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Global SL(2,R) Representations of the Schrodinger Equation
with Time-dependent Potentials

Jose A. Franco, Ph.D.
Advisor: Mark R. Sepanski, Ph.D.

We study the representation theory of the solution space of the one-dimensional
Schrodinger equation with time-dependent potentials that possess slo-symmetry. We
give explicit local intertwining maps to multiplier representations and show that the
study of the solution space for potentials of the form V (¢, z) = go(t)2?+g1(t)x+go(t)
reduces to the study of the potential free case. We also show that the study of the
time-dependent potentials of the form V (¢, x) = Az ™2+ go(t) 2% + go(t) reduces to the
study of the potential V (¢, z) = Az~2. Therefore, we study the representation theory
associated to solutions of the Schrédinger equation with this potential only. The
subspace of solutions for which the action globalizes is constructed via nonstandard

induction outside the semisimple category.
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CHAPTER ONE

Introduction

The original prolongation algorithm of Sophus Lie, was used in the early sev-

enties to show that the one-dimensional Schrodinger equation,

20Uy + Uy = 2V (¢, 2)u

has different time-independent potentials that admit non-trivial, inequivalent Lie

symmetries (c.f. [4], [9]). These are

Vi(z) = A (1.1a)
Va(z) = Ao (1.1b)
Vi(x) = \a? (1.1c)

Vi(z) = Az ™2 (1.1d)

Vs(z) = \a® + dgz 2 (1.1e)

with arbitrary constants A\, \; € R. Lie’s prolongation method provides the Lie alge-
bra of symmetry operators. If h3 denotes the three-dimensional Heisenberg algebra,
then the symmetry algebra is isomorphic to g := sl(2,R) x h3(R) for (1.1a), (1.1b),
and (1.1c) and it is isomorphic to s[(2, R) xR for (1.1d) and (1.1e). Early in the eight-
ies, it was shown that the time dependent potential V (¢, z) = go(t)2? + g1 (t)x + go (1)
has the same symmetry Lie algebra g (c.f. [12]). General time-dependent poten-
tials V(t,2) = V(t,2) + ga(t)z? + g1(t)x + go(t), where V (¢, x) is a function not of
the form go(t)x? + g1(t)x + go(t), have smaller symmetry algebras. It is natural to
use representation theory to study the solution space of these differential operators.
However, since the resulting actions are not global, the techniques of representation

theory do not always apply.



However, in the mid-nineties, it was shown in [6] that these actions could be
extended to global actions of the group. This motivated the study of the representa-
tion theory of the solution space for many other differential equations (c.f. [6], [11],
[10]). For instance, in 2005 M. Sepanski and R. Stanke decomposed the solution
space for the 1-dimensional potential free Schrodinger equation and studied it as a
global Lie group representation in [10]. Recently, they analyzed the n-dimensional
case, for the potential free Schrodinger equation (c.f. [11]).

By partially compactifying R?, it is possible to work with a natural subspace
of solutions for which the action of the symmetry group globalizes. The resulting
representations are analyzed. It turns out that a change of variables reduces (1.1a)-
(1.1c) to the potential free case and so are well understood [11].

However, the potential related to the inverse of the square of z, (1.1d) and the
potential (1.1e) can be related to an eigenvalue problem of the potential free case
for, essentially, the Casimir element. The study of the potential (1.1d) is important
in the study of the motion of a dipole in a cosmic string background (c.f. [3]). This
potential is also relevant in the fabrication of nanoscale atom optical devices, the
study of dipole-bound anions of polar molecules, and in the study of the behavior
of three-body systems in nuclear physics (c.f. [2]). Parts of this work have been
published in [7].

This work is organized as follows. In Section 2.1 the realization of the sym-
metry group is exposed. The solution spaces are embedded in the standard induced
representation spaces, the latter are exposed in this section, finally the group and
the algebra actions are explicitly calculated.

In Section 3.1 the spaces and isomorphisms by which the constant potential
reduces to the potential free case are shown. A very similar procedure is followed
in Sections 3.2 and 3.3 to show the isomorphisms used for the linear and quadratic

potentials respectively.



In Section 4 we study the inverse square potential, (1.1d). The resulting rep-
resentations on the solution space are analyzed and decomposed into irreducible
slo-modules. The eigenvalues that yield smooth solutions are indexed by the trian-
gular numbers. Moreover, their direct sum inherits a joint action of SL/(E,/]R) and
the three-dimensional Heisenberg group. This representation is also decomposed
into indecomposables. Finally, Section 4.5 shows how (1.1e) reduces to the same
eigenvalue problem as (1.1d).

In the last section we study the time-dependent potential V (¢, x) = go(t)x? +
g1(t)x + go(t). It will be shown to reduce via change of variables to the potential
free case. Moreover, the potential V(t,z) = \/x? + go(t)z* + go(t) will be shown

to reduce to the eigenvalue problem studied in Chapter 4 via the same change of

variables.



CHAPTER TWO

Preliminary Notation

2.1 The Group
Following [7], let Gy = SL(2,R) and let H3 denote the three dimensional

Heisenberg group with product,
!/ !/ / / !/ / / /
(v1, v2, v3) (v, V5, V5) = (v + V], Vg + Vy, U3 + Uy + V105 — VU] ).

Following the realization of the two-fold cover of Gy in [8], define the complex up-
per half plane D := {z € C|Imz > 0} and let Gy act on D by fractional linear

transformations, that is, if g = (¢%) € Gy and z € D then

az+b
cz+d

9.z =

Define d : Gy x D — C by d(g,2) := cz + d. Then there are exactly two smooth
square roots of d(g, z) for each g € Gy and z € D. The double cover can be realized

as:

Go = {(g,€)|lg € SL(2,R) and smooth ¢ : D — C

such that €(z)* = d(g,2) for z € D}
with the product defined by

(91, €1(2)) (92, €2(2)) = (9192, €1(g2-2)€2(2)).

Finally, the symmetry group that we are interested in, is G := a;) X Hs. Here éo
acts on Hj3 by the standard action on the first two coordinates and leaves the third

fixed.



2.2 Parabolic Subgroup and Induced Representations
As in [11], we consider the parabolic subalgebra of lower triangular matrices
q C sl(2,R) with Langlands decomposition m @ a @ n. If expgy : sl(2,R) — Go

denotes the exponential map then:

A= expg (a) = {((£2), z— et € R2%}
N :=expg (n) ={((5 1),z = D]t € R}

N::exp&(ﬁ):{((%?),zH tz+ 1)t € R}.
Let €:={( %) : 60 € R} then
K = expg (b) = {((f‘;isfe 33;2) ,z > Vcosf — zsin0)|0 € R},

where /- denotes the principal square root in C. Writing M for the centralizer of
Ain K then
M ={m;=((3+ %),z —=i7)j=0,1,23}

Let W C Hj be given by W = {(0,v,w)|v,w € R} 2 R? and let X := {(x,0,0)|z €
R}. Let us write to for the Lie algebra of W. Then P = M AN x W is the analogue
of a parabolic subgroup in G corresponding to p :=q X tv.

For later use, we notice that an element in g = [((¢ %),z — €(2)), (u,v,w)] € G
is in the image of the mapping P x (N x X) — G given by (p,n) +— pn, if a # 0.

This induces a decomposition of such g into its P and N x X components,

[((ch Z)?Z = 6(2))7 (u7v>w)] =
[((“ 0 ) ,z e(z+b/a)), (0,v,w+ (u+ bv/a)v)]

cal

(L) 2 e 1), (u+ bu/a,0,0)] .

01

On the open dense set where @ # 0, let p: G — P and n : G — N x X be the

projections from the previous decomposition.



It is well known that the character group on A is isomorphic to the additive

group C so any character on A can be indexed by a constant r € C and defined by

(5.0 2 ) =1

for ¢ > 0. A character on M is parametrized by ¢ € Z, and defined by x,(m;) = #/%.

A character on W can be parametrized by s € C and defined by,

Xs((07 v, w)) = e,

Finally, any character on P that is trivial on N is parametrized by a triplet (g, 7, s)

where s,r € C and g € Z, and defined by

Xq.rs (((—1)j (“ 01) 2= i e acz + 1), (O,U,w)> = 9|a| e,

ca

The representation space induced by x,,s will be denoted by I(g,r, s) and defined
by

I(g,r,5) = {¢: G — Cl¢p € C* and ¢(gp) = Xg,..(P)9(9) for g € G.p € P}

the G-action on I(q,r,s) is given by (g1.6)(g2) = ¢(g; *92)-

Since Hy = XW then G = (N x X)P a.e. But N x X is isomorphic to
R? via (t,z) = Ny = [((§%),2—1),(2,0,0)]. Since a section in the induced
representation is determined by its restriction to N x X, this restriction induces an

injection of I(q,r,s) into C*°(R?) which is identified as
I'(q,r,s) = {f € C°(R?)|f(t,z) = ¢(Ny,) for some ¢ € I(q,r,s)}.

This space is endowed with the corresponding action so that the map ¢ +— f
where f(t,z) = ¢(Ni.), becomes intertwining. Thus I(q,r,s) = I'(q,r,s) as Go-

modules. As in the semisimple case, we will call this, the non-compact picture.



