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Abstract—Aggregates immersed in a plasma or radiative 

environment will have charge distributed over their extended 

surface.  Previous studies have modeled the aggregate charge using 

the monopole and dipole terms of a multipole expansion, with 

results indicating that the dipole-dipole interactions play an 

important role in increasing the aggregation rate and altering the 

morphology of the resultant aggregates.  This study examines the 

effect that including the quadrupole terms has on the dynamics of 

aggregates interacting with each other and the confining electric 

fields in laboratory experiments.  Results are compared to 

modeling aggregates as a collection of point charges located at the 

center of each spherical monomer comprising the aggregate. 

 
Index Terms— dipole moment, dust aggregates, dusty plasmas, 

quadrupole moment 

 

I. INTRODUCTION 

UST aggregation plays a crucial role in many astrophysical 

and terrestrial environments including the early stages of 

planet formation in protoplanetary disks [1],  planetary  ring 

systems [2], cometary tails [3], and atmospheric aerosols [4].  

The dynamical behavior of dust in these astrophysical systems 

can be both interesting and complicated as the dust becomes 

charged due to the collection of electrons and ions from the 

local plasma environment or through radiative charging 

processes.  On earth, dust  aggregates are present as an 

unwanted by-product in plasma devices such as fusion reactors 

and plasma processing systems for silicon wafers [5], [6].  

Recently, dust aggregates created in laboratory experiments 

in GEC rf reference cells have been shown to display interesting 

dynamical behavior [7]–[11]. For example, interacting 

aggregates are observed to rotate and change their orientation 

as they approach each other [8], [9]. Under quiescent 

conditions, these aggregates tend to be oriented vertically, with 

their long axis parallel to the sheath electric field and most 

(though not all) aggregates are observed to rotate about this 

vertical axis [8], [10].  Such rotations have been attributed to 

the electrostatic dipole moment created by the charge unevenly 

distributed over the irregular surface of the aggregate [8], [12].   

To properly simulate this behavior, the question arises 

whether the monopole plus dipole approximation is sufficient 

to fully capture the dynamical behavior of the aggregates or if 
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higher-order terms must be included.  This study examines the 

effect of including the electrostatic quadrupole moment in the 

calculation of forces and torques acting on the aggregates and 

compares the approximation to a model which treats the 

aggregate charge as a collection of point charges centered at 

each spherical monomer within the aggregate. The description 

of the aggregate charging model and the multipole expansion of 

the electrostatic forces are given in Section II, while Section III 

compares the relative magnitude of the individual multipole 

terms and illustrates the effect of including them in dynamical 

simulations.  Conclusions are given in Section IV. 

II. NUMERICAL MODEL 

Two different numerical codes are used to model the 

charging and dynamics of the aggregates.  The dynamics code 

models the interaction of two aggregates, including induced 

accelerations and rotations, and incorporates all of the external 

forces present in the system such as gas drag and gravitational 

and electric fields [13].  The charging code calculates the 

electron and ion currents to multiple points on the surface of the 

aggregate and determines the total charge and resulting charge 

distribution [14].   

A. Charge Distribution on Aggregate 

The charge on the surface of an aggregate can be found using 

orbital motion limited (OML) theory employing a line of sight 

(LOS) approximation, OML_LOS [14].  The current density 

due to ions or electrons incident to a point on the surface of a 

grain is given by  

𝐽𝑠 = 𝑞𝑠𝑛𝑠 ∫ 𝑣𝑠
3𝑓(𝑣𝑠)𝑑𝑣𝑠

∞

𝑣𝑚𝑖𝑛
∬ cos 𝛾 𝑑Ω   (1) 

 

with ns the plasma density of species s very far from the grain, 

qs the charge of the incoming plasma particle of mass ms and 

temperature Ts, vs the velocity of the incoming plasma particle 

with a velocity distribution 𝑓(𝑣𝑠),  the angle between the 

velocity vector and the surface normal, and  the solid angle.  

The lower limit of integration for the particle velocity is the 

minimum velocity required for a charged plasma particle to 

reach a surface point on the aggregate with potential .   

