ABSTRACT

Uniqueness Implies Uniqueness and Existence for Nonlocal Boundary Value
Problems for Third Order Ordinary Differential Equations

Michael Jeffery Gray
Advisor: Johnny Henderson, Ph.D.

For the third order ordinary differential equation, v = f(x,y,y,y"”), it is assumed

that, for some m > 4, solutions of nonlocal boundary value problems satisfying

?J(fﬂl) =Y, 9(332) = Y2,
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y(l’m) - y(l’z) = Y3,
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a < x <Xy < -+ <@y, <b and y1,y2,y3 € R, are unique when they exist. It
is proved that, for all 3 < k < m, solutions of nonlocal boundary value problems
satisfying
y(z1) = y1, y(x2) = v,
k—1
y(xr) — Zy(iﬂz) = Y3,
i=3

a<x <Ty<---<xp<b,and y1,y2,ys € R, are unique when they exist. It is then

shown that solutions do indeed exist.
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CHAPTER ONE

Introduction

In this dissertation, we will be concerned with solutions of nonlocal boundary

value problems for the third order ordinary differential equation,

y"' = f(z,y,9,y"). (1.1)

In particular, we will discuss the uniqueness of solutions of certain boundary value
problems for (1.1) implying the uniqueness of solutions of other boundary value prob-
lems, and we will see that certain conditions for the uniqueness of solutions to bound-
ary value problems for (1.1) imply that solutions exist. More precisely, we will study

questions concerning solutions of (1.1) satisfying

y(z1) = 1, y(x2) = yo, (1.2)
y(@m) — 7y@0=y& (1.3)

%

3

Il
w

where m > 4 is a positive integer, a < r; < 19 < --- < T, < b, and y1,y2,y3 € R,

relative to solutions of (1.1) satisfying boundary conditions (1.2) and

N

v — 3 yle) = . (1.4)

%

Il
w

where 3 < k < m, and the boundary condition in (1.4) is interpreted as y(x3) = ys
in the case k£ = 3.

Boundary value problems for third order ordinary differential equations have
been studied both for their use in applications and for purely theoretical interest. Such
equations can arise in models for boundary layer theory in fluid mechanics [1, 23, 47,
48, 49, 50], for problems involving convection in a porous medium or a flow adjacent
to a standing wall [6], and in models attempting to explain large-scale [9] or one-
layer [14] ocean circulation. Theoretical papers for third order problems have dealt

1



with upper and lower solutions [8, 36], multiple solutions and eigenvalue problems
2], periodic solutions [44], monotone boundary conditions [7], limit point/limit circle
criteria [4], and so on.

Nonlocal boundary value problems have also received a share of attention in
both applied and theoretical settings. For a few examples, see papers by Bai and
Fang [3], Feng and Webb [16, 17], Guo, Shan, and Ge [19], Gupta, Ntouyas, and
Tsamatos [20], Ma [41, 42, 43], Thompson and Tisdell [46], and Zhang and Wang
[51].

The third order, nonlocal boundary value problems in this dissertation are sim-
ilar in form to a recent paper by Clark and Henderson [10], and expound upon the
ideas in a paper by Jackson and Schrader [33]. For other discussions of third order,
nonlocal boundary value problems for ordinary differential equations, please see pa-
pers by Liu, Zhong, and Jiang [40], Benbouziane, Boucherif, and Bouguima [5], and
Du, Lin, and Ge [13].



CHAPTER TWO

Uniqueness Implies Uniqueness

2.1 Brief Qverview

For the third order ordinary differential equation,

y"' = flz,y.9.y"),

it is assumed that, for some m > 4, solutions of nonlocal boundary value problems
satisfying

y(r1) = y1, y(x2) = 1o,
) —

Y(m Z y(x;) = ys,

1
=3
a <y < Xy < -0 < @y < Db, and y1,y2,ys € R, are unique when they exist. It
is proved that, for all 3 < k& < m, solutions of nonlocal boundary value problems

satisfying
y(x1) = y1, y(x2) = 1o,
k—1
y(ze) = Y (i) = ys,
i=3
a<x <Ty<---<xp<b,and yi,1ys,y3 € R, are unique when they exist.
This “uniqueness implies uniqueness” result plays an important roll in demon-
strating the existence of the solutions in question. For other examples of work on

the topic, please see papers by DeBortoli, Henderson, and Pruet [12], Henderson and
Jackson [27], Lasota and Opial [39], and Lasota and Luczyniski [37, 38].

2.2 Preliminary Result
We will begin by proving a theorem concerning the uniqueness of solutions for

similar boundary value problems.



Theorem 2.1 (Uniqueness Implies Uniqueness). Suppose that the differential equation

y"' = fz.y.y.y"), (2.1)
satisfies the following three conditions:
(A) f:(a,b) x R® = R is continuous;

(B) Solutions of initial value problems for (2.1) are unique and exist on all of

(a,b); and,

(C) Solutions of the boundary value problem for (2.1) with boundary conditions

y(r1) = y1, Y(w2) = yo, y(s5) — y(a) — y(w3) = Y3, (2.2)

foranya < x <x9 <3 <24 <25 <band any y1,y2,ys € R, are unique

when they exist.

Then solutions of the boundary value problem for (2.1) with boundary conditions

y(r1) = y1, y(22) = y2, y(x4) — y(x3) = W3, (2.3)

forany a < x1 < x9 < x3 < x4 < b and any y1,y2,y3 € R, are unique when they

exist.

Proof: The proof is by contradiction. In particular, suppose (A), (B), and (C)
hold, and that u(z) and v(z) are distinct solutions of the boundary value problem
(2.1), (2.3), for some points a < 1 < x3 < 3 < x4 < b and y1,y2,y3 € R. Let

w(z) = u(x) —v(z). Since u(x) and v(z) satisfy the boundary conditions in (2.3), we

u(zy) = v(ry),
u(zz) = v(za),

u(rs) —ulws) = v(zg) —v(ws),



or w(zy) = w(zy) = w(xy) — w(zsz) = 0. Under Condition (B), either w'(z3) # 0 or
w"(x2) # 0.

Case 1: w'(xg) # 0. Assume, without loss of generality, that w'(zy) > 0.
Then there exists an o > 0 such that x5+ a < z3 and w(x) is strictly increasing (and
therefore positive since w(xs) = 0) on (2, x9+ . Now since w(xs+a) > w(z) for all
T € |x9, xo+al, there exists 9 < t; <ty < t3 < x9+a such that w(t))+w(tz) = w(ts),

so that we have

w(z) =w(xe) = 0,

That is, we have

u(zr) = v(),
u(zz) = v(x),

u(ts) —u(te) —u(ty) = wv(ts) —ov(ta) —v(t1).

Then u(z) = v(x) on (a,b) by Condition (C), which contradicts our assumption that
u(z) and v(z) are distinct.

Case 2: w'(xg) = 0,w"(x9) # 0. We may assume, without loss of generality,
that w”(z5) > 0. Then there exists a # > 0 such that x + § < z3 and w”(x) > 0 on
(22, zo+]. Hence w'(x) is strictly increasing (and therefore positive since w'(z2) = 0)
on (x9, xo+]. Since w(zy) = 0, we have w(x) is positive and increasing on (x4, 2+ /3],

and we may repeat the argument from Case 1. The proof is complete. O]

2.8 General Case

The previous uniqueness implies uniqueness result may be generalized as follows.

Theorem 2.2 (Uniqueness Implies Uniqueness). For the differential equation

"

y" = flx,y, 9, y"), (2.4)



assume that the following conditions hold:
(A) f:(a,b) x R®* = R is continuous;

(B) Solutions of initial value problems for (2.4) are unique and exist on all of

(a,b); and,

(C) For some integer m > 4, solutions of the boundary value problem for (2.4)

with boundary conditions

y(@) = y1, y(@2) = va, (2:5)
ylem) — 3 ) = s 26)

a<T <Xy<-- <Xy <bandy,ys,ys € R, are unique, when they exist.

Then solutions of the differential equation (2.4) with boundary conditions (2.5)

and

T
I

y(zr) — Y y(r:) = ys, (2.7)

i

Il
w

for all positive integers k with 3 < k < m (where the boundary condition in (2.7) is
interpreted as y(x3) = y3 in the case k = 3), for any a < 1 < x9 < -+ < xp < b and

any y1,Y2,ys € R, are unique when they exist.

Proof: The proof is by induction. We will begin by showing the theorem is
true for the case m = 4, k = 3. We are assuming Conditions (A) and (B) hold, and
that solutions for the differential equation (2.4) with boundary conditions (2.5) and
y(ry) —y(xs) = ys, fora < x; < xe < w3 < x4 < band y1, Yy, ys € R, are unique when
they exist.

Now, suppose that u(x) and v(z) are distinct solutions of (2.4) with boundary

conditions (2.5) and y(z3) = y3, for a < 1 < 3 < x3 < b and y;,y2,y3 € R. Let



u(zy) = v(ry),
u(zz) = w(rg),
u(zs) = wv(rs),

so that
w(zy) = w(xe) = w(xs) = 0.
We have by Condition (B) that either w'(z2) # 0 or w”(z2) # 0. Let us examine each
case.
Case 1: w'(zq9) # 0. We may assume, without loss of generality, that w'(z3) > 0.
Therefore, since w(zy) = 0, w(xz) = 0, and w(x) = u(z) — v(x) is continuous, w(x)
has a local maximum on (z9,x3), say at + = 3. Then we must have o € (x5, 3) and

v € (0, x3) such that

We have that u(x) and v(x) satisfy

u(zy) = o(ry),
u(ry) = v(w),

u(e) —uly) = wla) —o(y).

Therefore, u(x) = v(x) on (a,b), by Condition (C). This contradicts our assumption
that u(z) and v(z) are distinct.

Case 2: w'(x3) = 0 but w”(x9) # 0. Assume, without loss of generality, that
w”(x9) > 0. Then there exists a § > 0 such that x5 < 29+ < 23 and w”(z) > 0 on

(29, 29+ d]. Thus w'(z) is strictly increasing on [z, 25 +6]. Since w'(z5) = 0, it is the



case that w'(z) is positive on (xg, xe + 6]; and so w(z) is increasing on [za, 2 + J],
and therefore positive on (xq, xs + ], since w(xg) = 0. We see that w(z) must in fact
be positive on all of (zg, x3) by Condition (A) and the fact that the next zero of w(z)
occurs at x3, so we may now repeat the argument of Case 1.