2.2.1 The Action of G on I'(q,r,s)

Fix g = (¢%) € Gy. In order to write down the action of G on I'(g,r, s) it is
helpful to find an explicit way extension of € : D — C to the real line. This is done
n [11]. We review the construction here. Let (g, ¢) € Go then d(g, z) = ¢z + d and

€(z) can be written as
e(z) = |d|?iP\/c/dz + 1

for some p € Z4. For © # —d/c the limit value can be calculated,

6(.1') - z—)lai:r?ED €<Z)

For such z, it follows that
\d|Y/2P\/c/dx + 1 if ¢/dz+1>0

e(x) = ¢ |d|2P+t/|c/de + 1] if ¢/dz+1 < 0and ¢/d > 0

|d|*/2P=1\/|c/dx + 1| if ¢/dz+1 < 0and ¢/d <0

This can be extended to any real value of z.

Proposition 2.1. Let f € I'(q,r,s), (g,€) € CTO, and (u,v,w) € Hs. Then,

((9,6)-f)(t,x)=(a—ct)r‘q/ze(g‘l-(HZ))e_as—cfff(u ”") (2.1a)

a—ct a—ct

((u, v, w).f)(t, z) = e s@=20e=t>+w) (4 0y — o). (2.1b)

Proof. This result is proved in a more general setting in [11]. Here we prove the
action in (2.1a) for our particular case. Consider the NM AN decomposition for a

given (g, €) € G,

(9:6) = ((5"4) D@D, ) (" 5) A1) ((fa?) . Veldz+ 1),

The action is computed as

((g:6).N)(t.2) = d((9,€) " New) = & ((( L850 elg™" - (t +2)) 7). (2,0,0))) .



We look at the NP decomposition,

dt—b

(%258 et + ). (.0,0] = (1 52) 10

—ct’

0, 0)}

o= o) e 0=, )]
(Z.0) |

a—ct a—ct a—-ct

Using the definition of (g, r,s) and x,.s we obtain

((g,€). )t x) = (a —ct) ™ e(g™"(t + z))efffff (dt i > :

a—ct a—-ct

]

Corollary 2.1. The action of (¢ %) € sl(2,R) on I'(q,r, s) is given by the differential
operator

(ct — a)x0, + (ct* — 2at — b)9, + (ra — csz® — rct). (2.2)
An element (u,v,w) € b3 acts on I'(q,r,s),, by the differential operator
(tv — u)0; + s(w — 2vz).

Proof. Tt follows from differentiating the group actions on I’(g,r,s). For instance,
to compute the action of the element (§ %) € sl(2,R) we first use Proposition 2.1

to compute the action of the element
((e‘(‘)‘r epaT) J6).f(t,x) = eaﬂ'rf(ef2a7t> efafrx)
Then we take %L:o to obtain,
ra — 2at0; — ax0,

which proves the statement for this element. The rest of the generators of the algebra

are computed similarly.



If we denote the potential free Schrédinger operator by O, then
O = 2i0, + 02

By equation (3.8), the standard sly-triple {h, e*} acts by

h=—x0, —2t0; +r (2.3)
€+ == —at (24)
e~ = txd, + 170, — (sx* +rt) (2.5)

on the non-compact picture. Let
Q=1/2h* —h+2ete”

be the Casimir element in the enveloping algebra of s[(2, R). For use in later sections,
define the central element

Q=20 —r(r+2).
Corollary 2.2. On I'(q,r,s), Q acts by

Q = = (4520, + 207 — (14 2r)x0, +r(r + 2)) .

N | —

In particular, for r = —1/2 and s =1i/2, Q0 acts by
L s
0= §(x O+ r(r+2)).

Proof. A straightforward calculation using the actions of the standard sly-triple and

the definition of the Casimir element gives the desired result. m



CHAPTER THREE

Time Independent Potentials

3.1 Constant Potential

3.1.1 The Algebra

We consider the constant potential case (1.la). It is well-known that the
algebra of symmetry operators is isomorphic to g = s[(2,R) x h3(R), however we
were unable to find a convenient reference for the explicit form of the generators, so
we calculate them here. We calculate the conformal invariant differential operators
according to [12]. Similar results can be obtained by using the standard prolongation
algorithm.

With an eye towards future use, we begin the calculation for an arbitrary time-
dependent potential V(¢,x). Suppose that L = A(t,x)d, + B(t,x)0; + C(t,x) is a

differential operator in g. Then it has to satisfy the following condition
[0 —=2V(t,z), L] = o(t,z)(0 =2V (¢, 1)),
which gives

2BV, + Cyp + 2iCy 4+ 2AV, + (20A; + Ayr) Oy + (2C, + Byy + 2iBy)0,

424,00 + 28,07 = u(t,2)(0 — 2V (t,z)). (3.1)

Equating coefficients, we obtain the following system of partial differential equations

A, =0 (3.2a)

B, =1/2 (3.2b)

AV, + BV, + %CM +iCy = =1V (3.2¢)
%A, + Ay = 2is (3.2d)

9C, + Byy + 2iB, = 0. (3.2¢)

10



This gives the general form of the functions A, B, and C. For instance (3.2a)
implies A(t,z) = A(t) and together with (3.2d), gives B(t,z) = 1/2zA; + b(t) for
some function b(t) dependent on t. Equation (3.2¢) gives C(t,z) = —1/4iAyz? —
it/ (t)x + c(t) for some function ¢. We substitute this in (3.2¢) to obtain ¢. In the
particular case of the constant potential, the form of V(t,z) = Vi(z) = X yields

Ay = 0 which implies that
A(t) = ert? + ot + cs.

We can also see that b”(t) = 0 thus b(t) = ¢4t + ¢5 which gives

B(t,z) = (1t + %)I + cqt + cs.
The zero degree coefficient in (3.1) gives

d(t) =i(A2c1t + o) + 1/2A)
from which we get

C(t,z) = —%cle —icy — i(Mcrt? + cot) + 1/2e1t) + ce.

In summary, besides multiplying by a constant, we obtain the following conformal

invariant differential operators
1
X, = 20, + tx0, — 5(2'332 —t —i\t?)
1
X3 = at
X, =1t0, —ixu

X5 == 836

11



Considering the bracket relations between these operators and considering distin-

guished linear combinations, we obtain the following basis elements,

et i=— 0, +i) (3.4a)
e =t°0; + twxd, + %(t + 202\ — ix?) (3.4Db)
hie — 240, — 20, — (% +2it\) (3.4¢)
§=—0, (3.4d)
Y =td, — iz (3.4¢)
¢ ::%i (3.4f)

with {h, e*} being isomorphic to the standard basis of 5[(2, R) and {¢, %, ¢} spanning
an isomorphic copy of the three dimensional Heisenberg algebra, h3(R), with ¢ as

the central element. Hence, the algebra spanned is g = s[(2,R) x h3(R).

3.1.2  Multiplier Representation

From the point of view of physics, it is very natural to realize the action of
the symmetry group on a multiplier representation instead of a more Lie-theoretical
standard induced representation. In this section we set up an intertwining opera-
tor between these two pictures as well as determine a space for which the action
globalizes.

It is convenient to work first with what might be called the non-compact

picture of a multiplier representation. To that end, let vy : N x X — C be given by
V,\(Nm) — oM
and extend it to an open dense set of G’ (namely P(N x X)) by
va(g) = va(n(g)).
For f € I'(q,r, s) define

f(t, z) =M f(t, x) (3.5)
12



and define

I'(q,7,8)uy = {f € CF®)|f(t,2) = ™[ (t,2) for [ € I'(q,7, )},

The reason for the subscript py will become evident below. This space inherits a
unique G-module structure so that the map f — f is intertwining.
Now we turn to a standard multiplier representation on G/P. We start by

defining the multiplier py : P(N x X) x P(N x X) — C by

(g1, 92) = valgy 'g91)/valga ).

Let ¢ € I(q,r,s) and define the map gzNS on an open dense set of G /P by

o(gP) := (g~ 1) o(g).

The multiplier representation space on G/P, denoted by F, is defined as the image

of this mapping, that is
F={oloellg.rs)}
with the G-action given by

(91.0)(92P) = palg1, 92) (g7 ' 92 P).

We notice that the map ¢ — ¢ is an intertwining map, because the easily verified

equality 1ix(g5 g1, 1) = pua(g3 "5 I)pia(g1, g2) implies that

(91.0)(92P) = pa(g1. 92)3(91 ' 92 P) = pua(91, 92) 102 (95 91, 1) " (91 ' o)

= (92", D)7 091" 92) = 91.0(g2P).
Now we have a commutative diagram,

pellqr,s) — fel(gns)
{ {
e F — j:EI’(q,r,s)W.

13



Let ¢ € F then
gg(Nt,m?) = V)\(N—t,—m>_1f(t7‘r) - ei)\tVA(N—t,—x)_lf(ta l’) - f(ta I)
Hence, the bottom map is given by ¢ — f if f(t, x) = é(Nt,mF).

