1-paths removing the entry o, from Th\\ (s, 2.1}

Now fix an ¢ = 1,...,m — 1 and consider the (m — 1)-paths acting on T) that
remove the entries oy for k = 1,...,9i— 1,2+ 1,...,m. Such (m — 1)-paths must
have that the orbits Ry C [b](k) for k =1,...,i — 1,9+ 1,...,m — 1 and the orbit
R; C [b](i) U [b](m). See Figure 6.5.

Then in the image of T under ®,,,_; the coefficient of the term

&%)

aq
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U, —1

':-:1::-‘am @it o

W(—l)mw,’)n Oy, | @

aq

Figure 6.5. The (m — 1)-paths removing the entries oy, ..., 1, Q11 ..., Qy, from
T\ for somei=1,...,m — 1.

after ordering the term in /\ V,is (=1)>7'""w™. In the image of this term under ®,

the coefficient of the term

Om

& T)\\X )

(€51

after again ordering the term in /\ V,is (=1)*" 2w = (—1)™w}" as the only 1-path

acting on it is the one the evacuation route {z,,}. See Figure 6.6.

Q;

O, . ‘
am

i
om—1—i, m |7*! 2m—i, .m
(_1) Wy ® ~ (_1) wy, Q1 ®T)\\X

Qi1
[e 7|

g
aq

Figure 6.6. The 1-path removing the entry «; from the box x,,.
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Thus, in the image ®; (®,,_1 (7)) the coefficient of the term

® Thx

(€51

is m - (—1)™w}*. So, by the uniqueness of the Pieri inclusion up to scalar multiple,

we have that @1 (®,,,—1) = m - ®,,,, which proves the claim. O
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CHAPTER SEVEN

Computational Complexity and the Image of a Highest Weight Vector

In this chapter we compute an example that illustrates the difference in the de-
scriptions of Pieri inclusions removing one box given in Section 2.1 to that given in
(Olver, 1982, §6). We then describe the image of a highest weight vector under our
Pieri inclusion removing one box and show that this description is optimal and then
compare the computational complexities of the descriptions of Pieri inclusions.

7.1 Computing the Image of a Highest Weight Vector Under the Different
Descriptions of Piert Inclusions Removing One Box
7.1.1
For a removal set X = {z1 = [b1](1, wy,)}, let

Dy :SH\(V) = VoSyx(V)

be the Pieri inclusion removing one box described in Section 2.1 and let
B, Sy (V) = Ve Sux(V)

be the Pieri inclusion given in (Olver, 1982, §6) (see (Sam & Weyman, 2011, §1.2)

and (Sam, 2009, §4) for an updated description).
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7.1.2
The smallest example that illustrates the difference in the complexity of ®; and

q)l is

i.e.
<I>1, &\)1 : 8(1,171)(‘/) —-V® S(l,l)(v>

We will compute the image of the highest weight vector

under these maps.

Following the notation in (Sam, 2009),

5131 = Z (—1)*7,

jeps Y
where Bj is the set consisting of all “paths” that take the box in the bottom row up
and out of the diagram (1,1, 1), with each path indexed only by the rows in which it
acts,
Bs ={(0,3), (0,1,3), (0,2,3), (0,1,2,3)}.

Here row 0 is “removal,” row 1 is the top row in the shape, etc. (Note that this
convention is opposite ours, where we start counting from the bottom row of the
shape.) The 7 is the action of the path on the tableau, the (—1)#7 is a sign, and the

¢y is a constant depending on the rows on which J acts.
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Each of the following paths is pictured in Figure 7.1. The path (0, 3) results in

_1)#(03)
( )C OO 2 =ns [ [2]] =[3]e -
(2 3 3
The path (0, 1, 3) results in
#(0,1,3) 1 1
(=D)7 ™70, o || = T80 [T = 1 1|® 5
6(0,1,3) 3 3—1 3 2 2
The path (0,2, 3) results in
(—1)#(0’2’3)7'023 —T2,30702 ! 1
Q2 1o ]| = 22222 [To ]| = ([ 2]e
€(0,2,3) 3 3—2 g 3
The path (0, 1,2, 3) results in
(—1)#(0’1’2’3)7(0,1,2,3) 5 _ 12397129701 _ 1 e 2
€(0,1,2,3) 2 B-1(3-2) 2 3]

8 8 8 E

Figure 7.1. From left to right, the paths (0, 3), (0,1,3), (0,2,3), and (0,1, 2, 3)
acting on (1,1,1).
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So via straightening we have

1
@, |2 3 S i L (Me2
1 = X 5 X 3 5 X +§ ® 5
3
=13 |® 2 |® . +11|®
B 2 3
We now compute
1
(-n”

o, [[2]] = § j Pll2
! H(P) ’
3 P 3

where the sum is over all 1-paths P on (1, 1,1) removing [1](1,1). Note that as (1,1, 1)
has only one block, for each such 1-path we have H(P) = 1. All such 1-paths are in
fact the same as the paths (0, 3), (0,2,3), and (0, 1,2, 3) pictured in Figure 7.1. Thus

without any straightening and without combining any like terms we get

In particular, note that the path (0,1, 3) pictured in Figure 7.1 is not a 1-path
as rows [1](1) and [1](3) are included, but row [1](2) is skipped. Further notice that
the coefficients in the definitions of Cf)l and @, are similar, however the c¢; depend on
each row on which a path acts while the H(P) depend only on the blocks on which

a path acts.
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7.2 Describing the Image of a Highest Weight Vector