In both cases we reach a contradiction to our assumption that u(x) and v(x)
are distinct solutions of the selected boundary value problem. We conclude that the
theorem holds for m = 4 and k£ = 3. To complete the proof, we now show that the
theorem holds for an arbitrary positive integer m > 4 and the case k = m — 1.

Assume Conditions (A), (B), and (C) hold for a positive integer m > 4. Let
u(z) and v(z) be distinct solutions of the differential equation (2.4) with boundary

conditions (2.5) and
k—

y(xe) =D y(w:) = us, (2.8)

—_

1=

for k =m—1any a < 21 < 23 < -+ < 2, < b, and any y;,y2,y3 € R. Let
w(z) = u(z) — v(x). We have

w(zy) = w(xg) =0,
k—1

w(zg) — Zw(ml) =0.

i=3
By Condition (B), we know either w'(x2) # 0 or w”(z2) # 0. We will examine each
case.

Case 1: w'(x9) # 0. Assume, without loss of generality, that w'(z5) > 0. Then
there exists a > 0 such that z9 < x5 + o < x3 and w(x) is strictly increasing on
(9,22 + ). Observe that w(x) is also positive on (zq, 22 + «) since w(zy) = 0.
Therefore we may choose xo < t; <ty < --- < tr_1 < 29 + « such that

k—2

w(ty-1) = w(t;) =0.

=1



That is, we have

u(z) = wv(@),
u(zz) = v(z2),
u(tp_1) —Zu(ti) = o(tp_1) —Zv(ti).

Therefore, u(x) = v(x) on (a,b), by Condition (C). This contradicts our assumption
that u(z) and v(z) are distinct.

Case 2: w'(xy) = 0 but w”(xy) # 0. Assume, without loss of generality, that
w”(x5) is positive. Then there exists a § > 0 such that zo < 29+ < 3 and w'(z) is
strictly increasing on [xq, xo +0]. Since w'(z2) = 0, it is the case that w'(z) is positive
on (x2, 2+ 0], and so w(x) is increasing on [, T2 + 0], hence positive on [za, x5+ J]
since w(xy) = 0. We may now choose the appropriate values of ¢;, i = 1,2,... k—1,
from (z, 9 + 0] to repeat the argument of Case 1.

We conclude that the result holds for the case kK = m — 1. This completes the

proof of the theorem. O



CHAPTER THREE

Uniqueness Implies Existence

3.1 Brief Overview

For the third order ordinary differential equation,

y"' = flz,y.9.y"),

it is assumed that, for some m > 4, solutions of nonlocal boundary value problems
satisfying

y(r1) = y1, y(x2) = 1o,
) —

Y(m Z y(x;) = ys,

-1

=3

for any a < x; < 29 < -+ <z, < b and yy,y2,y3 € R, are unique when they exist.
It is proved that, for all 3 < k& < m, solutions of nonlocal boundary value problems

satisfying

y(x1) = y1, y(x2) = Yo,
y(zr) — Zy(xi) = s,

forany a < x1 < x5 < --- < xp < b and y1, 92, y3 € R, do in fact exist.

3.1.1 History

The existence of solutions to differential equations has long been a topic of
interest for applied mathematicians. In particular, many papers have been written
that demonstrate the existence of solutions when one of the underlying assumptions
is that, if there is a solution, it must be unique. For a few examples, please see
papers by Davis and Henderson [11], Henderson [25, 26], Henderson and McGwier
[29], Jackson [32], Klaasen [34, 35], and Lasota and Opial [39].

10
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In this dissertation, the “shooting method” of obtaining solutions is used. That
is, a fixed set of data is introduced, along with a family of solutions that all satisfy the
set at some points. One then proceeds to show that at least one of the solutions hits a
specified target point, whereby one accomplishes proving that all desirable points get
hit by some solution. For examples of other work that employs the shooting method,
the reader is invited to see papers by Jackson and Schrader [33] and Henderson,

Karna, and Tisdell [28].

3.1.2  Prerequisite Results

In this section, we state a number of results that are fundamental to our unique-
ness implies existence theorems. In particular, we include the statement of a continu-
ous dependence of solutions upon initial conditions result, a crucial pre-compactness
condition, a uniqueness implies existence theorem for conjugate boundary value prob-
lems, and a theorem on invariance of domain. Since each of these is in the existing

literature, we state them here without proof.

Theorem 3.1 (Continuous Dependence of Solutions Upon Initial Conditions). Let
g(t,x) be continuous on an open set D C R x R", and assume that initial value
problems for ' = g(t,z) on D have unique solutions. Given any (ty,xo) € D, let

x(t; to, xg) denote the solution of
' =g(t, )

l’(to) = 2o

with mazximal interval (a(to, o), w(to, xo)). Then for every € > 0 and every compact
[a,b] C (alty, o), w(to, z0)), there exists a § > 0 such that (t1,z1) € D, |to — t1] <6,
and ||z1 — xo|| < 0 imply that [a,b] C (a(ty,z1),w(ts, 1)), the mazimal interval of

existence of the solution x(t;t;,z1) of

z' = g(t,l’)



12
x(tl) =T,
and ||z(t; 1, x1) — x(t; to, xo)|| < € on [a,b].

The norm in the Theorem is the usual Euclidean norm on R".

The next two theorems are due to Jackson and Schrader [33].

Theorem 3.2. Assume the differential equation

y" = [z, y.y,y") (3.1)
satisfies the following three conditions:
(A) f:(a,b) x R® = R is continuous;

(B) Solutions of initial value problems for (3.1) are unique and exist on all of

(a,b); and,

(C) Solutions of the boundary value problem for (3.1) with boundary conditions

y(z1) = y1, y(w2) = 2, y(x3) = ys, (3.2)

for any a < x1 < 9 < x3 < b and any y1,y2,y3 € R, are unique when they

exist.

Let [c,d] be a closed subinterval of (a,b) and let {y,(x)} be a sequence of solutions
of (3.1) such that |y,(z)| < M on [c,d] for some M > 0 and all n > 1. Then
{yn(z)} contains a subsequence {yn,(x)} such that {yﬁfj)(:c)} converges uniformly on

each compact subinterval of (a,b) for i =0,1,2.

Theorem 3.3 (Uniqueness Implies Existence). Assume that (3.1) satisfies (A), (B),
and (C) from the previous theorem. Then, given any a < x1 < x < x3 < b and any

Y1, Y2, Y3 € R, the boundary value problem (3.1), (3.2) has a solution.

The last theorem in this section is due to L. E. J. Brouwer [30, 45].
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Theorem 3.4 (Brouwer Invariance of Domain Theorem). If ¢ : G C R" — R" is
continuous and one-to-one, and if G is an open set, then ¢(G) is an open set and ¢

18 a homeomorphism.

3.2 Preliminary Result

Our first uniqueness implies existence result deals with the boundary value

problem
y" = f(z.y. 99", (3-3)
y(@1) = y1, y(z2) = ya, (3.4)
y(@a) — y(x3) = ys. (3.5)

We will assume the following conditions throughout this section:
(A) f:(a,b) x R® = R is continuous;

(B) Solutions of initial value problems for (3.3) are unique and exist on all of

(a,b); and,

(C) For any a < 71 < 29 < x3 < x4 < b and any yi, 42, y3 € R, solutions of the

boundary value problem (3.3)—(3.5) are unique when they exist.

We begin by proving a continuous dependence theorem that will be needed in

the proof of our uniqueness implies existence theorem.

Theorem 3.5 (Continuous Dependence). Assume Conditions (A), (B), and (C) are
satisfied. Let z(x) be an arbitrary but fized solution of (3.3). Then given any a <
Ty <Xy <x3<w4<b, anyc andd witha <c<xy and x4 <d <b, and any € > 0,
there exists a § > 0 such that |x;—t;| < d,i=1,2,3,4, and max{|z(z1) —w1|, |z(x2)—

Yo|, |2(x4) — z(x3) — ys|} < 0 imply that (3.3) has a solution y(z) satisfying

y(t) = 1, y(t2) = y2, y(ts) —y(ts) = ys,

and |29 (z) —y ()| < e on [c,d], fori=0,1,2.
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Proof: We will make use of the Brouwer Invariance of Domain Theorem in our

proof. Let us define our open set G and our function ¢.

Fix to € (a,b). Define G C R” by
G = {(tl,tQ,t37t4,Cl,CQ,Cg) a < tl < tQ < t3 < t4 < b, C1,Co,C3 € R}
G is open in R7. Now define ¢ : G C R” — R” by

¢((t17 t27 t37 t47 C1, C2, 63)) - (t17 t27 t37 t47 u(tl)a u(t2)7 U(t4) - U(tg))

where u(x) is a solution of (3.3) satisfying

U(to) = (1, ul(t0> = Cg, Ull<t0) = C3.

The function ¢ is continuous since solutions of (3.3) depend continuously upon initial
conditions, by Theorem 3.1.