3.1.3  Group Action on I'(q,r,),,
We will use the isomorphism between I'(q,r,s) and I'(¢,, s),, to transfer the
action of the group and consequently the action of the algebra to the latter space,

recovering the symmetry operators calculated in Section 3.1.1.
Proposition 3.1. Let f € I'(q,7,8),,, (g, €) € Go, and (u,v,w) € Hy. Then,

((g,€).f)(t,2) = (a — ct)2e(g™".(t + 2))

iA<b+(u7d)tfc(i512/)\+t2)) ~ dt _ b T (36&)
.e a—ct f ( , >

a—ct a—ct
((u, v, w).f)(t,x) = e sEo—20a= W) f(3 0 gy — to), (3.6b)

Proof. The proof of Equation (3.6b) is not different than (2.1b), because the multi-
plier is trivial when restricted to the Heisenberg group, and (3.6a) is easily obtained

from (2.1a) by applying the intertwining operator (3.5) two times as follows:

((g,€).)(t,2) = eX((g,€).F)(t,2) = ™ (a—ct) " Pe(g™".(t + 2))

—sca® dt —b cdi-b,
et f < ’ ) = e_IHteW(a — )" (g7 (t + 2))

a—ct a—ct
—scaz? ~ dt_b xr
. a—ct 37
‘ f(a—ct’a—ct)’ (3.7)

which proves the proposition. O]

Corollary 3.1. The action of (¢ %) € sl(2,R) on I'(q,7, $),, is given by the differ-

A

ential operator

(ct — a)x0, + (ct* — 2at — b)O; + (ra — csx® — rct — (2at + b — ct?)i)). (3.8)

14



An element (u,v,w) € bz acts on I'(q,r,s),, by the differential operator
(tv — u)0y + s(w — 2vz).

Proof. 1t follows from differentiating the group actions on I'(q,r, s),,. For example,
to calculate the action of be™, we consider the action of the group element from
Proposition 3.1

767’511}277:)\Ct2 t €T

(L9),0F(t,2) = (1= 7ty e™ 5= ().

Then we take di _and we obtain
7 17=0

—crt — esx? — idet® + ct?0, + catd,,

which corresponds to the asserted action. The rest of the generators of the algebra

are computed similarly. O

Remark 3.1. Notice that the action of the algebra on I'(¢,r,s),, with r = —1/2

1

and s = i/2 correspond with the action of the algebra of symmetry operators for
the constant potential Schrodinger equation. Also, one can recover the actions on

I'(q,r,s) by setting A = 0.
By Equation (3.8), the standard sl,-triple acts on I'(q, 7, s),, by
h = —x0, — 2t0; + (r — 2iAt)
et = —0, — i\
e =txd, + 170, — (sx® — i\t* +rt).
Using these expressions, the following corollary follows directly.
Corollary 3.2. On I'(q,7,),,, 2 acts by

Q = = (4s2?0, + 202 — (14 2r)20, + r(r + 2) + disAa?) .

N | —

In particular, for s =i/2 and r = —1/2, it acts by Q = 3(z*(0 — 2X) + r(r + 2)).
15



An immediate consequence of this corollary is that for the special parameters,

r=—1/2 and s =i/2, we have
ker Q' = ker(O — 2))

in I'(q,7,s)u,- In the setting of I(g,r,s) and I'(q,r, s) this kernel has been decom-
posed into its K-types and the representation theory of this space has been worked
in more generality (c.f. [11]). Under the isomorphism (3.5) all these results can be

transfered to the case of F and I'(q, 7, s),,.

3.2 Linear Potential
We now turn to the case where V5(x) = Az. Proceeding as in Section 3.1.1
one can calculate the algebra generators substituting V (¢, z) = Va(x). In this case,

the algebra of symmetry operators is spanned by

1
et i=— 0, +t\0, + 5)\(152)\ — 2x)i (3.9a)
— 2 t2A Lo | a2 2 2y
e =t 0, +t(x — 7)@ - §(4zt + TN — 12t° Az + 4x*)i (3.9b)
1 1
h = —2t0, + 5(3t2)\ —22)0, + §(t3)\2 — 6tAw +1i)i (3.9¢)
€= — 8, —iM (3.9d)
At?
Y =td, — (v — 7)2 (3.9¢)
¢ ::%i. (3.9f)

The algebra spanned is g = sl(2,R) x h3(R) therefore, we will continue to use

the group G.

3.2.1 Multiplier Representation
As in Section 3.1.2 we need to define the appropriate multiplier representation

space. We start by defining a change of coordinates map ~ : R? — R? by

(t,x) — (t,x + %2).
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Now define vy : N x X — C by
V/\(Nm) _ 6—%it3/\2+i>\m

and extend it to a map on an open dense subset of G by vy(g) = va(n(g)). Notice
that v, was defined differently in Section 3.1. However, we will use the same notation
because these two maps will play the same role in each respective case and there is
no risk of confusion. This will be done in the next cases without further comment.

For f € I'(q,r,s) define

N . . At?
F(t,z) = esiN it £ (t, T+ 7) . (3.10)

The space that would be called the non-compact picture of the multiplier represen-

tation is
I'(q,r,8), = {f(t,2) € C*(R*)|f(t,x) € I'(g,7,5)}

with the G-action that makes the map f — f an intertwining map.

To define the multiplier representation, we let g, : P(N x X)x P(Nx X) — C

by /J’A(g17g2) = V}\(nglgl)/y/\<g2*1)7 and fOI' (b € [(Q7 r, S) we deﬁne

o(gP) = (g™, 1) ' o(9)

on an open dense set of G/P. As before, the multiplier representation space,

I(q,7, ), is defined as the image of this mapping. Since

gb(Ntv”%P) - VA(N_L‘»P% )gb(Nt,x-ﬁ-%)
At?

=N, _, se)fltz+=5)

") = fe.

then the intertwining map from gzNS — f is given by

f(t.x) = BN, 2 P).
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We then have the commutative diagram

¢ €llg,rs) — [fellqrs)
!
gz~5€.7: — fe]’(q,r,s)M.
3.2.2  Group Actions on 1(q,r,s),,
We can translate the action of G on I'(q,r, s) to an action on I'(q,r,s),,. We

record this in the following

Proposition 3.2. Let f € I'(q, 7, ), and (u,v,w) € Hs then

A

((U, v, w)f) (t, I) _ e—i)\t(u—i-tv)—s(uv—2v$—tv2+w)f'(t, T — U — tU)

Let (g,¢) € @vo and define I' := eEM?/2_ MAEb?0 B = B e

a—ct 2(a—ct)? a—ct

((g, e)f)(t, z) = (a—ct) " e(g7  (t + Z)>ei>\2t(ét2—z)

NoE 1g2 —sc(z+at?/2)2 ~
. 62)\ O(—5? +F)€7

e (@,T).

Proof. This is straightforward calculation using (3.10) on (2.1a) and on (2.1b). For
@vo, apply Equation (3.10), then Equation (2.1a) on the second line, and then Equa-
tion (3.10) on the third line:

((9:€)- )t 2) = 5™ (g €).f) (u T+ %t)

—sc(a+At2/2) 7 (dt -b x4+ )\t2/2)

LiX243 pitha r—q/2 -1 =
= ¢6 a—ct € (t+2))e a—ct ,
( ) (g ( ) ot ot

_ (a _ Ct)T_Q/QE(g_l.(t + z))ei)‘%(%ﬂ_z)e”\%(_%¢2+F)e asfff JF (CI), F) ‘

The calculation for Hs is similar and omitted. O
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Corollary 3.3. The action of (¢ %) € sl(2,R) on I'(q,r, $),, is given by the differ-
ential operator

> 4w My > _ ot — _ AN
(bAt 4+ aXt” + (z 2)(015 a))0, + (ct* —2at — b)oy + | ra —ecs |z + 5

At At?
—rct —iX(at (7 — 31:) +0b (az’ — 7) — 20t2x)) . (3.11)

An element (u,v,w) € b3 acts on I'(q,r,s),, by the differential operator

At2(i + s)

(tv — u)0, + [2v(sx + 5

) — itu + sw.

Proof. This follows directly from differentiating the actions in Proposition 3.2. For

example we compute the action of ce™. Using Proposition 3.2 we calculate,

7SCT<I+>\t2 /2)2

(( 1 0) : 6).f<t,l’) _ (1 o CTt)rei)\Zt(%ﬁfx) . ei)\2<1>(7%q>2+1“)€1_7mf(®’r)

with ® = £ and T = xtiift/ 2 _ 2(1’\_2 Ctit)2. The coefficient that multiplies 0, is

ar

- = ct(z + N22/2) — e\*t? = ct(x — \*?/2).
-

=0

The coefficient multiplying 0, is

= ct?.
7=0

dr
Finally, the multiplication term of the differential operator corresponds to the deriva-

tive of the terms that multiply f in the group action, for which we obtain

iIN(t? — 2z) dD dr At?
—rct — —= — NP — - )2
re 5 ar ., +1i |, sc(x + 5 )
A2 (12— 2 At?
= —rct — #cﬁ +iX2ct?(z — N2t /2) — sc(x + 7)2
2 42 A2,

= —rct + 2iX°ct*x — sc(x + 7) . (3.12)

The other generators are calculated similarly. O]
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From Corollary 3.3, the standard sl,-triple acts on I'(q, 7, s),, by

1
et = =0, +t\0, + 5)\(152)\ —2x)i

£2) A?