A critical point in OML theory is that all positive energy 

orbits connect back to infinity, and do not originate from 

another point on the grain [15].   Assuming that the trajectories 

L. S. Matthews and T. W. Hyde are with the Center for Astrophysics, Space 

Physics, and Engineering Research, Baylor University, Waco, TX 76798 USA, 

(e-mail: lorin_matthews@baylor.edu and truell_hyde@baylor.edu). 

Multipole Expansions of Aggregate Charge: 

How Far to Go? 

Lorin S. Matthews, Member, IEEE, Douglas A. Coleman, and Truell W. Hyde, Member, IEEE 

D 

mailto:lorin_matthews@baylor.edu


> REPLACE THIS LINE WITH YOUR PAPER IDENTIFICATION NUMBER (DOUBLE-CLICK HERE TO EDIT) < 

 

2 

of the plasma species are straight-line paths over distances 

comparable to the aggregate dimensions (an exact 

approximation in the infinite temperature limit), the trajectories 

of incoming plasma particles may be blocked by other 

monomers in the aggregate. The integral over the angles is 

approximated by numerically computing the LOS factor, 

LOS_factor = ∬ cos 𝛼 𝑑Ω (see [14] for a complete description 

of this treatment). To accomplish this, the surface of the 

aggregate is divided into many patches. The LOS factor for 

each patch is determined by finding the open lines of sight from 

the center of the patch using 1000 test directions. The current 

density to each patch is then calculated as a function of the 

electric potential at the center of that patch due to the charge on 

all of the patches, including itself. Examples of the charge 

distribution on the patches and the monomers are shown in Fig. 

1. 

 The charge distribution with respect to the center of mass of 

the aggregate can be characterized using a multipole expansion.  

In this case, the total charge on the aggregate, or monopole 

moment is 𝑞 =  ∑ 𝑞𝛼, where 𝛼 is the index of each patch. The 

dipole moment is given by 𝒑 =  ∑ 𝑞𝛼𝒅𝛼 , where 𝒅𝛼  is the 

distance of a patch from the center of mass.  The elements of 

the traceless quadrupole moment of the charge distribution, 𝑸⃡  , 
are calculated from  

 

     𝑄𝑖𝑗 = ∑(3𝑑𝛼,𝑖𝑑𝛼,𝑗  −  𝑑𝛼
2𝛿𝑖𝑗)𝑞𝛼 .    (2) 

 

Using the multipole expansion, the electrostatic potential at a 

position x from the center of mass of the aggregate is then given 

by 

 

𝑉 =  
1

4𝜋𝜖0
(

𝑞

𝑥
+

𝒑∙ 𝒙

𝑥3 +
𝒙𝑻𝑸⃡  𝒙

2𝑥5 ).      (3) 

 

 A more accurate representation of the charge distribution is 

to assume the total charge on each monomer acts as a point 

charge located at the center of the monomer, given by the vector 

𝒓 with respect to the aggregate center of mass. In this case, the 

equation for the potential is given by  

 

𝑉 =
1

4𝜋𝜖0
∑

𝑞𝛽

|𝒙−𝒓𝛽|𝛽       (4) 

 

where the index 𝛽 runs over the total  number of monomers in 

the aggregate. 

B. Multipole Expansion of Forces and Torques 

Aggregates in a RF plasma levitate in the sheath region near 

the charged electrode.  The vertical electric field in this region, 

to a good approximation, can be considered linear [16].  

Designating the electric field at the levitation height as 𝐸0, the 

electric field can be written as 

 

𝐸𝑧 = 𝐸0 + 𝐸′ 𝑧        (5) 

 

where 𝐸′ is the gradient in the vertical direction.  Most 

experiments also include a mechanism such as a circular 

depression in or glass box placed on the lower electrode to 

confine the dust particles in the radial direction.  Numerous 

measurements have found the horizontal electric field near the 

 
 
Figure 1.  (Color online) Charge distribution on an aggregate.  Total 

number of elementary charges a) on each monomer and b) on each 

patch.   

