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Branes in the MD × Md+ × Md− Compactification of type II string on S1/Z2 and their
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In this paper, we study the implementation of brane worlds in type II string theory. Starting with
the NS/NS sector of type II string, we first compactify the (D + d+ + d−)-dimensional spacetime,
and reduce the corresponding action to a D-dimensional effective action, where the topologies of
Md+ and Md−

are arbitrary. We further compactify one of the (D − 1) spatial dimensions on an
S1/Z2 orbifold, and derive the gravitational and matter field equations both in the bulk and on
the branes. Then, we investigate two key issues in such a setup: (i) the radion stability and radion
mass; and (ii) the localization of gravity, and the corresponding Kaluza-Klein (KK) modes. We show
explicitly that the radion is stable and its mass can be in the order of GeV . In addition, the gravity
is localized on the visible brane, and its spectrum of the gravitational KK towers is discrete and can
have a mass gap of TeV , too. The high order Yukawa corrections to the 4-dimensional Newtonian
potential is exponentially suppressed, and can be negligible. Applying such a setup to cosmology,
we obtain explicitly the field equations in the bulk and the generalized Friedmann equations on the
branes.

PACS numbers: 98.80.Cq, 98.80.-k, 98.80.Bp, 04.70.Dy

I. INTRODUCTION

Brane worlds have been studied extensively in the past
decade [1], following Horava and Witten’s (HW) ideas [2],
where gauge fields of the standard model (SM) are con-
fined on two 9-branes located at the end points of an
S1/Z2 orbifold. Out of the 9-spatial dimensions of the
branes, six are compactified on a very small scale close
to the fundamental one. A 5-dimensional effective theory
of the 11-dimensional HW heterotic M-Theory on S1/Z2

was worked out explicitly by Lukas et al [3], and shown
that the radion is stable [4, 5], and its mass is of the order
of 0.1 GeV [5]. In addition, the corresponding tensor per-
turbations were also studied, and found that the gravity
is localized in the visible (TeV) brane [5]. The spectrum
of the gravitational Kaluza-Klein (KK) towers is discrete,
and the mass gap can be in the order of TeV . The correc-
tions to the 4-dimensional Newtonian potential, due to
the high order KK modes, are exponentially suppressed,
and are consistent with observations [5]. In such a setup,
the long standing hierarchy problem, namely the large
difference in magnitudes between the Planck and elec-
troweak scales, may be potentially resolved by combin-
ing the large extra dimension [6], warped-factor [7] and
brane-tension coupling [8] mechanisms. One of the most
attractive features of the model, similar to the RS1 model
[7], is that it might be soon explored by LHC [9]. For crit-
ical reviews of the brane worlds and some open issues, we
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refer readers to [1].

Another important application of brane worlds is to
the cosmological constant problem [10]. In the 4-
dimensional spacetimes, there exists Weinberg’s no-go
theorem for the adjustment of the cosmological con-
stant. However, in higher dimensional spacetimes, the
4-dimensional vacuum energy on the brane does not nec-
essarily give rise to an effective 4-dimensional cosmo-
logical constant. Instead, it may only curve the bulk,
while leaving the brane still flat [11], whereby Wein-
berg’s no-go theorem is evaded. Along this vein, the
cosmological constant problem was studied in the frame-
work of brane worlds in 5-dimensional spacetimes [12]
and 6-dimensional supergravity [13]. However, it was
soon realized that in the 5-dimensional case hidden fine-
tunings are required [14]. In the 6-dimensional case such
fine-tunings may not be needed, but it is still not clear
whether loop corrections can be as small as expected [15].

In addition, by adding an Einstein-Hilbert term to the
brane action, Dvali, Gabadadze and Porrati (DGP) [16]
showed that gravity can be altered at immense distances,
due to the slow leakage of gravity off our 3-dimensional
universe into bulk. It should be noted that the DGP
model has only one 3-brane, and the spacetime in the
direction perpendicular to the brane is usually infinitely
large, in contrast to the RS1 model, where two orbifold
branes form the boundary in the transverse direction of
the branes, although later Randall and Sundrum pro-
posed another model (RS2), in which only one brane ex-
ists [17]. A remarkable feature of the DGP model is that
it gives rise to a late cosmic acceleration of the universe,
without the introduction of dark energy [18]. It must be
noted that, despite of this great success, the DGP model,
as well as its hybrids, is usually plagued with the prob-
lem of ghost [19, 20], in addition to the problem of the
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consistency with observations [21, 22].
It should also be noted that the RS1, RS2 and DGP

brane worlds, as well as their generalizations [1], are phe-
nomenological models, and how to implement them into
string/M theory is still an open question, despite of some
important efforts along this direction [23, 24]. Such an
implementation turns out to be extremely difficult, as
one would expect, given the complexity of the theory.
It was exactly because of this that most of the previous
works on brane worlds are phenomenological, and should
be considered only as an intermediary bridge between
observations and fundamental theory.

Lately, as part of the efforts of implementing the RS1
model into string/M theory, the orbifold branes and their
applications to cosmology were studied systematically in
the framework of both the Horava-Witten heterotic M-
Theory [5, 25] and string theory [26, 27, 28] on S1/Z2.
From the point of view of pure numerology, it was found
that the 4D effective cosmological constant can be cast
in the form,

ρΛ =
Λ4

8πG4
= 3

(

R

lpl

)αR
(

M

Mpl

)αM

M4
pl, (1.1)

where R denotes the typical size of the extra dimensions,
M the energy scale of string or M theory, and (αR, αM ) =
(10, 16) for string theory [26] and (αR, αM ) = (12, 18) for
the HW heterotic M Theory [25]. In both cases, it can
be shown that for R " 10−22 m and M " 1 TeV , we
obtain ρΛ ∼ ρΛ,ob " 10−47 GeV 4. In contrast to that
in Einstein’s theory, the domination of this term is only
temporary. Due to the interaction of the bulk and the
brane, the universe will be in its decelerating expansion
phase again, whereby all problems connected with a far
future de Sitter universe [29, 30] are resolved. This fea-
ture was also found in the DGP model [16]. Therefore, a
late transient acceleration of the universe seems to be a
generic feature of brane worlds.

It was also showed that the radion is stable, and its
mass is about 10−1 GeV in the Horava-Witten heterotic
M-Theory [5] and 10−2 GeV in the string theory [28].
The gravity is localized on the visible (TeV) brane. The
spectrum of the gravitational KK towers is discrete with
a mass gap that can be in the order of TeV. The high
order Yukawa corrections to the 4-dimensional effective
Newtonian potential are exponentially suppressed.