1 1
h = —2t0, + 5(31% —22)0, + 5(5’% — 6tAT) + 7.

Corollary 3.4. Let s = i/2 and r = —1/2. Then, the Casimir element, 0, acts on

I'(q,7,8)u, by Q=1/2((x + ’\Tﬁ)Q(D —2X\z)) +r(r+2)). In particular,
ker ' = ker(O — 2\x)
in 1'(q,7,5)u,-

This means that the space of solutions to the Schrodinger equation with linear
potential in I'(g,r,s),, is isomorphic to the space of solutions ker ' C I'(q,r,s).

The latter has been studied in more generality in [11].

3.8 Harmonic Oscillator

For the potential V3(z) we consider —\?/8 instead of A, allowing A to be
real or purely imaginary, in order to simplify the calculations. When A is real the
equation represents the repulsive harmonic oscillator, if it is imaginary, the equation
corresponds to the attractive harmonic oscillator. The symmetry operators in both
cases correspond to each other through A\ — i)\, so there is no loss of generality in
considering just one of these two cases.

Substituting V (¢, z) = —1/8A?z? in equation (3.1) the generators of the algebra
can be computed as in Section 3.1.1. The algebra of symmetry operators is spanned

by
n 1 L L. 5 :
eri=— X(l + cosh At)0; — 3% sinh A\t0, + Z(M‘T cosh At — sinh At) (3.13a)
1 1 1
e =— X(l — cosh \t)0; + 3% sinh At0, — Z(i/\xQ cosh At — sinh At) (3.13Db)
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2 1
h:=— X sinh A\t0; — x cosh A\t0,, + §(Ax2 sinh At — cosh \t) (3.13¢)

At 1 At
¢ := — cosh ?81 + 52’)\95 sinh 5 (3.13d)
At 1 At
1 := — sinh Eaz + 52’)\55 cosh 5 (3.13e)
1
¢ == A (3.13f)

Similar to Section 3.1, the algebra is isomorphic to g = sl(2,R) x h3(R).

3.3.1  Multiplier Representation
To construct the required multiplier representation space for this case, we will
follow the same procedure presented in the previous cases. Here, the change of

coordinates is v : R — R? and it is given by
At At
y(t,x) = <tanh bX x sech §> :

This induces a map on N.

We define vy : N x X — C by

_iA

A
V)\(N-y(t,x)) — e 4m2tanh§(sech _)—1/2

and we extend it to a map on an open dense set of G by v\(g) = va(n(g)). Let

f e I'(q,r s) and define a map f +— f by

~ i ¢ At At At
f(t,x) = e~ ra’tanh 3 (sech 3)_1/2]0 (tanh 5 sech 7) : (3.14)

We define the space I'(q,r,s),, as the image of this map. For use in the following
section we record the inverse of this map,

ixtz? cosh()\t/2)2

< (2 At
ft,x)=e Z (1—t3)~14f <X arctanh ¢, x cosh ?) (3.15)

for t € (—1,1). Notice that fe I'(q,7,8),, determines the map f € I'(¢,r,s) only

on (—1,1) x R. Therefore, this map gives an isomorphism between I'(g,r, s),, and

A
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I'(q,r, S)(—Ll)XR = {f € COO((_L 1) X R) | f(tﬂT)

ixtz? cosh(At/2)2

< (2 At
=e 1 (1—t3)"V4f (X arctanh ¢, x cosh ?) for f € I'(q,r,8),, }-

Clearly there exists a restriction map I'(q,r,s) = I'(q,7,s)(—1,1)xR-

In order to construct the multiplier representation space, let
pr: P(N x X)x P(Nx X)—C

by

191, 92) = valga ' 91) /valga )
For ¢ € I(q,r,s) define on an open dense set of G/P the intertwining map qg(g?) =
px(g™, I)71p(g) and regard the multiplier representation

[(Q: r, S)M

as the image of this mapping. Finally we use the fact that
f(t,2) = (v (New) ™ D f (8, )
to write the intertwining map from I(q,r,s),, to I'(q,r,s),, explicitly as
¢ — f whenever qg(Nv(t,x)?) = f(t,2).

We then have the commutative diagram

pel(qrs) — fellgrs)
4 i\
9236.7: — fe]’(q,r,s)m.

where the bottom and right maps are isomorphisms.

3.83.2  Group Actions on I'(q,7, ),
The group acts on I'(q,7,s)(—1,1)xr in the same way as on I'(g,r, s), however

the action is not a global one. In this Section, we use the isomorphism in (3.14) and
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(3.15) to transfer the action of the group on I'(¢,7,s)(—1,1)xr to a local action on

I'(q, 7, 8) -

Proposition 3.3. Let f € I'(q,r,s),, and (u,v,w) € Hs. Then

A
((U, v, w)f) (t, .T) — 6% tanh %(2zfucosh %fvsinh %)(ucosh %%»vsinh %)

. < Y At
. ¢~ s(ww—2vz sech Al —v2 tanh %-}—w)f(t’ 7 — u cosh 5 — vsinh E) . (316)

—~ At
Let g = (2%) € SL(2,R) and let (g,¢) € Gy. Define = := ey and U =

a—ctanh 5
dtanh 3 —b
a—ctanh %

. Then the action of (g,€) on I'(q,7,5),, is given by

At A
((g,€).f)(t, z) = (cosh(arctanh ¥) sech ?)I/Q(a — ctanh 7)“‘”

i e(g_l.(tanhg + Z))e%(arg tanh %—52 tanh %)—sczEsech%

<2 _ A
f(X arctanh \I/,ucosh<§\11)). (3.17)

Proof. This follows from applying the isomorphism (3.14) to the actions (2.1a) and

(2.1b) calculated in Proposition 2.1. We will show the calculation of (3.16):

((u7 v, w)f)(t, ZE) = 6_%x2tanh%<sech g)_l/Q

- ((u, v, w). f) (tanh %, x sech ﬁ)

2
DY

ER sech —)
2

—*2x? tanh % ( —1/2e—s(uv—2vz sech %—tanh %UQ—HU)

=€

Y Y Y
- f(tanh 5 xsech 5 U tanh ?v)

Using (3.15) we transform f into f and obtain the asserted result. The same proce-

dure is used to compute the action of elements in 50. O

The action of the group is just local, because (3.17) is not defined for every

At
dtanh £ c (_171)

2
a—ctanh 5

(g,€) € évo, only for group elements such that
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Corollary 3.5. Let (2 %,) € sl(2,R), then it acts, on I'(q,r,s),,, by the differential

operator

1 1
— 5(2ax cosh At + bx sinh A\t — ca sinh At)0, — X(Qa sinh At — b(1 4 cosh At)
1
+ ¢(1 — cosh At))0; + Ea(l + 2r — cosh At + iAz? sinh \t)

b t 1
— Z(_i)\x2 cosh At + sinh A\t) + c(—sz? — rtanh% + Z(—ix2(2/\ + 4is

Y Y Y
+ Acosh 7) + sinh 5) tanh’ ?) (3.18)

An element (u,v,w) € b3 acts, on I'(q,r,s),,, by the differential operator

At At 1 At 1 At
(vsinh 5 U cosh E)ax + §i)\uac sinh 5 = Zivx(—)\ — 8is + Acosh At) sech 5

Proof. These actions follow from differentiating the actions in Proposition 3.3. For
this case we will calculate the action of be'. Let = = x sech % and ¥ = tanh % —7b

then the coefficient that multiplies 0 is

2 2b t
E<X arctanh(tanh% —b7)) . == cosh? %
The coefficient that multiplies 9, is
2
diT(x sech(%) arctanh(tanh% —b71)) » = —Xb sinh g

Finally, the zero order term in the differential operator correspondent to be™ is

d bY; i - :
L ((cosh(arctanh ) sech 2 ) /26 0 onh -2 an ) e )
T

7=0
b bAz?

= —5 sinh A\t +

1 cosh \t.

The calculation for the other generators of the algebra follows the same procedure.

