ABSTRACT
Mean Field Games of Controls and Moderate Interactions
Alan B. Mullenix, Ph.D.

Mentor: P. Jameson Graber, Ph.D.

Mean Field Game theory, a quickly growing field emerging around 2007, seeks
to answer qualitative and quantitative questions about high population competi-
tive dynamics. A typical Mean Field Game is comprised of a large pool of identical,
weak, rational agents, each seeking to maximize a payout (or, equivalently, mini-
mize a cost). When an agent selects a strategy, it alters the state of the playing
field for all other agents, that is, the actions of all agents must be factored into the
strategy choice of any agent. The main object of interest is the Nash Equilibria
of the game: a strategy choice that, if chosen by all players, no single player may
improve their outcome by adjusting their own strategy. The question of these
Nash Equilibria can be cast as solutions of a coupled system of partial differential
equations: a backward in time Hamilton Jacobi Equation that encapsulates the
strategy costs, the unknown being the value function u(x,t), and a forward in

time Fokker-Planck type equation governing the evolution m(z,t):



the probability distribution of player states. We look at two adaptations of the
traditional Mean Field Game. First, a Potential Mean Field Game of Controls, in
which agents have knowledge of not only the current states of other agents, but also
their current adjustment to strategy. While the potential structure allows for the
use of convex analysis techniques, we introduce a new, spatially non-local coupling
component that depends on both the distribution of player states and the feedback.
We also consider a Mean Field Game of Moderate Interactions, in which agents are
more intensely affected by those in their immediate vicinity. This augments the
standard Mean Field Game by introducing a local coupling term that has interaction
with the gradient of the value function. We establish, in each case, well posedness
results under generic assumptions on the data. In the conclusion we remark on the

possible generalizations and further directions to take each work.
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CHAPTER ONE

Introduction

A Mean Field Game (MFG) for our purposes is a very high population differential
game between identical rational agents who are relatively weak (an individual has
little power to effect the entire population). MFG with non-identical or singular
powerful agents are an active field of study as well, such as a monopolistic corporation
competing in a market with smaller players, but we concentrate on the former. We
motivate the main ideas of our formulation of a mean field game with a short scenario.
Suppose a large group of several hundred people have just exited a building in a
tight clump and notice they are all going to miss the bus a few blocks away if they
don’t hurry. We know each person now has desire to reach the bus stop quickly.
Given this desire, the optimal “strategy” for each person to take is travel as fast as
possible in a straight line for the bus stop, but everyone doing this en masse may
cause congestion, slowing the group, resulting in many or all individuals to miss
out on the bus. Each person choosing their individual optimal strategy resulted
not only in a poor outcome for the group, but for the person themselves. A single
enterprising person might expect the congestion clumping and opt to travel a longer,
but unimpeded path around the group. Recall from above, however, that we consider
all players equally enterprising, and so even players being clever may cause sub-
optimal outcomes when that cleverness is in the aggregate. We have then a situation
where each player attempting to optimize their end result must contend with an ever

changing environment that is evolving with the collective choices of all players. A



natural question to ask is whether or not there is a Nash Equilibrium strategy. Such
a strategy adopted by all players, is individually protective in the following sense:
assuming all players follow the strategy, any individual player cannot do better by
adjusting their own away from the equilibrium. An example of a Nash Equilibrium
can be seen in the classical game theoretic “Prisoner’s Dilemma”, where two separated
prisoners each must choose to confess or stay silent. If both confess, they each receive
a four year sentence. If they both stay silent, each receives only two years. If one
confesses and the other remains silent, the confessing prisoner receives one year while
the silent receives eight. Clearly, the best outcome for both prisoners occurs when
they each stay silent, but individually the best outcome is to confess while hoping
the other stays silent. Assuming that the other might confess, and fearing the eight
year sentence, both prisoners choose to confess. The outcome is sub-optimal both for
the group and the individual, but there is a protective mutually assured outcome. In
what follows, we will be seeking solutions to a coupled system of partial differential

equations. These solutions are the Nash Equilibrium strategies.

1.1 Mean Field Games
A typical mean field game consists of competitors seeking to minimize a “cost”:

T

J(a,0,7) =E f
0 ~~ -
Running Cost  “Congestion Penalty” Final Cost

L(Xt, Oé) + f(Xt, m(Xt, t>2 dt + I\LT(XT)

—

with dynamics dX; = adt + “noise” (a Brownian Motion) driven by control a.. The
function m(x,t) describes the distribution of player states. As noted in the motivat-

ing example, a vital feature is that the cost function for each player depends upon



the state of all players. Examples of running costs range from literal monetary costs
along the way, to fuel expenditure, distance travelled, or considered a “negative” cost,
and looked at as end payout, or the maximization of a desired outcome. A final cost
(or alternatively, payout) might be a scaling penalty/reward based on proximity to
a goal outcome. The term f(x,m) in the integrand, labeled colloquially “congestion
penalty” to align with the motivating example, is the mechanism by which the in-
dividual player’s optimal control problem is coupled with the crowd at large. If for
example, f is monotonically increasing with respect to m, that would model a penalty
for traveling through a high density area. However, f could introduce reward for clus-
tering up, penalty /reward for uniformly spreading out, even repulsion/attraction for
a particular state. One could further let f assume a value of +o0 out side of a par-
ticular range to impose an “infinite penalty”. For our purposes, f will be increasing

with respect to the density m.

1.2 From Mean Field Game to PDE
The Hamiltonian H(x,p) is the convex conjugate with respect to the second

variable of the running cost (termed the Lagrangian), that is:

H(z,p) = SIip [p v — L(x, v)]

The Lagrangian is taken to be convex in the second variable, and thus H is as
well. This convexity turns out to be vital to well posedness considerations of the

Nash Equilibria in many treatments of the field.



A walue function u(x,t) of such a finite time horizon optimal control problem can

be defined as the infimum of the above costs over all appropriate controls:
u(z,t) :==inf J(a,t,T)

This value function u satisfies, in a viscosity sense, a backward in time Hamilton

Jacobi equation:
—u; —oAu+ H(x,Vu) = f(x,m); uw(T) = ur.

The probability density of player states, m(z,t) evolves via a forward in time

Fokker-Planck type equation, where m, is the given initial state of players:
my —oAu—V - (mD,H(x,Vu)) =0; m(z,0) = my.

Together, these form a coupled system of PDE, the solutions of which are the

value function and player density evolution for Nash Equilibrium strategies.

1.3 Historical Development and Related Current Works

The theory of Mean Field Games (a term borrowed from physics), was developed
simultaneously in 2006-2007 by Lasry, Lions [39], and Huang, Malhamé, Caines [33]
(under the name “Nash certainty equivalence principle”). The main idea (that the
impossibility of players to assess all the relevant details of competitors in fact doesn’t
matter) was already studied in the case of more traditional, static games by Aumann
[1]. The speed at which this field has grown means contributions are both numerous
and intertwined, but we attempt to lay out the major highlights. The probabalistic

approach has been well studied by Carmona and Delarue, especially in the two vol-



umes [14] and [15]. See also the Paris-Princeton lectures taught by Lasry [32] and
include work by Lions and Guéant. A thorough PDE based introduction to MFG
can be found in Cardaliaguet and Poretta’s monograph [13] with contributed work
from Santambrogio (lecture notes on variational mean field games), Delarue (master
equation considerations, see below), Achdou and Lauriere (applications and numer-
ics). Weak solution existence and uniqueness is proved for first and second order
MFG with local coupling by Cardaliaguet, Graber in [10] and Cardaliaguet, Graber,
Poretta, Tonon in [I1]. Duality techniques that inspire Chapter Two can be found in
[30] by Graber and Mouzouni.

Before moving on to the context of the manuscripts that appear here, we briefly
mention the other large way in which PDE manifest in the study of Mean Field
Games: the so-called “master equation”. As outlined by Cardaliaguet and Poretta in
[13], the master equation is a PDE in the space of measures (infinite space dimension)
which does not have some of the primary weaknesses of the mean field game system
of PDE we’ve described. In particular, it allows one to deal with global noise in the
game system, which is clearly important to modeling real world situations. We do not
discuss the master equation here, but it would be folly to not nod to it when discussing
PDE in MFG theory. In exchange for overcoming these weaknesses however, it is of
course a challenging object of study. See [25], [§].

Turning to the context of Chapter Two (Mean Field Games of Controls), both
stationary and deterministic iterations of the problem have been treated by Gomes et.
al in [22] and [24] respectively. The suffix we employ: “of controls” was introduced in

2017 [12] by Cardialiaguet and LeHalle, who looked at an application to trade crowd-
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ing where the mean field contained only the actions and not states of traders, showing
that nonetheless traders attempting to optimize their individual outcomes ended up
in a MFG Nash Equilibrium strategy. We quote from that article to stress the in-
teresting phenomena of the aggregating interaction despite the individual’s efforts of
optimal control: “Let us underline that, in our model, the market participants do not
have access to the distribution of the trading positions of the other participants; they
do not necessarily have the same estimate of the permanent market impact; they are
not even aware that they are “playing a game”. Nevertheless, the configuration after
stabilization is an MFG equilibrium.”. In the 2019 article [5], Bonnans, Hadikhanloo,
and Pfeiffer gave existence of a unique classical solution for a time-dependent, non-
deterministic model of the problem, in which the limitation of bounded controls in
[12] was done away with. To note, Mean Field Games of Controls are also referred
to as Extended Mean Field Games, and returning to the probabilistic approaches
aforementioned have been studied in [I4] by Carmona and Delarue, and in [16] by
Carmona and Lacker.

As to the context of Chapter Three (Mean Field Games of Moderate Interactions),
we investigate the model studied by Flandoli, Ghio, and Livieri in 2021 [2I]. The
motivating consideration of a Mean Field Game of Moderate Interactions is that in
certain models, such as physical congestion, it makes sense that agents interact only
with other nearby agents. On the other hand, one doesn’t expect this in, say, a
trading scenario (where traders may have uniform access to information). However,
one might speculate a situation where purchasing power/interest concentrates mostly

on “nearby” trader interactions, i.e. those with similar assets and aims. In the



Flandoli article, the existence of weak solutions are given on any finite time horizon,
with uniqueness results holding only when the time horizon is sufficiently small. In
this work we show the existence of classical solutions on any finite time horizon. A

prior contribution to this area in the context of pedestrian crowd modeling is that of

Aurell, Djehiche [2].

1.4 Main Results of this Work
Two alterations that will be discussed in this work are in Chapter Two with
introduction of a new, spatially non-local coupling element in the second argument

of the Hamiltonian, which will appear as

—uy—oAu+ H <x Vu — G(z)T0 ( L Gla)om dx)) — f(z,m)

v— —D,H (:g Vi — Glz)T ( L Glayom dx)) ,

the second line being a new fixed point condition that must be satisfied that does
not appear in a traditional MFG presentation. In Chapter Three an additional local
coupling term is introduced in the Hamiltonian as the form of a vector field b(x, m),

appearing as
—uy — oAu+ [H(z,Vu) — b(z,m) - Vu] = f(z,m).

In Chapter Two we exploit the potential structure of the MFG to apply convex
analysis techniques, viewing the game as two minimization problems in duality to each

other. Relaxation of the dual problem then leads to existence and uniqueness of weak



solutions to the MFG. Further space and time regularity results are given provided
some additional assumptions of the behaviors of the coupling f and Hamiltonian H.

In Chapter Three we use regularity bootstrapping (using regularity of the Hamil-
ton Jacobi equation to obtain results for the Fokker-Planck and vice versa) to prove
the a priori estimates required to apply the Leray-Schauder Fixed Point Theorem.
From this we obtain existence of classical solutions for any finite time horizon. We go
on in Chapter Four to allude to further obtainable results applying various techniques

in the spirit of Gomes [23].

1.5 Notation and Preliminary Definitions
A few common spaces and pieces of notation will be used throughout that we
collect here.

