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We consider the shell structure of Coulomb clusters in an axially symmetric parabolic trap
exhibiting a confining potential U.(p,z) = (mw?/2)(p* + az*). Assuming an anisotropic parameter
a=4 (corresponding to experiments employing a cusp magnetic trap under microgravity
conditions), we have calculated cluster configurations for particle numbers N =3 to 30. We have
shown that clusters with N <12 initially remain flat, transitioning to three-dimensional
configurations as N increases. For N =8, we have calculated the configurations of minimal potential
energy for all values of o and found the points of configuration transitions. For N =13 and 23, we
discuss the influence of both the shielding and anisotropic parameter on potential energy, cluster
size, and shell structure. © 2074 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4885637]

I. INTRODUCTION

Dusty plasma is of interest both for future technological
applications and as an object of basic research.'” In recent
years, increased attention has been given to the investigation
of dust clusters containing several to thousands of particles
as possible analogues for strongly coupled Coulomb systems
and non-neutral plasmas.®® It has already been shown that
restructuring of such clusters can provide details concerning
phase transitions in other systems. Two-dimensional (2D)
clusters formed in the sheath of a rf discharge’™"" and three-
dimensional (3D) clusters, particularly those exhibiting
spherical symmetry, have also been examined™ ' both the-
oretically and experimentally. Most frequently, clusters of
this sort are formed in axially symmetric parabolic traps,
where the particles are confined by the potential

1
Uec(p,2) zimwz(pz + az?), 1)

where m is the mass of the particle,  is the frequency of har-
monic oscillations in the x—y plane (p> = x> + y?) about the
equilibrium point p = 0, the frequency of oscillations in a
perpendicular direction (along axis z) is wa!/?, and o is the
anisotropic parameter. For the case of spherical symmetry
o= 1, while the 2D case corresponds to o > 1. The resulting
shell structures formed in both cases have been studied in
detail for both Coulomb™'"'*'5 and Yukawa clusters®'®!’
and the conditions for the formation of mono- and few-
layered structures identified."®° Coulomb cluster configura-
tions in anisotropic traps at various values of o < 1 have been
investigated'>*' and the formation of chain and helical
structures®> 2> (o < 1) have been identified. Specifically, the
gradual transition from a flat configuration (square) to a
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vertical chain as o decreases was examined for clusters with
N=42" The restructuring of laterally compressed flat
Coulomb and Yukawa clusters has also been investigated.'*°

Recently, we proposed a magnetic trap®’ > for
Coulomb clusters consisting of diamagnetic dust particles in
a non-ionized medium as a possible alternative to the elec-
trostatic traps employed in gas discharge plasmas.'”° A sim-
ilar method was used previously for the levitation of single
uncharged macroscopic bodies.>'** In a nonuniform steady-
state magnetic field, particles are acted upon by an effective
force FB(r):—(m;(/Z)VBZ(r),3 133 where y is the specific
magnetic susceptibility dependent upon the composition of
the particle. For diamagnets, y <0, so diamagnetic particles
will be located in a magnetic well. In our first experiments
under terrestrial conditions,?”° electromagnet pole tips of a
special form have been designed for the creation of a mag-
netic trap; graphite particles were charged upon contact with
a conducting probe made in the form of pointed needle and
formed a cluster. However, in the terrestrial laboratory setup,
we have obtained only small clusters containing a few par-
ticles. Then in a cusp magnetic trap operating under micro-
gravity conditions, we have observed Coulomb clusters with
structures similar to an oblate ellipsoid of revolution and
containing thousands of graphite particles.*** In this trap,
the magnetic field is axially symmetric and can be approxi-
mated by linear dependences on the coordinates, so
B?(p,z) = A%(p* 4 az?), where A depends on the current in
the electromagnet coils and o =4. Thus, we have a parabolic
trap with w? = |¢|A2. In the trap, the particles were charged
by contacting with a central wire electrode of diameter
200 pm that passed along the z axis of the trap. The thickness
to diameter ratio for the clusters was experimentally shown
to be close to the theoretical value for that found for a uni-
formly charged fluid, i.e., 0.2934 for « =4. However, small
clusters containing only a few particles in such a trap should
be flat.