 

center of the confining region to be radially symmetric [17], 

[18] with  

 

𝐸𝑟 = 𝑘𝑟         (6) 

 

where 𝑘 is a constant which sets the strength of the radial 

confinement.   

 The multipole approximation of forces and torques due to 

electrostatic interactions can be expanded to include terms up 

to the dipole-quadrupole interactions. The electric field of a 

charged aggregate at a point 𝒙 from its center of mass is 

determined from 

 

𝑬(𝒙) =  
1

4𝜋𝜀0
[ 

𝑞𝒙̂

𝑥2 +
3𝒙̂(𝒑∙𝒙̂)−𝒑

𝑥3 + 
1

𝑥4 (
5

2𝑥2 (𝒙𝑇𝑸̿𝒙) − 𝑸̿) 𝒙 + ⋯ ]

               

    = 𝑬mon + 𝑬dip + 𝑬quad + ⋯                  (7) 

 

where x = |𝒙|. 

The force on an aggregate with charge q and dipole moment 

p which is in a non-homogeneous electric field is given by 

  

    𝑭 = 𝑞𝑬 + 𝑮̿𝒑 ,                                  (8) 

 

where  𝑮̿ is the electric field gradient, 𝐺𝑖𝑗 = ∇𝑖𝐸𝑗. If the non-

homogeneous electric field is due to another aggregate with its 

charge characterized by a multipole expansion up to the 

quadrupole term, the gradient is given by 

 

𝐺𝑖𝑗 =
−1

8𝜋𝜀0𝑥7
[30𝑥𝑖𝑥𝑗𝒑 ∙ 𝒙 

+ 35
𝑥𝑖𝑥𝑗

𝑥2
𝒙𝑇𝑸⃡  𝒙 − 10𝑥𝑖Σ𝑘𝑄𝑗𝑘𝑥𝑘 − 10𝑥𝑗Σ𝑘𝑄𝑖𝑘𝑥𝑘 

+ 𝑥𝟐(2𝑄𝑖𝑗 − 6𝑝𝑖𝑥𝑗 − 6𝑝𝑗𝑥𝑖 + 6𝑞𝑥𝑖𝑥𝑗) 

+ 𝛿𝑖𝑗(5𝒙𝑇𝑸⃡  𝒙 + 6𝑥2𝒑 ∙ 𝒙 + 2𝑞𝑥4)].    

 (9)

 

 

 

 

    (4) 
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Higher order moments of the electric force expansion in (8) and 

(9) are given in [19].   

The torque on a dipole in an electric field is calculated as 

𝑁𝑖
dip

= ∑ ℇ𝑖𝑗𝑘𝑝𝑗𝐸𝑘𝑗,𝑘 ,  where ℇ𝑖𝑗𝑘  is the Levi-Civita pseudo-

tensor.  In addition, the torque on a quadrupole by the electric 

field gradient is given by [20] 

 

    𝑁𝑖
quad

= 
1

3
∑ ℇ𝑖𝑗𝑘𝑄𝑗𝑙𝐺𝑘𝑙𝑗𝑘𝑙 .                           (10)  

 

Considering the more accurate representation of the charge 

distribution using the charge on each monomer, the force on 

each monomer in aggregate 1 due to the charge on all 

monomers in aggregate 2 is calculated from  

 

𝑭𝛼 = ∑ 𝑘𝑞𝛼𝑞𝛽/𝑟𝛼𝛽
2 𝑟̂𝛼𝛽𝛽         (11) 

 

where the indices 𝛼 and 𝛽 run over all the monomers in 

aggregate 1 and aggregate 2, respectively, and 𝑟𝛼𝛽 is the 

distance between two monomers.  The net force on aggregate 1 

is then given by 𝐹1 = ∑ 𝐹𝛼𝛼 , with a net torque given by 𝑵1 =
 ∑ 𝒓𝛼 × 𝑭𝛼𝛼 , with similar expressions for aggregate 2. 

 

III. RESULTS 

Multipole moments were calculated for charged aggregates 

to determine the relative contributions of the monopole, dipole, 

and quadrupole terms.  The accuracy of these approximations 

was gauged by comparison with the results obtained by 

modeling the aggregate as a collection of discrete point charges 

centered at each monomer.  