In both manuscripts we will be working over the set
Q:=T¢ x [0,T],

a space-time cylinder with T? being the flat d-dimensional torus.
We recall that the weak derivative of a function f on a set A is a function g such

that for any smooth function ¢, compactly supported in A, we have

L fé do = — L 96 dx.

Let a € (0,1) and let A be a compact set. A function f is said to be uniformly Holder

continuous on A with index « if the quantity

[f]a;A = sup M

TYeA; Ty ‘-T - ?/|a



is finite. The Holder spaces, denoted C*®(A), are subspaces of C¥(A) whose k-th
order partial derivatives are uniformly Hoélder continuous on A with index . These

are Banach spaces, with norm

[ulleracay = lulercay + ) (D u]aa,
|Bl=k

where 3 is a multi-index, and the C* norm above is given by

[ullee = 3} 1D%ulle.
|Bl=F

These spaces enjoy the useful inclusion that if 0 < k& + o < m + § with k, m integers

and «, 5 € (0,1),
Cc™P — C*® is a continuous embedding.

In the case that £k = m and a < 3, bounded sets are precompact in the embedding.
The Sobolev spaces, denoted W™*(A), consist of k times weakly differentiable func-
tions on A, with each weak derivative being a member of L"(A). These are Banach

spaces with norm

Lf [wnkcay = Z 10 f ] Lr(a),

lal<k

where « is a multi-index.

1.6 Attribution
The contents of Chapter Two are in collaboration with Dr. P. Jameson Graber and
Dr. Laurent Pfeiffer. We confirm that all authors contributed equally to this work, in

the matters of planning, organization, notation, proof, applications, typesetting, and



revision. Further, the chapter was reproduced from Nonlinear Differential Equations

and Applications (NoDEA) and Springer.
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CHAPTER TWO
Weak Solutions for Potential Mean Field Games of Controls

Graber, P.J., Mullenix, A. & Pfeiffer, L. Weak solutions for potential mean field
games of controls. Nonlinear Differ. Equ. Appl. 28, 50 (2021).

2.1 Abstract

We analyze a system of partial differential equations that model a potential mean
field game of controls, briefly MFGC. Such a game describes the interaction of in-
finitely many negligible players competing to optimize a personal value function that
depends in aggregate on the state and, most notably, control choice of all other play-
ers. A solution of the system corresponds to a Nash Equilibrium, a strategy for which
no one player can improve by altering only their own action. We investigate the sec-
ond order, possibly degenerate, case with non-strictly elliptic diffusion operator and
local coupling function. The main result exploits potentiality to employ variational
techniques to provide a unique weak solution to the system, with additional space
and time regularity results under additional assumptions. New analytical subtleties
occur in obtaining a priori estimates with the introduction of an additional coupling

that depends on the state distribution as well as feedback.

2.2 Introduction
Mean Field Games (MFG), introduced simultaneously in 2006-7 by J.-M. Lasry,
P.-L. Lions [3§ and M. Huang, R. Malhamé, P. Caines [33], have seen swift devel-
opment into a vibrant and substantial subfield of partial differential equations. See,

11



for instance, the monographs [14, 15, 4]. Considered are high population games of
homogeneous, negligibly powerful players all attempting to optimize a cost while
contending with the effects of the choices of all other players.

The term Mean Field, inspired by physics, relates to each player viewing the
remaining players as one large entity. The cost functional that has to be optimized
by each player typically incorporates an interaction term f(m), where m denotes the
distribution of player states. Mean Field Games of Controls (briefly, MFGC), also
called Extended Mean Field Games, introduce a control element into the Mean Field,
so that not only can players “detect” (via the Mean Field) the positions of others, but
also their control choices. Such an extension naturally arises in many applications,
for example in economics [32, [17, [18, 26, 30, B1, 27]. MFGC have been studied by D.
Gomes and V. Voskanyan, who have results on classical solutions with S. Patrizi in
the stationary (time independent) second order case where the diffusion is explicitly
the Laplacian [22], and also in the time dependent first order case [24]. In the second
order uniformly parabolic time dependent case, Z. Kobeissi has proved the existence
of classical solutions under sufficient structural and smoothness assumptions, with
uniqueness under additional assumptions, as well as results on approximate solutions
[35, B6]. P. Cardaliaguet and C.-A. Lehalle have provided a theorem giving the
existence of weak solutions to a general system of MFGC, under the assumption
that the Lagrangian is monotone with respect to the measure variable and that the
Hamiltonian is sufficiently smooth; in particular it must depend on the density of
players nonlocally [12]. See also R. Carmona and F. Delarue [I4] for a probabalistic

approach to Extended Mean Field Games.
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In this article, we investigate the second order degenerate case (which can, in
particular, be first order) featuring a non-strictly elliptic diffusion operator with space

dependence. The MFGC system to be studied is

(i)  —ow— Ayogu+ H (z, Du(x,t) + G(x)TP()) = [ (z,m(x, 1)) (2,1) € Q,
(ii) Oym — 0y (Aym) + V - (vm) = 0 (z,t) € Q,
\ (i) P(t) = V(. G(z)o(z, tym(z,t) dz) te[0,T],
(iv) v(x,t) = —DeH (z, Du(x, t) + G(z)TP(1)) (2,8) € Q,
\ (v) m(x,0) = mo(x), u(z,T)=up(z), ze T
(2.1)

where u,m are scalar functions, v is a vector field in RY, P = P(t) € R*, Q :=
T x [0,7], and A(z) = [A;;(x)]1<ij<d is a given matrix-valued function on T¢ whose
values are symmetric and non-negative.

The heuristic interpretation of the above system is the following. The variable
m describes the distribution of the state of the players and P is a time-dependent
price variable. These two variables are interaction terms; they describe the collective
behavior of the agents. Isolated agents have no impact of them. Each agent controls
the following dynamical system in T¢ : dX, = o, dt++/2%(X,) dB, where (Bt)tefo,r) is
a standard Brownian motion in R”, « is an adapted process in R%, and ¥: T4 — R¥*P
is such that A(z) = X(z)3(x)T, for all x € T?. Given the interaction terms m and P,

the associated cost (to be minimized) is given by

E| L ! (H* (X0, —a) + CP(0), GIX )y + F(Xeum(X,, 1))t + i (X) |

13



Equation (2.1))(7) is a Hamilton-Jacobi-Bellman equation and characterizes the value
function u associated with the optimal control problem to be solved by each agent,

given m and P. Equation (2.1))(iv) gives the corresponding solution in feedback form:
oy = U(Xt,t) = —DpH(Xt, DU(Xt,t) + G(Xt)Tp(t))

Assuming now that all agents employ the feedback v, the evolution of their distribu-
tion is given by the Fokker-Planck equation (2.1))(é¢) (the initial distribution my) is
fixed). Then equation (2.1])(444) gives the price in function of m and v. When G(z)
is the identity matrix, P is simply a function ¥ of the average control of the agents.
Let us emphasize that P induces an interaction of the agents not only through their
states but also via their controls. In summary, a (mean field) Nash equilibrium is
attained when v is a best reponse with respect to the interaction terms m and P
(equations (i) and (iv)), and when m and P can be deduced from v via equations (i)
and (7i1).

A natural economic interpretation of P is as negative market price (the negative
sign is introduced so that we have a minimization problem). In this interpretation,
P increases (i.e. demand decreases) in each dimension along which the total market
supply of a particular good increases. See [6] for more details. Alternatively, one
could interpret System as a model of congestion penalization with an additional
dispersive forcing term given by P. For example, P may be proportional to average
velocity. In this case, whereas f imposes a cost corresponding to population density,
P pushes agents to move in a direction opposite to that general motion of the crowd,

thus encouraging the crowd to disperse.

The basic structural assumptions are

14



1. T? x R? > (x,€) — H(x,€) € R is convex in &
2. T x [0,00) 3 (z,m) — f(z,m) € R is monotone increasing in m
3. R* 5 2+ U(z) € R* is monotone in z, i.e. (U(t, 21) — W(t, 2), 21 — z2) = 0 for
all 21, 2o € R¥.
See section for more detailed assumptions on the data.
We will focus in the article on the MFG system obtained after performing the

Benamou-Brenier change of variables w = muv [3]:

(1)) —dw— Adyu+ H (z, Du(z,t) + G(z)TP(t)) = f (z,m(z,t)) (z,t)€Q,
(it) om — 0 (Aym) +V-w =0 (z,t) € Q,
\ (i) P(t) = U( (. Gx)w(z,t)dz) tel0,T],
(iv) w(z,t) = —D¢H (x, Du(z,t) + G(z)TP(t)) m(z, t) (z,t) € Q,
\ () m(z,0) = mo(z), ulz,T)=ur(z), ze T,
(2.2)

It is worth mentioning that although the function w as defined above is determined
by uw, m, and P, labeling greatly reduces clutter in the statements and calculations
to follow. For the same reason, we keep P, although it is determined by w.

In [5] the authors prove the existence of classical solutions to when A is the
identity matrix and the congestion term f is nonlocal. They also showed that the
game is “potential,” which means that a Nash equilibrium can be interpreted as a
critical point of a suitably chosen functional, which we may call the potential. Cf. [38,
Section 6.2]. When the potential is strictly convex, we formally have that the Nash

equilibrium is unique, and under suitable assumptions one can show that the PDE
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system is well-posed. In what follows we will provide the existence and uniqueness of a
suitably defined “weak solution” to the MFGC system with local coupling and provide
additional regularity results involving the solution u and the distribution evolution
m. The method follows that of Cardaliaguet, Graber, Porretta, and Tonon in [11]-
see also [0, [10]-in the study of the case of first and second order “classical” MFG
systems, which are also potential. The nonlocal interaction term P(t) introduces new
subtleties into the analysis, especially as it does not introduce any a priori gain of
regularity. On the contrary, a priori estimates on solutions to the Hamilton-Jacobi
Equation (2.2))(i) are highly sensitive to the L” norms of P(t). See Section

We first lay out the required assumptions on the data (Section . We then
view the MFGC system as a system of optimality for the minimization of a suitably
defined convex potential. Next, we consider the dual problem and show that the
correct relaxation of it provides existence and a.e. uniqueness of an adjoint state
(Section [2.6]). The solutions to these minimization problems are then shown to be
proper candidates for the weak solution to the MFGC, whose existence is then proved
(Section . Finally, with some additional assumptions on the data, we include some
space and time regularity results for the weak solution based on previous techniques of
Graber and Meszdros [28] (Section[2.8). We now lay out the notation and assumptions

to hold throughout the paper.

2.3 Notation
We denote by (x,y) the Euclidean scalar product of two vectors z,y € R? and by

|z| the Euclidean norm of . We use conventions on repeated indices: for instance, if
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a,b e RY, we often write a;b; for the scalar product {a,b). More generally, if A and B

are two square symmetric matrices of size d x d, we write A;;B;; for Tr(AB).

To avoid further difficulties arising from boundary issues, we work in the flat
d—dimensional torus T¢ = R?/Z with @ := T? x [0,T] for some fixed time T > 0.
Our methods can be applied in a more or less straightforward way when the boundary
conditions are of Neumann type; with some further technical assumptions they may
be applied on the whole space. Other boundary conditions, which may be more
appropriate for economics applications, tend to introduce greater technicalities; this
is a subject for future research. We denote by P(T¢) the set of Borel probability
measures over T¢. It is endowed with the weak convergence. For k,n e N and T > 0,
we denote by C¥(Q,R") the space of maps G = G(t,z) of class C* in time and space
with values in R"™. For p € [1,00] and T > 0, we denote by LP(T?) and LP(Q) the set
of p—integrable maps over T¢ and Q respectively. We often abbreviate LP(T?) and
LP(Q) into LP. We denote by | f|, the LP—norm of a map f € LP. The conjugate of

areal p > 1 is denoted by p', ie. 1/p+1/p = 1.