We claim ¢ is one-to-one. To see this, suppose
¢((s1, 82, 83, 4, hu, ha, hg)) = d((t1, 1o, t3, 4, 1, 2, C3)).
Clearly s; = t;, 1 =1,2,3,4. We have
w(ty) = hy, W' (ty) = ha, w"(ty) = ha,

and
u(to) = ¢, u'(ty) = o, u'(tg) = c3,

for solutions w(z) and u(x) of (3.3). Then

u(ty) = wis1) = w(t1), u(tz) = w(s2) = w(ts),
and

u(ty) —u(ts) = w(sy) —w(sz) = w(ty) —w(ts).
Then by condition (C) we have w = u on (a,b), which implies that h; = ¢;, i = 1,2, 3,
and ¢ is one-to-one. By the Brouwer Invariance of Domain Theorem, ¢(G) is open

and ¢! is continuous on ¢(G).
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We will use the continuity of ¢! to establish the result of our theorem. Let
z(z) be a solution of (3.3). Choose a < 1 < xg < w3 < x4 < b, as well as ¢
and d such that ¢ < ¢ < 21, 24 < d < b, and choose ¢ > 0. By continuity
with respect to initial conditions, there exists n > 0 such that, for our fixed solu-
tion z(z), [z V(to) — | < n, for i = 1,2,3, implies |u~D(z) — 207V (z)] < ¢
on [c,d], i = 1,2,3, where u(z) is the solution of (3.3) with u(~Y(ty) = ¢;, i =
1,2,3. Now (1,22, %3, 24, 2(21), 2(22), 2(74) — 2(23)) € ¢(G), ¢(G) is open, and
¢! ¢(G) — G is continuous. Hence, there exists ¢ > 0 such that |z; — ¢;| < ¢, for
i=1,2,3,4, and max{|z(x1) — 1|, |2(x2) — 2|, |2(z4) — 2(z3) — y3|} < I imply that
(t1,t2,t3,t4, 91,2, 93) € ¢(G) and gb’l((tl,t2,t3,t4,y1,y2,y3)) is in the open ball of

radius 7 centered at
¢_1<($1,x2,x3,x4, 2(x1), 2(x2), 2(x4) — z(a:;;))) = (21,22, 23, 4, 2(t0), 2/ (o), 2" (t0))-
Say that
¢ ((t1, tas ts, ta, Y1, Y2, y3)) = (b, to, b3, La, di, da, ds).
If u(z) is the solution of (3.3) satisfying
u(to) = dy, u'(to) = da, u'(to) = ds,
then |u(~Y(z) — 207V (z)| <€ on [¢,d], i = 1,2,3. Moreover,
(t1 o ts, ta, Y1, Y2, y3) = @((tr, b, ts, Ly, dy, da, ds))
= ¢<(t1,t2,tg,t4,u(t0),u’(t0),u”(to)))
= (t1, ta, ts, ta, u(ty), ulta), ults) — u(ts)),
so that
u(ty) =y, ultz) =y2, ults) — ults) = ys.
The proof of Theorem 3.5 is complete. O

We now have the necessary machinery to prove a uniqueness implies existence

theorem for the boundary value problem (3.3)-(3.5).
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Theorem 3.6 (Uniqueness Implies Existence). Assume Conditions (A), (B), and (C)
hold. Then for any a < 1 < x9 < x3 < x4 < b and any y1,y2,ys € R, the boundary

value problem (3.3)—(3.5) has a solution.

Proof: Assume that (3.3) satisfies Conditions (A), (B), and (C). Choose a <
T, < To < w3 < x4 <band yy,ys,y3 € R. Now, from Theorem 2.2, we also have the

following condition satisfied:

(D) For any a < z; < 3 < w3 < b and any y1,%s,y3 € R, solutions of the

boundary value problem
y" = [y, y"),

y(@1) =y, y(x2) = y2, y(ws) = ys
are unique when they exist.

Therefore, Theorem 3.3 implies we have a unique solution, say z(z), to the three point

boundary value problem
y" = f(z.y.9.9"),
y(r2) = y2, y(xs) = 0, y(zs) = ys.

Now, define the set S by
S = {u(z1) : uis a solution of (3.3) with u(z2) =y, u(zs) — u(zs) =ys}-.

Certainly z(x1) € S, so S is nonempty. We will show that S is both open and closed,
and since R is connected, we will have shown that S = R. Therefore we will have
y(x1) =y € S, and our proof will be complete.

S is open: Let pg € S. Then py = u(z;) for some solution u(x) of (3.3) with

u(zy) = yo and u(zy) — u(xs) = y3. By Theorem 3.5, there exists a ¢ > 0 sufficiently
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small such that if [p — po| < 9, then there is a solution u,(x) of (3.3) with

uy(z1) = p,
Up(@) = u(x2) = yo,
up(rs) —up(ws) = u(w) —ulxs) = ys.

We have p € S, whence (py — d,po + ) C S, so S is open.

S is closed: Assume S is not closed. Then there exists an ry which is a limit
point of S, but r( is not in S. Then there exists an infinite sequence of distinct points
{r:}s2, C S such that r, — 9. Without loss of generality we may assume {r;}°,
is strictly monotone, say strictly monotone increasing. Since {r;}2°; C S, we have a

sequence of functions {y:(z)}:°, such that each y;(z) is a solution of (3.3) satisfying

’yt(SUl) = T
(o) = 2(z2) =y,

Ye(xa) —ye(w3) = z(wa) — 2(x3) = ys.

By our uniqueness condition and our assumption that {r;}$°, is strictly monotone
increasing, it must be the case that y,.1(z) > y,(z) on (a,x3). Choose T € (a,x1).

By Theorem 3.3, there exists a solution w(x) of (3.3) satisfying
w(T) =0, w(z1) =10, W(T2) = Y01

It follows from Theorem 3.2 that {y:(z)}:°, cannot be uniformly bounded on any
compact subinterval of (a,b). To see this, suppose there exist [¢,d] C (a,b) and
M > 0 such that {|y:(z)|};2; < M on [¢,d]. Then {y(z)}:°, contains a subsequence
{ye;(2)}52, such that {y;;(7)}32, converges uniformly on [v1,z4], say y:, (2)52, con-
verges uniformly to y(x) on [zy,z4]. But g, (1) — 70, ¥, (22) = y2, and yy, (74) —

Yi,;(w3) = ys3, so y(x) would be a solution of (3.3) satisfying

y(z1) = 1o, y(x2) = v, y(wa) — y(x3) = Y3,
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which contradicts our assumption that ry is not in S. Hence, there exists a positive
integer 77 such that y,(7) > w(7) = 0 for all ¢t > T;. Likewise, there exists 6 € (zy, z2)
and a positive integer T such that y:(6) > w(#) for all t > T,. Therefore, for some

T > max{Ty, T, }, we have

yr(7) > w(T), yr(r1) < w(zr) = 1o, yr(0) > w(0).

It follows that w(z) — yr(z) must have a zero on (7,z), say w(a) = yr(a) for
T < a < zp. Similarly, w(z) — yr(z) must have a zero on (z1,6), say w(5) = yr(0)

for 1 < B < 6. We have then that

w(a) = yr(a), w(B) =yr(B), w(r) = yr(r2) = ya.

Since both w(z) and yr(z) are assumed to be solutions of (3.3), Condition (D) implies

that w(x) = yr(x) on (a,b). But then
ro = w(z1) = yr(r1) = rr < 1o,

which is a contradiction. We must conclude that S contains all of its limit points,

and is therefore closed. O]

3.8 General Case
It is possible to generalize the results of the previous section. We begin by

proving a continuous dependence theorem that is analogous to Theorem 3.5.
Theorem 3.7 (Continuous Dependence). Assume that the differential equation
y"(@) = f(z, 9,9 y") (3.6)
satisfies the following three conditions:
(A) f:(a,b) x R® — R is continuous;

(B) Solutions of initial value problems for (3.6) are unique and exist on all of

(a,b); and,
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(C) For some positive integer m > 4, any a < 11 < T3 < -++ < T, < b and any

Y1, Y2, Y3 € R, solutions of the boundary value problem for (3.6) with boundary

conditions
y(z1) = y1, y(x2) = ya, (3.7)
m—1
Y(on) = 3 yla) = us, (3.8)
i=3

are unique when they exist.

Choose a positive integer k such that 3 < k < m. Let z(x) be an arbitrary but fized
solution of (3.6). Then for any a < 7 < x3 < -+- < zp < b, any ¢ and d with
a<c<uz andx, < d<b, and any e > 0, there exists a § > 0 such that |x; —t;| < 0,
i =1,2,....k, and max {|z(z1) — w1, |2(z2) — wo|, |2(zx) — Zf:_:,)l 2(w) —ys|} < 0

imply that (3.6) has a solution y(x) with

x>
I
—

y(t) = 1, y(t2) = yo, y(te) — y(ts) = ys,

%

Il
w

and |29 (z) —yD(z)| < e on[c,d], i =0,1,2.

Proof: Assume (3.6) satisfies Conditions (A), (B), and (C) for some positive
integer m > 4. Choose k such that 3 < k < m. Fix ¢ty € (a,b). Define the set

G C R*3 by
G = {(tl,tg,...,tk,cl,CQ,Cg <ty <ty <. <tp<b;cp,c9,03 € R}
G is open in R*3. Now define ¢ : G C R¥3 — R**+3 by
k—1
qb((tla t27 s 7tk7 C1, C2, 03)) - <t17 t?) o 7tk‘7 u(tl)y u(tQ)a u(tk) - Z u(tl)> )
where u(z) is the solution of (3.6) satisfying
U(to) = (1, u/(t(]) = Co, U//<t0) = C3.

The function ¢ is continuous since solutions of (3.6) depend continuously upon initial

conditions, by Theorem 3.1. We claim that ¢ is one-to-one. To see this, suppose that

¢<(817 82, ..., Sk, hl7 h?a hd)) = ¢((t17 t27 v 7tk7 Cy, Co, C3))'
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It is clear from the definition of ¢ that s; =t;, 1 =1,2,..., k. We have
U)(to) = hl, U/(to) = hg, w”(to) = hg,

and
u(to) = c1, U (to) = ca, u'(to) = cs,

for solutions w(z) and u(x) of(3.6). Then

u(ty) = w(s1) = w(t1), u(ts) = w(ss) = w(ty),

and
k—1 k—1 k-1
ulty) = Y ult) = w(sy) — > w(s:) = w(ty) — > w(t;)
=3 =3 =3

Then by Theorem 2.2 and Condition (C), we have w = u on (a, b), which implies that
h; = ¢;, for i = 1,2,3. Thus ¢ is one-to-one. By the Brouwer Invariance of Domain
Theorem, ¢(G) is open and ¢! is continuous on ¢(G).