In this paper, we shall continuously work along the di-
rection of implementing the RS1 model [7] into string/M
theory. In particular, In Sec. II, starting with the
Neveu-Schwarz/Neveu-Schwarz (NS/NS) sector of type
II string, we first consider the compactification of the
(D + d+ + d−)-dimensional spacetime on two manifolds
Md+ and Md−

, where the topologies of Md+ and Md−

are unspecified. This opens the possibility of having the
dilaton and modulus fields non-zero potentials (masses),
which is in contrast to the toroidal compactification con-
sidered in [26, 27, 28], in which these scalar fields are
always massless [31, 32, 33]. After reducing the action
to an effective D-dimensional one, we further compactify

one of the (D − 1) spatial dimensions on an S1/Z2 orb-
ifold. Lifting it to the original spacetime, they represent
(D+d++d−−2)-dimensional orbiford branes. The corre-
sponding gravitational and matter field equations both in
the bulk and on the branes are derived separately in Sec.
III, while in Sec. IV such developed formulas are applied
to cosmology by setting D = 5 = d+ + d−. In particular,
the generalized Friedmann equations are given explicitly
on the branes. In Sec. V the radion stability and radion
mass are studied, while in Sec. VI, the tensor perturba-
tions are investigated. It is found that the radion stable,
and the gravity is localized on the visible brane. Both the
radion mass and the mass gap of the gravitational KK
towers can be in the order of TeV , by properly choosing
the free parameters presented in the model. The high or-
der Yukawa corrections to the 4-dimensional Newtonian
potential, due to the high order KK modes, is exponen-
tially suppressed, and can be negligible. The paper is
ended with Sec. VII, in which we summarize our main
results and present some remarks to the future work.

To have this paper as much independent as possible,
for the sake of reader’s convenience, some parts might
be repeated from our previous studies of the problems,
although we try to limit these to their minimum.

Before proceeding further, we would like to note that,
to have a late time accelerating universe from string/M-
Theory, Townsend and Wohlfarth [34] invoked a time-
dependent compactification of pure gravity in higher di-
mensions with hyperbolic internal space to circumvent
Gibbons’ non-go theorem [35]. Their exact solution ex-
hibits a short period of acceleration. The solution is the
zero-flux limit of spacelike branes [36]. If non-zero flux
or forms are turned on, a transient acceleration exists
for both compact internal hyperbolic and flat spaces [37].
Other accelerating solutions by compactifying more com-
plicated time-dependent internal spaces can be found in
[38].

II. THE MODEL

In this section, we consider the compactification of the
NS/NS sector in (D + d+ + d−)-dimensions, and obtain
an effective D-dimensional action. Then, we compactify
one of the (D− 1) spatial dimensions by introducing two
orbifold branes as the boundaries along this compactified
dimension.

A. Compactification of the NS/NS sector

Let us consider the NS/NS sector in (D + d+ + d−)-
dimensions, M̂N = MD ×Md+ ×Md−

, where Md+ and
Md−

are d+ and d− dimensional spaces, respectively,
and N ≡ D + d+ + d−. To have our formulas as much
applicable as possible, we shall not specify the topologies
of these spaces. The action takes the form [31, 32, 39],
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ŜN = −
1

2κ2
N

∫

dNx
√

|ĝN |e−Φ̂

×
{

R̂N [ĝ] +
(

∇̂Φ̂
)2

−
1

12
Ĥ2

}

, (2.1)

where ∇̂ denotes the covariant derivative with respect to
ĝAB with A, B = 0, 1, ..., N−1, and Φ̂ is the dilaton field.
The NS three-form field ĤABC is defined as

ĤABC = 3∂[AB̂BC]

= ∂AB̂BC + ∂BB̂CA + ∂CB̂AB, (2.2)

where the square brackets imply total antisymmetriza-
tion over all indices, and

B̂CD = −B̂DC , ∂AB̂CD ≡
∂B̂CD

∂xA
. (2.3)

The constant κ2
N denotes the gravitational coupling con-

stant, defined as

κ2
N = 8πGN =

1

MN−2
N

, (2.4)

where GN and MN denote, respectively, the N -
dimensional Newtonian constant and Planck mass.

In this paper we consider the N -dimensional space-
times described by the metric,

dŝ2
N = ĝABdxAdxB

= g̃ab (x) dxadxb + e
√

2
d+

ψ+(x)
h+

ij (z+) dzi
+dzj

+

+e
√

2
d−

ψ−(x)
h−

pq (z−) dzp
−dzq

−, (2.5)

where g̃ab(x) is the metric on MD, parametrized by the
coordinates xa with a, b, c = 0, 1, ..., D − 1, h+

ij (z+) the

metric on the compact space Md+ with coordinates zi
+,

where i, j = D, D + 1, ..., D + d+ − 1, and h−
ij (z−) the

metric on the compact space Md−
with coordinates zp

−,
where p, q = D + d+, D + d+ + 1, ..., N − 1.

We assume that the daliton field Φ̂ is function of xa,
and the flux B̂CD is block diagonal,

(

B̂CD

)

=





Bab(x) 0 0
0 eξ+(x)Bij (z+) 0
0 0 eξ−(x)Bpq (z−)



 .

(2.6)

Then, it can be shown that the non-vanishing compo-
nents of ĤABC are

Ĥabc = Habc = 3∂[aBbc],

Ĥijk = eξ+Hijk = 3eξ+∂[iBjk],

Ĥpqr = eξ−Hpqr = 3eξ−∂[pBqr],

Ĥaij = Bije
ξ+∇̃aξ+,

Ĥapq = Bpqe
ξ−∇̃aξ−, (2.7)

where ∇̃a denotes the covariant derivative with respect
to g̃ab. On the other hand, we also have

R̂N [ĝ] = R̃D[g̃] + e
−
√

2
d+

ψ+Rd+

[

h+
]

+e
−
√

2
d−

ψ−Rd−

[

h−
]

−2g̃ab∇̃a∇̃bQ −
(d+ + 1)

2

(

∇̃ψ+

)2

−
(d− + 1)

2

(

∇̃ψ−

)2

−
√

d+d−
(

∇̃ψ+

)(

∇̃ψ−

)

, (2.8)

where

Q ≡
√

d+

2
ψ+ +

√

d−
2

ψ−. (2.9)

Making the following conformal transformations,

gab = Ω2g̃ab, Ω = e
Q−Φ̂
D−2 , (2.10)

we find that

R̃D[g̃] = Ω2 {RD[g] + 2(D − 1)! lnΩ

−(D − 2)(D − 1) (∇ lnΩ)2
}

,

g̃ab∇̃a∇̃bQ = Ω2 (!Q

−(D − 2) (∇Q) (∇ lnΩ)) , (2.11)

where ! ≡ gab∇a∇b, and ∇a denotes the covariant
derivative with respect to gab. Then, combining Eqs.(2.8)
and (2.11), we obtain