]

Notice that for r = —1/2 and s = iA/4, the actions in the corollary correspond
with the ones in (3.13).
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Corollary 3.6. Let s = i\/4 and r = —1/2. Then the Casimir element, (), acts on

I(q,7,8), by Q= 3(z*(0+ N2?/4) + r(r 4+ 2)). In particular,
ker ' = ker(O + \22?/4)

in I'(q,7,5),-

Proof. By (3.18), the sly-triple acts by

2 1
h = —x cosh(A\t)d, — X sinh(At)0, + 5(1 + 2r — cosh(At) + iAz? sinh(At))

1 1 1
et = —57 sinh(At)0, — X(l + cosh(At))0; + Z<_ sinh(At) + idz? cosh(\t))

1 1
e = 2% sinh(At)0, — X(l — cosh(\t))0; — sz — rtanhg
1 At At At
+Z(_ix2(2)‘ + 4is + Acosh 5) + sinh 5) tanh” 5

Using these expressions, the result is obtained by a straightforward calculation. [

Let S be the image of ker {2(_, ), under the map (3.14). Then we have the

following diagram:

I/(q,T,S) — [,((Lras)(fl,l)XR — [/((Lras)/u
T T T

ker@Q —  ker Q/(fl,l)xR — S C ker Q;u

where the vertical maps are given by inclusion and the map ker " — ker Q,(—I,I)XR
is given by restriction. The latter map is surjective and since the elements in ker '
are analytic functions, it is also injective. The study of this solution space reduces
to the study of ker Q" C I’(q,r,s) which has already been studied in [11]. Notice
that the right two columns of the diagram are just local representations of the group

and the spaces on the left column are global representations of the group.
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CHAPTER FOUR

Eigenvalue Problem of the Potential Free Schrodinger Equation

As seen, the representation theory for nearly all the potentials possessing sls-
symmetry, reduces to the potential free case, therefore it is well understood (c.f.
[11]). Here we study the remaining case where V (¢, ) = Az~2. Interestingly, it will
reduce to an eigenvalue problem of . To see this, recall from Section 2.1 the sl,

part of the symmetry algebra acts by

et = -0 (4.1a)
1

e = t20; + tz0, — 5(:c2 + it)i (4.1b)

h = —2t0; + 20, — % (4.1c)

on I'(q,r,s). In Corollary 2.2 we showed that the Casimir element €, acts by

Q= = (4s2°0, + 2207 — (1 + 2r)x0, + 1(r + 2))

N —

and the central element €)' acts by the differential operator
Q' = 2%(450, + 02 — (14 2r) /x0,)

on I'(q,r,s). The subspace ker(€' — 2)) in I’(¢,r, s) is the same as ker(O — 2\ /2?)
in I'(q,r,s).
We begin the study with a result on the invariance under EJVO and the subgroup

{(0,0,w)|w € R} C Hj.

Proposition 4.1. The subspace ker(Q)' —2X) in I'(q,r, s) is invariant under the action
of Go and under the action of the subgroup {(0,0,w)|w € R} of Hs. The space is

not left invariant by the complement of {(0,0,w)|w € R} in Hj.

26



Proof. Since € is in the center of the enveloping algebra of g, the évo—invariance is

clear. Let (u,v,w) € Hs. Using the action on Corollary 2.1 we can calculate

(O —2)/2%, (u,v,w)] = [2i0, + 0% — 2\/2*, (tv — u)D, + i/2(w — 2vz)]
= [2i0;, (tv — u)d,) + [02,i/2(w — 2vz)]

—2[\/2?, (tv — )0,

AN(tv — AN(tv —
= 2100, — 2ivd, + (”3 u _ <”3 w
x X

This is zero for every t € R only if u = 0 and v = 0, this proves the invariance under

{(0,0,w)|w € R} of Hj. O

Though, all of H3 does not leave ker(€)’—2\) invariant, it will play an important

role in linking together different éo—invariant kernels.

4.1  The Compact Picture

The group EJVO has Iwasawa decomposition évo = K AN and the product induces
a diffeomorphism G = (K x X) x (AN x W). Since (AN x W) C P, an element
¢ € I(q,r,s) is completely determined by its restriction to K x X. Moreover, since
(K x X)N P = M we have that the restriction of ¢ € I(g,r,s) (which we will still
denote by ¢) satisfies ¢p(gm) = xqrs(m)d(g) for g € K x X and m € M.

There exists an isomorphism between K x X and S' x R given by (6,y) —
[(g0,€0), (y,0,0)] and it can be shown that this map is 4m-periodic with respect to
0. Thus we can identify ¢ € I(q,7,s) with a map F' : S' xR — C, ¢ — F iff
&([(g0,€9), (y,0,0)]) = F(#,y). Then F € C°(S' x R) and F (6 + 4w, y) = F(0,y).

The function F inherits from ¢ additional ”‘parity”’ identities. By the defini-

tion, €pir;(2)? = cos(0 + mj) — zsin(f 4+ 7)) = (—1)7ey(z). We then get

F(O+mj,(=1)y) = ¢([(go4rs, €o1xi), (—1)7y, 0,0)]) = 6([(gs. €6). (3, 0, 0)]m;)

= Xars(m;) " 0([(90: €0). (3,0, 0)]) = i /"F(0, ).
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Define

I"(q,r,s) = {F € C®(R*)|F(0 + 4, y) = F(0,y)

and F(0 + jm, (—=1)y) =i 79F(0,y)}. (4.2)

Then the map ¢ — F' is a vector space isomorphism between I(q,r, s) and I”(q,r, s).
The space I”(q,r, s) inherits a unique G-module structure, so that this map becomes
an intertwining map. We call this the compact picture, as in the semisimple case,
though K x X is not compact here.

In turn, the isomorphism 7" induces an isomorphism between [’(q,r,s) and
I"(q,r,s) which we will write out explicitly. We begin with the following decompo-

sition:
[(997 69)7 (yv Oa O)] = [(((1) ta{19) y 2 1)7 (y sec 97 07 0)]
: [((11;::);(99 COOSQ) ,€9), (0, —ytan 6,y tan 0)].
Since F'(0,y) = ¢([(g0, €0), (y,0,0)]) then

F(0,y) = Xq,r,s([(<1,/§f’§g 6029) ,€9), (0, —ytanf,y* tan §)]) !
~O([((§tr0), 2 — 1), (ysech,0,0)]) = (cos «9)_”6_53”2 anl f(tan @, ysech) (4.3)
for f € I(¢q,r,s) and 0 € (—7/2,7/2). Since F' € ["(q,r,s), this expression
can be extended smoothly to any § € R by using the fact that F(0 + jm,y) =
iJ1F (0, (—1)’y) and continuity to get to the integer multiples of /2. Then we

define the isomorphism 7" : I'(q,r,s) — 1"(q,r,s) by T(f) = F. The inverse to this

map can be calculated and it is:
2
flt,x) =(1+ tQ)”’/2el-tk7F(arctan t,x(1+t3)7Y?). (4.4)
Under this isomorphism, via the chain rule, we obtain

1
Op 5(—y sin 200, + cos® 09y + 2sy” cos 20 — 1/2r sin 20) (4.5a)

28



0y <> 2sysiné + cos §0,,. (4.5Db)

This will enable us to transfer the actions of the algebra from the non-compact
picture, I'(q,r, s), to the compact picture, I”(q,r, s).

Define a standard basis of sl(C) given by
k=1i(e” —e")
and
nt=1/2(h+i(e" +e)).

Applying Equations (4.5) to the action in Corollary 2.1, it can be shown that the

slo-triple just defined acts on I”(q,r, s) by the differential operators

ni _ %G:sz (y(?y Fioy— (1/2 £ 22’53/2)) . (4.7)

Proposition 4.2. If Q" denotes the differential operator by which the central element

Y acts on 1"(q,r, s) then
14 2r
Q” = y2 (4889 + 482y2 + 85 + Tay) .
Proof. Under the isomorphism I'(q,r, s) = I"(q,r, s) we obtain the following expres-
sions:

4520y v y*(—dsy tan 00, + 450y + 85%y* — 4s’y* sec® § + 2sr tan §)

2?02 =y (4s*y? tan® 0 4 0 + 4sy tan 60, + 25 tan )
(1+ 2720, — (1 + 2r)y*(2stanf + 1/yd,).

Adding them we get

1
— Q" =450 + 45%y° + 02 +
Y

1+ 2r

d,.

29



4.2 K-types
Lemma 4.1. Let (gor,€p) € K and F € 1"(q, 7, s) then (gor,€0).F(0,y) = F(0—0',y)

Proof.

(90’, E9’>'F(9’ y) = ¢([(99’7 69’)_1(997 69)7 (yv 0, 0)])

= gb([(g@*@” 69*9')7 (y7 0, 0)]) = F(e - 6/7 y)

]

There exists an isomorphism K 2 S' given by (gg,€5) +— €2, Therefore,

—imb/2 for m € 7. Using Lemma

the characters on K are of the form x% (g, €9) = €
4.1, a weight vector F,, € I"(q,r,s) of weight %, for the action of K, satisfies
(9o, €0').F(0,y) = Fp(0 — 0',y) = e ™9/2F, (0, y). Setting @ = 0 and §' = —0 we
obtain F,,(8,y) = e~™%/2F,,(0,7). Let F,,(y) := F(0,y) so that a weight vector is

of the form

Fm(9> y) = 6—im9/2}7—vm(y).

Lemma 4.2. Fizm € Z and F € C®(R). Then F(0,y) = e"™/2F(y) is annihilated

by Q" — 2\ if and only if F(y) is annihilated by the differential operator
D =402 — 2A —my” +y*)

Proof. Explicitly calculating the action of Q" — 2\ on F(0,y) = e ™/2[(y), one

obtains that (Q" — 2\)F = e "0/2DF, O
Proposition 4.3. There exist a K -finite vector of weight %3 in ker(Q"—2X) C I"(q,r, s)
uf
1
[ = 5(1—|—v1—|—8)\) (4.8)
is a positive integer (equivalently, X\ = 1(1—1)/2 forl € Z7°) and m = 2l+q mod 4.