Now, let z(z) be a solution of (3.6). Choose a < 1 < zy < -+ < x < b,
any ¢ and d with a < ¢ < 27 and 2, < d < b, and any € > 0. By continuous
dependence upon initial conditions, there exists an 7 > 0 such that, for our fixed
solution z(z), |2V (tg) — ¢;| < n, for i = 1,2,3, implies |u~Y(z) — 207V (z)| < ¢
on [¢,d], i = 1,2,3, where u(z) is the solution of (3.6) with v~ (ty) = ¢;, i = 1,2,3.
We have

k-1
(ml, T,y ..o Try 2(x1), 2(22), 2(21) — Z z(xl)> € ¢(G),

i=3
#(G) is open, and ¢! : ¢(G) — G is continuous. Therefore, there exists a § > 0 such

that |z; — t;| <9, for i =1,2,... k, and

z(xy) gzxz

imply that (t1,t2, ...tk ¥1,Y2,y3) € ¢(G) and (b‘l((tl, to, ...tk Y1, Yo, yg)) is in the

max{]z(f)cl) =1, |2(z2) — yol,

open ball of radius 7 centered at

ot (xl, T, ..., Tr, 2(x1), 2(22), 2(z)) — 2_: z(a:z)>
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= (.Tl, L2y .-y Thy Z(t0)7 Z/(t()), Z,/(to)) :

Suppose that
O (b to, - ey, Y2, y3)) = (B tay -ty dy, da, d).
If u(x) is the solution of (3.6) satisfying
u(ty) = dy, u'(tg) = da, u”(to) = ds,
then |ul=Y(z) — 207V (z)| < e on [¢,d], i = 1,2,3. Moreover,

(tla t27 s 7tka Y1, Y2, y3) = Qb ((t17t27 S 7tk7 dh d27 d3))
= ¢ ((tr,ta, .., tr,ulto), u'(to),u" (to)))
k—1
= (tl, tz, e ,tk, U(tl), U(tg), U(tk) — U(t2)> y
1=3

so that u(x) is the solution of (3.6) satisfying

E

u(ty) = y1, u(tz) = yo, ulty) — ' u(t;) = ys.

s
Il
w

O
Everything is in place to prove our last theorem of this chapter, a uniqueness

implies existence result. This theorem is a generalization of Theorem 3.6.

Theorem 3.8 (Uniqueness Implies Existence). Assume that the differential equation
(3.6) satisfies Conditions (A), (B), and (C) of Theorem 3.7. Then for any integer
3<k<m,anya <z <23 < --- <21 < b and any y1,y2,y3 € R, the boundary

value problem for (3.6) with boundary conditions (3.7) and

o

-1

y(re) — > y(zi) = y3 (3.9)

i

Il
w

has a solution. The boundary condition in (3.9) is interpreted as y(x3) = ys in the

case k = 3.
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Proof: The proof is by induction on m. Note that Theorem 3.6 gives us our
result for the case m = 4. Let m > 4 be given. For inductive purposes, let k
such that 4 < k£ < m be given, and assume that, for all 4 < h < k — 1, any
a<xy <mx9g < ---<xp <bandany y;,y2,y3 € R, there exists a solution for (3.6)
satisfying (3.7) and

y(xn) — 2 y(x:) = ys. (3.10)

Let y1, 92, y3 € R be chosen. Then there is a unique solution, say z(z), to the

boundary value problem for (3.6) such that

z(z2) = Yo,
z(z3) = 0,
k—1
z(xyg) — z2(x;) = ys.

Il
=

i

We have that z(z) satisfies the boundary conditions

y(z2) = 9o, (3.11)

g - S y@) = w (3.12)

%

>
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Define the set S by
S = {u(xy) : u(zx) is a solution of (3.6) satisfying (3.11) — (3.12)}.

We will show that S contains ;.

Certainly z(x1) € S, so S is nonempty. Since R is a connected set, the proof of
the Theorem will be complete when we show that S is both open and closed, whereby
S =R.

S is open: Suppose pg € S. Then py = u(z) for some solution u(x) of (3.6)
with u(zg) = yo and u(xy) — Zf;; u(z;) = y3. By Theorem 3.7, there exists a § > 0

sufficiently small such that, if [p — pg| < 0, then there is a solution u,(z) of (3.6)
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satisfying
UP(QJl) = D
up(w2) = u(x2) = yo,
k—1 k-1
Up(Ty) — Z up(x;) = u(zy) — ZU(JCJ =Ys-
i=3 i=3

That is, p € S, whence (py — d,po + 0) C S, so S is open.

S is closed: Assume to the contrary that S is not closed. Then S does not
contain some of its limit points, so there exists an ry that is a limit point of S, but
7o is not in S. Therefore, there is an infinite sequence of distinct points {r;}2, C S
such that r;, — ro. Without loss of generality, assume {r;}$°, is strictly monotone,
say strictly monotone increasing. Since {7}, C S, we have a sequence of functions

{ye(2)}:2, such that each y,(x) is a solution of (3.6) satisfying

yt(ffl) = T

y(r2) = z(x2) = yo,
k-1 k

wle) = Y mla) = z(o0) =Y 2(w) =y

i=3 i=3
Choose 7 € (a,x1). By Theorem 2.2 and Theorem 3.3, there exists a solution w(x)
of (3.3) satisfying

w(T) =0, w(ry) =10, W(T2) = Yo.

By our uniqueness condition and our assumption that {r;}¢°, is strictly monotone
increasing, it must be the case that y,11(x) > w(z) on (a,z2) for all ¢ € N. It
follows from Theorem 3.2 and our assumption that ry is not in S that {y:(x)}2,
cannot be uniformly bounded on any compact subinterval of (a,b). (See the argument
in the proof of Theorem 3.6.) Hence, there exists a positive integer 77 such that
y(1) > w(r) = 0 for all t > T). Likewise, there exists § € (z1,z3) and a positive

integer Ty such that y,(0) > w(@) for all t > T,. Therefore, for some 7' > max{Ty, T},
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we have
yr(7) > w(t), yr(z1) < w(zy) =19, yr(0) > w(0).

It follows that w(z)—yr(x) must have a zero on (7, z1), say w(a) = yr(a), 7 < a < 2.
Similarly, w(x) — yr(z) must have a zero on (x1,0), say w(B3) = yr(6), x1 < 5 < 0.

We have then that

w(a) = yr(a),
w(B) = yr(B),

w(ra) = yr(re) = v

Since both w(z) and yr(z) are assumed to be solutions of (3.6), Theorem 2.2 and

Condition (C) imply that w = yr on (a,b). Then we have

ro = w(x1) = yr(x1) = rr < ro,

a contradiction. We must conclude that S contains all of its limit points and is

therefore closed. O



CHAPTER FOUR

Advanced Results

In the final chapter of this dissertation, we will build on our earlier results by
the addition of a left side nonlocal boundary condition similar in form to the right
side nonlocal boundary condition of our preceding work. As before, we will proceed
with a uniqueness implies uniqueness theorem, a continuous dependence theorem,

and finally, a uniqueness implies existence theorem.

4.1 Uniqueness Implies Uniqueness
Theorem 4.1 (Uniqueness Implies Uniqueness). Suppose the following three conditions

hold for the differential equation
y" = fl,y,9. ") (4.1)
(A) f:(a,b) x R® = R is continuous;

(B) Solutions of initial value problems for (4.1) are unique and exist on all of

(a,b); and,

(C) For some myn € Nwithn >1, anya < 3 < 23 < -+ < Tyyyn < b and any

Y1, Y2, Y3 € R, solutions of the boundary value problem for (4.1) with boundary

conditions
n—1
y(x1) — y(ri) = w1, (4.2)
i=2
y(xn) = Yo, (43)
m+n—1
y(xm—kn)_ Z y(ﬂf]> = Us, (44)
j=n+1

are unique when they exist. We take the boundary condition (4.2) to mean
y(x1) = y1 in the case that n = 2, and the boundary condition (4.4) is taken
to be y(x3) = y3 in the case that m = 1.

25



26

Then for any integers p and q such that 1 < p < m, 1 < q < n, solutions for the

boundary value problem for (4.1) with boundary conditions

v =S ulr) = (15

y(zg) = 9, (4.6)
Y(@prq) — Z y(z;) = s, (4.7)

where the boundary condition (4.5) is taken to mean y(x1) = yy in the case that ¢ = 2,
and the boundary condition (4.7) is taken to be y(x3) = y3 in the case that p =1, are

unique when they exist.

Proof: There are three nontrivial cases: p=mand 1 < ¢ <n, 1 <p <m and
g=n,and 1 <p<mand 1 < g <n. We will prove each case by induction.

Proof of Case 1: p=m and 1 < ¢ < n. Assume Conditions (A) and (B) hold,
and that Condition (C) holds for some positive integer m and for n = 3. Set p = m,
q = 2. We are assuming the uniqueness of solutions of the boundary value problem

for (4.1) with boundary conditions

y(r1) —y(r2) = w1,

y(I?,) = Yo,
p+2

Y(@pis) — Zy(xj) = Y3
j=4
for any a < 1 <29 < -+ < 743 < b and any y;,y2,ys € R. Suppose that, for some
a <z <y < -+ < Tppo < band some yr1,y2,y3 € R, there are distinct solutions

u(z) and v(z) of the boundary value problem for (4.1) with boundary conditions

y(xl) = Y,

y($2) = Yo,
p+1

?J(%H)‘Zy(%) = Y3

i=3



27

Set w(x) = u(x) —v(x). Since u(z) and v(x) both solve the boundary value problem,

we have that

[y

+
w(zr) = w(ws) = wlwps) = p wlw;) =0.

J

By Condition (B), we know that either w'(z1) # 0 or w”(z1) # 0. Suppose

3

Il
w

w'(x1) # 0. Without loss of generality, assume w'(x1) > 0. Therefore, since w(z;) =
w(xe) = 0, it must be the case that w(x) is positive on (z1,22) and has a local
maximum on (x1,x2). Suppose the local maximum occurs at = o € (x1, z3). Now,
there must exist § € (z1,a) and v € (o, x2) such that w(F) = w(y). This gives us

a<fB<y<Ty< < Tyyo with

u(z) = v(zs),

ulapia) = 3 uley) = v(wpre) = ().

Our uniqueness condition gives us that u(x) = v(z) on (a, b), but this contradicts our
assumption that u(z) and v(z) are distinct.