A. Characterization of multipole moments 

A collection of aggregates consisting of 2 to 2000 monomers 

(see [14] for details) was charged using OML_LOS. The 

monopole, dipole, and quadrupole moments for each aggregate 

were calculated using the location and magnitude of the charge 

on each patch. Fig. 2a shows the charge on the aggregates, 

which increases nearly linearly with the aggregate radius 𝑅, 

defined as the greatest extent of the aggregate from its center of 

mass.  Fig. 2b shows the normalized multipole moments. The 

magnitude of the dipole moment is normalized by dividing by 

𝑞𝑅, while the magnitude of the quadrupole tensor, defined in 

this case as the root-mean-square of the eigenvalues, is 

normalized by 𝑞𝑅2.  While there is a large spread in the 

multipole values, in general the magnitude of the dipole 

moment is approximately 10−2𝑞𝑅 while the magnitude of the 

quadrupole moments is about 10−1𝑞𝑅2.  These normalized 

values will be used for comparing the relative strength of the 

multipole terms. 

B. Potential field lines 

In Fig. 3, the electrostatic potential is shown for three 

different orders of the multipole field expansion, plus the 

calculation of the electric potential using the charge 𝑞𝛽 centered 

at each monomer within the aggregate. In this case, the potential 

due to the charges on the individual monomers, indicated by the 

thin black lines, is assumed to be representative of the actual 

potential. The quadrupole expansion, indicated by the dashed 

lines, gives a good fit to the potential at distances ≳ 2𝑅, as 

expected. However, it significantly deviates from the actual 

potential for x < R.    Thus the quadrupole expansion is a 

sufficient approximation of the potential at intermediate 

distances.  The dipole approximation (dash-dot line) does not 

differ significantly from the monopole approximation (dotted 

line); these approximations tend to be sufficient for distances 

substantially greater than 2R.  

C. Dynamics of Aggregate in Linear Electric Field 

It is helpful to estimate the magnitude of the relative 

contributions to the force and torque to determine which terms 

may be safely neglected in the multipole expansion.  In a linear 

electric field such as those found in a discharge plasma, an 

aggregate will experience an acceleration and a torque.  

Considering only electric fields that can be described by (5) and 

(6), the gradient of the electric field will only have diagonal 

terms. As an example, combining (5) and (8) the force is given 

by 

 

 𝐹𝑧 = 𝑞𝐸0 + 𝐸′𝑝𝑧.       (12) 

 

In a typical argon discharge plasma, the magnitude of the 

vertical electric field is of order O(103 V/m), while 𝐸′ is of order 

O(106 V/m2 ) [16].   In this case, one might expect the dipole 

contribution to be important when the second term is a few 

percent of the first term.  Taking the ratio of the dipole term to 

the monopole term gives  

 

Figure 2.  (Color online) Charge (a) and normalized multipole 

moments (b) as a function of aggregate radius.  The number of 

monomers in the aggregates range from N = 2 to N = 2000. 
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𝐸′𝑝𝑧

𝑞𝐸0
≈

10−2𝑞𝑅𝐸′

𝑞𝐸0
≈

(10−2)(10−5)(106)

103 = 10−4  (13) 

 

where R ~ 10-5 m has been used for the approximate size of a 

large aggregate [8], [10].  Thus the dipole contribution to the 

acceleration is very small and can be neglected.  A similar result 

is found for the radial direction.   