√

|ĝN |e−Φ̂

{

R̂N [ĝ] +
(

∇̂Φ̂
)2

−
1

12
Ĥ2

}

=
√

|gDh+h−|
{

RD[g] + e−2 Q−Φ̂
D−2

(

e
−
√

2
d+

ψ+Rd+

+e
−
√

2
d−

ψ−Rd−
−

1

12
Ĥ2

)

+
2

D − 2
!Q

−
2(D − 1)

D − 2
!Φ̂−

1

D − 2

(

∇
(

Q − Φ̂
))2

−
1

2
(∇ψ+)2 −

1

2
(∇ψ−)2

}

, (2.12)

where

Ĥ2 = e
6(Q−Φ̂)

D−2 H2

+3e
2(Q−Φ̂)

D−2

(

e
2

(

ξ+−
√

2
d+

ψ+

)

B2
+ (∇ξ+)2

+e
2

(

ξ−−
√

2
d−

ψ−

)

B2
− (∇ξ−)2

)

+e
2ξ+−3

√

2
d+

ψ+H2
+

+e
2ξ−−3

√

2
d−

ψ−H2
−, (2.13)
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with

H2 = Habc(x)Habc(x),

H2
+ = Hijk (z+)Hijk (z+) ,

H2
− = Hpqr (z−)Hpqr (z−) ,

B2
+ = Bij (z+)Bij (z+) ,

B2
− = Bpq (z−)Bpq (z−) , (2.14)

and

gabgac = δb
c, h+ikh+

ij = δk
j , h−pqh−

pr = δq
r . (2.15)

Substituting Eqs.(2.13) and (2.14) into Eq.(2.1), and
then integrating it by part, we obtain the D−dimensional
effective action in the Einstein frame,

S(E)
D = −

1

2κ2
D

∫

√

|gD|dDx
(

RD[g] − L(E)
D (φn, ξ±)

)

,

(2.16)
where φn = {φ, ψ±}, and

κ2
D ≡

κ2
N

Vd+Vd−

, (2.17)

Vd±
≡
∫

√

|h±| dd±z±,

L(E)
D =

1

2

∑

n

(∇φn)2 +
1

12
e−
√

8
D−2φH2

+α+e
2ξ+−

√

8
d+

ψ+ (∇ξ+)2

+α−e
2ξ−−

√

8
d−

ψ− (∇ξ−)2

−e
√

2
D−2φ

(

β+e
−
√

2
d+

ψ+

+β−e
−
√

2
d−

ψ− − γ+e
2ξ+−

√

18
d+

ψ+

−γ−e
2ξ−−

√

18
d−

ψ−

)

, (2.18)

and

φ ≡
√

2

D − 2

(

Φ̂− Q
)

, (2.19)

α± ≡
1

4Vd±

∫

dd±z±
√

|h±|B2
± (z±),

β± ≡
1

Vd±

∫

dd±z±
√

|h±|Rd±
(z±),

γ± ≡
1

12Vd±

∫

dd±z±
√

|h±|H2
± (z±). (2.20)

B. S1/Z2 Compactification of the D-Dimensional
Sector

We shall compactify one of the (D − 1) spatial dimen-
sions by placing two orbifold branes as its boundaries.

The brane actions are taken as,

S(E,I)
D−1,m = −εI

∫

M(I)
D−1

√

∣

∣

∣
g(I)

D−1

∣

∣

∣
V (I)

D−1 (φn, ξ±) dD−1ξ(I)

+

∫

M
(I)
D−1

dD−1ξ(I)

√

∣

∣

∣
g(I)

D−1

∣

∣

∣

×L(I)
D−1,m (φn, ξ±, χ) , (2.21)

where I = 1, 2, V (I)
D−1 (φn, ξ±) denotes the potential of

the scalar fields φn on the branes, and ξµ
(I)’s are the intrin-

sic coordinates of the branes with µ, ν = 0, 1, 2, ..., D−2,
and ε1 = −ε2 = 1. χ denotes collectively the matter
fields. The two branes are localized on the surfaces,

ΦI (xa) = 0, (2.22)

or equivalently

xa = xa
(

ξµ
(I)

)

. (2.23)

g(I)
D−1 denotes the determinant of the reduced metric g(I)

µν

of the I-th brane, defined as

g(I)
µν ≡ gabe

(I)a
(µ) e(I)b

(ν)

∣

∣

∣

M(I)
D−1

, (2.24)

where

e(I) a
(µ) ≡

∂xa

∂ξµ
(I)

. (2.25)

Then, the total action is given by,

S(E)
total = S(E)

D +
2
∑

I=1

S(E,I)
D−1,m. (2.26)

III. FIELD EQUATIONS BOTH OUTSIDE AND
ON THE ORBIFOLD BRANES

Variation of the total action (2.26) with respect to the
metric gab yields the field equations,

G(D)
ab = κ2

DT (D)
ab + κ2

D

2
∑

I=1

T (I)
µν e(I, µ)

a e(I, ν)
b

×

√

√

√

√

∣

∣

∣

∣

∣

g(I)
D−1

gD

∣

∣

∣

∣

∣

δ (ΦI) , (3.1)

where δ(x) denotes the Dirac delta function, normalized
in the sense of [40], and the energy-momentum tensors

T (D)
ab and T (I)

µν are defined as,

κ2
DT (D)

ab ≡
1

2
(∇aφ

n) (∇bφn)
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+α+e
2ξ+−

√

8
d+

ψ+ (∇aξ+) (∇bξ+)

+α−e
2ξ−−

√

8
d−

ψ− (∇aξ−) (∇bξ−)

+
1

4
e−
√

8
D−2 φHacdH

cd
b

−
1

2
gabL(E)

D , (3.2)

T (I)
µν ≡ S(I)

µν + τ (I)
p g(I)

µν ,

S(I)
µν ≡ 2

δL(I)
D−1,m

δg(I) µν
− g(I)

µν L
(I)
D−1,m, (3.3)

where φn = φn, and

τ (I)
p ≡ εIV

(I)
D−1 (φn, ξ±) . (3.4)

Variation of the total action (2.26), respectively, with
respect to φ, ψ±, ξ± and Bab, yields the following equa-
tions of the matter fields,

!φ = −
1

12

√

8

D − 2
e−
√

8
D−2 φH2

−
√

2

D − 2
e
√

8
D−2 φ

(

β+e
−
√

2
d+

ψ+

+β−e
−
√

2
d−

ψ− − γ+e
2ξ+−

√

18
d+

ψ+

−γ−e
2ξ−−

√

18
d−

ψ−

)

−
2
∑

i=1

(

2κ2
DεI

∂V (I)
D−1

∂φ
+ σ(I)

φ

)

×

√

√

√

√

∣

∣

∣

∣

∣

g(I)
D−1

gD

∣

∣

∣

∣

∣

δ (ΦI) , (3.5)