If we assume w'(z1) = 0, then it must be true that w”(z1) # 0. Assume, without
loss of generality, that w”(z1) > 0. Thus w'(z) is increasing on a right-neighborhood
of 1, and in fact w’(z) is positive on such a neighborhood since w’(x;) = 0. Therefore,
since w(x1) = w(zy) = 0 and by our uniqueness assumption, we have w(x) > 0 on
(x1,22), and w(x) obtains a local maximum on (x1,z2). We may repeat our argument
for the assumption w'(z;) # 0. We conclude the result holds for p = m, n = 3, ¢ = 2.

Now, assume that Conditions (A) and (B) hold, and that Condition (C) holds

for m and some positive integer n > 3. That is, we are assuming uniqueness for
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solutions of (4.1) satisfying boundary conditions

v = Y ule) = w (49
y(zn) = o, (4.9)
Y(Tmtn) — Z y(zj) = s, (4.10)

forany a < x1 < 29 < -++ < Typyp < band any y1,y2,y3 € R. Set p=m, g=n— 1.
Suppose that, for some a < 1 < 29 < -+ < 2p4, and Y1, Y2, ys € R, we have distinct

solutions u(z) and v(x) of the boundary value problem for (4.1) satisfying boundary

conditions
q—1
y(e) =D ylz:) = . (4.11)
i=2
y(zg) = yo, (4.12)
p+q—1
Y(tprg) — Y ylw) = s (4.13)
Jj=q+1

Set w(z) = u(x) — v(z). We have u(xy) — S0, u(r;) = v(z1) — .75 v(x;), so that
w(zy) — S, w(z;) = 0. Likewise we have u(z,) = v(z,), so that w(z,) = 0, and
W) = ) = (ayeg)~ S0 (), 50 that w(zye,)~ 0 wlay) = 0.

Claim: It cannot be the case that w(x;) = 0 for every i among {2,3,...,¢-1}. To
establish the claim, assume to the contrary that w(x;) =0 for alli € {2,3,...,¢—1}.

Then w(z,) = 0, since w(x;) — 3.2, w(x;) = 0. Now, since w(z;) = w(ry) = 0 and

w(z) = u(x) — v(x) is continuous, we may choose «, 5 € (z1,x2) with a < 3 and

w(a) = w(f), or equivalently, w(a) — w(F) = w(z1) = 0. Then we have

0 = w(xl)—zw(%)
= wla) —w(®) - Y u(r)
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so that u(z) and v(z) satisfy

u( ( +) u > = v(a) - (U(ﬁ)%—ZU(mZ)) :
u(zg) = v(zy),
W(ZTp+q) — Z w(zj) = v(Tpiq) — Z v(x;).

But then, Condition (C) implies that u(z) = v(z) on (a,b), a contradiction of our
assumption that u(z) and v(z) are distinct. The claim is established.

We have that w(z;) # 0, for some i € {2,...,q¢—1}. Without loss of generality,
assume that w(z,—1) # 0. Then since w(z,) = 0, and w(z) = u(z) — v(z) is a
continuous function, we may choose «, 5 € (z4-1,x,) such that o < 8 and w(«) +
w(fB) = w(xy—1). Therefore, we have

Zw = w(z) ( w(z —|—w(ﬁ)> =y

=2 =2

whence u(x) and v(x) satisfy

( ne: +u(ﬁ)> = v(m) - <._ v(wi)+v(a)+v(ﬁ)>,

=2 =2
u(zg) = wv(zy),
p+q—1 p+g—1
W(Tprq) — Z u(zy) = v(Tpq) — Z v(;).
Jj=q+1 J=q+1

Thus u(x) = v(z), by Condition (C). This contradicts our assumption that u(z) and
v(x) are distinct. The proof of Case 1 is complete.

Proof of Case 2: 1 < p <m and ¢ =n. We begin by proving the case m = 2,
p =1, and ¢ = n > 2 is some positive integer. That is, we are assuming Conditions
(A) and (B), and that, for any a < 17 < 3 < -+ < Tp40 < b and any y;,ys,y3 € R,

solutions of the boundary value problem for (4.1) satisfying boundary conditions

—Zy(xi) = Y. (4.14)
: y(,) = o, (4.15)

Y(@nt2) = y(@n1) = s, (4.16)
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are unique, when they exist.
Suppose that, for some a < x1 < x93 < -+ < z,41 < b and some y;,ys,y3 € R,
we have distinct solutions u(x) and v(x) of the boundary value problem for (4.1)

satisfying boundary conditions

y(fEl) - Zy(ﬂh) = U,
y(xn) = Yo,
Y(Tni1) = s

Set w(z) = u(r) — v(x). We have u(ry) — Yoy u(w;) = v(zy) — S0 v(z;), or
w(ry) =31 w(x;) = 0, and u(z,) = v(z,), so that w(z,) = 0, and finally, u(z,,) =
v(xpi1), or w(zpy1) = 0. It is the case that w(z) cannot have a zero on (x,, Tp41),
else we would get an immediate contradiction to our assumption that u(z) and v(z)
are distinct, by our uniqueness condition. Therefore, since w(x,) = 0, w(x,.1) = 0,
and w(x) = u(z) — v(z) is a continuous function, it must be the case that w(z) has

a local extremum on (z,,z,y1). Then we may choose «, 3 € (z,,z,41) such that

w(a) = w(F). We have

uz) = S ulw) = o) — 3o,
u(z,) = v(z,),

Then our uniqueness condition implies u(x) = v(z) on (a,b), which contradicts our
assumption that u(x) and wv(z) are distinct. Case 2 holds if m = 2, p = 1, and

g =n > 2 is some positive integer.
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It remains to prove the case p = m — 1 and ¢ = n. Suppose that Conditions
(A), (B), and (C) hold, and let p = m — 1 and ¢ = n. Additionally, for some
a<m <y < < Tprg < band some y,ys,ys € R, assume that u(x) and v(x) are

distinct solutions of the boundary value problem for (4.1) satisfying

yle) = > ul@) = wy, (4.17)
y(xg) = o, (4.18)
Yprd) = D ylw) = v (4.19)

Set w(z) = u(z) — v(zr). We have u(z,) — S, u(z;) = v(ry) — S, v(z,), or
w(ry) — S0 w(z;) = 0. Likewise, we have u(z,) = v(z,), or w(z,) = 0, and finally,
1

W(Tpiq) — Z§+Z+1 w(@;) = v(Tpiq) — Z?JFZJF; v(2;), or W(Zpiq) — Z?JFZJJ w(z;) = 0.
Claim: It cannot be the case that w(x;) = 0 for each j € {¢+1,...,p+q—1}. To
establish the claim, assume to the contrary that w(z;) = 0 for every j € {¢+1,...,p+
q—1}. Then w(zp.,) = 0, since w(x,yy,) — Zfﬂq]ﬁ w(z;) = 0. Now, since w(x,yq) =
w(Zptq—1 = 0, and w(z) = u(z) — v(z) is continuous, there exist a, B € (Tpi+g—1, Tpiq)

such that o <  and w(a) = w(f), or equivalently, w(3) — w(a) = w(zyr,) = 0. We

have
p+q-1
0 = w(@pq) — Z w(z;)
J=q+1
p+q—1
= w(B) —wla) = > wxy)
Jj=q+1
p+q—1
= w(f) - (Z w(z;) +w(a)> ,
Jj=q+1
so that, for a < 21 <79 < -+ < pyq1 < @ < [ < b, u(x) and v(z) satisty
q—1 q—1
Zu i) = v ZU
=2 =2
u(zg) = v(zy)
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Condition (C) implies that u(x) = v(z) on (a, b), but this contradicts our assumption
that u(z) and v(z) are distinct. The claim is true.

By our claim, we have that w(z;) # 0 for some i € {¢+1,...,p+ ¢ — 1}.
Without loss of generality, assume w(z,41) # 0. Then, since w(z,) =0, and w(z) =
u(z) — v(z) is continuous, we may choose o, € (x4, x441) With o < 3 such that
w(xg41) = w(a) + w(B). Then we have

W(Tp+q) — Z_ w(zj) = w(Tpsq) — (w(oz) +w(B) + Z_ w(%‘)) =Y

J=q+1 J=q+2

whence u(x) and v(z) satisfy

q—1 q—1
u(wy) — u(r;) = v(x)— (),
=2 i=2
u(zy) = v(zy),
ptqg—1 p+g—1
U(Zpsq) — <U(a)+U(ﬁ)+ > U(ﬂfj)) = U(Tpiq) — <U(a)+v(ﬁ)+ > v(%’)) ,
Jj=q+2 Jj=q+2
fora < x < a9 < -- <2p << P < a0 <0 < Tpyg < b We see that

u(z) = v(z) by Condition (C), contradicting our assumption that u(z) # v(z). This
completes the proof of Case 2.

Proof of Case 3: 1 < p < m and 1 < ¢ < n. Assume that Conditions (A)
and (B) hold, and that Condition (C) holds for m = 2 and n = 3. That is, for any
a <z <To<T3<my<ws<bandany y,ys,ys3 € R, we are assuming uniqueness of

solutions of the boundary value problem for (4.1) that satisfy the boundary conditions
y(xr) —ylz2) = i,
y(zs) = o,
y(zs) —y(za) = ys.

Now, for some a < 1 < zy < z3 < b and some yi, s, y3 € R, suppose that u(z) and
v(x) are distinct solutions of the boundary value problem for (4.1) that both satisfy

the boundary conditions

y(r1) = y1, y(r2) = Y2, y(x3) = Y3.
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Set w(z) = u(z)—wv(z). Then we have u(z;) = v(x;), for i = 1,2, 3, so that w(x;) = 0,
for i = 1,2,3. Therefore, since w(zx;) = 0, for i = 1,2, 3, and since w(z) = u(x) —v(z)
is continuous, we may choose «, 5 € (z1,x3) such that o < # and w(a) = w(f), and

we may choose 7,0 € (x2,23) such that n < § and w(n) = w(#). Thus we have

and

Therefore, u(x) and v(z) are solutions of the boundary value problem for (4.1) that

satisfy

with a < a < f < 23 <1 < 6 <b. Our uniqueness condition says that u(z) = v(z)
on (a,b), which is a contradiction of our assumption that u(x) and v(z) are distinct.
We conclude that Case 3 holds for m = 2 and n = 3.