2.4 Assumptions
We now collect the assumptions on the “congestion coupling” f, the “aggregate
control coupling” W, the Hamiltonian H, and the initial and terminal conditions my
and up. Along the article, we assume that there exist some constants C; > 0, Cy > 0,
C3>0,Cy>0,q9g>1,r>1,and s > 1 such that the following hypotheses hold true.

We denote



(H1) (Conditions on the coupling)

The map f: T x [0, +o0) — R is continuous in both variables, increasing

with respect to the second variable m, and satisfies

1
almlq_l —C) < f(z,m) < Cm|T '+ C; Vm=0. (2.3)
1

Moreover f(z,0) = 0 for all z € T?,
The map ¥: R¥ — R* is the continuous gradient of some convex func-
tion ®: R¥ — R. Without loss of generality, we assume that ®(0) = 0.

Moreover,
P(2) < Cylzl* +Cy  VzeRE (2.4)
Changing () if necessary, we have
* 1 s’ k
O (2) = —|z° — Cy Vz e R".
Cy
If % + # < 1, we assume that
1 s k
—|z]° = Cy < ®(2) Vze R (2.5)
Cs

The map G: T? — L(R? R¥) is continuously differentiable. If % + pir <1,

we assume that it is constant.

H2) (Conditions on the Hamiltonian) The Hamiltonian H: T¢ x R? — R is contin-
(H2) (

uous in both variables, convex and differentiable in the second variable, with

D¢H continuous in both variables, and has a superlinear growth in the gradient

variable:

1
53|€|T ~Cy < H(x,&) < Glel +C3 V(2,6) e T x RY. (2.6)
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We note for later use that the Fenchel conjugate H* of H with respect to the

second variable, given by

H*(z,¢) = sup [<¢,v) — H(x,7)],

is continuous and satisfies similar inequalities to H (changing Cj5 if necessary):
]_ / /
glfr —Cs < H*(2,6) < G3l¢|” + G5 V(z,6) e T x R™. (2.7)
3

(H3) (Conditions on A) There exists a Lipschitz continuous map ¥ : T¢ — R®*P

such that ©¥7 = A and such that
() -S| <Clr -yl VayeT 28)

(H4) (Conditions on the initial and terminal conditions) uz : T — R is of class C2,
while mg : T¢ — R is a C! positive density (namely mg(z) > 0 and Sqrd modx =
1).

(H5) (Restrictions on the exponents). We consider 4 cases, depending on whether
s < ror s =r and whether A is constant or not. In the case that A is not

constant,

s<r = s=p, s=r = r=p,

I

while when A is constant,

s'(d+1)
d

s <r — >p

"> '>1+4d "<1+dand ——=
sS=r = (s ) or (S and -————

s'(1+d) - p>
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As a remark, the condition f(z,0) = 0 is just a normalization condition, which
we may assume without loss of generality, as explained in [I1, Section 2|. Let us
compare the natures of Assumption (H5).

(a) Assumption (H5) is stronger in cases 1A and 2A than in cases 1B and
2B, respectively, that is, Assumption (H5) is stronger in the case of a
non-constant A than in the constant case.

(b) If A is not constant (cases 1A and 2A), then Assumption (H5) can be
summarized by min(s’,r) = p.

(c) If A is constant, it is easy to verify that Assumption (H5) is stronger in
the case 1B (s’ < r) than in case 2B (s’ = 7).

1. If ¥ = 0, then we are back to the framework of [II] and our assumptions
coincide. Indeed, is then satisfied with any s > 1. Taking s sufficiently
close to 1, we have 1/s + 1/(rp) = 1, so that is not necessary, and we
have s’ > r, so that we are either in case 2A or 2B in hypothesis (H5). If A is
constant, we must choose s close enough to 1, so that s’ > 1 + d.

Let us set
]
fm flz,7)dr ifm=0
F(z,m) = < ’

+00 otherwise.

\

Then F is continuous on T? x (0, +c0), differentiable and strictly convex in m and

satisfies

—|m|? — Cy < F(z,m) < Cylm|?+ Cy Vm >0, (2.9)
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changing (' if necessary. Let F'™* be the Fenchel conjugate of F' with respect to the
second variable. Note that F*(x,a) = 0 for a < 0 because F(x,m) is nonnegative,

equal to 400 for m < 0, and null at zero. Moreover,

1
Fla\p —C) < F*(z,a) < Cylal? + Cy Va =0, (2.10)
1

changing again C] if necessary. Most of the results in this paper hold also for time-
dependent data, in particular when f and H depend on t. It suffices to have the

estimates in this subsection hold uniformly with respect to t.

2.5 Two Problems in Duality
The approach that we follow consists in viewing the MFG system as an optimality
condition for two convex problems, which we introduce now.

Let Ko be the set of all triples (u, P, ) € C*(Q) x C°([0, T]; R¥) x C°(Q) satisfying

—0wu — Agjou + H (z, Du(z,t) + G(z)TP(t)) = 7, 2.11)
2.11

w(z,T) = wup(x).

The associated cost is given by

D(u, P,y) = — er u(z,0)mo(z) dz + L ®* (P(t)) dt + Jf F* (z,7(x,t)) dz dt.
¢ (2.12)
The first problem is
inf  D(u, P,7). (2.13)

(u,Pyy)eko
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We consider now the set K; of all pairs (m,w) € L'(Q) x L*(Q;R?) such that m = 0

a.e., {r,m(z,t)dz = 1 for a.e. t € (0,T), and such that the continuity equation

oom — 0 (Aym) +V-w = 0,
t ]( J ) (2‘14)
m(z,0) = mg(x)

holds in the sense of distributions. For (m,w) € Ki, consider the following cost

functional:
sm = [[ (w0 (-5

+JT<1> (LdG(x)w(x,t) da:) dt + L wr(z)m(z, T) dz,

0

> m(z,t) + F (x,m(m,t))) dz dt
(2.15)

where for m(t,z) = 0, we impose that
oo ifw(t,z) #0

0 ifw(t,x)=0.
Since H* and F' are bounded from below and m > 0, the first integral in B is well
defined in R U {+o0}. Concerning the second term in B, we simply need to observe
that since ® is convex, there exists a constant C' > 0 such that ®(z) = —C(1 + |z]),

for all z € RE. For w e L'(Q;R?), the term

G(z)w(z,-)dx

Td

is integrable in time and therefore

LT(D ( G t) dx) dt

is well-defined in R U {+0}. For the third term, we refer the reader to [11, Lemma

4.1], where it is proved that for (m,w) € Ky, m can be seen as a continuous map
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from [0, 7] to P(T?) for the Rubinstein-Kantorovich distance d;. Finally, the second

optimization problem is the following:

inf  B(m,w). 2.16
(m,w)eky ( ) ( )
2.5.1 Lemma. We have
inf  D(u,P,y) = — min B(m,w).
(u,Pyy)eKo ( ’7) (m,w)eky ( )

Moreover, the minimum in the right-hand side is achieved by a unique pair (m,w) €

IC1 satisfying

me LY(Q), we L%(Q;Rd), and J G(z)w(z, ) dz e L*((0,T); R¥).

Td

(2.17)

Proof. Following previous papers [9, [0, [I1], we look to apply the Fenchel-Rockafellar
duality theorem. In order to do so, we reformulate the first optimization problem
into a more suitable form.

Let By = C*Q) x C°([0,T],R¥) and E; = C°(Q) x C°(Q;R?). Define on Ej the

functional

T

f(u,P):J

e (p()at - f u(0,2)mo(z) da + xs(u),

Td
where Yg is the convex characteristic function of the set S = {u € Eo,u(T,-) = uT},

i.e., xs(u) =0if ue S and +oo otherwise. For (a,b) € E, we define

Gab) f J F* (2, —a + H(z,b)) de dt.
Q

The functional F is convex and lower semi-continuous on Fy while G is convex and

continuous on F;. Let A : Ey — FE; be the bounded linear operator defined by
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A(u, P) = (Owu + A;j0;;u, Du+ GTP). We can observe that

inf  D(u,P,y) = inf {F(u,P)+G(A(u,P))}.
w2 Dlu, Pr) (%g%eEo{ (u, P) + G(A(u, P))}

In the interest of employing the Fenchel-Rockafellar duality theorem, note that F(u, P) <

400 for (ur,0) and G(A(u, P)) is continuous at (ur,0). This satisfies the duality the-

orem, and so

inf  {F(u, P) + G(A(u, P))} = max {=F*(A*(m,w)) — G*(—(m,w))},

(u,P)eEy (mow)eE,
where F is the dual space of Ej, i.e., the set of vector valued Radon measures (m, w)
over () with values in R x RY, E} is the dual space of Ey, A* : B} — E} is the dual
operator of A and F* and G* are the convex conjugates of F and G respectively. We

now compute the relevant conjugate transforms.

F*(A*(m,w)) = sup {<(u, P), A*(m,w)) — F(u,P)}

(u,P)

:aggM%mxmw»_fgqmm+ﬁfw@mmmm}

= sup {<8tu + A;;0iju, m) + (Du,w) + {GTP,w)
(w,P)
uesS

_L%wmw+Lﬂ@@mmm@

= (su}};)) {<—é‘tm + 0;(Aiym) =V - w,u) + (GTP,w)
uéS

T
- f O*(P)dt + J up(x)m(T, x) dx}
0 Td
It is evident here that if —d;m+0;;(A;;m)—V-w # 0 in the sense of distributions, this

supremum is infinite. If the condition does hold however, the supremum no longer
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depends on u, and so the calculation is reduced to

T

sup {JO (STd<G(:c)TP(t), w(:c,t)>dx) —3H(P(1)) dt}
= sup { LT <P(t), [ Ga)w(z, t) dx> — *(P(t)) dt}
— sup { LT P (§.G(z)w(z,t)dz) dt}.

P

Combined with the conditions above, we have

F*(A*(m,w)) =

-

T
J & (§.Gw) + f up(z)ym(T,z) dz, if —d,m + Ajoim —V -w = 0

0 Td

+o0 otherwise.

\

Following [9], we have that G*(m,w) = +o0 if (m,w) ¢ L*(Q) x L}(Q;R?) and

G*(m,w) = H K*(z,m(t,z),w(t,r))dz dt
Q

otherwise, where K™ is given by

-

F(z,—m) —mH*(x,—%) ifm<0

K*(x,m,w)=<0 ifm=0and w=0

+00 otherwise,

it is the convex conjugate of

K(z,a,b) = F*(x,—a + H(z,b)) V(z,a,b) e T x R x R%.
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Therefore

max { — F*(A*(m,w)) — g*(—(m,w))}

(m,w)eE]

= max { ” —F(a,m) —mH* (2, ) dvdt - LTq> (§,.Gw) dt
Q

- f up(x)m(T, x) d:v}
Td
with the last maximum taken over the L' maps (m,w) such that m > 0 a.e. and
—5tm + é’,](A,]m) -V w= 0, m(O) =My

holds in the sense of distributions. Since {, mo = 1, it follows that §, m(t) = 1 for
any t € [0, T]. Thus the pair (m,w) belongs to the set IC; and the first part of the
statement is proved.