In this case, if A # 0, there exists a unique (up to scalar multiples) weight vector of
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weight % in ker(Q" — 2X) C I"(q,r,s) and it is given by

1+2l—m 1

L+ =,y 4.
) (4.9)

Fon(0,y) = e m0Pe V" 2y 1y ( :

where 1Fy are the congruent hypergeometric functions of the first kind.

Proof. By Lemma 4.2, for F}, to be in ker(2” —2X) C I”(q,r, s), it is necessary that
DF,, = 0. Because of the form of D, it respects the decomposition of F}, in terms
of its even and odd components. Moreover, each of the components is determined
by its value on R*. Working first with y > 0 we can write F,(y) = e ¥ /2H(y?) for

some smooth function H. Then, the condition DF,, = 0 is equivalent to
(4902 + (24 — 4y")0y + ((m — 1)y* — 2X))H(y*) = 0. (4.10)

Following [5], the Frobenius method for this equation yields a solution spanned by

two linearly independent solutions. The indicial roots for this equation are
1
ll == 5(1— \/1+8)\)

and

1
b= 5(1+VI+8X).

Then, the first linearly independent solution is of the form
Hy(yP) = y2(1+ > ¢;(l)y™)
j=1

for some ¢;(ly) € R. This function extends to a smooth function on R only if I, € Z=°
iff A =0 or \ is a triangular number (i.e., A = k(k — 1)/2 for some k € Z>1).

If A # 0, the difference between the indicial roots is an odd integer (i.e.,
v1+8)), and the second solution is of the form

Hy(y?) = aHy (") In [P + " (14> cj(l)y™) (4.11)
j=1

for some a, ¢j(l1) € R. Since [; < 0, Hj is not continuous at y = 0.
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Let [ = I, and write F,(y) = e ¥ /%' L(y?). Applying the differential operator

D to a function of the form e¥*/ 2y'L(y?) we obtain the differential equation
4L (y?) +2(1 4 21 — 2y*) L' (?) — (1 + 21 — m) L(y*) = 0. (4.12)
Recall the confluent hypergeometric differential equation is
(20 4+ (b — 2)0, — a)1Fy(a,b,2) =0

(c.f. [1]). This equation has well known solutions in the form of confluent hyperge-
ometric functions of the first and second kind. However, the smoothness condition
required by being in I”(q, 7, s) shows that the unique solution to (4.12) corresponds
to a multiple of the confluent hypergeometric function of the first kind. We may
therefore take L(y?) = 1 Fy (H2=2 41 42).

Finally, a simple calculation using the required parity condition on elements

in I"(q,r,s) from Equation (4.2) applied to F,,(6,y) reduces to

efimﬂj/Q(_l)jl _ iqu

which is equivalent to m — 2/ = ¢ mod 4.

So far, we have established the theorem for non-negative values of y. Extend
FtoRby En(y) = e ¥/2y | Fy (H2=m 14 1y2) which is even or odd depending
on the parity of I. Since DF,,(y) = 0 for y > 0 and D is even, DF,,(y) = 0 for
y € R. Moreover, F), is manifestly smooth and the unique extension to all R.

If A\=0then! =0 or [ = 1, which corresponds to the potential free case
and again, it is known that there exists a unique solution for each [. The solutions

correspond to the even (I = 0) and the odd (I = 1) solutions found there (c.f.,
[11]). O

Notice that we have set up a correspondence between the set of eigenvalues
with non-empty eigenspace in I"”(g,r,s) and Z=° via A\ = [(l — 1)/2. This corre-
spondence will be one-to-one (except for A = 0 where it is two-to-one). For A # 0
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the corresponding parameter [ can be recovered by [ = %(1 + V14 8X\). For the
potential free case, A = 0, we have associated the parameters [ =0 and [ = 1.
To use in the following section we record the following properties of the con-

gruent hypergeometric function (c.f. [1])

d” a)n,
I 1Fi(a,b,2) = % 1Fila+n,b+n,z) (4.13a)
b 1F1(CL, b, Z) —b 1F1(CL — 1,b7 Z) -z 1F1(6L,b+ 1,2) =0 (413b)

b(1—b+z)1Fi(a,b,z) +b(b—1)1Fi(a—1,b—1,2)
(4.13c¢)
—az1Fi(a+1,b4+1,2) =0
(a—14z)1Fi(a,b,2z) + (b—a) 1 Fi(a—1,b,2)

(4.13d)

(1 —b> 1F1<Cl,b— ].,Z) =0

(a—b+1)1Fi(a,b,z) —aFi(a+1,b,z) + (b—1)1F1(a,b—1,2) =0  (4.13¢)

4.8 Structure of ker(Q" —2X\) C I"(q,r, s)

In this section we will study the structure of ker(2” — 2\)x as an sly-module.

Proposition 4.4. With | = %(1 + V1 +8)\) as in Proposition 4.3 and m = 2l + q

mod 4, let

—im _ 1 + 2l —m 1
U,,(0,y) =e 0%¢ yQ/Q?Jl 1F1 (— ;?J2>

z
TR

The sl,-triple {r,n*} acts on U, by

m

K:-qjm,l = quml (414)
20+1+m
0 = i Wonra (4.15)

Lowest weight vectors occur if m =2l +1 mod 4 and the lowest weight vector is of
the form

—L(2141)i0 2
e 2 e 2y.
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Highest weight vectors occur if m = —2l — 1 mod 4 and the highest weight vector is

of the form

2
v
5 a0

(2+1)i0 % 1

1
e? €

Proof. In Equations (4.6) and (4.7), we wrote down the action of the sl,-triple
{k,n%}. The stated action of s follows by inspection. Directly applying the dif-
ferential operator nt gives
, —1—-2l+m
+ 6 _ —i(m*4)0/2 —y?/2_ 1 14+ 9]
n m,l( ay> € € Yy 4(1+2l) (( + )

1420 — 1
Tmal+§ay2) +2y21F1<

5+20l—m 3
Sl 3,
1 At 5y )

Applying (4.13c) with @ = 25" and b = [ + 1 to the action of 5 we obtain

orat|

1 .
0 Wy (0,y) = = 5o ER Y (4l - 2)
-3+2l—m 1 14+20—m 1
. lFI(Tal — §,y2> — (3—=2l+m) 1F1(T7l+ §,y2>).

Using (4.13b) we obtain the desired result. For n~, we similarly apply (4.13b) with
a= W and b=1+ % to obtain the desired result.

The assertion about the highest and lowest weights follow from the action of
nT as differential operators; since the weight vectors that are annihilated by each
of these are the ones correspondent to the weights (21 + 1) respectively. Directly
evaluating and observing that Fi(a,a,z) = e and 1F;(0,b,z) = 1, the given

expressions are obtained. O

Definition 4.1. Let H; = ker(Q” —2\) g denote the K-finite vectors in ker(Q2” —2X) C

I"(q,r,s). For k € Z=° define
Hy =spanc{V,, : m =2k + ¢ mod 4 for m € Z}. (4.16)
For ¢ =1 mod 4 and k € Z=° define

Hf =spanc{¥,, 1 :m>2k+1land m=2k+1 mod4formeZ}. (4.17)
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Figure 4.1. A basis of Hj is represented when ¢ is even.

For ¢ = —1 mod 4 and k € Z=° define
H, =span{¥,,, :m < —(2k+1) and m= —(2k+1) mod 4 for m € Z}. (4.18)

Lemma 4.3. If ¢ = —1 mod 4, then H; 1is the unique irreducible sly-submodule of

Hy. If ¢=1 mod 4, then H," is the unique irreducible sly-submodule of H,.

Proof. From Equation (4.15), follows irreducibility when +(21 + 1) # m for any
m € 7, this occurs when ¢ € 2Z. We can have 2l + 1 = m for some m = 2] + ¢
mod 4 iff ¢ 2 1 mod 4 and a lowest weight occurs in this case. Similarly, ¢ = —1
mod 4 implies that a highest weight occurs. Since the highest and lowest weight
cannot occur in the same representation, the action Equation (4.15) implies that

H;" (resp. H; ) is clearly the unique irreducible submodule of H;. O
Theorem 4.1. Given q € Zy and | = (1 + v/1+ 8X), then as sly-modules:

(1) If =0 mod 4 or ¢ =2 mod 4 then H; = ker(Q" — 2\ is irreducible as

an sly-module.

(2) If g = —1 mod 4, then H; is the only irreducible submodule and the compo-

sition series for ker(QY" — 2\) is given by
0C H CH,.
(3) If g =1 mod 4, then H,'" is the only irreducible submodule and the compo-
sition series of ker(Q" — 2X\)k is given by sly-submodule

0C H" C H,.
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Figure 4.2. A basis of H; is represented when g = 1.

Proof. Follows from Lemma 4.3. [

Figure 4.1 shows a graphic representation of a basis of H;. Each dot represents
the C-span of the K-finite vector parametrized by m and k. Up to non-zero multiples,
Nt (resp. ) moves each dot to the right (resp. to the left) and x leaves each dot
fixed. Figure 4.2 shows a graphic representation of a lowest weight module. The

K-finite vectors to the right of the parenthesis form H,'.