Suppose that Conditions (A), (B), and (C) hold for positive integers m > 2 and
n > 3. Set p=m —1and ¢ =n — 1. Assume that, for some a < 7 < 15 < -+ <
Tprq < b and some yy,y2,ys € R, there exist distinct solutions u(z) and v(z) of the

boundary value problem for (4.1) that satisfy the boundary conditions of (4.5)-(4.7).
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Set w(z) = u(x) — v(x). We have then that

p+g—1 p+g—1
w(tprg) = D ulay) = v(apeg) = Y vlay),
J=q+1 J=q+1
or equivalently,
q—1
w(zy) — Y w(z;) = 0,
=2
w(xq) = 0,
p+q—1
W(Tptq) — Z w(z;) = 0
Jj=q+1

From arguments in the proofs of Case 1 and Case 2, we know that our assumption
that u(z) and v(x) are distinct implies that it cannot be the case that w(z;) = 0 for all
ie€{l,2,...,¢q—1}, nor can w(z;) =0 forall j € {¢g+1,...,p+¢q}. Assume, without
loss of generality, that w(z,—1) # 0 and w(z,41) # 0. Thus, since w(z,—1) # 0 and
w(xgs1) # 0, w(z,) = 0, and w(x) = u(r) — v(z) is a continuous function, we may
choose a, f € (41, 2,) such that o < [ and w(«a) + w(B) = w(z,—1), and we may

choose 1,0 € (x4, x441) such that n < 6 and w(n) + w(f) = w(x,41). Hence we have

q—

w(xy) — Zw(:cl) = w(xy) — (Z w(z;) + w(a) + w(ﬂ)) =0,

1
=2 =2

and

W(tprg) = 3 W(a) = (Tpey) — <w<n> Fu@)+ S w(a:») ~0,

Jj=q+1 Jj=q+2

whence u(x) and v(zx) satisfy

u(zy) — (Z u(z;) +u(a) + u(ﬁ)) = v(r;) — ( v(x;) +v(a) + v(ﬁ)) ,
u(z

~
I
e
—~~
8
Q
~

q

W(ZTp+q) — (u(ﬁ) + u(f) + 2 u(%)) = U(Tprq) —

J=q+2

RS

o) +o@) + 3 v(x»),

Jj=q+2



35

fora<as <z < <rpo<a<fB<r, <n<O<z440 < <Tpyg <b. Then
Condition (C) implies that u(z) = v(x) on (a,b), which contradicts our assumption
that u(z) and v(x) are distinct. This completes the proof of Case 3, and thus the

proof of Theorem 4.1 is complete. m

4.2 Continuous Dependence

Theorem 4.2 (Continuous Dependence). For the differential equation

y" = fl@,y.9.9"), (4.20)
suppose that the following three conditions hold.
(A) f:(a,b) x R* — R is continuous;

(B) Solutions of initial value problems for (4.20) are unique and exist on all of

(a,b); and,

(C) For some m,n € N withn > 1, anya < 1 < Tg < +++ < Tyapn < b and
any y1,Y2,ys € R, solutions of the boundary value problem for (4.20) with

boundary conditions

o) = Y vle) = (a21)
y(T,) = o, (4.22)
m+n—1
Y(Tmin) — Z y(xj> = U3 (4.23)
Jj=n+1

are unique when they exist. We take the boundary condition (4.21) to mean
y(x1) = y1 in the case that n = 2, and the boundary condition (4.23) is taken

to be y(x3) = ys in the case that m = 1.

Choose positive integers p and q such that 1 <p <m and 1 < q <n. Let z(z) be an

arbitrary but fized solution of (4.20). Then for any a < x1 < T3 < -+ < Tpyq < b,
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any c and d with a < ¢ < x; and x4 < d < b, and given € > 0, there exists a 6 > 0

such that |x; — t;| < 0, fori=1,2,....,p+q, and

q—1 pHq—1
ma:c{1 =3 (@) = w2 (wg) — vl |(apea) - Zz<xj>—y3\}<a
=2

Jj=q+1

imply that (4.20) has a solution y(x) with

q—1
y(ty) — y(z;) = i,
=2
y(tq) = Yo,
pt+q—1
Y(tprg) — D> ylz) = us,
J=q+1

and |2V (z) — y®)(2)| <e, for k=10,1,2, on [c,d].

Proof: Assume that Equation (4.20) satisfies Conditions (A), (B), and (C) for
a positive integer m and a positive integer n > 1. Choose integers p and ¢ such that
l1<p<mand1l<gq<n Lete>0begiven. Fix ¢ty € (a,b). We will use the

Brouwer Invariance of Domain Theorem in our proof.

Define the set G C RPT93 by
G = {(tl,tz, c.. ,tp+q,C1,CQ,C3) A<t <ty <. <tppg < b; c1,c9,c3 € R}
G is open in RPT4+3. Now define ¢ : G C RPT4H3 — RPHa+3 by

¢((t17 t?v cee 7tp+Q7 1, C2, 03)) =

q—1 p+q—1
(tl,tg,.. tprgs U u(t U(tprg) — Y u(tj)),

=2 Jj=q+1

where u(z) is the solution of (4.20) satisfying

U(to) = (1, ul(t0> = Cg, U,H<t0) = C3.

The function ¢ is continuous since solutions of (4.20) depend continuously upon initial

conditions, by Theorem 3.1. We claim that ¢ is one-to-one. To see this, suppose that

QS((Sla 5254, Sp+q7 hl7 h?a hd)) = ¢((t17 t27 v 7tp+q7 C1, Co, 03))'
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The definition of ¢ gives us that s; =t;, fori=1,2,...,p+ q. We have
"LU(t(]> = hl, w/<t0) = hg, ’w//(to) = h3,

and
u(to) = ¢, u'(ty) = o, u'(to) = c3,

for solutions w(x) and u(x) of (4.20). Then we have

() = Y u(t) = wlsn) — Y w(s) = w(t) ~ Y wi),
u(ty) = w(sy) = w(ty),
u(tprq) — Z u(ty) = w(spiq) — Z w(s;) = w(tpsq) — Z w(t;).

Then by Theorem 4.1 and Condition (C), we have w(x) = u(z) on (a,b), which
implies that h; = ¢;, for © = 1,2, 3. Thus ¢ is one-to-one. By the Brouwer Invariance
of Domain Theorem, ¢(G) is open and ¢! is continuous on ¢(G).
Now, let z(x) be a solution of (4.20). Choose a < ;1 < 3 < -+ < Zpr, < b,
any ¢ and d with a < ¢ < x; and x4, < d < b, and choose € > 0. By Theorem 3.1,
there exists an > 0 such that, for our fixed solution z(z), |z(i*1)(t0) — ¢i| < n, for
1 =1,2,3, implies ’u(ifl)(x) - z(“l)(m)} <eon [ed], for i =1,2,3, where u(z) is the
solution of (4.20) with u~Y(ty) = ¢;, for i = 1,2,3. We have
q—1 pt+q-—1
({L‘l,l’g, oo Tptgs Z<x1) - Z Z(xz)a Z('xq>7 Z(IP-HZ) - Z Z({L’])> S ¢(G)7
i=2 i=q+1
#(G) is open, and ¢! : ¢(G) — G is continuous. Therefore, there exists a § > 0 such

that |z; — t;| <0, fori=1,2,...,p+ ¢, and

q—1 p+q—1
max{ z(x1) — ZZ(«%) — 1|, |2(xg) — yal, |2(Tpeq) — Z z(75) — ys } <9
i=2 j=q+1

imply that (1,22, ... tprq: ¥1, Y2, y3) € ¢(G), and that ¢~ ((t1, 12, . - tprgs Y1, Y2, Y3))

is in the open ball of radius 7 centered at

¢~ ("El’x?v oy Tptgy 2(21) — Z 2(:), 2(2q), 2(Tp4q) — Z Z(%))

i Jj=q+1
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= (21,22, ..., Tprq, 2(t0), 2 (L), 2" (t0)) -
Suppose that
o (s toy o tprgy Y1, Y2, y3)) = (1, to, - ooy tpag, di, da, ds).
If u(z) is the solution of Equation (4.20) satisfying
u(ty) = dy, u'(to) = da, u'(to) = ds,
then |u(~Y(z) — 207V (z)| < € on [¢,d], for i = 1,2, 3. Moreover,

(ti,to, s tprg 1,42, ys) = O((tta, .o tpig, di, da, ds))

= ¢(t1,ta, ..., tpig ulto), U (to), u"(t0)))

= (tbtz, oo tprg u(ty) — Zu(ti)a u(ty), u(tyry) — Z u(tj)) )

i=2 j=g+1

so that u(x) is the solution of Equation (4.20) satisfying

q—1

u(ty) — u(t;) = i,
=2

u<tQ) = Y2,
ptq—1

U(tpiq) — Z ult;) = s
J=q+1

4.3  Uniqueness Implies Fxistence
We end this chapter, and this dissertation, with several uniqueness implies
existence results. First, two corollaries follow immediately from Theorem 4.2 by

applying Theorems 3.3 and 3.8, respectively.

Corollary 4.1 (Uniqueness Implies Existence). Suppose that Conditions (A), (B), and
(C) from Theorem 4.2 hold. Then for any a < x1 < xo < x3 < b and any y1,ys,y3 €

R, the boundary value problem

"

y"' = flz,y,9.y"),
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y(x1) = y1, y(r2) = Y2, y(w3) = ¥s,

has a unique solution.

Corollary 4.2 (Uniqueness Implies Existence). Suppose that Conditions (A), (B), and
(C) from Theorem 4.2 hold. Then for any positive integer k with 3 < k < m+2, any
a<xy < Ty <---<xK < b, and any y1,y2,ys € R, the boundary value problem for
the differential equation

y' = fly.y "),

with boundary conditions

y(xl) = Y,

y(fﬂz) = Yo,
k—1

Z/(l‘k) - ?J(Scz) = Us,
i=3

has a unique solution. The third boundary condition is taken to mean y(x3) = y3 in

the case k = 3.