It remains to show ([2.17). Taking an optimal (m,w) € K; in the above problem, we
have that w(t,z) = 0 for all (t,z) € [0,T] x T? whenever m(t,z) = 0. By convexity

of ®, we have

T

JT(I)(STde dz) dt > J ®(0) + (¥(0), ;s Gwdzydt = C — Cllwl;. (2.18)

0 0

Moreover, by Holder’s inequality,

s = £ [hmazar < ( £ [y

It follows with Young’s inequality that

s < iﬂ ol A e dt 4 e,
T
Q
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for any € > 0. Therefore,

T
Jﬁ O (§.Gwdx) dt c7—-——-jf| m'™ dedt — =Y.
0

Using successively the optimality of (m,w), the growth conditions on F' and H* and

the above inequality, we obtain
w T
C= JJF(QZ, m) +mH* (a:, ——) dr dt + J P (§Gw) dt + J up(x)m(T, x) dx
m 0 Td
Q

1 1 o o
> EHTTLHZ + (5 —60) fj[w| m~" dzdt — =Y — O,
Q

for some constant C' > 0 independent of . Choosing ¢ > 0 sufficiently small, we
deduce that m € L9(Q) and that |w|"m'™" e L'(Q). To investigate the claim on w

given in the statement, write, for some p to be determined,

! 1 |w|rl 1 |w|rl 1 |w|Tl
]y =Hmf ol <l || = Il ]| <o

P -1 1 1

For this interpolative Holder inequality to hold, we must have p = - +?1—1' Thus

w e L7(Q; RY), with

r'q ie. o (2.19)
o=——79/— ie g =rp. .
F— P
Two cases must be considered. If % > 1 - Tip = %, then we have ¢ > s, thus

we L*(Q;RY) and (2.17) follows. In the other case, we have by Hypothesis (H1) the
growth assumption ®(z) > %|z!5 — C. It can be employed to get a better bound from
below in (2.18)). We obtain ([2.17) with a straightforward adaptation of the above

proof.
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2.6 Optimal Control Problem of the HJ Equation
In general we do not expect problem (2.13)) to have a solution. In this section we
exhibit a relaxation for (2.13)) (Proposition [2.6.8) and show that the obtained relaxed

problem has at least one solution (Proposition [2.6.10)).

2.6.1 Estimates on Subsolutions to HJ equations
In this subsection we prove estimates in Lebesgue spaces for subsolutions of Hamilton-

Jacobi equations of the form

(2.20)

(i) u(2,T) < ur(z)
in terms of Lebesgue norms of v, ur, and P. Equation (2.20) is understood in the

sense of distributions. This means that Du + GTP € L"(Q) and for any nonegative

test function ¢ € C*((0,7T] x T9),
— | dT)ur+ Jf uo ¢ +<{D¢, ADu) + C(@iAijﬁju + H(Du+ GTP)) < ff v¢. (2.21)
™ Q Q

Let us introduce some notation. For all 7 > 1 and for all p > 1, let us define &(7, p)
and 7(7, p) by

_ (1 + d)
Td-ip- 1)
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ifp>1+ %. In the border line case p = 1 +

ilisY

, (7, p) and K(7,p) can be fixed to

arbitrarily large values. We let the reader verify that
k(r,p) =7 and R(F,p) = p, (2.22)

assuming that the assigned value to (7, p) is large enough in the border line case.
We now restate [I1, Theorem 3.3], since it will prove useful below.

2.6.1 Theorem. Let u satisfy

(2.23)

(17) u(z,T) < ur(z)

in the sense of distributions, with v € LP(Q) for some p =1 and 7 > 1. Then

|tz (o.1),Ln(ry) + sl e < C,

where uy = max{u,0}, kK = R(7,p), n = 7(7,p). The constant C' depends only

on T,d,7,p, K (appearing in (2.23)), Cy (appearing in Hypothesis (H3)), |v|z, and
[uz[,,

2.6.2 Remark. Although the case p = 1 is not explicitly mentioned in [11, Theorem

3.3/, it is not hard to check that the theorem also applies in that case.
2.6.3 Corollary. Let P € C°([0,T];R*) and v € C°(Q;R). Let u be the viscosity

solution to the HJ equation

—0pu — AyiOiju + H (x, Du(x,t) + G(x, t)TP(t)) = 7,
(2.24)
u(z, T) = wur(z).

Let 7 > 1. Define

k=R(F1) = —L (2.25)



Then

]| Lo (0,7, )y + ullzr) < C,

where the constant C' depends only on T,d,7,p, Cy (appearing in Hypothesis (H3)),

[7ll2s 1 Dullz, [H(Du+ GTP)|1, and [lurl];.
Proof. By [34], u also satisfies the HJ equation in the sense of distributions. Observe

that (2.24]) can be rewritten
— O — Aydiu +|Du|” =y — H(Du + GTP) +|Dul" . (2.26)

The L' norm of the right-hand side depends on |v||1, |H(Du + GTP)|;, and || Dul|;.

Similarly, —u is a weak subsolution of a HJ equation with right-hand side
—y + H(Du + G"P) + | Du]".
By applying Theorem to both v and —u, we deduce the desired estimate.
O

When s' > r, the growth assumption on the Hamiltonian (Hypothesis (H2)) can be

exploited to derive a more precise estimate on the solution to ([2.24]).
2.6.4 Corollary. Let P, u, and v be as in Corollary [2.6.3. Assume moreover that

v=0 and s = r. Take 7 € (1,r] and define

Sl

R
7
Then

|l oo 0,1, L0 (rayy + [u]rg) < C.

The constant C depends only on T,d,7,p, Cs (appearing in Hypothesis (H2)), C,
(appearing in Hypothesis (3)), |1l 1P, and Jurl,,
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Proof. We have v > 0 and the upper bound
H(Du+ G™P) < C|Du|" + C|P|",
therefore,

— 0w — Ajj0iu+ C|Dul” = =C|P|" = C, u(T,z) > (min uT(x’)>. (2.27)

x'eTd

Let @ be defined by

w(z,t) = (min uT(:v’)) — ftT |P(t)|"dt — C(T —t),

z’'eTd
which solves ([2.27)) with inequality replaced by equality. By the comparison principle,

u > u > —C, where C' depends only on T, the growth of H, minuy, and || P|,. Note

\Y

that || P||, depends only on || P||,, and T" because s" > r.

Next, by the growth condition of H we have

1 ol

—8tu — Aijﬁiju + ?‘DU + G P’ — Cg < Y.

3

Observe that by Young’s inequality,
|Du|” < 27 Du + GTP|" + 2" HGTP|" < 27! (f]Du +GTP|" + 1) +C|P|",
r
since r = 7. It follows that
r 1 T T
|Du+ GTP|" = 5|Du\ - C|P|" - C,

therefore,

1 . N
- 8tu - Az-jﬁiju + 6|Du|r < Yy + O|P‘T + C. (228)
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Since |P|” lies in L*/7(Q), we have that the right hand side of (2.28) is bounded in
LP. Combining this with the lower bound on u, the conclusion follows from Theorem
261

O

We can now fix the values of the coefficients 7 € (1,7], x > 1, and n > 1 to be
employed in the sequel, consistently with Corollary (if s < r) and Corollary
(if s = r). As will appear later in the proofs of Lemma and Proposition

2.6.10| , these coefficients must satisfy the following:
|s'>7], [s=p], and [Aisnot constant = 7 > p|.

This is the reason why four subcases have been introduced in Hypothesis (H5) and
why we have a specific definition of the coefficients for each of the subcases. In order
to deal with the case 2B, we need the following lemma.

2.6.5 Lemma. Assume that ' = r and A is constant, that is, consider the case 2B of

Assumption (H5). Then the corresponding condition:

s'(1+d)
/ /
[s >1+d] or [s <1l+d and —d—s’+1>p] (2.29)

is satisfied if and only if there exists 7 € (1,7]| such that

A(7,min (p, %)) = p. (2.30)

Proof. Several cases must be distinguished.
e Case (i): ' > p. In that case, either s > 1+ d or s’ <1+ d and then

s'(1+d) ,
d—s +1
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Thus, if s’ > p, then (2.29) holds true. Then we can set 7 = % > 1. We have

min (p, ‘%’) = p and therefore k = K(7, p) = p, by inequality ([2.22)).

e Case (ii): s/ < p. Then whatever the choice of 7 € (1, r], we have

— Case (ila): s’ > 1+ d. Then we can chose 7 sufficiently close to 1, so that

s —d

7

> 1.

Then we have p(7) > 1 + ¢, thus k = &(F, p(F)) = 0.
— Case (iib): &' < 1 4 d. Then whatever the choice of 7 € (1,r], we have
p(7) <1+ ¢ and therefore, condition (2.30) is equivalent to:

s'(d+1) -

7 e (1,7], S

The above condition is clearly satisfied if and only if either s’ = 1 + d or

s <1+dand jﬁtg > p.

We can finally fix 7, x, and 7.

e In cases 1A and 1B (i.e. s’ <), we set

~ /
r=s8, K=

=

(7:7 1)7 n= ﬁ(fv 1)'

Then we have k > 7 > p. In case 1A, 7 > p.

e In case 2A (i.e. s = r and A is not constant), we set 7 = p. In case 2B (i.e.

s = r and A is constant), we assign a value to 7 so that (2.30) holds true. In

both cases 2A and 2B, we set

mzR(f,min(p,%)) and nzﬁ(f,min(p,%/)).
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In case 2A, we have k = 7 = p by inequality . In case 2B, we have kK > p
by definition.
2.6.6 Remark. In case 2B, it is easy to deduce from the proof of Lemma [2.6.5 an
explicit 7 € (1,7] such that holds. Note that the obtained 7 may not be the best
one (i.e. the largest one). For example, if s' = pr, then one can take ¥ = r. Then
37: > p and therefore k = K(T,p) = p, by inequality .
2.6.2 The Relazed Problem
We propose in this subsection an appropriate relaxation of problem . Let IC
denote the set of triplets (u, P,7) € L*(Q) x L¥ (0,T) x LP(Q) such that Du+ GTP e
L7 (Q;RY), Due L™(Q;R?), and such that holds in the sense of distributions.
The following statement explains that u has a “trace” in a weak sense.

2.6.7 Lemma. Let f € LY(Q) and let u e LY(Q) satisfy Du e L7 (Q;R?) and
— 0tu — Aijaiju < f, U(T) < ur (231)

in the sense of distributions, i.e. for every non-negative function ¥ € C(T¢ x (0,T])

we have

Jf (udpd + 0;(Ay0)0u — f9) dedt < J Wz, T)ur(z)de.
Td
Q

Then, for any C* map 9: [0,T] x T? — R, the function

t— f I, )u(z, t)d
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has a BV representative on [0, T]. In particular, for any nonnegative C* map 9: [0, T] x

T¢ — R, one has the integration by parts formula: for any 0 < t; <ty < T,

_ [Ld ﬁu]z + Lig Ld w0V + (DY, ADu) + 90;A;;0;u < LT Ny fo. (2.32)
Proof. First, observe that z — u(z,t) is a well-defined L!'(T?) function for a.c. t €
(0,7). Then by standard convolution smoothing arguments, one can check that
holds for a.e. t1,ts € [0, T] with ¢; < 5. Indeed, if £ is a convolution kernel, then

u. = & = u, fo = &+ f can be shown to satisfy
- (9tu€ - Aij(%jus < fg + Re (233)

where R. — 0 in L! as ¢ — 0. Then integration by parts implies, for 0 < t; <ty < T

and ¢ small enough, that

to t2 to
—[ J ﬂua] +J f wedyd + (DI, ADu) + 90, Aiydju. < f (f.+R.)0. (2.34)
Td t1 Td t1 Td

Since u.(-,t) — u(-,t) in L'(T9) for a.e. ¢, and likewise u. — u, Du. — Du, and
f- — fin L' so by letting ¢ — 0 we deduce the (2.32) for a.e. ¢, € [0,T] with
t1 < to.

Now define, for a.e. t € [0, 7], the functions
T
G(t) = J Iz, u(z, t)de+F(t), F(t) = J f w0y +{(DY, ADu)y+190;A;;j0;u— fv.
T t JTd

Now F' is absolutely continuous, being the integral of an L*(0,7T) function. By what
we have shown G/(t) is increasing on its domain, and moreover G(T') < {, 9(x, T)ur(x) dz
by hypothesis. Thus I := G — F is BV, and indeed continues to hold for all

0 <t <ty <T, even if we replace §, 9(x, t)u(x,t) dz by any value between I(t+)
and I(t—).
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We extend the functional D to triplets (u, P,v) € K:

T

D(u, P,y) = — L (e, 0 ymo(x) de + f

0

* (P(t)) dt + fj F* (z,7(z,t)) dz dt.
We consider the following relaxation of problem ([2.13)):

inf  D(u, P,7). 2.35
o 0f Dl P) (2.35)

2.6.8 Proposition. We have

inf  D(u,P,v) = inf D(u,P,~).
(u,Pyy)eko ( 7) (u,Py)ek ( 7)

The proof requires an integration by parts formula, established in the following lemma.
2.6.9 Lemma. Let (u, P,y) € K and (m,w) € Ky satisfy (2.17)).