4.4 Heisenberg Action and Connections with Other Kernels
In this section we will examine the action of the Heisenberg algebra. This will
allow us to join all the (non-zero) eigenspaces together in one representation.
Recall that the element (u,v,0) € h3(R) acts on I'(q,, s) by (tv —u)0d, — 2svz

so, under the isomorphism (4.3), the elements
E+ = (1,41,0) € h3(C)
act by the differential operators
Feti(+0, — 2isy)

Proposition 4.5. Let m € Z and k € Z=°. Then,

(1+ 2k —m)(k — 1)

E- VU, .= v — kY, o
& 2k — 12k + 1) 2,k+1 2.k—1
and
1+2k+m)(k—1
ET W, = ( 202k _)1() )‘Ifm+2,k+1 — kWi k—1.
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Proof. Combining (4.13b) and (4.13e) with a + 1 instead of a, one obtains

az

1Fi(a,b,2) = 1Fi(a,b—1,2) — b —1)

1F1(a+1,b—|—1,z). (419)

Using Equation (4.13e) with b 4+ 1 in place of b and combining it with (4.13c), one

obtains
b—a

1F1(a,b,z):—1F1(a—1,b—1,z)+b 121F1(a,b—|—1,z) (420)

Using Equation (4.13a) we can compute the action of E* directly. Let a = 12=m
and b = k4 1/2. Then it is straightforward to see
1 .
E- V= —§€_Z(m+2)0/2_y2/2?/k_1((_1 +2b) 1 Fi(a, b, y?)
+day®/biF(a+ 1,b+ 1y?)).
Applying (4.19), one gets the first equation.
A similar calculation using Equation (4.13a) shows
1 .
E+-\Ijm,k — §€_Z(m_2)9/2_y2/2yk_1 ((1 — 9% + 4y2) 1F1<(1, b, y2)

—day?/b1Fy(a+1,b+ 1,y2))

An application of (4.13c) gives

1 _. 2
EX Wy = —ge_l(m_z)(m_y Pyt (4 — 1)1 Fi(a— 1,b—1,1°)

+ (3 —2b) 1 Fi(a,b,y%))
and substituting in the expression in (4.20) gives the desired result. [

From Equation (4.8), it follows that if the eigenvalue A corresponds to the
parameter [, then A+ [+ 1 corresponds to the parameter [+ 1 and A\ — [ corresponds
to the parameter [ — 1.

The following corollary follows immediately from the previous proposition.
It will be useful in seeing that the action of the Heisenberg algebra preserves the

structure of highest and lowest weight submodules in H.
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Corollary 4.1. If m = 2k + 1, the action of E* on the lowest weight is given by

E™ o1 = —kWop_1 11

and
(2k+1)(k—1)

E+~¢2k+1,k = % — 1

Vorssht1 — EWorys -1

If m = —(2k + 1), the action of E* on the lowest weight is given by

E™ %Y _orenyn = %\p—%—&k—&-l — kW _op_3 k1
and
EY4p_ors1ye = — k¥ _gps1p-1.
Proof. This follows directly from the previous proposition. O

We now will show how Proposition 4.5 and Corollary 4.1 imply that the action
of b3 ties together the kernels indexed by k, in a g-module. Recall, the cases where

k =0 and k£ = 1 correspond to the potential free case.

Definition 4.2. Let

H= H. (4.21)

1€7=0

Whenever the spaces are defined, let

H* = P H. (4.22)

€722

Theorem 4.2. Let q € Zy and k € Z=°. With respect to the action of g:
(1) If ¢ =0 or g =2, the composition series of H is
OCHy®H CH

where each vertical strip corresponds to an irreducible sly-representation.
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0 1 2 3 4 5 6 7 8 k
| 1 L
| 11
A=0 A>0

Figure 4.3. Graphical representation of the composition series when ¢ is even.

39



7 e ° ° ° .
ET ° [
3 ® X ) ) )
- ) °
-1 &~ ® ) ) ®
Etg~ ° ° °
-5 < ° ° )
e " ] )
-9 .E ° 0 ° °
) ° o+ °
-13 o ° . a .
[ ] [ ] [ ] <
-17 o ET o . . o
> ) ° °
21 o - ° . . .
01 2 3 4 5 6 7 8 k
L 11
I 11
A=20 A>0

Figure 4.4. Graphical representation of the composition series when ¢ = 3.

(2) If ¢ = —1 mod 4, then the composition series of g-submodules of H is as
follows

OCHO_@Hl_ CHy9H CHy¢HHeH CH.
(3) If g =1 mod 4, then the composition series of g-submodules of H is

0OCHf®Hf CHy®H, C Hy® H & H' C H.

Proof. Let ¢ =0 mod 4 or ¢ =2 mod 4. Proposition 4.5 shows that the action of
E* sends elements in Hy only to H; and the action of ET sends elements in H; only
to Hy. Under this assumption on ¢, each Hj, is irreducible under the sl, action, thus
Hy® H, is irreducible under the g action. Now we look at the quotient H/(Hy® Hy).
Let 7 : H — H/(Hy ® H;) be the natural projection. Let H}, denote the image of

Hj, under m, then the image of H under m can be decomposed as a direct sum as
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Figure 4.5. Graphical representation of the composition series when ¢ = 3.
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H = P ; ﬁkj as an sly-module. Proposition 4.5 implies that Ei.ﬁkj has a non-zero
component in ﬁkj_l and in ijﬂ, for k; > 2.

Since the ij,l and ijﬂ are inequivalent slo-representations, then Ei.ﬁkj
generates ij,l &) ijﬂ under the action of sl(2,R). Irreducibility follows easily
from this.

The proofs of (2) and (3) are essentially identical, therefore we will only look
at the proof of (3). Irreducibility of Hf @& H," under g follows from irreducibility
under sl and from the actions on the lowest weights described in Corollary 4.1.

Next we look at the quotient (Hy & H,)/(Hy @ Hyt). For j € {0,1}, write
H for the image of H; under the natural projection Hy ® H, — (Hy® H,)/(HS ®
H{). Then, H, gets sent to H, and H; gets sent to H, by the action of the
Heisenberg algebra. This, together with irreducibility of Hy and H; under sl,, gives
irreducibility under g.

Finally, we look at the quotient (Ho® H, & H*)/(Hy® H,). Write @,., H k
for the image of Hy ® H; @ H' under the natural projection. The Heisenberg
algebra acts as before, and Ei.ﬁ;:j has a component in ﬁzjq and in FZJ 41, for

k; > 2. Hence any non-zero element in Hy, for k > 2 generates the whole space. [

4.5 An FEigenvalue Problem for the Quadratic Case
Corollary 3.6 states that Q acts on I'(q,r,s),, by Q@ = 3(22(0 + Aj2?/4) +

r(r +2)). Replacing A\?/4 by —2); on obtains that ' — 2\, acts by
Q/ — 2)\2 = LU2<|:| — 2)\1%2) — 2)\2 = Q32<D — 2()\1(132 + )\2/%2))

Then, the solution space of the Schédinger equation with the potential Vs(x) =
Az? 4+ Ay /22, as a local G-representation, is equivalent to studying a subspace of
the kernel of ' — 2\, in I'(q,7,s),,. To construct this subspace we let Sy, be the

image of ker(€ — 2X;) C I'(q,7, 5)(—1,1)xr under the map (3.14) as in Section 3.3.2.
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Then we have the following diagram:

I/(Q7T7S) — I/(Qar>3>(—1,1)><R — ]/<q,7’, 3)/@\
T T T
ker(Q’ — 2)\2) — ker(Q/ — 2)\2)(_171)“@ — S C ker(Q’ — 2)\2);»\.

The study of this solution space, S),, as a local representation reduces to the study

of ker(€2 — 2\y) C I'(q,, s) which was done in Section 4.
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CHAPTER FIVE

Time-Dependent Potentials

It has been shown in [12] that the only time-dependent potentials that preserve
the complete sl,-symmetry are potentials of the form V(t,z) = go(t)2? + g1 (t)z +
go(t) + A/z? with Ag;(¢t) = 0. If A\ = 0 the symmetry Lie algebra is isomorphic to
g = sly X b3 and it is isomorphic to sl(2,R) x R otherwise.

We show that when A = 0, there exists a local intertwining isomorphism
between the solution space of the potential free Schrodinger equation and the solution
space of the Schrodinger equation with this time-dependent potential in (g, r, s).
When A # 0 we can reduce this problem to the eigenvalue problem studied in
Section 4 under the same change of variables. Therefore, this completes the study
of all non-trivial time-dependent and independent potentials that preserve at least
the sly-symmetry.