7.2.1

Given a removal set X = {1 = [by](1,wy,)} C A, it is clear by the construction
of 1-paths that for all 1-paths on A removing X, (T))p is semi-standard. Define the
relation ~ on the set of all 1-paths on A removing X by

P ~ (@ <= RPand R’ intersect the same set of rows.
This clearly defines an equivalence relation. Let
Pl={Q:Q~ P}
Then for all Q € [P] we have (—1)? = (=1)F and H(Q) = H(P), and, when con-
sidering the image of a highest weight vector where each entry in a given row is the
same,
Yo® (Th)g =Yr® (T))p.
For distinct [P] and [P’] we have (by construction) that Yp® (7)) p and Yp & (7)) pr

are linearly independent. Thus, ®;(7)) can be written as

P(T)) = % %PO(TA)

where the sum is over all 1-paths Fy on A removing X which only hit boxes in the
first column of A\. From the above, the terms in the image of ®(7)) written as above
are linearly independent and do not require straightening, and so this description is
optimal. Two such examples are computed in Sections 1.3.2 and 7.1.2. To see the
optimal description from the example in Section 1.3.2, take only the first six terms

shown in Figure 1.1.
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7.2.2
For a given 1-path Py as in 7.2.1, we now describe the corresponding term in the
image of T\. Let {ri}1§i§|Rp0| be the rows in A that Py hits, so that \; > \;;; and

71rro| = [b1](1). Then

|P]
Pl =]
i=1
and (T)\)p, € Sx\x (V) has A; ones in the first row, Ay twos in the first row, etc. except

for each row r;, 1 <14 < |R™|, where the last entry in row r; of (T))p, is

((TA)PO)(”,)\”) = Tit1-

7.2.3
We have built an algorithm computing this optimal description of the image of a
highest weight vector using Macaulay2, with the output given as a hash table. With
this one can quickly compute the image of the highest weight for very large examples.
Figures 7.2 and 7.3 show the timed computation for the image of a highest weight vec-
tor, where the partition is given as the first input of the function oneboxremovalHW
and the second input of the function is the row (from the top of the tableau) of the

box to be removed.

i56 : time oneboxremowvalHW({10,10,1@,10}, 4)
-- used 9.000466903 seconds

056 = HashTable{{{@}, {0, @, @, @, @, @, @, @, @, 1},
{{1}, {e, @, @, @, @, 9, @, 0, @, @},
{{Z}o {@i e, @, 0, 0,0,0,0,09, @}i
{{3}0 {@v 6,9, 0,0,0,0,0,09, @}v

Figure 7.2. Computing the image of the highest weight vector for the inclusion
8(10,10,10,10) (V) - V® S(10710,1079) (V) OIlly the first four terms in the hash table are
shown.
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i57 : time oneboxremovalHw({10,10,10,10,10,106,10,7,7,7,7,7,7,3,3,3,3,3}, 18)
-- used @.9424879 seconds

057 = HashTable{{{®}, {0, ©, @, @, @, @, @, 9, @, B » » 1,
{{@}' {@' @1 @1 @' @' @1 » ¥ E ] 1}' {1' k] » ¥ E ]

{{e}, {0, 0, 0, 0, 0, 0, 0, @, @, 1}, {1, 1,1, 1, 1, 1, 1, 1, 1, 2},

Figure 7.3. Computing the image of the highest weight vector for the inclusion

S(10,10,10,10,10,10,10,7,7,7,7,7,7,3,3,3.3,3) (V) = V & S(10,10,10,10,10,10,10,7,7,7,7,7,7,3,3,3,3,2) (V). Only
the first three terms in the hash table are shown.

7.8 Comparing the Computational Complexity of the Descriptions

7.53.1
We now formalize the difference in the computational complexity of the descrip-

tions for <Af>1 and ©;.

Theorem. Fix a positive integer N and consider partitions A that have at most N
blocks. Then the algorithm to compute the image of a highest weight vector under
a Pieri inclusion ®; : Sy(V) — V @ Sy\x(V') has a worst-case time complexity of
O(I(M\)™). On the other hand, the algorithm to compute the image of a highest
weight vector under a Pieri inclusion P, : SA(V) = V @Sy, x(V) has a worst-case

time complexity of Q(2!3).