© 2014 AIP Publishing LLC
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In this paper, we consider the shell structure exhibited
by small clusters under the conditions described for a cusp
magnetic trap (¢ =4) and the transition of two-dimensional
(2D) clusters to three-dimensional (3D) ones as the number
of particles, NV, in the cluster increases. For certain values of
N, we have also considered the dependence of the cluster’s
structure and potential energy on the anisotropic parameter
and shielding.

Il. COULOMB CLUSTERS WITH N=3TO 30

We begin by employing a MD simulation to calculate
the structural formation of Coulomb clusters containing 3 to
30 particles from an initially random distribution having
zero velocity and confined in a parabolic trap at o« =4. We
assume that all the particles are spherical, have the same ra-
dius a and mass m, and carry identical charges g,. Their
movement is then described by the system of Newtonian
equations (1 <k <N):

d’ry aru
m,——— = — VU.(ry) — 6mnauy, 2)
" d z;ézk|rk1|3 (re) = oo

where r; is the position of the center of a particle £,
ry = ry — Iy, U, is the particle’s velocity relative to the me-
dium, and 7 is the viscosity of the medium. In the simulation,
we assumed an argon medium held at atmospheric pressure
as in the experiment described in Refs. 34 and 35. The first
term in the right-hand side of Eq. (2) represents the electro-
static interaction between particles, the second term is the
confining force as determined by Eq. (1), and the third term
is the force of friction against the medium. Here we consider
cluster configurations at zero temperature; since the last term
is a dissipative force needed only for temperature reduction,
its value affects only cluster formation time, so the values of
n and @ may be ignored. Clusters with N=3 to 13 were
calculated by minimization of the potential energy. In the
simplest case, for a ground configuration with N <8, the
solution can be obtained analytically. Both methods lead to
the same results with high accuracy.

All calculations were performed employing length and
energy units

lo = (242 /mpe®)' P, Eg = ¢ (mpe?/2)' P, (3)

with the results also presented in this manner. A physical sig-
nificance of the quantities in Eq. (3) is following: U, = Ej at
(p,z) = (Iy,0), and E, is the Coulomb interaction energy of
two particles at a distance /.

All clusters having N <12 (for o =4) were found to be
flat, with 2D to 3D transitions beginning at N=13 and
occurring initially in the inner shell. For the case of 2D clus-
ters (V < 12), both the shell structure and calculated energies
were found to coincide exactly with those obtained using a
Monte Carlo method.'* As can be seen below, for N> 13,
the energy of the ground state for 3D structures is obviously
lower than that of the ground state for flat ones.

Configurations of representative 2D clusters obtained in
the manner described are presented in Fig. 1. The top and
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FIG. 1. Shell structure for representative clusters consisting of N=28, 9, and
11 particles and confined in a parabolic trap at o =4.

side views of clusters having N =13, 16, and 17 are shown
in Fig. 2.

For N <5 all particles are located at the corners of a reg-
ular polygon with the sixth particle localized at the center of
the cluster. A second particle appears within the central shell
at N=09, a third at N=11, a fourth at N=13 (see Fig. 2),
and a fifth at N=15. At N=16, a third shell arises in the
center, with the shell structure now presented as (1, 5, 10).14
This sequence corresponds to the filling of shells in the flat
clusters; however, the similarity between shell structures
ends at the top view. For example in the case of N =13, the
inner shell is split with two particles located above the outer
shell plane and two below; we write this shell structure as
(242, 9). The top view begins to differ from that for flat
clusters at N=17. In the 2D cluster the shell structure is (1,
6, 10),'* while in the 3D case it is (3 + 3, 11) and exhibits no
central particle. The internal 6 particles are located at the
vertices of two regular triangles, shifted in opposite direc-
tions relative to the outer shell plane and rotated relative to
one another by 60°.