By substituting V (t,z) = ga(¢)z® + g1(t)z + go(t) in (3.1) and equating the
coefficients of the powers of z to find the generators of symmetry algebra, one gets

the following system of ordinary differential equations:

A" + 8¢y A"+ 4g5A =0 (5.1a)
V' + 2g9b = —gglA' — g1 A (5.1b)
1
d = ZAH +i(go A" + gpA) + ibgs. (5.1c)

It was shown in [12] that two real, linearly independent, nontrivial solutions of
b + 2920 = 0, x1 and Y9, can be used to write three linearly independent nontrivial
solutions to equation (5.1a). Moreover, they can be chosen in such way that the

Wronskian W (x1, x2) = 1. These three solutions are defined then by ¢; = X? for

Jj €{1,2} and 3 = 2x1x2-
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The symmetry algebra can be realized as first order differential operators. In

that case, the b; part corresponds to the span of:

£ = —x10: +ixyr —iC (5.2a)
Y = X20, — ix57 +1iCq (5.2b)
¢ = %Z (5.2¢)

where C;(t) = fot x;jo1 for j € {1,2}. Let
A= —xiC

for [ € {1,2} and let
Az = —(x1C2 + x201).

Similarly, the sl(2, R) part is generated by the differential operators:

. 1 ,
L= (—1)3“(%& + (§g0jx + .Aj)ax + B;) (5.3)

for 1 < j < 3, where

1 1
B; = —Z—Lz'gog-’:cQ —iAjx + Z(p; + 1gow; + 1Dy,

D, = —1C} for | € {1,2} and D3 = —C;Cs. The following bracket relations hold:
[Ls, L] = —2L4, [Ls, Ly] = 2Ls, and [Lo, L1] = L3. Note that, in order to have a
standard sl,-triple, our definition of the Ly operator differs in sign with respect to
the definition in [12].

In order to define the appropriate multiplier representation space we start by

defining a change of variables v : R? — R? by

=[5 o [ )
,x) = —, —=X — .
! ng X2(t) ng

In the following, we assume that the required integrability conditions are satisfied.

We define v: N x X — C by

500 (L (Lot (et As(w)) du
V(Nyay) = €° 50 300 ‘
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Extend v to a map to an open dense subset of G by v(g) = v(n(g)). Let f € I'(q, 7, s)
and define the map f — f by

. t Ba(uw) 11 2
Ft,z) = o oo+ (s aate) aw

f(y(E, ). (5.4)

The space I'(q,r, s), is defined as the image of I'(q,r, s) under this map, and
is given the structure of a G-module that makes the map intertwining. On this space
the action of the Lie algebra corresponds to the differential operators in Equation
(5.2) and Equation (5.3).

Next we construct the multiplier representation. We start by defining the

multiplier

(g1, 92) = vigy 'g)v(gs )"

For ¢ € I(q,r,s) define, on an open dense set of G//P, the map

d(gP) = (g™, 1)~ "d(g).

As before, we define I(q,r, s), as the image of I(g,r, s) under the map ¢ — .

Finally, the intertwining map from I(q,r,s), to I'(q,r,s), is given by

¢ — f whenever f(t,x) = (N (1.0)P).

5.1  Group Action on I'(q,7,s),
In this section we calculate the local action of G on I'(g,r,s), and we show
that the study of the solution space for this general potential reduces to the study of
the kernel of the differential operator )’ as in the potential free case. For notational

convenience, define

,O(t,.lf) = V<N'y(t,:p))-

Proposition 5.1. Fiz g = (¢5%) € Gy and let (9,¢) € G. Define ©(t) = fti and

Oxg

= _ tc
E(t,x) = X%(t)x + J, - Then
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6 3 ) = p(t,l’) a—c r—q/2
(0000 =~ Hsshy——(a <)

2 - do —b =
@+ e E for (20 = 0). 69

For (u,v,w) € H3(R)

r _ p(t7 I) —s(uv—20v=E—v20+w)
((U7U7 w)f)<t7$) - po 7,1 ((_)’ = _ u— U@>€

foy 1 (©,2Z—u—v0). (5.6)

Proof. This proposition follows directly from using the isomorphism determined by

Equation (5.4) on the actions computed in Proposition 2.1. ]

We will show that by differentiating these actions we recover the generators of
the algebra of symmetry operators found by Truax in [12]. This reduces the study
of the solution space of the time-dependent potentials in I'(q,r, s), to the study of
the solution space of the potential free Schrodinger equation in I'(q, 7, s) studied in

[11]. We start with some useful calculations

Lemma 5.1. The functions x1(t) and x»(t) satisfy

t
X1 = X2 3
0 X2
tl tl tc
o (L) (L)L
0 X2 0 X2 0o X2
tl)z tq
/ /
P = /— <p+2/—.
! (OX% ? OX%

t r—
0 —X1X2X§X2X1 = x1. To prove

(1)

(2)

(3)

Proof. Since x1x5— x2x; = 1, follows that x» fot % = X2
2
the second statement, one uses part one in the definition of A; and integration by

parts. To prove the third statement, one uses part one and the definition of ;. [
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Corollary 5.1. For r = —1/2 and s = i/2 the standard sly-basis {h,e™, e} acts
on I'(q,r,8), by the differential operators {Ls, Ly, L1} respectively. An element

(u,v,w) € H3(R) acts on the same space, by
(uxa — vx1)0r — i(uxh + vx})x + i(uCy + vC; — sw)

Proof. All these calculations are similar. We only provide the details for the action
of e~ since it is more involved. Let v~ '(¢,x) = (©71(¢), ¥(¢,x)). Using (5.5), we

obtain

plt.z)
p (07 (%) ¥ (5s))

(g7 (0 +2)e T ] <@1 (1 _@C@) v (1 —Ec@)) '

We next take dic‘c:O to obtain the action of e~. For the coefficient of 0, we obtain

e x(t)’ (/Ot Xi%)z = Xi(t) = @1 (t).

The first equality above follows from differentiating, the second equality from Lemma

((29), ).t 2) = (1= oy

001
dt

—O%(t)

5.1, and the third equality from the definition of ;.

For the coefficient of 9, we obtain

o ov ,00 _ 1,
OWE(t )5 + O - = BNt 7)xe + O (5o + ) =
1 1
O + 2.1‘( —2@)—|—A1 5%0313‘1‘/‘1-

The first equality above follows from differentiating, the second from computing the
partial derivatives of the inverse function, and the third by Lemma 5.1.
Lastly, we compute the multiplication term. To this end, we start by comput-

ing the following expression

- / t
B0 — SZ — 16 = B, + 00 (@@— ’@/ Cg)_i@@/ C
X3 X2 0 X2 0 X2
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Since the multiplication term is given by ©2B, — =2 — r© + 1009V =1 4)Q =
OB, + 10(—xhr + C2)(1/x22 + [ C2/X3) = B, the operator corresponding to e~ is
L. [

To conclude this section, we will compute the action of 2. To begin we deter-
mine the action of the Casimir element for the sly-triple on I'(¢, r, s), with the special
parameters s = i/2 and r = —1/2. From the definition of Q = 1A% + h + 2¢”e™,
notice that the second order terms can come only from %h2 +2e~eT. The coefficient
of 9} is 33 — 212 = 0. The coefficient of 8,9, is

p3(1/2¢5m + As) — 2(01(1/2052 + Az) + pa(1/2012 + Ay)) = 0.

The coefficient of 92 is

1/1 2 1 1 1

The coefficient of 0; is equal to

Bspsz — 2(82901 + Bips + 80190/2) + 3 = Z(93 - x1C2 + X2€1)2-

The coefficient of J, can be shown to equal zero. Finally, the multiplication term is

1 1 /1 / 1 " /
§B§ - 15 (5%031: + Ag) (5@31’ + A3) + Bg -2 (6182
(1 " / / oB
—i (590237 + Az) (1/2¢)2 + Ar) + 9018_152) :

Using the fact that xJ = 2g»(¢)x; for j € {1,2}, the coefficient of z* is equal to

1/8¢1 ¢y — 1/32(¢4)? = 1/8(—(x1x4)* + 2x2x2xT x5 — (x2x)?
! "

— 41 (xaxs — xax1) — 4xexT (xax1 — x1xa2))

= —g(t)(X1x2 — X1X5)" = —ga(t).

Similarly, it can be shown that the coefficient of 3 is

—1/8A5¢%5 4+ 1/2(Alpy + Aypl) = —g1(t) + 2(x1C2 — x2C1)g2(1)-
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The coefficient of z? is
—90(t) +2(x1C2 — x2C1) g1 (t).
The coefficient of x is
—g0(t) (X1C2 — x2€1) + 2(xaC2 — Xx2C1) 61 (1)

and finally, the multiplication term is

(x1C2 — x2C1)*go(t) — 3/8.
Putting all these together we obtain the following corollary.

Corollary 5.2. For the parameters r = —1/2 and s = i/2, the Casimir element acts

on I(q,r,s), by
Q= % [(z = x1Ca + x2C1)*(0 = 2(ga(t) 2 + g1 (t)z + go(t))) — 3/4] .

In particular,

ker ' = ker (D —2(ga(t)z® + g1 (t)w + go(t)))

in I'(q,7, ),
If X\ # 0 then g1(t) =0 and ' acts by ' = 2*(0 — 2(ga(t)x* + go(t))). Thus

ker(Q' — 2X) = ker (O — 2(go(t)x® + go(t) + A/z?)

in I'(q,7, ),
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