Theorem 4.3 (Uniqueness Implies Existence). For the differential equation

y"' = f(z,y,v,y"), (4.24)

suppose that the following three conditions hold.
(A) f:(a,b) x R® = R is continuous;

(B) Solutions of initial value problems for (4.24) are unique and exist on all of

(a,b); and,

(C) For any a < 1 < 29 < 23 < 14 < x5 < b and any y1,y2,ys € R, solutions of

the boundary value problem for (4.24) with boundary conditions
y(a) —y(z2) = o, (4.25)

y(zs) = o, (4.26)

y(rs) —y(zs) = us, (4.27)
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are unique, when they exist.

Then given any a < x1 < To < 3 < x4 < x5 < b and any y1,y2,ys € R, the boundary

value problem (4.24)-(4.27) has a solution, which is unique by Condition (C).

Proof: Let a < 1 < 29 < w3 < x4 < x5 < b and y1,y2,y3 € R be given. By

Corollary 4.2, there exists a unique solution of (4.24), say z(x), satisfying

z(r1) = i,
z(xe) = 0,
z(w5) — 2(14) = ys.

Then z(x) is a solution of the boundary value problem for (4.24) that satisfies the

boundary conditions

y(@1) —y(v2) = yi, (4.28)

y(@s) —y(zs) = ys. (4.29)
Define the set S by
S = {u(x3) : u(z) is a solution of (4.24) satisfying (4.28) — (4.29)}.

Our proof will be complete when we demonstrate that y, € S.

We have z(x3) € S, so that S is nonempty. We will show that S is both open
and closed, whereby S = R by the connectedness of R.

S is open: Let py € S. Then py = u(x3) for some solution u(z) of (4.24) with
u(zy) — u(zy) = 1 and u(ws) — u(zy) = y3. By Theorem 4.2 there exists a 6 > 0
sufficiently small such that, if |p — pg| < d, then there is a solution w,(z) of (4.24)

with
uy(r3) = p,
Up(xl) —up(T2) = u(xr) — u(z2) = y1,

up(ws) —up(ra) = u(ws) —u(zrs) = ys.
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That is, p € S, so (po — d,po + 0) C S, whence S is open. The proof of the Theorem
will be complete when we show that S is also closed.

S is closed: Assume S is not closed. Then S does not contain at least one of
its limit points. Let rg be a limit point of S that is not contained in S. There exists
an infinite sequence of distinct points {r;};2, C S such that r, — ro. Without loss
of generality, we may assume that {r;}°, is strictly monotone, say strictly monotone
increasing. Now, {r;}°, C S implies that there exists a sequence {y:(x)}:°, such

that each y,(z) is a solution of (4.24) with

yt(ffs) = T
Ye(r1) —yi(w2) = 2(71) — 2(22) = 1,

ye(xs) —ye(ra) = 2(w5) — 2(1‘4) = Ys.

Choose 7 € (x9,23). By Corollary 4.2, there exists a unique solution w(z) of

the differential equation (4.24) satisfying
w(r) =0, w(zs) =ro, w(ws) —w(zs) = 2(x5) — 2(x4) = ys.

By Theorem 4.1, we have that the conditions of Theorem 3.2 are met. Also, observe
that y,11(z1) > yi(z1) on (29, x3) for all ¢t € N, else the y,(z), and therefore the 7,
would not be distinct. It follows from Theorem 3.2 and our assumption that ry is
not in S that {y,(x)}$°, cannot be uniformly bounded on any compact subinterval of
(a,b). (See the argument in the proof of Theorem 3.6.) Hence, there exists a positive
integer 7' such that y,(7) > w(7) = 0 for all t > T). Likewise, there exists € (x3, z4)
and a positive integer T such that y,(0) > w(6@) for all ¢ > T5. Therefore, for some

T > max{Ty,T>}, we have
yr(T) > w(T), yr(rs) < w(xsz) = 1o, yr(0) > w(0).

It must be the case that w(z) —yr(z) has a zero on (7, x3), say w(a) = yr(«) for some

a € (7,x3). Similarly, w(z) — yr(z) must have a zero on (z3,0), say w(3) = yr(B)



42
for some 3 € (x3,60). We have then that w(z) and yr(x) are solutions of (4.24) that

satisfy

’LU(CY) = yT(a)a
w(B) = yr(B),

w(zs) —w(zs) = yr(zs) —yr(zs) = ys.
Theorem 4.1 implies that w(x) = yr(x) on (a,b). But that would imply
ro = w(z3) = yr(rs) = rr < ro,

a contradiction. We conclude that S contains all of its limit points, whereby S is

closed. 0

Theorem 4.4 (Uniqueness Implies Existence). Assume that Conditions (A), (B), and
(C) from Theorem 4.3 hold. Then for any a < x; < xs < x3 < x4 < b and any

Y1, Y2,y3 € R, the boundary value problem for

y" = f(z,y.9.9"), (4.30)
satisfying boundary conditions
y(z) —y(z2) = 1, (4.31)
y(x3) = e, (4.32)
y(za) = s, (4.33)

has a unique solution.

Proof: Let a < x1 < x5 < x3 < x4 < band y;,ys2,ys € R be given. By Corollary

4.1, there exists a unique solution of (4.30), say z(z), such that

z(x1) = y1, 2(w2) =0, 2(74) = y3.
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That is, z(x) is a solution of the differential equation (4.30) that satisfies the boundary

conditions

y(r1) —y(z2) = i, (4.34)

y(ra) = ys. (4.35)
Define the set S by
S = {u(zs) : u(z) is a solution of (4.30) satisfying (4.34) — (4.35)}.

To complete the proof, we will show that y, € S.

We have z(z3) € S, so that S is nonempty. We will show that S is both open
and closed, whereby S = R by the connectedness of R.

S is open: Let py € S. Then py = u(x3) for some solution u(z) of (4.30) with
u(zy) — u(xe) = 1 and u(zy4) = y3. By Theorem 3.5 there exists a § > 0 sufficiently

small such that, if [p — po| < J, then there is a solution u,(x) of (4.30) with

uy(v3) = p,
up(w1) —up(r2) = w(@1) —ulxa2) =y,
up(x4) = u(ry) = ys3.

That is, p € S, so (pg — d,po + 0) C .S, whence S is open. The proof of the Theorem
will be complete when we show that S is also closed.

S is closed: Assume S is not closed. Then S does not contain at least one of
its limit points. Let rg be a limit point of S that is not contained in S. There exists
an infinite sequence of distinct points {r;};2, C S such that r, — ro. Without loss
of generality, we may assume that {r;}°, is strictly monotone, say strictly monotone

increasing. Now, {r;}?°, C S implies that there exists a sequence {y;(x)}:2, such
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that each y,(z) is a solution of (4.30) with

yt(flfe;) = T
Ye(r1) —yi(w2) = 2(71) — 2(22) = 1,
?Jt(im) = Z(m) = Ys.

Choose T € (xq,x3). By Corollary 4.1, there exists a unique solution w(z) of the

differential equation (4.30) satisfying
w(t) =0, w(zs) =19, W(Ts) = Yye(x4) = Y3.

By Theorem 4.1, we have that the conditions of Theorem 3.2 are met. Also, observe
that yer1(z1) > ye(z1) on (22, x4) for all t € N, else the y,(z), and therefore the 7y,
would not be distinct. It follows from Theorem 3.2 and our assumption that ry is
not in S that {y:(x)}2°, cannot be uniformly bounded on any compact subinterval of
(a,b). (See the argument in the proof of Theorem 3.6.) Hence, there exists a positive
integer 7} such that y,(7) > w(r) = 0 for all ¢t > T;. Likewise, there exists 6 € (x3, z4)
and a positive integer T such that y;(0) > w(0) for all t > T,. Therefore, for some

T > max{Ty, T, }, we have
yr(T) > w(T), yr(rs) < w(xs) = 1o, yr(0) > w(0).

It must be the case that w(z) —yr(z) has a zero on (7, x3), say w(a) = yr(«) for some
a € (1,x3). Similarly, w(z) — yr(x) must have a zero on (x3,0), say w(5) = yr(f)
for some [ € (x3,0). We have then that w(x) and yr(z) are solutions of (4.30) that

satisfy
w(a) = yr(a), w(B) = yr(B), wlzs) = yr(rs) = ys.
Theorem 4.1 implies that w(z) = yr(x) on (a,b). But that would imply
ro = w(xs) = yr(xs) = rr < ro,

a contradiction. We conclude that S contains all of its limit points, whereby S is

closed. []
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Theorem 4.5 (Uniqueness Implies Existence). For the differential equation

y" = f(z,u,9,y"), (4.36)

suppose that the following three conditions hold.
(A) f:(a,b) x R® = R is continuous;

(B) Solutions of initial value problems for (4.36) are unique and exist on all of

(a,b); and,

(C) For some m,n € N withn > 1, anya < 1 < T3 < -+ < Ty < b and
any Y1, Y2, ys € R, solutions of the boundary value problem for (4.36) with

boundary conditions

[ary

n—

yan) =Y ylw) = un (4.37)
Y@ = (4.38)
y(fﬁm—i—n)_ Z y(xj> = VY3, (4'39)

are unique when they exist. We take the boundary condition (4.37) to mean
y(x1) = y1 in the case that n = 2, and the boundary condition (4.39) is taken

to be y(rn11) = ys in the case that m = 1.

Then for any positive integers p and q with 1 <p<mand1 < qg<mn, anya < 1 <
Ty < o0 < Tpyq < b and any y1,y2,y3 € R, the boundary value problem for (4.36)

with boundary conditions

o) =Y ule) = w (1.0

Cyle) = (4.41)

Y(Tpq) — Z y(x;) = s, (4.42)
J=q+1

has a (unique) solution. As in the supposition, we take the boundary condition (4.40)
to mean y(x1) = y1 in the case that ¢ = 2, and the boundary condition (4.42) is taken

to be y(r,+1) = y3 in the case that p = 1.
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Proof: Assume that Conditions (A), (B), and (C) hold. The proof is by induc-
tion. We have shown that the Theorem holds for the case m = 2 and n = 3. Let
m > 2 and n > 3 be given. For inductive purposes, assume that, forall2 < h < m—1
and 3 < k<n—1l anya <z <2y < - - < Zpix < band any y;, 1y, y3s € R, there

exists a solution for (4.36) satisfying

k—1

y(z1) — y(r:) = i,
i=2

y(xk) = Yo,
htk—1

Y(@hr) — Z y(z;) = s
Jj=k+1

To complete the proof, we will show that the Theorem holds for each of three

nontrivial cases.
(1) p=m—1and ¢ =n.
(2) p=mand g=n—1.
(3) p=m and ¢ = n.