Assume that mH*(-, —w/m) € LY(Q). Then
ym e L*((0,T) x T?), ), §2aG( Ydx)ye L0, T)

and for almost all t € (0,T) we have

J (u(T)ymp — u(t)m(t)) dz+
T (2.36)

f ) (mme*(g;,f%) +<P(t),G(x)w(x,t)>> drdt > 0,

and

J () — u(0)mp) dz+
(2.37)

fﬁrd my +mH" (z, %)+<P(t)aG(x,t)w(:c,t)>> dzdt > 0.

Moreover, if equality holds in the inequality (2.36]) for t =0, then

w=-—mD¢H(-,Du+ G"P) a.e
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Proof. In the interest of smoothing (m, w) by convolution, extend the pair to [—1, T+
1] x T¢ by defining m = mg on [—1,0], m = m(T) on [T,T + 1], and w(s,z) = 0
for (s,x) € (—1,0) U (T, T + 1) x T% Let A;; be an extension of A;; with A;; = Aj;
if t € (0,7) and zero otherwise. Note that with these described extensions, (m,w)

solves
8tm — 82](Alj(t,x)m) +V-w=0 on (—1,T + 1) X Td.

Let & = £°(t,x) = &(t)&(x) be a smooth convolution kernel with support in a ball
of radius e. We smoothen the pair (m,w) with this kernel in a standard way into

(Mme,we) = (¢ *m, & = w). Then (me, w,) solves

~ 1 1
8tm5 — 6’,~j(A,~ij) +V- We = 6’jRe in (—5, T+ 5) (238)

in the sense of distributions, where

RE = [SE, @/Lj](m) + [56, AU@j](m) (239)
Here we use again the commutator notation [20]
€5 ¢](f) = €% (cf) — (€ f). (2.40)

By [20, Lemma II.1], we have that R, — 0 in L%, since m € L? and fL-j e Wh™. Fix
time ¢ € (0,7) at which u(t*) = u(t™) = u(t) in L*(T?) and m.(t) converges to m(t).

We have the following inequality based on the equality in (2.11]),
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Integrating this inequality against m, yields

T
f J uéyme + Oud;(Agyme) + meH (z, Du+ GTP) + | mo(t)u(t) — me(T)ur
t JTd

Td
T
[ [
t JTd
(

2.42)

By (2.38), we have
T R T
f J udyme + O;ud;(Aiyme) = f f —0;uRe + (Du, w,),
t JTd t JTd
while the convexity of H in the last variable gives
T T
J f —m H* (:p, —;"1—) < f J {we, Du+ G"P) + m.H(x, Du+ GTP). (2.43)
t Jrd ¢ t Jrd
Combining these results yields
T
me(t)u(t) < | me(T)ur + J f me (fy + H* <a:, —%)) + (Gwe, P) + d;uR..
Td T t JTd ‘

Following now [11], we have that as Du € L™ (where we recall that 7 > p or A is

a constant matrix), and as m is continuous in time with respect to the topology on

P(T?), we have, as € — 0,

T
J 6juR€ - 0,
t JTd

T T
[f e leos)= [ orecs
t Jrd ¢ t Jrd

Me (T>UT — m(T)uT
Td Td

(For the second limit, cf. [I0].) We also claim that

LT  (GuP) = f L (Gw, P
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To see this, recall Equation (2.17) from Lemma . It % + z% > 1, we deduce
that w € L® and therefore w. — w in L*; from this the claim follows immediately.
Otherwise, if % + ﬁ < 1, then by Hypothesis (H1) we assume that G is constant.

Therefore, we have

[ Jomer= [ (J ouor) =] s [owr) [([onr)

because t — { ., Gw is in L*. Now since u € L*(Q), m € LYQ), and x > p, mcu
strongly converges to mu in L'(Q) and thus up to a subsequence, §u, m.(t)u(t) —

§a m(t)u(t) a.e. We now have that

| mitutde < | m(myur do + f [+t @) +nGw s

An analogous argument produces the other desired inequality, so now assume that
equality holds in inequality (2.37)) with ¢ = 0. Then there is t* € (0,T") where equality
holds with ¢ = t*. Let

E,(t) := {(s,y) cse[t,T], m (H* (y,—2)+ H(z,Du+ G™P) >

—(w,Du+G"P)+ o}

If |E,(t)] > 0, then for ¢ > 0 small enough, the set of s,y satisfying
M (H* (y, —Z—) + H(z, Du + GTP)) > —(we, Du+ GTP) + %
has measure larger than |E" . Then by ([2.43 - for the fixed choice of €,

T
f J () <J J<w€,Du+GTP>+m€H(x,Du+GTP)—|Eg(t)]a/4,
Td t* JTd
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whereby we obtain strict inequality in (2.37) with ¢ = t*, a contradiction. Thus

|Es(t)| = 0 for any o and a.e. t,
(—w,Du+ G"P) =m (H(z, Du+ G™P) + H*(y,—%)),
and hence
w=—mD¢H(-,Du+ GTP) a.e. in (0,T) x T
[

Proof of Proposition [2.6.8. It is clear that the value of the relaxed problem is smaller
than the value of problem ([2.13]). It remains to show the other inequality. For any
(m,w) € Ky with mH*(—w/m) € L'(Q), we have, by Fenchel-Young inequality and

Lemma [2.6.9],

D(u,P,y) = — J;rd w(0)mg + J;)T (<P(t), §Gw)y — @(XTde)) + JJ (ym — F(m))

Q
= [ )= [ (= 2) - [ o560 - [[ Fo
Q Q
~ — B(m,w).

Maximizing the right-hand side with respect to (m,w), we obtain with Lemma

that
D(u,P,v) > — inf B(m,w)= inf D(u,P,~),

(m,w)eky (u,P,y)eKo

which concludes the proof.
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2.6.3 Fxistence of a Relaxed Solution
We establish now the existence of a relaxed solution.

2.6.10 Proposition. The relazed problem (2.35)) has at least one solution (u, P,v) € K.

Proof. Let (un, Pa,7,) be a minimizing sequence for problem (2.13). By Proposition
(2.6.8]), it is also a minimizing sequence for the relaxed problem (2.35). We can,
without loss of generality, assume that ~, > 0, so long as we only require u,, to be a
viscosity solution to the Hamilton-Jacobi equation. Let us replace v, with its positive
part, i.e. (7,)+ := max{~,,0}. Then we replace u, with w,, the continuous viscosity

solution of
_étan - Aijaijan + H(Dﬂn + GTPn) - (771)-&-7 ﬂn<x7T) = UT(:E)

By [34], 1, also satisfies this equation in the sense of distributions, and thus the new
triple (U, P, (n)+ ) is also a member of L. We have 4,, > u,, and F*(v,) = F*((7n)+)
for all (z,t) € Q. Therefore, D(uy,, Py, (Vn)+) < D(un, Pn,vs), and thus the new
sequence also minimizes D. The arguments below will then apply to (dy,, Py, (7n)+)
in place of (u, Py, Vn)-

Step 1: [Bounds for (v,), (P,), and (Du,)]:

All constants C' used in this part of the proof are independent of n. We integrate

(2.20) against mg on () and obtain

J un(0)mg + f 0jun0i(Aijmo) J H(Du, + G™P,) ff VMo + J Urmy.
Td Td
(2.44)

41



Let us recall that mg > The Hamiltonian term can be bounded from below as:

1
6.
1
J J H(Duy + GTPJmo = | Dug + GTB, [~ O (2.45)
Q
In light of the regularity assumptions on A and mg, we also have that

w 01,6 (Aymo)| < ClDugly < O Dug. (2.46)
Q

Finally, the right-hand side of (2.44) is bounded by C|v,[, + C. Combining this

estimate with (2.45) and (2.46)), we obtain that
1
J wn(0)mg + —— | Dy + GTP, [ — C|Dunls < Clly + € (247)
Td CB

for any choice of B > 1. The constants C' used are also independent of B. Now we
use the fact that (u,, P,,v,) is a minimizing sequence and the growth assumptions

on F* and ®* to derive
(AR T,
— un(0)mg + aHPan' + GHVan — C < D(up, Pp,yn) < C. (2.48)
Td
Summing up (2.47)) and (2.48)), we obtain
LDt + GTRL — ClDunls + =Pl + —[7ult < Clall, + . (2.49)
N Unp nily — Un |7 Al nllg ~Alindlp = n . .
CB c cMelp = & 1nlp
Now by Holder’s inequality we have

| Dul? < C(|Du+ GTP[} + |GTP

N < C(|Du+ GTP|L + | P[5 + 1)

1 A U2 I
L Dui+ [ ] IR = €| Dun

1
A t =P < Ol . 2.
f+5-2 o+ Sl < Clul,+C. (250)

We fix now B = 2C?. The terms ||Du,|7, |y.], can be absorbed. For instance, the

former can be absorbed by | Du|Z insofar as for an arbitrarily small € > 0, there exists
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C' > 0 (depending on ¢) such that
|Du, |7 < €| Du,|% + C. (2.51)
Taking ¢ small enough, we finally deduce from (2.50|) the estimate

| Du,

F+ 1Bl + Il < C, (2.52)

so that (7, )nen is bounded in LP(Q), (P, )nen is bounded in Ls/((O, T); R*) and (D, ) pen
is bounded in L(Q). Inequality (2.49) further shows that Du, + GTP, is bounded in

L7(Q;R4). This implies that
|H(Du, + G™P,)|; < C.

Step 2 [Bound of u, in L*(Q)]:
Now that we have estimates on P, in L, Yn in LP, Du, in L", and H(Du, + GTP,)
in L', we can apply Corollary in case ' < r or Corollary in case ' > r
and obtain [Ju, |, < C, where & is defined at the end of Section [2.6.1]
Step 3 [Conclusion]:
The rest of the proof is very similar to the proof of [11l Proposition 5.4], we only give
the main lines. By passing to a subsequence, we assume without loss of generality
that
u, — uin L*(Q), Du, — Di in L(Q), Du, + GTP, — Du+ G'P in L"(Q;R?),
Yo — 7 in LP(Q), P, — Pin L¥(0,T).

Since H is convex, (u, P,7) € K. By weak lower semicontinuity arguments, we have
T T B
nminf”F*(%) +J o*(P,) > HF*@) +f >*(P).
n—o0 0 0
Q Q
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Using exactly the same arguments as in [I1], Proposition 5.4 (Step 3)], one can prove

that

1imsupj un(0)mg <J u(0)meo,
Td

n—0o0 Td

which proves the optimality of (u, P, 7).

2.7 Existence and Uniqueness of a Solution for the MFG System

We prove in this section the existence and uniqueness of a weak solution to the MFG

system .

2.7.1 Definition. We say that a quadruplet (u, P,m, w) e L*(Q) x L* (0, T) x L(Q) x
L7+ (Q) is a weak solution if
(i) The following integrability conditions hold: Du € L™(Q) and mH*(-,—m/w)) €
Q).
(i1) Equation (2.2))-(i) holds in the sense of distributions,
—0u — Ajj0jju+ H(Du+ GTP) < f(m), w(T) <ur
(11i) Equation (2.2))-(ii) holds in the sense of distributions,

orm — 0y (Aijm) —V-w=0, m(0)=my,

(iv) Equations (2.2))-(1ii)-(iv) hold almost everywhere,

(v) The following equality holds:

m(T)ur— | mou(0) = 0. (2.53)

T Td

” <mf(m)+mH*(—w/m)+<P, Gw>> +J
Q
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2.7.2 Theorem. There ezists a weak solution (u, P,m,w) to the MFG system . It
is unique in the following sense: if (u, P,m,w) and (u', P',m/;w") are two solutions,
then m =m', w=w', P =P a.e. and u =" in {m > 0}.