!ψ± = −α±

√

8

d±
e
2ξ±−

√

8
d±

ψ± (∇ξ±)2

e
√

2
D−2 φ

(

β±

√

2

d±
e
−
√

2
d±

ψ±

−γ±

√

18

d±
e
2ξ±−

√

18
d±

ψ±

)

−
2
∑

i=1

(

2κ2
DεI

∂V (I)
D−1

∂ψ±
+ σ(I)

ψ±

)

×

√

√

√

√

∣

∣

∣

∣

∣

g(I)
D−1

gD

∣

∣

∣

∣

∣

δ (ΦI) , (3.6)

!ξ± = − (∇ξ±)2 +

√

8

d±
(∇aξ±) (∇aψ±)

+
γ±
α±

e

√

2
D−2 φ−

√

2
d±

ψ± −
1

2α±
e
√

8
d±

ψ±−2ξ±

×
2
∑

I=1

(

2κ2
DεI

∂V (I)
D−1

∂ξ±
+ σ(I)

ξ±

)

×

√

√

√

√

∣

∣

∣

∣

∣

g(I)
D−1

gD

∣

∣

∣

∣

∣

δ (ΦI) , (3.7)

∇cHcab =

√

8

D − 2
Hcab∇cφ

−
2
∑

i=1

σ(I)
ab

√

√

√

√

∣

∣

∣

∣

∣

g(I)
D−1

gD

∣

∣

∣

∣

∣

δ (ΦI), (3.8)

where

σ(I)
φ ≡ −2κ2

D

δL(I)
D−1,m

δφ
,

σ(I)
ψ±

≡ −2κ2
D

δL(I)
D−1,m

δψ±
,

σ(I)
ξ±

≡ −2κ2
D

δL(I)
D−1,m

δξ±
,

σ(I)
ab ≡ −4κ2

De
√

8
D−2 φ δL

(I)
D−1,m

δBab
. (3.9)

Eq.(3.1) and Eqs.(3.5)-(3.8) consist of the complete set
of the gravitational and matter field equations. To solve
these equations, it is found very convenient to separate
them into two groups, one is defined outside the two orb-
ifold branes, and the other is defined on the two branes.

A. Field Equations Outside the Two Branes

To write down the equations outside the two orbifold
branes is straightforward, and they are simply the D-
dimensional gravitational field equations (3.1), and the
matter field equations Eqs.(3.5)-(3.8) without the delta
function parts,

!φ = −
1

12

√

8

D − 2
e−
√

8
D−2 φH2

−
√

2

D − 2
e
√

8
D−2 φ

(

β+e
−
√

2
d+

ψ+

+β−e
−
√

2
d−

ψ− − γ+e
2ξ+−

√

18
d+

ψ+

−γ−e
2ξ−−

√

18
d−

ψ−

)

, (3.10)

!ψ± = −α±

√

8

d±
e
2ξ±−

√

8
d±

ψ± (∇ξ±)2

e
√

2
D−2 φ

(

β±

√

2

d±
e
−
√

2
d±

ψ±

−γ±

√

18

d±
e
2ξ±−

√

18
d±

ψ±

)

, (3.11)

!ξ± = − (∇ξ±)2 +

√

8

d±
(∇aξ±) (∇aψ±)
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+
γ±
α±

e

√

2
D−2 φ−

√

2
d±

ψ± , (3.12)

∇cHcab =

√

8

D − 2
Hcab∇cφ. (3.13)

Therefore, in the rest of this section, we shall concentrate
ourselves on the derivation of the field equations on the
branes.

B. Field Equations on the Two Branes

To write down the field equations on the two orbifold
branes, one can follow two different approaches: (i) First
express the delta function parts in the left-hand sides of
Eqs.(3.1) and (3.5)-(3.8) in terms of the discontinuities of
the first derivatives of the metric coefficients and matter
fields, and then equal the corresponding delta function
parts in the right-hand sides of these equations, as shown
systematically in [41, 42]. (ii) The second approach is to
use the Gauss-Codacci and Lanczos equations to write
down the (D − 1)-dimensional gravitational field equa-
tions on the branes [43]. It should be noted that these
two approaches are equivalent and complementary one
to the other. In this paper, we shall follow the second
approach to write down the gravitational field equations
on the two branes, and the first approach to write the
matter field equations on the two branes.

1. Gravitational Field Equations on the Two Branes

From the Gauss-Codacci equations, we we obtain [43],

G(D−1)
µν = G(D)

µν + E(D)
µν + F (D−1)

µν , (3.14)

with

G(D)
µν ≡

D − 3

(D − 2)

{

G(D)
ab ea

(µ)e
b
(ν)

−
[

Gabn
anb +

1

D − 1
G(D)

]

gµν

}

,

E(D)
µν ≡ C(D)

abcdn
aeb

(µ)n
ced

(ν),

F (D−1)
µν ≡ KµλKλ

ν − KKµν

−
1

2
gµν

(

KαβKαβ − K2
)

, (3.15)

where na denotes the normal vector to the brane, G(D) ≡
gabG(D)

ab , and C(D)
abcd the Weyl tensor. The extrinsic cur-

vature Kµν is defined as

Kµν ≡ ea
(µ)e

b
(ν)∇anb. (3.16)

A crucial step of this approach is the Lanczos equations
[44],

[

K(I)
µν

]−

− g(I)
µν

[

K(I)
]−

= −κ2
DT (I)

µν , (3.17)

where

[

K(I)
µν

]−

≡ limΦI→0+K(I) +
µν − limΦI→0−K(I) −

µν ,
[

K(I)
]−

≡ g(I) µν
[

K(I)
µν

]−

. (3.18)

Assuming that the branes have Z2 symmetry, we can

express the intrinsic curvatures K(I)
µν in terms of the effec-

tive energy-momentum tensor T (I)
µν through the Lanczos

equations (3.17). Setting

S(I)
µν = τ (I)

µν + g(I)
k g(I)

µν , (3.19)

where g(I)
k is a coupling constant of the I-th brane [8], we

find that

T (I)
µν = τ (I)

µν +
(

g(I)
k + τ (I)

p

)

g(I)
µν . (3.20)

Then, G(D−1)
µν given by Eq.(3.14) can be cast in the form,

G(D−1)
µν = G(D)

µν + E(D)
µν + E(D−1)

µν + κ4
Dπµν

+κ2
D−1τµν + ΛD−1gµν , (3.21)

where

πµν ≡
1

4

{

τµλτ
λ
ν −

1

D − 2
ττµν

−
1

2
gµν

(

ταβταβ −
1

D − 2
τ2

)}

,

E(D−1)
µν ≡

κ4
D(D − 3)