In Fig. 3, we present the structure of clusters consisting
of N=23 and 26, and in Fig. 4 the structure of clusters with
N =29 and 30. Shell structure is clearly visible in the top
view; however, the degree of symmetry is less pronounced
than that seen in flat clusters, especially for the inner shells,
which are split. (This can be clearly seen from the side.) A
top view of the shell structure developed within a 3D cluster
with N =23 is close in appearance to that seen in the 2D ver-
sion (2, 8, 13), but the structure of clusters with N =26, 29,
and 30 is significantly different from their corresponding flat
versions, (3,9, 14), (5, 10, 14) and (5, 10, 15), respectively.14
It can also be seen that the shape of the cluster gradually
approaches that of an oblate ellipsoid of revolution, although
the outer shell remains almost flat throughout. The cluster
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FIG. 2. Representative clusters having N= 13, 16, and 17 particles and con-
fined in a parabolic trap at « =4. Both top and side views.
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FIG. 3. Representative clusters with N =23 and 26 particles and confined in
a parabolic trap at o =4. Both top and side views.

thickness to diameter ratio H /D, and the number of particles
in a cluster confined in a parabolic trap at « =4 are presented
in Fig. 5.

lll. DEPENDENCE OF POTENTIAL ENERGY ON « FOR
ACLUSTERWITH N=8

It is also interesting to consider the dependence of the
cluster’s structural symmetry on the anisotropic parameter .
At o> 1, the cluster configuration is in general two-
dimensional (2D), becoming three-dimensional (3D) as «
decreases and then collapsing into a linear chain for the case
o < 1. For smaller clusters (N =4), the relationship between
cluster configuration and the anisotropic parameter o was
recently considered in detail by Kamimura et al>' We
expand here on their results by considering the dependence
of the cluster’s potential energy on « for select values of N
and noting the subsequent change in cluster structure.

The dependence on o of a cluster’s (N=238) potential
energy across various configurations can be seen in Fig. 6.
While the cluster can exist in any of several different struc-
tural states for a given value of «, the configuration with the
lowest energy represents the ground-state condition. Where
two different states have the same energy, the configurations
are metastable and a transition between states will occur as o
increases or decreases.
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FIG. 4. Representative clusters with N =29 and 30 particles and confined in
a parabolic trap at o = 4. Both top and side views.
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FIG. 5. Dependence of the ratio of cluster thickness H,. and diameter D, on
the number of particles N for a cluster confined in a parabolic trap at o =4.

For a cluster (N=28) in the ground configuration (i.e.,
configuration of minimum energy) and o > 2.73, the cluster
exhibits a structural symmetry of a flat regular heptagon with
a central particle (see Fig. 1); in this case, the energy
U/Ey=29.3512 is not obviously dependent on o (see the red
horizontal line @ in Fig. 6). For o < 2.73, this configuration
becomes metastable with the ground state appearing as a reg-
ular hexagon with one central particle on the top and another
central particle on the bottom. This is shown in Fig. 7(a),
while its energy (as shown by the violet dashed curve b) can
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FIG. 6. Dependence of the cluster’s potential energy (N =8) on the aniso-
tropic parameter o. (a) Cluster restructuring beginning with a linear chain («
< 1) and transitioning to a flat configuration (o > 1); (b) area of intersec-
tion of several curves on a larger scale.
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sponds to the dashed-dotted green curve ¢; (d) « =0.34, (e) « =0.25 where the configurations shown corresponds to the dotted magenta curve e; (f) « =0.1; (g)
o =0.06 where the configuration shown corresponds to the short dashed-dotted black curve f. The particles on axis are shown in red. (Note that the top and bot-

tom particles in (d) are displaced from the axis.)

be seen in Fig. 6. At oo ~ 1.4, the hexagon splits into two
equilateral triangles in parallel planes (see the green
dashed-dotted curve ¢ in Fig. 6 and configuration in Fig.
7(c)). It is interesting to note that configurations having
approximately the same energies are also possible. For exam-
ple, the configuration shown in Fig. 7(c) is in the ground state
for 1.32 <u< 1.4 and o < 0.86, while for 0.86 < o < 1.32, it
is in a metastable state.