 The dipole moment does lead to a torque acting on the 

aggregate, however.  Note that in a constant electric field the 

dipole torque 𝑁𝑖
dip

= ∑ ℇ𝑖𝑗𝑘𝑝𝑗𝐸𝑘𝑗,𝑘  is exactly equal to the 

torque due to the electric force qE acting at the center of  

 

charge of the aggregate (𝐶𝑂𝑄 =
1

q
Σ𝛼𝑞𝛼𝒅𝛼), which is displaced 

from the center of mass. The deviation from a constant electric 

field is very small for an aggregate in the sheath of an argon 

plasma, as discussed above, so the monopole term for the 

aggregate could be used to determine both the acceleration and 

the rotation with relative accuracy in this case.  The ratio of the 

quadrupole torque, given by (10), to the dipole torque is 

 
1

3
|𝑄|𝐸′

|𝑝|𝐸0
=

1

3
10−1𝑞𝑅2𝐸′

10−2𝑞𝑅𝐸0
=

10𝑅𝐸′

3𝐸0
≈ 

10(10−5)(106)

3(103)
≈ 10−2.   (14) 

 

Thus the quadrupole torque provides a small correction.   

 As an illustration, the orientation of an aggregate suspended 

in the sheath of an argon rf discharge is shown in Fig. 4.  The 

forces acting on the aggregate include gravity and confining 

electric fields of the form given in (12) and (13).  Gas drag is 

added to the simulation to allow the aggregate to reach its 

equilibrium configuration.  Arrows indicate the direction of the 

aggregate dipole in three different cases: 1) the torque caused 

by electric field acting at the center of charge (monopole term 

only), 2) the dipole torque, and 3) the dipole plus the quadrupole 

torque.  The dipole axes in all three cases are almost perfectly 

aligned with the vertical electric field. In order for an aggregate 

to rotate about the vertical axes at a constant rate, as has been 

observed in the lab [8], [10], additional forces must be present 

in the system. 

D. Dynamics of two interacting aggregates 

Calculating the interactions between two aggregates 

separated by a distance x requires comparison of the 

magnitudes of the dipole-dipole and dipole-quadrupole terms.  

Expanding the force in (8) in terms of the multipole moments 

yields 

 

𝑭12 = 𝑞1(𝑬2,𝑚𝑜𝑛 + 𝑬2,𝑑𝑖𝑝 + 𝑬2,𝑞𝑢𝑎𝑑)

+ (𝑮̿2,𝑚𝑜𝑛 + 𝑮̿2,𝑑𝑖𝑝 + 𝑮̿2,𝑞𝑢𝑎𝑑)𝒑1 

(15) 

where the subscripts one and two refer to the first and second 

aggregate.  We would like to compare the magnitude of each 

successive term to the leading monopole-monopole term, 

|𝑞1𝐸𝑚𝑜𝑛| ∝ 𝑞1𝑞2/𝑥2.  Thus 

 

 
 

Figure 3.  (Color online) Lines of constant electric potential for a) the midplane and b) a plane just above the aggregate.  c)  Side 

view showing location of the planes. The legend indicates the terms used in the expansion to calculate the potential, while the 

light gray circles indicate distances of R and 2R. For this particular aggregate, p = 0.025qR and Q = 0.42qR2. 
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Figure 4.  (Color online) Orientation of an aggregate levitating in the 

sheath of an rf discharge.  The closed circle indicates the location of 

the center of charge, while the open circle indicates the location of the 

center of mass.  The direction of the dipole moment for the three cases 

described in the text are shown, with the upper green arrow 

representing the monopole torque acting at the center of charge, the 

middle red arrow the dipole torque, and the lower blue arrow the 

quadrupole plus dipole torque.   

 
|𝑞1𝐸2,𝑑𝑖𝑝|

|𝑞1𝐸2,𝑚𝑜𝑛|
≈

𝑝2

𝑞2𝑥
≈

10−2𝑞2𝑅2

𝑞2𝑥
=

𝑅2

102𝑥
=

1

102𝜉
,    (16a) 

 

 
|𝑞1𝐸2,𝑞𝑢𝑎𝑑|

|𝑞1𝐸2,𝑚𝑜𝑛|
≈

𝑄2

𝑞2𝑥2 ≈
10−1𝑞2𝑅2

2

𝑞2𝑥2 =
𝑅2

2

10𝑥2 =
1

10𝜉2.    (16b) 

 

Plots of these values as a function of 𝜉, the ratio of the distance 

from the aggregate to the aggregate radius, are shown in Figure 

5a.  As the multipole approximation is not valid for values of 𝜉 

less than one, it is clearly evident that the dipole contribution to 

the acceleration will always be small, although the quadrupole 

contribution becomes increasingly important as 𝜉 decreases.  A 

similar result is found for the second set of terms in (15), using 

the magnitude of 𝑝1 and gradient of the electric field 𝑮⃡  2.   