4(D − 2)
τp

×
[

τµν +

(

gk +
1

2
τp

)

gµν

]

, (3.22)

and

κ2
D−1 =

D − 3

4(D − 2)
gkκ

4
D,

ΛD−1 =
D − 3

8(D − 2)
g2

kκ
4
D. (3.23)

For a perfect fluid,

τµν = (ρ + p)uµuν − pgµν , (3.24)

where uµ is the four-velocity of the fluid, we find that

πµν =
D − 3

4(D − 2)
ρ

×
[

(ρ + p)uµuν −
(

p +
1

2
ρ

)

gµν

]

. (3.25)

Note that in writing Eqs.(3.21)-(3.25), without causing
any confusion, we had dropped the super indices (I).
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2. Matter Field Equations on the Two Branes

On the other hand, the I-th brane, localized on the sur-
face ΦI(x) = 0, divides the spacetime into two regions,
one with ΦI(x) > 0 and the other with ΦI(x) < 0. Since
the field equations are the second-order differential equa-
tions, the matter fields have to be at least continuous
across this surface, although in general their first-order
directives are not. Introducing the Heaviside function,
defined as

H (x) =

{

1, x > 0,
0, x < 0,

(3.26)

in the neighborhood of ΦI(x) = 0 we can write the matter
fields in the form,

F (x) = F+(x)H (ΦI) + F−(x) [1 − H (ΦI)] , (3.27)

where F ≡ {φ, ψ±, ξ±, B}, and F+ (F−) is defined in
the region ΦI > 0 (ΦI < 0). Then, we find that

F,a(x) = F+
,a (x)H (ΦI) + F−

,a (x) [1 − H (ΦI)] ,

F,ab(x) = F+
,ab(x)H (ΦI) + F−

,ab(x) [1 − H (ΦI)]

+ [F,a]−
∂ΦI(x)

∂xb
δ (ΦI) , (3.28)

where [F,a]− is defined as that in Eq.(3.18). Projecting
F,a onto na and ea

(µ) directions, we find

F,a = F,µe(µ)
a − F,nna, (3.29)

where

F,n ≡ naF,a, F,µ ≡ ea
(µ)F,a. (3.30)

Then, we have

[F,a]− na = [F,n]− ,

[F,a]− ea
(µ) = 0. (3.31)

Inserting Eqs.(3.29)-(3.31) into Eq.(3.28), we find

F,ab(x) = F+
,ab(x)H (ΦI) + F−

,ab(x) [1 − H (ΦI)]

− [F,n]− nanbNI δ (ΦI) , (3.32)

where NI ≡
√

|ΦI,cΦ
,c
I |, and

na =
1

NI

∂ΦI(x)

∂xa
. (3.33)

Substituting Eq.(3.32) into Eqs.(3.5)-(3.8), we find that
the matter field equations on the branes read,

[

φ(I)
,n

]−

= −Ψ(I)

(

2κ2
DεI

∂V (I)
D−1

∂φ
+ σ(I)

φ

)

, (3.34)

[

ψ(I)
±,n

]−

= −Ψ(I)

(

2κ2
DεI

∂V (I)
D−1

∂ψ±
+ σ(I)

ψ±

)

, (3.35)

[

ξ(I)
±,n

]−

= −
Ψ(I)

2α±
e
√

8
d±

ψ±−2ξ±

×
2
∑

I=1

(

2κ2
DεI

∂V (I)
D−1

∂ξ±
+ σ(I)

ξ±

)

, (3.36)

[

H(I)
nab

]−

= −Ψ(I) σ(I)
ab , (3.37)

where

Hnab ≡ Hcabn
c, Ψ(I) ≡

1

NI

√

√

√

√

∣

∣

∣

∣

∣

g(I)
D−1

gD

∣

∣

∣

∣

∣

. (3.38)

This completes our general description for (D + d+ +
d−)-dimensional spacetimes of string theory with two
orbifold branes.

IV. 10-DIMENSIONAL SPACETIMES AND
BRANE COSMOLOGY

In this section, we restrict ourselves to the 10-
dimensional spacetimes of string theory with D = 5 and
d+ + d− = 5. It can be shown that the general metric
for the five-dimensional spacetime with a 3-dimensional
spatial space that is homogeneous, isotropic, and inde-
pendent of time must take the form [5],

ds2
5 = gabdxadxb = gMNdxMdxN − e2ω(xM)dΣ2

k, (4.1)

where M, N = 0, 1. Choosing the conformal gauge,

g00 = g11, g01 = 0, (4.2)

we find that the five-dimensional metric finally takes the
form,

ds2
5 = e2σ(t,y)

(

dt2 − dy2
)

− e2ω(t,y)dΣ2
k. (4.3)

It should be noted that metric (4.3) is still subjected to
the gauge freedom,

t = f(t′+y′)+g(t′−y′), y = f(t′+y′)−g(t′−y′), (4.4)

where f(t′ + y′) and g(t′ − y′) are arbitrary functions of
their indicated arguments.

It should be noted that in [45] comoving branes were
considered, and it was claimed that the gauge freedom of
Eq.(4.4) can always bring the two branes at rest (comov-
ing). However, this excludes colliding branes [5, 24, 33].
In this paper, we shall leave this possibility open.

A. Field Equations Outside the Two Branes

To have the problem tractable, in the rest of this paper,
we shall turn off the flux, i.e.,

B̂CD = 0, (4.5)
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so that

ξ± = 0, α± = 0, γ± = 0. (4.6)

Then, it can be shown that outside the two branes the
field equations (3.1) have four independent components,
which can be cast in the form,

ω,tt + ω,t (ω,t − 2σ,t) + ω,yy + ω,y (ω,y − 2σ,y)

= −
1

6

(

φ2
,t + φ2

,y + ψ2
+,t + ψ2

+,y + ψ2
−,t + ψ2

−,y

)

, (4.7)

2σ,tt + ω,tt − 3ω,t
2 −

(

2σ,yy + ω,yy − 3ω,y
2
)

− 4ke2(σ−ω)

= −
1

2

(

φ2
,t − φ2

,y + ψ2
+,t − ψ2

+,y + ψ2
−,t − ψ2

−,y

)

, (4.8)

ω,ty + ω,tω,y − (σ,tω,y + σ,yω,t)

= −
1

6
(φ,tφ,y + ψ+,tψ+,y + ψ−,tψ−,y) , (4.9)

ω,tt + 3ω,t
2 −

(

ω,yy + 3ω,y
2
)

+ 2ke2(σ−ω)

=
1

3
e2σV5. (4.10)

On the other hand, the Klein-Gordon equations (3.10)
and (3.11) take the form,

φ,tt + 3φ,tω,t − (φ,yy + 3φ,yω,y)

= −
√

2

3
e2σV5, (4.11)