Proof of Case 1: p=m —1andg=n. Let a <21 <23 < -+ < 2pyq < band
Y1,Y2,y3 € R be given. By assumption, there exists a unique solution, say z(x), to

the boundary value problem for (4.36) satisfying

q—2

2(z1) = ) z2(w) = i,
i=2

z2(z4m1) = 0,
ptq—1

2(Tpiq) — Z 2(z5) = s
J=q+1

Then z(z) solves the differential equation (4.36) and satisfies the boundary conditions

o) =Y ue) = w (1.43
Yora) = 3 uw) = us (4.4

Jj=q+1
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Define the set S by
S ={u(x,) : u(z) is a solution of (4.36) satisfying (4.43) — (4.44)}.

We will show that y, € S. We have that z(z,) € S, so that S is nonempty. We will
show that S is both open and closed, whereby S = R, since R is a connected set.

S is open: Let py € S. Then py = u(x,) for some solution u(x) of (4.36) with

qg—1

w(@y) — Y ulx) =y,
i=2
ptq—1

U(Tptq) — Z u(r;) = ys
J=q+1

By Theorem 4.2, there is a § > 0 sufficiently small such that, if [p — po| < 9, then

there is a solution wu,(z) of (4.36) with

UP(xQ) = b
q—1 q—1
up(x1) — Zup(l’z‘) = u(z1) — u(z;) =y,
i=2 i=2
ptg—1 ptg—1
Up(Tptq) — Z up(2;) = w(Tpiq) — Z u(r;) = ys.
Jj=q+1 J=q+1

Therefore p € S, whence (pg — 0, po + 0) C S, so S is open. The proof of Case 1 will
be complete when we show that S is also closed.

S is closed: Assume to the contrary that S is not closed. Then S does not
contain some of its limit points. Choose rg such that r( is a limit point of S that is not
contained in S. Then there exists an infinite sequence of distinct points {r;};°, C S
such that r; — 9. Without loss of generality, we may assume that {r;}3°, is strictly
monotone, say strictly monotone increasing. Now, {r;}?2; C S implies that there

exists a sequence {y;()}¢2, such that, for each ¢t € N, y;(x) is a solution of (4.36)
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that satisfies

q—1 q—1
ye(z1) — Zyt(%’) = z(z1) - ZZ(%’),
i=2 i=2
yt<xq) = T
p+q—1 p+g—1
Ye(Tptq) — Z y(zj) = 2(Tpiq) — Z z(2;) = ys.
Jj=q+1 Jj=q+1

Choose T € (z4-1,%,). By Corollary 4.2, there exists a unique solution w(z) of (4.36)

satisfying
w(t) = 0,
w(xtI) = To,
pt+q-—1 ptg—1
W(Tpiq) — Z w(x;) = 2(Tpsg) — Z z(z5) = ys.
Jj=q+1 Jj=q+1

By Theorem 4.1 we have that the conditions of Theorem 3.2 are met. Also, observe
that yr1(z1) > ye(x1) on (x4—1,2441) for all ¢ € N, else the y(x), and therefore the
r¢, would not be distinct. It follows from Theorem 3.2 and our assumption that rg
is not in S that {y;(x)}2, cannot be uniformly bounded on any compact subinterval
of (a,b). (See the argument in the proof of Theorem 3.6.) Hence, there exists a
positive integer 77 such that y,(7) > w(r) = 0 for all ¢ > T). Likewise, there
exists 6 € (x4, x,11) and a positive integer T3 such that y,(0) > w(0) for all ¢ > Tb.

Therefore, for some 7' > max{7},T>}, we have
yr(1) > w(T), yr(z,) < w(z,) =10, yr(f) > w(8).

It must be the case that w(z) —yr(x) has a zero on (7, z,), say w(a) = yr(a) for some
a € (1,z,). Similarly, w(z) — yr(x) must have a zero on (z,,0), say w(5) = yr(f)

for some ( € (x,,0). We have then that w(x) and yr(z) are solutions of (4.36) that
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satisfy

p+g—1 p+g—1
W(Tpsq) — Z w(z;) = yr(Tprg) — Z yr(z;) = ys.
Jj=q+1 Jj=q+1

Theorem 4.1 gives us that w(x) = yr(z) on (a,b). But that would imply

ro = w(xy) = yr(x,) = rr < 10,

a contradiction. We conclude that S contains all of its limit points, whereby S is
closed.

Proof of Case 2: p=m andg=n—1. Let a <z <23 < -+ < 2pyq < band
Y1,Y2,y3 € R be given. By assumption, there exists a unique solution, say z(x), to

the boundary value problem for (4.36) satisfying

q—1

2(x) =y z(z) = i,
i=2

z(xq-H) = 07
p+g—1

2(Tptq) — Z z(z;) = ys.
J=q+2

Then z(z) solves the differential equation (4.36) and satisfies the boundary conditions
q—1

y(r1) — Zy(%) = Y (4.45)

=2

p+q—1

Y(tprg) — Y ylw) = s (4.46)

J=q+1

Define the set S by
S ={u(x,) : u(z) is a solution of (4.36) satisfying (4.45) — (4.46)}.

We will show that y, € S. We have that z(z,) € S, so that S is nonempty. We will

show that S is both open and closed, whereby S = R, since R is a connected set.
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S is open: Let py € S. Then py = u(x,) for some solution u(x) of (4.36) with

qg—1

u(zy) — u(zi) = i,
i=2
p+q—1

W(Tpiq) — Z u(z;) = ys.
Jj=q+1

By Theorem 4.2, there is a 6 > 0 sufficiently small such that, if |[p — pg| < J, then

there is a solution wu,(z) of (4.36) with

up(xq) = D
q—1 q—1
up(x1) — Zup(l’i) = u(z) - u(z;) =y,
i=2 i=2
p+q—1 p+qg—1
Up(Tpiq) — Z up(r;) = u(Tpiq) — Z u(z;) = ys.
Jj=qtl J=q+1

Therefore p € S, whence (pg — d,po + ) C S, so S is open. The proof of Case 2 will
be complete when we show that S is also closed.

S is closed: Assume to the contrary that S is not closed. Then S does not
contain some of its limit points. Choose 7y such that rq is a limit point of S that is not
contained in S. Then there exists an infinite sequence of distinct points {r;}2, C S
such that 7, — 79. Without loss of generality, we may assume that {r,}3°, is strictly
monotone, say strictly monotone increasing. Now, {r;};2, C S implies that there
exists a sequence {y;(x)};2, such that, for each t € N, y,(x) is a solution of (4.36)

that satisfies

q—1 q—1
(1) — Zyt(%) = 2(z1) — ZZ(%),
i=2 i=2
yt<xq) = T
ptg—1 ptg—1
Y(Tptq) — Z y(zj) = 2(Tpiq) — Z z(2;) = ys.
Jj=q+1 Jj=q+1

Choose T € (41, 2,). By Corollary 4.2, there exists a unique solution w(x) of (4.36)
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satisfying
w(r) = 0,
w(wg) = 7o,
p+q—1 pHq—1
W(Tpiq) — Z w(z;) = 2(Tpsg) — Z z(2;) = ys.
Jj=q+1 Jj=q+1

By Theorem 4.1 we have that the conditions of Theorem 3.2 are met. Also, observe
that yiy1(21) > ye(21) on (x,-1,x441) for all £ € N, else the y,(x), and therefore the
ry, would not be distinct. It follows from Theorem 3.2 and our assumption that rg
is not in S that {y,(z)}2, cannot be uniformly bounded on any compact subinterval
of (a,b). (See the argument in the proof of Theorem 3.6.) Hence, there exists a
positive integer 77 such that y,(7) > w(r) = 0 for all ¢ > T). Likewise, there
exists 6 € (x4, x,11) and a positive integer T3 such that y,(0) > w(0) for all ¢ > Tb.

Therefore, for some T' > max{T3, Ty}, we have
yr(T) > w(T), yr(z,) < w(zy) = 1o, yr(f) > w(6).

It must be the case that w(z) —yr(z) has a zero on (7, z,), say w(«) = yr(«) for some
a € (71,z,). Similarly, w(z) — yr(z) must have a zero on (x4, 6), say w(3) = yr(0)
for some ( € (x,,0). We have then that w(x) and yr(z) are solutions of (4.36) that

satisfy

w(B) = yr(B),
p+g—1 ptg—1
W(Tptq) — Z w(z;) = yr(Tprqg) — Z yr(z;) = ys.
J=q+1 J=q+1

Theorem 4.1 gives us that w(z) = yr(z) on (a,b). But that would imply
ro = w(x,) = yr(x,) = rr < 1o,

a contradiction. We conclude that S contains all of its limit points, whereby S is

closed.
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Proof of Case 3: p=m and ¢ =n. Let a < x; < 23 < -+ < Tpyq < b and
Y1,Y2,y3 € R be given. With the proof of Case 1 we established the existence of a

unique solution of (4.36), say z(x), satisfying

q—2

2(x1) =Y z2(z) = i,
i=2

2(T4—1) = 0,
p+g—1

2(Tptq) — Z z(z;) = ys.
J=q+1

The z(z) solves the differential equation (4.36) and satisfies the boundary conditions

Y =S we) = un (4.47)
Y(tprg) — > ylz) = us. (4.48)
J=q+1

Define the set S by
S ={u(x,) : u(z) is a solution of (4.36) satisfying (4.47) — (4.48)}.

We may apply the argument from the proof of Case 1 to establish that S = R, whence

yo € S. This completes the proof of the Theorem. O
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