Proof. Let A = (w!, ..., whN). We first consider the time complexity of the algorithm
as given by Olver’s construction. As in Section 7.2, when considering the image of
a highest weight vector we only need to select paths on A removing X that act on
the first column of A\. From the description of the map P, removing X, the number
of such paths in the computation of D, is equal to the number of choices of rows in

A above row [b1](1). Thus the complexity of the map ®, acting on a highest weight
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vector is
N N
9he, —1 H ohi < % .thz‘ — % L9 hi % .9l

i=b1+1 =1
In the worst-case when b; = 1, the inequality is in fact an equality. Furthermore, the
paths that act on the first column of A using Olver’s algorithm can result in tableaux
which are not semi-standard, and so must be straightened. Hence the worst-case
complexity of Olver’s algorithm is Q(2!™).

The map ®; removing X restricts the choices of paths to those that act on a set
of rows which describes an evacuation route, and hence the number of 1-paths acting
on the first column of A in the computation of ®; is equal to the number of choices
of rows in A above row [b;](1) made without skipping rows within blocks. It is also
clear from the definition of 1-paths that the image of a highest weight vector under
a l-path is semi-standard. Thus the complexity of the map ®; acting on a highest

weight vector is

b [ e+ 1) <[ (i+1) <)+ DY =00N)Y).

Remark. Similar to the Theorem 7.3.1, by restricting the maximum possible width
of a block in A\ we get that ®; is an exponential speed up of ®, on the image of basis

vectors (semi-standard tableaux) in Sy (V).
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7.3.2

This exponential to polynomial speed up can be seen in the computation time
for computing Pieri maps in Macaulay2 by replacing the description of &, within
Sam’s PieriMaps package (Sam, 2009) with the description of ®;. This comes down
to restricting all possible paths to 1-paths and redifining the coefficient, which we
have done via editing the pieriHelper function.

The computation time difference can be seen for even small examples. For exam-
ple, computing the map

S(6,6.6) = S(1) @ S6,6,5)

was an order of magnitude faster, see Figure 7.4.

i3 time pieri({ﬁgﬁgﬁ}, {3}: CCEO,"J,E]) i31: time pieri({ﬁ,ﬁ,ﬁ}, {3}: CC[a,b,c])
== used 9.723831 seconds -- used 0.8219184 seconds
03 =16 | 031 = | 6c |
| -36b | | -36b |
| 216a | | 216a |
(a) Using the algorithm for ®;. (b) Using the algorithm for ®;.

Figure 7.4. Computing the inclusion S¢66) (V) = V @ S(s6,5 (V).

Computing the map
Sern(V) =V &Surew)
was four orders of magnitude faster, see Figure 7.5.
In Figure 7.6 we show the timed computations for computing the map

S(S,S,S)(‘/) —-V® 8(878,7)(‘/)‘
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i4 : time pieri({7,7,7}, {3}, CCla,b,c]) i32 : time pieri({7,7,7}, {3}, CC[a,b,c])

-- used 88.0308 seconds -- used 8.8358425 seconds
o4 = | Vc | 032 = | Vc |

| =49b | | -49b |

| 343a | | 343a |

(a) Using the algorithm for ®;. (b) Using the algorithm for ®;.

Figure 7.5. Computing the inclusion S¢77.7(V) = V ® S(7,7.6)(v)-

Using the algorithm for <T>1 (as built in to PieriMaps), the process was interrupted
after an hour with no output. Using the algorithm for ®; computing this map takes
only 0.07 seconds.

i33 : time pieri({8,8,8}, {3}, CC[a,b,c])

i3 time pieri({g,g,g}, {3}’ cc[a,b’cj) used @.0688948 seconds
AC ACstdio:3:6:(3): error: interrupted

-- used 3538.41 seconds 033 =

| 8¢ |
| -64b |
(a) Using the algorithm for ®;. | 51éa |

(b) Using the algorithm for ®;.

Figure 7.6. Computing the inclusion Sggg)(V) = S1)(V) ® S(s .7y (V).

We can also see this exponential speed up for examples with more than one block.
In Figures 7.7 and 7.7 we show the computation times for the Pieri inclusion
S (V) =V @Saiiiin(V)
using the algorithms for &)1 and @4, respectively. Using the algorithm for &)1 this com-
putation takes over eleven seconds, while using the algorithm for ®; this computation

takes less than two seconds.
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iz : time pieri({3,1,1,1,1,1,1,1,1,1}, {16}, CC[a,b,c,d,e,f,g,h,1,31);
== used 11.6579 seconds

54@ 55

oz : Matrix (CC [a, b, c, d, e, f, g, h, i, 71D <--- (CC [a, b, ¢, d, &, f, g, h, 1, 71D
53 53

Figure 7.7. Computing the inclusion Siz311,1,1,11,1,1,0(V) =V ® S 11,111,110 (V)
using the algorithm for ®;.

i31: time pieri({3,1,1,1,1,1,1,1,1,1}, {10}, CC[a,b,c,d,e,f,g,h,1,31);
-= used 1.3184 seconds

548 55

031 : Matrix (CC [a, b, ¢, d, e, f, g, h, 1, §13  <-- (CC [a, b, c, d, &, f, g, h, 1, i1
53 53

Figure 7.8. Computing the inclusion 8(3,1717171’171’1,171)(V) - V® 8(3’1,171,1717171’1) (V)
using the algorithm for .
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