2.7.3 Theorem. Let (m,w) € Ky be a minimizer of and (i, P,7) be a minimizer
of [2.35). Then, (@, P,m,w) is a weak solution of the MFG system and 7 = f(m).

Conversely, any weak solution (u, P,m,w) of the MFG system is such that (1, w) is

the solution to (2.16) and (u, P, f(m)) is a solution to (2.35)).

Proof. Part 1. Let (m,w) € K; be the solution to (2.16) and (i, P,¥) € K be a
solution to ([2.35)). Condition (iii) of Definition ([2.7.1)) is verified by the definition of
K1. By Lemma and Proposition [2.6.8 these two problems have the same value,

thus
0= D(u, P,¥) + B(m,w)

_ H (F*(3) + F(m)) + JOT (2*(P) + @(f.Cw) )
Q

Td

+ HmH*(—w/m) + J urm(T) — J w(0)my.
d
5 T
By the Fenchel-Young inequality, we have

F*(%)+ F(m) = ym for a.e. (x,t) € Q, (2.54)

®*(P) + ®(§,.Gw) = (P,§;,Gw) forae. te(0,7T) (2.55)
thus

0> ” (m + mH*(—@/m) + (P, Gw>> 4 L (T ur — L mou(0).  (256)

Q
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This implies first that mH*(—w/m) € L*(Q). Moreover, by Lemma [2.6.9], inequality

(2.56) is in fact an equality and w = —mD¢H(Du + GTP). Moreover, the equality

holds a.e. in (2.54)) and (2.55|) therefore,

¥ = F'(m) = f(m) fora.e. (z,t)€Q,

P =D®(§,,Gw) = ¥({,.Gw) fora.e. te(0,T).

Since is an equality and 7 = f(m), (2.53) (condition (v)) holds true. Further,
by the definition of K and 4 = f(m), condition (i7) holds. We conclude then that
(u, P,m,w) is a weak solution to the MFG system.

Part 2. Let (@, P,m,w) be a weak solution to (2.2). Let ¥ = f(m). The growth
condition on f implies that ¥ € LP(Q). Therefore, (m,w) € K, and (u, P,7) € K. Tt

remains to show that (i, P, ) solves (2.35) and that (m,w) solves (2.35)).

The argument is very similar to the one used in Proposition [2.6.8] It mainly consists
in showing that D(u, P,%) + B(m,w) = 0. Since ¥ = f(m) = F'(m) a.e., we have by

convexity of F' that
F(m)+ F*(7) =4m, for ae. (z,t) € Q.
Similarly, since P = \II(STde) =D (STde), we have

®(§,uGw) + ®*(P) = (P,§;,Gw), forae. te(0,T).
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These two equalities and yield:
D(u, P,7) + B(m,w) = H (F*(y) + F(m)) +L (@(SWG@) + @*(P))
Q

+ Hmﬁ*(—w/m) + Ld (urm(T) — w(0)my)
Q

ff my + Jf@, Gw) + Ld urm(T) — u(0)mg + ff mH*(—w/m)
Q Q

Q

= 0.
As a consequence, we obtain

inf  D(u,P,v) < D(u, P,5) = —B(m,w) < — min B(m,w).

(u,Pyy)ek (m,w)eky
The first and the last term being equal, the two above inequalities are equalities,
which shows the optimality of optimality of (u#, P,¥) and (m,w), respectively.

]

Proof of Theorem[2.7.3. By Lemma problem ([2.16)) has a solution (m,w) and
by Proposition [2.6.10, problem (2.35)) has a solution (@, P,%). By Theorem m,

(w, P,m,w) is a weak solution to the MFG system.

Now, let (uy, Pi,my,w1) and (ug, Ps, mo, ws) be two weak solutions. By Theorem
2.7.3] (mi, w1) and (ms, wo) are solutions to problem ([2.16)), they are therefore equal.
Relation (2.2)-(iii) implies that P, = P,. Let (m,w, P) = (my,w;, P;) denote the

common values. Let ¥ = f(m). Then (uy, P,7) and (ug, P,7¥) lie in K (by definition

of weak solutions).
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For t € (0,T), (m,w) € Ky, and (u, P,7v) € K, we introduce

T

P (§,.Gw) —i—f urm(T)

Td

By(m, w) = f | (i) + ) + |

mmjpw:_}‘mmmwﬁf¢%m+Jfowwy

Td

Proceeding as in the proof of Proposition [2.6.8] we obtain that

(u,IiDI,}yf)EIC Dt(u7P7 ’Y) = _Bt(maw)

By Lemma and relation (2.53),

LT Ld (mf(m) +mH*(—w/m) + (P, Gu‘;>> +J

Td

m@mT—J7mmmw=o

Td

for a.e. t € (0,T) and for ¢ = 1,2. Proceeding as in the proof of Theorem we

obtain that —B;(m,w) = D;(u;, P,%). Thus (uq, P,%) and (ug, P,7) minimize D;

over K.

Let % = u; vuy. Adapting the proof in [I1, Theorem 6.2], we obtain that (i, P, ¥) € K.

Since D;(u) < Dy(u;), we deduce that (@, P,~y) also minimize D;. It follows that

JW w(t)m(t) = Ld uz(t)m(t) = J u(t)yml(t)

Td
As uy < @ and uy < @, this implies that u; = uy = @ a.e. in {m > 0} and concludes

the proof.

2.8 Regularity Estimates
In this section we adapt the methods used in [28] 29] to show that weak solutions
of possess extra regularity-Sobolev estimates in both space and time-not re-

quired by Definition T hese estimates hold under general strong monotonicity
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assumptions on the coupling f(x,m) and coercivity on the Hamiltonian. We divide
our results into “space regularity,” i.e. estimates on derivatives with respect to z, and

“time regularity,” estimates on derivatives with respect to t.

2.8.1 Space Regularity

Before stating the result, let us enumerate a few additional assumptions.

2.8.1 Assumption. A;; is constant for every i, j.

2.8.2 Assumption (Strong monotonicity). We have a Lipschitz estimate on f of the

form
|f(x,m) - f(y7m)| < O(mq_l + 1)|ZL‘ - y| V.T,y € Td? m = 0. (257)

We also assume that f(x,m) is strongly monotone in m, that is, there exists c; > 0

such that

(f(z,m) = f(z,m)) (M —m) = c; min{m?>, m*2}m — m|> Vi,m = 0, m # m.
(2.58)
If ¢ < 2 one should interpret 0972 as 40 in . In this way, when m = 0, for
instance, (2.58)) reduces to f(x,m)m = cym?, as in the more regular case q = 2.

2.8.3 Assumption (Coercivity). There exist j1,j2 : R? — R? and cy > 0 such that

H(w,&) + H*(2,¢) =& ¢ = culi(€) — 12(Q) (2.59)
In particular, and in light of our restriction on the growth of H, we specify that

1(8) ~ E771€ and j2(C) ~ ¢]7*7 ¢
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2.8.4 Assumption. mg € W2*(T?), uy € W2*(T?),G € W>* (T4 L(R*,R?)), and

H* is twice continuously differentiable in x with
D2, H*(z,¢)| < Cy (ICI” + 1) : (2.60)

Notice that Assumption holds for the canonical case f(z,m) = m?! or even
if f(z,m) = f(z)m?~" for some strictly positive, Lipschitz continuous function f on
T?. Assumption likewise holds for a canonical structure H(z, &) = c(z)|€|" for

some strictly positive, C? smooth function ¢(x) on T

2.8.5 Proposition. Let Assumptions|2.8.1},|2.8.4, 2.8.5, |2.8.4 hold. Then, if (u,m) is

a weak solution of (2.1)),
Hm%_leHp(Q <C and ||m1/2D(j1(Du))||L2(Q <C,
where C' is a constant depending only on the data.

Proof. Throughout we use the notation ¢°(x) = g(x + J) for any function depending
on z € T¢.

Take a smooth minimizing sequence (u,, Py, V,) € Ko for the dual problem. Integrate

(2.14) by parts against u, and rearrange to get

J mH (z, Du,+G"P,)dz dt = J

 fwrm(T) =, O)mo) da+ f J amn—( Dy, w) dz dt.
Q Q

(2.61)
Step 1. The following estimates show that (up to a subsequence) Du, — Du in

LT ([0,T] x T4 RY) (see Section [2.6] for definition of 7, and NB 7 < min{r, s'}):

50



Using Young’s inequality and Assumption (H2) we get

1 ; 1
ol fﬁDun +G™P,"mdzdt < ol fﬁDun + G™P,|"mdxzdt + C
Q Q

< |urllo + J |t (0)|mg + ff (('yn)+m + C’m‘% > dedt+C. (2.62)
Td
Q

By possibly increasing C' we get

1 i
c JﬁDunrmdx dt
)
w
< Jurlo + f 1 (0) g + ﬂ (@n)m N Om‘—
Td m
o

w
< ur)o + J |1, (0) g + J:[ <(%)+m + Cm‘—
Td m

Q

+IﬂGU%Fm>dxd+%?

r/ T
)mw+oj|aﬁw+a
0

(2.63)
Since P, is bounded in L*, we have that Du,, is bounded in L” where we recall that

= min(r, s’). Thus, up to a subsequence, Du,, — ¢ for some ¢ € L7 . The argument

et

that ¢ = Du m—a.e. follows as in [28]. We also have, up to a subsequence, that P, —
P in L*(0,T), and thus also that Du, + GTP, — Du + GTP in L., ([0,T] x T R%).
Indeed, the upper bound given by shows that Du,, + GTP, converges weakly
in L

m?

and its limit must be equal to Du + GTP a.e. by taking the limit of each
summand.

Step 2. Now use u® and u,,° as test functions in (2.14]) to get

J’Ed (ugm(T) = up,(0)mo) da =
” <H(x + 0, Dup + (G°)TR)m — ypm + Dus, - w> da dt (264)
Q

51



and

ﬁrd (u;ém(T) - u;‘s(())mo) dz =
Jf <H(x — 6, Du’ + (G TP)m — v %m + Du’ - w) s (2.65)
Q

We have the optimality condition

er (urm(T) — u(0)myg) dz =

) (2.66)
_g (H (x’_E) m+ P - (Guw) —i—f(x,m)m) dz dt.

Take (Z:64) + (2:63) — 2(2:68) to get

Ld ((u‘} +ugpd — 2UT) m(T) — u,(0) (mg gt — 2m0>> 4z

= Jf (H(m +0,Dud + (G)'P,)ym + H* (x + 0, _ﬂ) m+
m
Q

<Dui + (G‘S)TPn> ~wdxdt

+ JJ (H(a: — 0, Du, + (G'P,)ym + H* (x -0, —£> m+
m
Q

(Du;‘S + (G_‘;)TPn> ~wdzdt

+H((2f(af,m)—vi—vgé)mHP-(Gw)—

Q

P, (G°w + G%w)dzdt — I (2.67)

I:= g <H* (x 44, —%) +H (x _5, —%) —oH* (x —%)) m (2.68)

and where we have used

Ld <ui(0) +usd(0) — 2u(0)) mo da = J

Td

un(0) (mg +my’ — Qmo) de.  (2.69)
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Since H is convex in the third argument, by the result of Step 1 and weak lower

semicontinuity we have
ff H(x+6, Du*® +(G*) P)m dz dt < lim inf fj H(z+0, Dul’ +(G*°)T P,)m dx dt.
Q Q
Letting n — o0 in (2.67) we obtain
U <H(:z; + 0, Du’ + (G)'Pym + H* (x + 6, —ﬂ) m+
m
Q
(Du(S + (G‘S)TP> ~wdxdt
+ ff (H(x — 0, Du™ + (G Pym + H* (x — 4, %) m+
Q
(Du_‘S + (G_‘S)TP> ~wdx dt
4 -6 ) -6
< J ((uT + up’ — 2uT> m(T) —u(0) <m0 +my° — 2mo>) de + 1
Td
# [[ (oo + 5w = 0.7%) = 2w
Q
P ((G5 G- 2G> w) dedt. (2.70)
By [28, computation (4.25)] we have

f (f(x +6,m°) + f(x —6,m™°) — 2f($,m)> mdz
Td
< 05 (1 + f min{m?, m}? dx) 9 min{(m?)?2, m? 2} |m’ — m|* da.
Td 2 Td

(2.71)
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Using estimate (2.59) on the left-hand side of (2.70)), then using|a + b|* < 2|a|*+2|b]%,

and combining with (2.71]); then using Assumption we deduce
r/2 r/2
%{ fﬂ (Du‘S + (G‘s)TP) — <Du"5 + (G"S)TP> ‘ mdz dt
Q

+ i min{(m5)q’2, mq’Q}

2
md — m‘ dx
2 ']I"i

w
<168 (s +lmollyee | Ju(0)]do -+ (HE

+1
L

16> | C (1 + | min{m®, m}¢ d$> +{| Gl 2.0 fﬁP cw|dzdt |. (2.72)
Q

Td

]

2.8.2 Time Regularity

As in the previous subsection, we enumerate our assumptions before stating the main
result.