  Comparison of the relative contribution to the torques is more 

interesting, however.  The leading term for 𝑁𝑑𝑖𝑝 is 𝒑1𝑬2,𝑚𝑜𝑛 ≈

10−2q1𝑅1𝑞2/𝑥2, while the leading term for 𝑁𝑞𝑢𝑎𝑑 is 

10−1𝑞1𝑅1
2𝑞2/𝑥3. Thus 

 
𝑁𝑞𝑢𝑎𝑑

𝑁𝑑𝑖𝑝 =
10𝑅1

𝑥
=

10

𝜉
           (17) 

 

and for intermediate separation distances 1 < 𝜉 < 10 the 

quadrupole torque is the dominant term, as illustrated in Fig. 

5b.   

 

Figure 5. (Color online)  a) Ratio of the dipole and quadrupole 

contributions to the electrostatic force relative to the monopole 

contribution and b) ratio of the quadrupole torque to the dipole torque 

as a function of the normalized distance between aggregates. 
 

As an example of the differences that arise during a two-

particle interaction, snapshots of images are shown at equal 

time intervals in Fig. 6 for calculations using the different 

electric field approximations.  In Fig 6a, the electric field and 

torques are calculated using the charge on each monomer.  The 

rotations of the two aggregate are considerable, and the 

aggregates ultimately move apart without touching.  Using the 

quadrupole moment of the aggregates, the trajectory is almost 

unaltered.  However, the differing rotations and accelerations in 

this case at close proximity allow the two aggregates to collide 

and stick (Fig. 6b).  Fig. 6c shows the interaction considering 

only the dipole terms for the two electric fields.  In this case, 

the target aggregate rotates in the opposite sense, and the 

aggregate approaching from below is repelled.  A simulation 

using only the monopole terms shows a trajectory almost 

identical to the dipole case, but the aggregate orientations 

remain fixed.   

 

   

Figure 6.  (Color online) Trajectories of two interacting aggregates.  

The frames in each row are taken at equal time intervals, with the 

camera fixed on the center of mass of the upper aggregate.  Calculation 

using the potential due to a) the charge on each monomer, b) the 

quadrupole moments of the aggregates, and c) the dipole moments of 

the aggregates.  The trajectory with only the monopole interactions is 

almost identical to this case, with no rotations of the aggregates.   

IV. CONCLUDING REMARKS 

The dynamics of charged aggregates has been examined by 

including various terms of the multipole expansion of the 

electric potential.  The charge on the aggregate tends to be 

greatest at the extremities of the aggregate, and the dipole 

approximation alone is not suitable for this charge arrangement, 

which is better represented by an expansion up to the 

quadrupole term. In the case of an aggregate in a uniform 



> REPLACE THIS LINE WITH YOUR PAPER IDENTIFICATION NUMBER (DOUBLE-CLICK HERE TO EDIT) < 

 

6 

electric field, or an electric field which varies slowly over 

distances comparable to the aggregate size, the acceleration and 

torque can be accurately treated using just the monopole 

approximation, if the electric force is assumed to act at the 

aggregate’s center of charge. For slowly varying electric fields, 

including the terms up to the quadrupole torque gives a small 

improvement, but the dynamical behavior can be quite 

different, as shown in Fig. 4.   

The electrostatic interaction between two charged grains 

requires higher orders of the multipole expansion. The torques 

acting on the aggregates are dominated by the quadrupole 

interaction, which can be several times greater than the torques 

from the dipole moment.  However, in the case of collisions 

between aggregates, great accuracy is needed at small 

distances, where the multipole expansion breaks down.  At 

short distances of less than a few aggregate radii it is more 

accurate to calculate the electrostatic interactions by treating the 

aggregate as a collection of fixed point charges centered at each 

monomer within the aggregate.   
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