ψ+,tt + 3ψ+,tω,t − (ψ+,yy + 3ψ,yω,y)

= e2σV5, (4.12)

ψ−,tt + 3ψ−,tω,t − (ψ−,yy + 3ψ,yω,y)

=

√

2

3
e2σV5, (4.13)

with

V5 = e
√

2
3φ
(

β+e−ψ+ + β−e−
√

2
3ψ−

)

. (4.14)

B. Field Equations on the Two Branes

Eqs.(4.7) - (4.12) are the field equations that are valid
in between the two orbifold branes, y2(t2) < y < y1(t1),
where y = yI(tI) denote the locations of the two branes.
The proper distance between the two branes is given by

D(t) =

∫ y1

y2

eσ(t,y)dy. (4.15)

On each of the two branes, the metric reduces to

ds2
5

∣

∣

M
(I)
4

= g(I)
µν dξµ

(I)dξ
ν
(I) = dτ2

I − a2 (τI) dΣ2
k, (4.16)

where ξµ
(I) ≡ {τI , r, θ, ϕ}, and τI denotes the proper time

of the I-th brane, defined by

dτI = eσ[tI(τI),yI(τI)]

√

1 −
(

ẏI

ṫI

)2

dtI ,

a (τI) ≡ eω[tI (τI),yI(τI)], (4.17)

with ẏI ≡ dyI/dτI , etc. For the sake of simplicity and
without of causing any confusion, from now on we shall
drop all the indices “I”, unless some specific attention is
needed. Then, the normal vector na and the tangential
vectors ea

(µ) are given, respectively, by

na = e2σ
(

−ẏδt
a + ṫδy

a

)

,

na = −
(

ẏδa
t + ṫδa

y

)

,

ea
(τ) = ṫδa

t + ẏδa
y , ea

(r) = δa
r ,

ea
(θ) = δa

θ , ea
(ϕ) = δa

ϕ. (4.18)

Then, it can be shown that

G(5)
µν = G(5)

τ δτµδ
τ
ν − G(5)

θ δm
µ δn

ν gmn,

E(5)
µν = E(5)

(

3δτµδ
τ
ν − δm

µ δn
ν gmn

)

, (4.19)

where

G(5)
τ ≡

1

3
e−2σ

(

φ2
,t − φ2

,y + ψ2
+,t − ψ2

+,y + ψ2
−,t − ψ2

−,y

)

−
5

24

[

(∇φ)2 + (∇ψ+)2 + (∇ψ−)2
]

+
1

4
V5,

G(5)
θ ≡

1

3

[

φ2
,n + ψ2

+,n + ψ2
−,n

]

+
5

24

[

(∇φ)2 + (∇ψ+)2 + (∇ψ−)2
]

−
1

4
V5,

E(5) ≡
1

6
e−2σ [(σ,tt − ω,tt) − (σ,yy − ω,yy)

+ke2(σ−ω)
]

, (4.20)

with φ,n ≡ na∇aφ. Then, it can be shown that the four-
dimensional field equations on each of the two branes
take the form,

H2 +
k

a2
=

8πG

3
(ρ + τp) +

1

3
Λ +

1

3
G(5)
τ + E(5)

+
2πG

3ρΛ
(ρ + τp)

2 , (4.21)

ä

a
= −

4πG

3
(ρ + 3p− 2τp) +

1

3
Λ− E(5)

−
1

6

(

G(5)
τ + 3G(5)

θ

)

−
2πG

3ρΛ
[ρ (2ρ + 3p)

+ (ρ + 3p− τp) τp] , (4.22)

where H ≡ ȧ/a, , Λ ≡ Λ4 and G ≡ G4.
On the other hand, from Eqs.(3.34) and (3.35), we find

that

[

φ(I)
,n

]−

= −

(

2κ2
5εI

∂V (I)
4

∂φ
+ σ(I)

φ

)

Ψ, (4.23)

[

ψ(I)
±,n

]−

= −

(

2κ2
5εI

∂V (I)
4

∂ψ±
+ σ(I)

ψ±

)

Ψ. (4.24)
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y 2y− y−2y

y

c c cc

|y|

−ε ε

0

FIG. 1: The function |y| appearing in the metric Eq.(5.2).

V. RADION STABILITY AND RADION MASS

In the studies of branes, an important issue is the
radion stability. In this section, we shall address this
problem. For such a purpose, let us consider the 5-
dimensional static metric with a 4-dimensional Poincaré
symmetry, which is given by Eq.(4.3) with k = 0 and
σ(y) = ω(y), that is,

ds2
5 = e2σ(y)

(

ηµνdxµdxν − dy2
)

. (5.1)

Then, we find that the corresponding solutions are given
by,

σ(y) =
1

3
ln

(

|y| + y0

L

)

,

φ(y) = c1ln

(

|y| + y0

L

)

+ φ0,

ψ+(y) = c2ln

(

|y| + y0

L

)

+ ψ0
+,

ψ−(y) =

√

3

2
c2 ln

(

|y| + y0

L

)

+ ψ0
−, (5.2)

where c1, y0, L, σ0, φ0, and ψ0
+ are all arbitrary con-

stants, and

c2 = ±
√

2 (8 − 3c2
1)

15
,

ψ0
− =

√

3

2

(

ψ0 − ln

(

−β+

β−

))

. (5.3)

The function |y| is defined as in Fig. 1.
Then, it can be shown that the above solution satisfies

the gravitational and matter field equations outside the
branes, Eqs.(4.7)-(4.12). On the other hand, to show that
it also satisfies the field equations on the branes, given
by Eqs.(4.21)-(4.22) and Eqs.(4.23)-(4.24), we first note
that the normal vector na

(I) to the I-th brane is given by

na
(I) = −ε(I)

y e−σ(yI)δa
y , (5.4)

and that

ṫ = e−σ(yI), ẏ = 0,

G(5)
τ = −G(5)

θ = −
2

9L2

(

L

yI + y0

)
8
3

, (5.5)

where y1 = yc > 0 and y2 = 0. Inserting the above
into Eqs.(4.21) and (4.22), and considering the fact that
H = 0 we find that these two equations are satisfied

for τ (I)
µν = 0, provided that the tension τ (I)

p defined by
Eq.(3.4) satisfies the relation,

(

τ (I)
(φ,ψ±) + 2ρΛ

(I)
)2

=
ρ(I)
Λ

9πG4L2

(

L

yI + y0

)8/3

, (5.6)

where ρ(I)
Λ denotes the corresponding energy density of

the effective cosmological constant on the I-th brane, de-

fined as ρ(I)
Λ = Λ(I)/(8πG). On the other hand, from

Eqs.(4.23) and (4.24) we find that

∂V (I)
4

∂φ
=

c1εI

κ2
5(yI + y0)

, (5.7)