Within the interval, 0.86 <« < 1.32, the ground state
configuration consists of two sets of four particles in parallel

planes. In each plane, these particles are located at the cor-
ners of two squares rotated by an angle of m/4 relative to
each other; in other words, in a top view, it would be seen as
a regular octagon. Its energy is represented by a black
dashed-double dotted curve d in Fig. 6. The isotropic case
(=1) is shown in Fig. 7(b), for an arbitrary axis of symme-
try. For o =1, the potential energy of the ground configura-
tion U/Ey=27.5473 is 0.22% less than that of the cubic
configuration incorrectly reported as the ground state in Ref.
36. Outside the interval 0.86 < o < 1.32, this configuration
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sotropic parameter.
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becomes metastable; at o« >3.41 the planes of the squares
coincide and the configuration becomes a flat octagon (see
the horizontal part of the curve). For o < 0.86, the ground
configuration becomes again two equilateral triangles in par-
allel planes, rotated by an angle of 7/3 relative to each other,
with two single particles on the top and bottom (see the
green dashed-dotted curve ¢ in Fig. 6). The corresponding
results for o« =0.6 are shown in Fig. 7(c) where it can be
seen that the distance between planes increases as o
decreases. At o ~ 0.34, the triangles are deformed (see Fig.
7(d)) and devolve into three pairs of particles, located one
above another and rotated by 90 degrees with respect to
those located underneath (see Fig. 7(e) and the magenta dot-
ted curve e in Fig. 6). At o =~ 0.12, the particles are drawn
into the familiar zigzag chain lying in a vertical plane (Fig.
7(f)), becoming linear at « =0.06 (see Fig. 7(g) and the short
black dashed-dotted curve f in Fig. 6(a)) In addition to these

spindle-like structure chain structure
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FIG. 9. Representative shell structures for Coulomb and Yukawa (N =23 and r,/l, =0.65) clusters for four values of the anisotropic parameter: o> 6 for
Coulomb and o >9 for Yukawa (flat configuration), o =1 (isotropic configuration), « =0.1 (spindle-like configuration) and «=0.001 (chain configuration).
The particles in the inner shell and on the axis are shown in red where it should be noted that for « = 0.1 no particle is exactly on the axis.
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ground configurations, we show in Fig. 6(a) the energy of
the flat configuration (2, 6) with two particles in the inner
shell, U/Eq=29.4990 (see short blue dashed horizontal line
g) which is metastable for all values of o. Such a configura-
tion has also been observed in the sheath of rf discharge,7
where the dust structure was planar and multilayer, besides
the dust particle charges were apparently partly shielded. It
should be noted that the metastable configurations discussed
may have higher probabilities of occurring than do their cor-
responding ground states'” and may be the only ones actually
appearing in both experiments and numerical simulations.

IV. EFFECT OF SHIELDING

As expected, the number of possible cluster configura-
tions rapidly increases with N. For N=13 and 23, Fig. 8
shows the potential energy as a function of the anisotropic
parameter for ground states. These clusters will remain flat at
o>4.3 and o > 6, respectively. Most experiments with dust
clusters were performed in electrodischarge plasma where
screening of the dust particle charges occurs. Therefore, it is
interesting the difference in the cluster structures in nonion-
ized medium of our magnetic trap>*>> and in electrostatic
traps in discharge plasmas. So, we also show in Fig. 8 the
effect of shielding (see blue curves) for r,/ly = 0.65, where r;
is the shielding length and /; is determined by Eq. (3). (This
value of the ratio r/l, corresponds to the experimental condi-
tions observed in Ref. 7.) Increased shielding leads to a
weakening of the interparticle repulsion and consequently to
a decrease in both cluster size and potential energy. Besides
the points of the transition to flat configuration are shifted to
o=5.8forN=13 and « =9 for N=23.