2.8.6 Assumption. We assume that A;; = 0.
We remark that Assumption [2.8.6] is much stronger than Assumption but ap-
pears to be necessary, for technical reasons that appear in the estimates below.
2.8.7 Assumption (Strong monotonicity in time). We assume that holds.

We assume that W is invertible, with inverse denoted by (\If_l) (t,-) (for instance, it
suffices to assume that its primitive ® is strictly convex). We assume that, for some
constant cy > 0, <\Il*1(15) - \Ilfl(P)> (- P) > cgmin {‘ﬁ‘yz ,|P|Sl2} |P — PJ?

vt,7€[0,T], PeRkF
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2.8.8 Proposition. Under Assumptions|2.8.6,(2.8.7, and (2.60), for every e > 0, there

exists a constant C(e), depending only on £ and the data, such that

o), L)

where Q. 1= T x (¢,T —¢).

_|_
L2(Qe)

< Cle) (2.73)

L2(e, T—¢)

2.8.9 Remark. The proposition could also be proved for data depending on time, in
particular with f(z,m) and H(x,§) replaced by f(t,z,m) and H(t,z,£), respectively.
The only additional assumption needed would be a Lipschitz estimate in t, where the
Lipschitz constant can depend on z (but not on m or &).

Proof. Let € € R be small and 7 : [0, 7] — [0, 1] be smooth and compactly supported

(with the support of  denoted spt(n)) in (0,7) such that
le| < min {dist(0, spt(n)); dist(T’, spt(n))}

and max|en’(t)| < 1. If e > 0 we set n.(t) = t + en(t), which is a strictly increasing
bijection from [0,T] to itself. Then we set n_. = 7', which is also smooth by the
inverse function theorem. For competitors (u, P,) of the minimization problem for

A, let us define

ut(z,t) i=u(x,me(t); P(t) = Pn(t); " (w,t) == ml(t)y(z, (1))
Notice that by construction, if ¢t € {0, T} then u(z,t) = u®(x,t) and vy(x,t) = v*(x, 1),
provided that ~(x,t) is well-defined.
Similarly, for competitors (m,w) of minimization problem for B, we define

m(z,t) = m(z,ne(1); w(z, 1) == ne(t)w(z, ne(t))

and here as well if ¢ € {0, 7'} then m(x,t) = m*(x,t) and w(x,t) = we(z,1).
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We define moreover perturbations on the data as
OF(t,v) == (1)@ (v/n(t))

fo(twym) i= ol (0) f (x,m); Fo(t,2,m) :=1L(6) F(z,m),

from which the Legendre transforms w.r.t. the last variable satisfy

(P9)*(t, P) = nL(t)D(P), (F°)*(t,2,7) = nz(t)F™ (,v/nl (1))

Finally, we define

HE(t,,€) i= nl(H) H(x,§),  thus (H®)*(x, ¢) »= nZ(t) H* (x, ¢/nl(t)).

Step 1. Take a smooth minimizing sequence (u,, P,,7,) in Ko. Use ui® as a test

function in dym + V - w = 0 to get

Jd (urm(T) — u,, (0)mg) dz > ff (H*(t, z, Du;, + GTP*(t))m
' 0 (2.74)

—yem + Du;, - wdx dt
and

Jd (urm(T) — u,, (0)ymyg) dz = ff (H=*(t,z, Du,® + GTP~*(t))m
' 8 (2.75)

— v, °m + Du,* - wdxdt.

56



Toke (E73) + (Z73) — 2(Z60) to set
f 2 (w(0) — u,(0)) mo da
ff < (z, Du;, + GTP*) + H* <x, —E> (Du;, + GTP*) - ) mdzdt
m m
_ _ w _ _ w

+ Jf ( (z, Du,*+ G"P~*) + H* (x,——) + (Du,* + G™P77) - —) mdx dt
m m

Q

+ g (2f (@, t,m) =7, = 7,%) mdz di+

H (2P - (Gw) — P - (Gw) — P~* - (Gw)) dzdt. (2.76)

Letting n — o we get

m

Jf ( (x,Du* +G"P~%)+ (H*)™*® <$7_%) + (Du‘f 4 GTP—e) ' %) o de di

+ [J (2f(z,m) — fo(t,z,m*) — f=(t,z,m ")) mdz dt

ff (HE(x,DuE + GTP) + (H*) (xj_ﬂ> + (Duf + GTP) - %) o da it

+ ff (2P - (Gw) — P*- (Gw) — P~° - (Gw)) dzdt < R(g) (2.77)

where

R(e) = H ((H*)E (m—%) +(H*)* (x—%) 9 <x—%)> dedt. (2.78)
Q

Arguing as in [29, Proposition 3.3, Step 1] and using the estimate on D?_H*, we have
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Next we perform changes of variables and the relation P = D, ®(¢t, { Gw) to rewrite
ff (2P (Gw) — P* - (Gw) — P~ - (Gw)) dz dt = ff (P*—P) - (Gu® — Gw)dzdt
Q Q
T
_ f (P~ P). ((\1/—1)5 (t, P*) — U1t P)) dt. (2.79)
0

Using the same argument as in [29, Proposition 3.3, Step 4], Assumption implies

JT (P° - P)- ((\If—l)a (t, P?) — (1) (¢, P)) dt

0

> %PL min {|P<(1)] [ P(8)[}"*[P<(t) - P()]*dt - C|s|2f0 [P()* dt. (2.80)

We use an analogous argument (or see [29, Proposition 3.3, Step 4]) we deduce
ff (Qf(x, m) — fe(t,x,m") — (¢, x, m_a)) mdax dt
Q
= fj (fg(t,x,mg) — f(x,m)) (m® —m)dzdt
Q

> j f min {m®, m}*"*|m® — m| dz dt — Clef* f f m?dzdt. (2.81)
Q Q
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Finally, using Assumption [2.8.3| we get

m m

[J <Hs(x,Du6 + GTPY) + (H*F (% __> + (Duf + GTP*) - _) e di

+Jf (H_a(x, Du™+G"P~¢)+ (H*)® (x, %) + (Du™ +G™P™) - E) mdx dt
Q

m
o]
Q
. _ _ . w
+cy Jf J1 (Du c+G'P E) — Jo (E)
Q

> ” j1 (Dwe + GTP?) — jy (Du™* + GTP™)
Q

Combining (2.78)), (2.80)), (2.81)), and (2.82)) with (2.77)), we get

2
J1 (DU + GTP?) — j, <%) | m dz dt

2
mdz dt

2
mdxdt (2.82)

2
mdx dt

071{ J:[)]l (DUE + GTPS) — jl (l)u—8 + GTP_E)
Q
cr : € q—2|, ¢ 2
+ Effmm{m ,mp | m® —m|"dadt
Q

+ S i OO PO - PP dt < O (28)

where we have used the estimates on {f, m?dx dt and S§|P(t)|s/ dt. The conclusion

follows.
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CHAPTER THREE

Classical Solution for a Mean Field Game of Moderate Interactions

3.1 Abstract
We analyze a system of partial differential equations that model a potential mean field
game of moderate interactions. Such a game models agents considering the positions
of nearby opponents to be of higher import, and so decisions made concentrate on
nearby information. The existence of classical solutions on any finite time horizon is
provided under generic assumptions. The augmentation here from traditional Mean
Field Games is the introduction of a new local coupling term that can be viewed as

part of the Hamiltonian.

3.2 Introduction

We provide the existence of classical solutions to the following coupled PDE system:

-

—up —oAu+ H(Vu) —b(x,m) - Vu = f(x,m) (x,t)e@

A

my —oAm + V- [m(b(z,m) — D,H(Vu))| =0 (z,t)e @ (3.1)

uw(x,T) =g(x);  m(x,0) =me(z), zeT?
L
where x € T¢, the d-dimensional torus and @Q := T¢ x [0,T] for some T > 0 fixed.
Solutions to the system (3.1)) are Nash Equilibria for a class of Mean Field Game,
a competition amongst a high population of agents each attempting to optimize a
personal value function that in turn depends on the state of all players. Mean Field

Games were introduced in the works of Lasry and Lions [39] and Huang et al [33]. The
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term Mean Field, inspired by physics, relates to each player viewing the remaining
players as one large entity, rather than attempting to view competitors individually.
Applications in a variety of fields interested in social phenomena abound: Economics,
logistics, biology, physics. In a typical Mean Field Game, the cost functional to be
optimized by each player typically incorporates a monotone interaction term f(m),
where m denotes the distribution of player states. Such a coupling term often bakes
in a penalty for being too close, for instance in a crowd of individuals moving to a new
location, individuals still value personal space for safety and comfort, despite wanting
to quickly reach their destination. The model considered presently introduces a new
coupling in the function b(x, m) - Vu, which involves again the distribution of player
states as well as the solution w itself. In [21], the existence (but not uniqueness) of
weak solutions with explicitly quadratic Hamiltonian was proved, with uniqueness on
a small enough time horizon. We extend this by providing the existence of classical
solutions for any finite time horizon, and a more general Hamiltonian.

With the eventual aim of employing the Leray-Schauder fixed point theorem, the

parameterized system (MFG), will be given by, with 7 € [0, 1],

-

—uy — oAu+ 7 [H(Vu) = b(z,m) - Vu| = 7f(x,m) (z,t)eQ
Y mi —oAm + 7V - [m(b(x,m) — D,H(Vu))] =0 (2,t) e Q (3.2)

u(z,T) =7g(z);  m(z,0) =me(z) zeTo

\

For the convenience of the reader we state the Leray-Schauder Theorem and clarify

the space X to be used for our purposes.
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3.2.1 Theorem (Leray-Schauder Fixed Point). Let X be a Banach space and let T :
X x [0,1] - X be a continuous and compact mapping. Let xo € X. Assume that
T(x,0) = xo for all x € X and assume there ezists C > 0 such that ||z|x < C for
all (x,7) € X x [0,1] such that T(x,7) = x. Then there exists x € X such that
T(xz,1) = x.

In application of this theorem we will let X := W2L(Q) x W*2(Q), and at that

point the mapping 7" will be constructed.

3.8 Assumptions

Suppose that
P - CHTY, g:T >R with | fles + lgle + [bles < C.

Suppose further that g, b e C*+e.

We remark that f(m)(x), as a function on T¢ for each m € P(T9) will be occa-
sionally presented as f(z,m) as it appears above in the system (MFG),, with the

same remark applying to b(m)(z).