∂V (I)
4

∂ψ+
=

c2εI

κ2
5(yI + y0)

, (5.8)

∂V (I)
4

∂ψ−
= −

√
3c2εI√

2κ2
5(yI + y0)

, (5.9)

To study the radion stability, it is found convenient to
introduce the proper distance Y , defined by

Y =
3L

4

(

(

yI + y0

L

)4/3

−
(y0

L

)4/3
)

. (5.10)

Then, in terms of Y , the static solution (5.1) can be
written as

ds2
5 = e−2A(Y )ηµνdxµdxν − dY 2, (5.11)

with

A(Y ) = −
1

4
ln

(

4 (|Y | + Y0)

3L

)

,

φ(Y ) =
3

4
c1 ln

(

4 (|Y | + Y0)

3L

)

+ φ0,

ψ+(Y ) =
3

4
c2 ln

(

4 (|Y | + Y0)

3L

)

+ ψ0
+,

ψ−(Y ) =

√

27

32
c2 ln

(

4 (|Y | + Y0)

3L

)

+ ψ0
−, (5.12)

where

Y0 =
3L

4

(y0

L

)4/3
. (5.13)

Following [46], let us consider a massive scalar field Φ
with the actions,

Sb =

∫

d4x

∫ Yc

0
dY

√
−g5

(

(∇Φ)2 − M2Φ2
)

,

SI = −αI

∫

M(I)
4

d4x

√

−g(I)
4

(

Φ2 − v2
I

)2
, (5.14)
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where αI and vI are real constants. Then, it can be
shown that, in the background of Eq.(5.11), the massive
scalar field Φ satisfies the following Klein-Gordon equa-
tion

Φ′′ − 4A′Φ′ − M2Φ =
2
∑

I=1

2αIΦ
(

Φ2 − v2
I

)

δ(Y − YI).

(5.15)
Integrating the above equation in the neighborhood of
the I-th brane, we find that

dΦ(Y )

dY

∣

∣

∣

∣

YI+ε

YI−ε

= 2αIΦI

(

Φ2
I − v2

I

)

, (5.16)

where ΦI ≡ Φ(YI). Since

lim
Y →Y +

c

dΦ(Y )

dY
= − lim

Y →Y −
c

dΦ(Y )

dY
≡ −Φ′ (Yc) ,

lim
Y →0−

dΦ(Y )

dY
= − lim

Y →0+

dΦ(Y )

dY
≡ −Φ′(0), (5.17)

we find that the conditions (5.16) can be written in the
forms,

Φ′(Yc) = −α1Φ1

(

Φ2
1 − v2

1

)

, (5.18)

Φ′(0) = α2Φ2

(

Φ2
2 − v2

2

)

. (5.19)

Inserting the above solution back to the actions (5.14),
and then integrating them with respect to Y , we obtain
the effective potential for the radion Yc,

VΦ (Yc) ≡ −
∫ Yc−ε

0+ε
dY

√
−g5

(

(∇Φ)2 − M2Φ2
)

+
2
∑

I=1

αI

∫ YI+ε

YI−ε
dY

√

−g(I)
4

(

Φ2 − v2
I

)2

×δ (Y − YI)

= e−4A(Y )Φ(Y )Φ′(Y )
∣

∣

∣

Yc

0

+
2
∑

I=1

αI

(

Φ2
I − v2

I

)2
e−4A(YI). (5.20)

For the background solution given by Eq.(5.12), one
find that in the region 0 < Y < Yc, Eq.(5.15) reads,

d2Φ

dz2
+

1

z

dΦ

dz
− Φ = 0, (5.21)

where z ≡ M (Y + Y0). Eq.(5.21) has the general solu-
tion,

Φ = aI0(z) + bK0(z), (5.22)

where I0(z) and K0(z) denote the modified Bessel func-
tion of the first and second kind, respectively [47]. In the
limit that αI ’s are very large [46], Eqs.(5.18) and (5.19)

show that there are solutions only when Φ(0) " v2 and
Φ(Yc) " v1, that is,

v1 " aIc
0 + bKc

0, (5.23)

v2 " aI0
0 + bK0

0 , (5.24)

where zc = M (Yc + Y0) , z0 = MY0, Ii
0 ≡ I0 (zi) and

Ki
0 ≡ K0 (zi). Eqs.(5.23) and (5.24) have the solution,

a "
1

∆

(

v1K
0
0 − v2K

c
0

)

,

b "
1

∆

(

v2I
c
0 − v1I

0
0

)

, (5.25)

where

∆ ≡ Ic
0K0

0 − I0
0Kc

0 . (5.26)

Inserting Eqs.(5.22) and (5.25) into Eq.(5.20), we find
that

VΦ (Yc) "
4

3L∆

{

v1zc

[

v1

(

I0
0Kc

1 + Ic
1K

0
0

)

−v2 (Ic
0Kc

1 + Ic
1Kc

0)]

+v2z0

[

v2

(

Ic
0K0

1 + I0
1Kc

0

)

−v1

(

I0
0K0

1 + I0
1K0

0

)]}

. (5.27)

To further study the potential, let us consider two dif-
ferent limits, z0 ( 1 and z0 ) 1. With all these free
parameters at hand, it is not difficult to see that the
mass of the radion should be also in the order of GeV, as
we obtained previously in both string [28] and M theory
[5].

A. z0 " 1

When z0 ( 1, we have zc = z0 + MYc ( 1. Then, we
find

I0(z) " I1(z) "
√

1

2πz
ez,

K0(z) " K1(z) "
√

π

2z
e−z. (5.28)

Inserting the above expressions into Eq.(5.27), we obtain

VΦ (Yc) "
4z0

3L sinh (MYc)

{(

v1
2 + v2

2
)

cosh (MYc)

−2v1v2} , (5.29)

which has a minimum at

Y min.
c =

1

M
cosh−1

(

v1
2 + v2

2

2v1v2

)

, (5.30)

where

∂2VΦ (Yc)

∂Yc
2

∣

∣

∣

∣

Yc=Y min.
c

"
(

16z0M2

3L

)

(v1v2)
2

|v2
1 − v2

2 |
> 0,

VΦ (Yc) "
{

∞, Yc = 0,
∞, Yc = ∞.

(5.31)
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Y
Y min.0

V  (Y )

 c

Φ

c

c

FIG. 2: The potential VΦ (Yc) given by Eq.(5.29) for M "
1/Y0.

Fig. 2 shows the potential schematically, from which we
can see that it always has a minimum at a finite and
non-zero value of Yc. Therefore, in the present setup, the
radion is stable in the limit M ( 1/Y0.