In Fig. 9, we present ground state configurations for both
Coulomb and Yukawa clusters, with N =23, across four
cases: 2D structures (¢x>6 for Coulomb and «>9 for
Yukawa), spherically symmetric structures (¢ = 1), spindle-
like structures (¢ =0.1) and chain structures (¢z=0.001). For
o =4, the 3D structure of the Coulomb cluster can be seen in
Fig. 3. While the primary effect of the shielding is simply a
reduction in cluster size and potential energy,*’ it can be seen

0.45

0.40

U./lU

0.35

0.30 PR sl 1 aual 2ol n 1l n n m
10° 10?2 10" 10° 10’ 10°

FIG. 10. The ratio of the energy of interaction between particles U; and the
total potential energy U for Yukawa clusters (N =38, 13, and 23) as a func-
tion of the anisotropic parameter.
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that enhanced shielding can also lead to transformation of the
shell structure. In the 2D shell structure of the flat Coulomb
cluster (2, 8, 13), one particle passes from the outer shell to
the inner shell when shielding is included, while for the
Yukawa cluster (at /Iy =0.65) we see an entirely new con-
figuration (3, 8, 12). For the isotropic (o = 1) Yukawa cluster,
two configurations (with two and three particles in the inner
shell) exhibit almost identical energies and both appear in the
MD simulations. However, for the configuration having three
particles in the inner shell, the energy is lower by 0.0053E,,.

A relation between the strength of the trap and the
strength of the electrostatic interaction between particles is
interesting too. For all Coulomb clusters, the interaction
energy between particle U; is twice the energy of interaction
with the trap U, at any o. For Yukawa clusters, the particle
interaction is weakened and corresponding energy U; is less
than half of the total energy U = U, + U;. In Fig. 10, we
present the dependence of the ratio U;/U on o for Yukawa
clusters with N=28, 13, and 23. All the curves consist of
three parts. The right horizontal part corresponds to 2D con-
figurations, the straight part on the left corresponds to 1D
chains, and the middle part corresponds to 3D configurations.
Increasing the number of particles N leads to expansion of
the middle 3D part.

V. CONCLUSIONS

To summarize, we have considered small Coulomb
clusters confined within axially symmetric parabolic traps,
examining their transformation between two- and three-
dimensional symmetries as the number of particles N in the
cluster increases or the anisotropic parameter o decreases.
For «=const > 1, clusters with only a few particles retain a
two-dimensional configuration, becoming three-dimensional
as the number of particles increases. (As a single representa-
tive example, for « =4 this transition begins at N =13.) For
sufficiently large N, cluster configuration was shown to
approach that of a uniformly charged fluid (i.e., an oblate
ellipsoid of revolution).>

Additionally, the transformation from two- through
three- to one-dimension as o decreases was also examined
for clusters with N =8. For this case, it was shown the clus-
ter passes through many different configurations with its
potential energy decreasing as o decreases. It was also found
that for specific (critical) values of o, competing configura-
tions with minimal energy differences are possible.

The effect of shielding on clusters with N=13 and
N =23 has also been considered. As expected, increased
shielding was shown to lead to a weakening of interparticle
repulsion and consequently to a decrease in both cluster size
and potential energy. In two- (« > 6) and three-dimensional
(ov=1) cases, for the cluster with N =23, enhanced shielding
was also shown to lead to transformation of the shell struc-
ture itself, producing a Coulomb cluster containing two par-
ticles in the inner shell and a Yukawa cluster containing
three particles located at the center of the configuration.

Finally, we have considered the relation between the
contributions of the particle interaction and interaction with
the trap into the cluster potential energy.
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