Assumptions on the Hamiltonian. For H : Q x R? — R, it is assumed to be strictly

convex in the third variable p, and that for (z,t) € Q,

I~ O < Hr t.p) < Clpf + C. (3.3)
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The convex conjugate with respect to p, given as H*(z,t,p) := L(z,t,—p), then

adheres as well to

LI~ C < Lz t,p) < Clpl? + C. (3.4)
We note also that the convex conjugate of H(p) := H(p) — b(z,m) - p is
H*(v) := sup {+b(z,m),py — H(p)} = H*(z,t,v+b(z,m)) = L(z,t, —v—b(z,m)).

p
That is,
L(z,t,v) = L(z,t,v — b(z,m)).
We further assume that
|L(x,t,p) — Ly, t,p)| < Clz —y| (1 + [p*),

and that

|L(z,t,p) — L(z,t,v)| < Clp — v (1 + [p)? + |U|2)

uniformly in x.

3.4 Existence of Classical Solution

3.4.1 A priori Estimates on Fized Points
We first present a set of results from [5], [37] that will be often cited in what follows.
3.4.1 Theorem. Let p > d+2. There exists C > 0 such that for all ug € W*=2/P»(T9)

and for all h € L*(Q), the unique solution u to

u —oAu=h, u(z,0)=u(x), (x,t) e @
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satisfies

[ullwaroi@) < Cluollwa-2mp(may + Al Lr@))-

Further, there exists 6 € (0,1) and C > 0 such that

[ulosi@) + I Vulos@re < Clulwzs)-

Proof. For the first assertion see [5] Theorem 6, for the second see [37] Lemma I1.3.3,

page 80 and Corollary, page 342.

[]

3.4.2 Theorem. Let p > d+ 2. For all a € (0,1), for all R > 0, there exist B € (0,1)
and C > 0 such that for all uy € C***(T9), b e C**?(Q,R?), ¢ € C*?(Q), and

h e C*2(Q) solving
Ou — oAu+<{b,Vuy+cu=h, u(z,0)=ug

and satisfying that each norm in the respective space of ug, b, c, h be no more than R,

the solution u lies in C*TP1+52(Q) and satisfies |u]pz+sa+62(Q) < C.

Proof. See [9].

]

3.4.3 Proposition. Let u,, m, solve (MFG),. Then, u, and m, are in C>T1+%/2(Q)
for some Hélder coefficient o. Further, Vu, € C*(Q).

To prove this, we first establish a series of lemmas, and remind the reader that in
what follows, C' is a constant that may change from line to line, but may only depend
on the data. Important as well, C' is independent of the Leray-Schauder parameter
T.
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3.4.4 Lemma. |u;|o + |[Vur|o < C

Proof. Since u, solves (MFG),, it is the value function associated with the stochastic

optimal control problem given by

ur(z,t) =17 inf )IE [ﬁ (L(XS, s, g + b(m)(Xy)) + f(m)(XS)) ds + g(X7)

aeL2(t,T;R?
(3.5)
where (XS)Se[t,T] is the solution to the stochastic dynamic
dX, = ta,ds + V20dB,, X,=u, (3.6)

the infimum taken over the set of stochastic processes on (t,7T'), with values in R,
adapted to the filtration F generated by the Brownian motion (B;)sefo,r7 with finite
second moment: E [StT la(s)? ds] < . It follows then that u, is bounded above by
choosing o = 0, and appealing to the fact that ||b]e + ||f]e + [|g]cc < C. We also

bound u, from below via assumptions (3.3): For any choice of «,

ur(z,t) = 7E

|| Gl bR €+ fomyx.)as + g(XT>] > 10> -C

where once more C' depends only on | f| e, |b]le, [¢]c and that E [StT || ds] < C.

To bound Vu,, choose € € (0,1). For any (z,t) € @, take an e-optimal control

a, for (3.5)). Set
dX,=71as+V20dB,, X;=uz, Y;=X,—x+y,
from which it follows that Y, — X, = y — 2 and Y, = y. We then have that

ur(z,t) +e > 7E Ut (L(Xs, 5, G+ b(m) (X)) + f(m)(X,)) ds + g(X7) | ,
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u-(y,t) < 7E UtT (L(Ys, 5,66 + b(m)(Ys)) + f(m)(Ys)) ds + g(Yr)
Thus,
wr(y,t) — ur(x,t) <e+ A+ B
where

A=E ” L(Y.s,d, + b(m)(Y2)) — L(X,, s, + b(m)(X,)) ds]

B=E

T

|| #em = s as + gv7) - g<XT>] .
t

By the assumptions (3.3)), we have that

|IB| <E

T
f Cly —z|ds + Cly — z| | = Cly—=z|,
t

T
J CIY. — X.|ds + C|yy — XT|] _E
t

where the final C' depends on the Lipschitz constants of f, g, and the quantity T — ¢.

By the assumptions (3.3)), it follows that

Al <E|Cly—al <1+ | 1@ R s+ | |@s+b<m><m>|2ds)

+C [ Bom) (%) = bm) (X (14 16+ b<m><Ys>|2>]

As ||b]sn < C and Lipschitz, and E [S? |&S|2d5] < o0, we have that |A| < Cly — z| as
well. With z,y € T? it follows that |Vu,|, < C, with bound independent of 7, and

u, Lipschitz.

3.4.5 Lemma. |u,|wz1p + ||tr]ce + [Vur|ce < C
Proof. The previous result gives h := 7(f — H(Vu,) — b- Vu,) bounded, and thus in

LP(Q) with |h| 1»@) < C. Both Sobolev and Hélder space estimates of u, then follow
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immediately from Theorem (3.4.1)), as well as the Holder estimate of Vu,, with

Jurlwasr < € (lglwasimnn + [hlzn@) < €.

lurlles + [Vurles < Clullnz2ar < C.

3.4.6 Lemma. |m;|c. < C
Proof. This result follows from the second assertion of Theorem (|3.4.1)), as the Fokker-
Planck equation can be viewed as a parabolic equation with coefficients in LP(Q), by

the boundedness of m..

m
3.4.7 Lemma. Hu7-||cz+a,1+a/2 < C
Proof. Since |Vu,|co < C and |H(x,t,-)|lce < C on bounded sets, it holds that
|H(Vu,) —b- Ve < C.
This fact, along with assumptions (3.3]) yield the result by Theorem ([3.4.2)).
m

3.4.8 Lemma. |m,|ec2tattas < C
Proof. Since |u;|c2+a1+a2 < C has been shown in the previous step, we have that m,

satisfies

(my)e —oA(m,) =7V - [m(V(u,) —b(z,m;))], m,(x,0) =mge(x),

a parabolic equation with Hoélder coefficients and the result follows once more from

Theorem ((3.4.2)).
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3.4.2 Application of the Leray-Schauder Theorem

We now state and prove the main result.

3.4.9 Theorem. Under the given assumptions of Chapter Three, the system (3.1) has

a classical solution for any finite time horizon.

Proof. Define X := [C'**/2]2, For a given (u,m,7) € X x [0,1], the pair (@, m) =

T (u, m,7) is defined as follows: @ is the solution to
— Gy — oAU+ 7 [H(Vu) = b(z,m) - Vu] = 7f(z,m); a(z,T)=71g(x) (3.7)
and m is the solution to
me —oAm + 7V - [m(=Vu+b(x,m))] =0; m(x,0) = me(x) (3.8)

T is constant for 7 = 0 It follows from construction that T(u,m,0) is constant for

all choices of u, m.

Fized points of T are a priori bounded in X. Suppose now that T(u,m,7) = (u, m).
Then u, m solve MFG,, and by Proposition (3.4.3) there exists a constant C' inde-

pendent of 7, u, and m such that
[(u,m)[x < C.
T is continuous. By Theorem 6 BHP (RPT), the solution to
—ty — oAu = 7f(x,m) — TH(Vu) + 7b(x,m) - Vu

in X is a continuous mapping of the right hand side due to the results of Proposition
(3.4.3), and thus continuous with respect to (u, m,7) by composition. With @ con-
tinuously depending on the input, the same can then be said for m with right hand
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side
—7V - [m(=Va + b(z,m))].

T is compact. By Theorem (13.4.2)), a sequence (uy,my) such that, with constant C'

independent of uy, myg, 7,
Jtelersoars + [milersans < C

yields a sequence (i, 1y, € [C“O"HO‘/ 2]2, which is compactly embedded in X by the
Arzela-Ascoli theorem, thus, by possibly passing to a subsequence, a fixed limit point
(u,m) € X is obtained. We can now apply the Leray-Schauder fixed point theorem
to conclude that T(u, m, 1) = (u,m) for some (u, m), which is therefore a solution to

the PDE system. O
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CHAPTER FOUR

Further Remarks

4.1 Concluding Remarks and Fxtensions

In both cases, boundary conditions were ignored by working on the flat d-
dimensional torus T¢. This is evidently restrictive, and so there is a rich landscape to
investigate for those interested in looking at analytical or topological considerations
boundaries could provide. In a congestion game model, certainly an impassable wall
boundary would affect player strategy, although to some extent one can include ex-
treme penalty costs for unwanted actions such as passing through a restricted area.
M. Cirant in [19] looked at a non-time dependant MFG with Neumann conditions
at the boundary of a C? domain. Also of interest are matters of aborption at a
boundary, to model players leaving a physical area, or exiting a market due to lack of
resources. An example of a probabalistic treatment can be found in [7], while results
for a Cournot Mean Field Game of Controls with absorption are given by Graber and
Sircar in a 2021 preprint [25].

Another avenue of possible extension is slotting in local or non-local phenomena
in various capacities. The two models in this document were augmentations of this
nature, adding a non-local and local coupling feature respectively. Local and non-
local changes need not involve the coupling: an interesting non-local change would
be to non-localize the spatial diffusion operator with a fractional Laplacian or the

generator of a stable Lévy process.
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Finally, exploited heavily in Chapter Two is the use of the potential structure of
the game: that the Nash Equilibria can be considered as a critical point of some
functional. Not all MFG are potential, however, and so a different toolkit entirely
would need to be employed in this case, an example of which being a 2020 article by Z.
Kobeissi [35] where classical well posedness is proved using some novel assumptions
on the behavior of the Hamiltonian that cause a useful contraction mapping with
regard to the fixed point condition. Compare this with Bonnans, Hadikhanloo, and
Pfeiffer [5], where the potentiality of the game provided satisfaction of the fixed point

issue with minimization arguments.

4.2 Further FExtensions to Chapter Three

The theorem from [37] that forms the main tool for the a priori estimates in the
technique of Chapter Three requires significant assumptions on the regularity of the
vector field b(z,m) to obtain immediate Holder regularity for the value function w.
However, one can weaken substantially these assumptions and still produce a number
of regularity results about u and m. We suggest an adaptation of the methods
previously applied to a traditional mean field game by Gomes, Pimentel, and Sanchez-
Morgado in [23].

The suggested relaxation we will make is that b(z,m) is now only Lipschitz and
bounded. However, there will be additional slight restrictions made to reach various
conclusions, used to extend the techniques of [23] to suit our purposes. Many of the
assumptions (convexity, coercivity of the Hamiltonian, various growth conditions)

are standard to the field. Under the assumptions of [23], with the added features of
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b(x,m), the same methods could likely be applied to obtain a classical solution to the
model of Chapter Three.

To allude to the ideas, this theorem could be proved by “bootstrapping” regularity
results by alternating between improvements in the Hamilton Jacobi equation ((3.1)
(i) and the Fokker-Planck equation (ii). The target regularity being that both
u and m be Holder continuous of certain parameters, uniformly in the mollification
parameter (£), as do the derivatives of the sequence functions (u®, m?). As the reader
can see in [23], unlike the unified potentiality technique of Chapter Two, each boot-
strapping step is its own problem, requiring disparate approaches at each state. The
basis for applying the techniques of the aforementioned reference are justified, as the
mollified system has a solution by Chapter Three, and the limit as ¢ — 0 as in [23]
could then be investigated. Uniqueness of the solutions proven to exist in Chapter

Three could also be investigated via some stronger monotonicity assumptions as in

[5]-
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