To calculate the corresponding radion mass, we need
to know the precise relation between Yc and the radion
scalar ϕ. Following [5, 46], we find that

ϕ =

(

12

κ2
5

∫ Yc

0
e−2AdY

)1/2

=
√

6LM3
5

×

{

(

4 (Yc + Y0)

3L

)3/2

−
(

4Y0

3L

)3/2
}1/2

. (5.32)

Then, we obtain that

m2
ϕ ≡

∂2VΦ (Yc)

2∂ϕ2

∣

∣

∣

∣

Yc=Y min.
c

=
M2

M3
5

(

16Y0

27L

)1/2

×
(v1v2)

2

|v2
1 − v2

2 |
cosh−1

(

v1
2 + v2

2

2v1v2

)

, (5.33)

where M3
5 = M8

10Vd+Vd−
, as can be seen from Eqs.(2.4)

and (2.17).

B. z0 # 1

When z ) 1, we find

I0(z) " 1, I1(z) "
z

4
,

K0(z) " − ln(z), K1(z) "
1

z
. (5.34)

Y
0

V  (Y )

 c

cΦ

FIG. 3: The potential VΦ (Yc) given by Eq.(5.35) for M #
1/Y0.

Then, Eq.(5.27) reduces to

VΦ (Yc) "
v1 − v2

3LYc

{

(v1 − v2)
(

4 − z2
0 ln (z0)

)

Y0

+z2
0 (v2 − 2v1 ln (z0)) Yc

}

, (5.35)

for Yc ) Y0. Fig. 3 shows the potential schematically,
from which we can see that it has non-minimum. That
is, the radion is not stable for M ) 1/Y0. Combining
it with last case, we find that there must exist a critical
Mc, for which the radion is stable when M > Mc > 0,
and not stable when M < Mc.

VI. LOCALIZATION OF GRAVITY AND 4D
EFFECTIVE NEWTONIAN POTENTIAL

To study the localization of gravity and the four-
dimensional effective gravitational potential, in this sec-
tion let us consider small fluctuations hab of the 5-
dimensional static metric with a 4-dimensional Poincaré
symmetry, given by Eqs.(5.1) in its conformally flat form.

A. Tensor Perturbations and the KK Towers

Since such tensor perturbations are not coupled with
scalar ones [48], without loss of generality, we can set the
perturbations of the scalar fields to zero, i.e., δφn = 0.
We shall choose the gauge [7, 17]

hay = 0, hλλ = 0 = ∂λhµλ. (6.1)

Then, it can be shown that [49]

δG(5)
ab = −

1

2
!5hab −

3

2
{(∂cσ) (∂chab)
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−2 [!5σ + (∂cσ) (∂cσ)]hab} ,

κ2
5δT

(5)
ab = −

1

4
hab

(

∑

n=1

(∇φn)2 − 2V5

)

,

δT (4)
µν = (τp + λ)hµν , (6.2)

where !5 ≡ ηab∂a∂b and (∂cσ) (∂chab) ≡
ηcd (∂cσ) (∂dhab), with ηab being the five-dimensional
Minkowski metric. Substituting the above expressions
into the gravitational field equations (3.1) with D = 5,
we find that in the present case there is only one
independent equation, given by

!5h̃µν +
3

2

(

σ′′ +
3

2
σ′2
)

h̃µν = 0, (6.3)

where hµν ≡ e−3σ/2h̃µν . Setting

h̃µν(x, y) = ĥµν(x)ψ(y),

!5 = !4 −∇2
y = ηµν∂µ∂ν − ∂2

y ,

!4ĥµν(x) = −m2ĥµν(x), (6.4)

we find that Eq.(6.3) takes the form of the schrödinger
equation,

(

−∇2
y + V

)

ψ = m2ψ, (6.5)

where

V ≡
3

2

(

σ′′ +
3

2
σ′2
)

= −
1

4 (|y| + y0)
2 +

δ(y)

y0
−

δ (y − yc)

yc + y0
. (6.6)

From the above expression we can see clearly that the
potential has a delta-function well at y = yc, which is
responsible for the localization of the graviton on this
brane. In contrast, the potential has a delta-function
barrier at y = 0, which makes the gravity delocalized on
the y = 0 brane. Fig. 4 shows the potential schemati-
cally.

Integration of Eq.(6.5) in the neighbourhood of y = 0
and y = yc yields, respectively, the boundary conditions,

lim
y→y−

c

ψ′(y) =
1

2 (yc + y0)
lim

y→y−
c

ψ(y), (6.7)

lim
y→0+

ψ′(y) =
1

2y0
lim

y→0+
ψ(y). (6.8)

Note that in writing the above equations we had used the
Z2 symmetry of the wave function ψ.

Introducing the operators,

Q ≡ ∇y −
3

2
σ′, Q† ≡ −∇y −

3

2
σ′, (6.9)

Eq.(6.5) can be written in the form of a supersymmetric
quantum mechanics problem,

Q† · Qψ = m2ψ, (6.10)

0

V(y)

yyc

FIG. 4: The potential defined by Eq.(6.6).

which, together with the boundary conditions (6.7) and
(6.8), guarantees that the operator Q† · Q is Hermitian
[5, 50]. Then, by the usual theorems from Quantum Me-
chanics [51], we can see that all eigenvalues m2 are non-
negative, and their corresponding wave functions ψn(y)
are orthogonal to each other and form a complete ba-
sis. Therefore, the background in the current setup is
gravitationally stable.

1. Zero Mode

The four-dimensional gravity is given by the existence
of the normalizable zero mode, for which the correspond-
ing wavefunction is given by

ψ0(y) = N0 (|y| + y0)
1/2 , (6.11)

where N0 is the normalization factor, defined as

N0 =

√

2

yc (yc + 2y0)
. (6.12)

Eq.(6.11) shows clearly that the wavefunction is increas-
ing as y increases from 0 to yc [cf. Fig. 5]. Therefore,
the gravity is indeed localized near the y = yc brane.

2. Non-Zero Modes

In order to have localized four-dimensional gravity, we
require that the corrections to the Newtonian law from
the non-zero modes, the KK modes, of Eq.(6.5), be very
small, so that they will not lead to contradiction with
observations. When m += 0, it can be shown that Eq.(6.5)
has the general solution,

ψ = x1/2 (cJ0(x) + dY0(x)) , (6.13)

where x ≡ m (y + y0), and J0(x) and Y0(x) are the Bessel
functions of the first and second kind, respectively [47].
The integration constants c and d are determined from
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c

ψ 0

0 xxx

FIG. 5: The zero-mode wavefunction given by Eq.(6.11), from
which we can see that the gravity is localized on the visible
brane at x = xc.

2 4 6 8 10
myc

!1.0

!0.5

0.5

1.0

"

FIG. 6: The re-scaled function of ∆ defined by
Eq.(6.15), where the dashed, dot-dashed and solid lines
are, respectively, for ∆ (x0 = 0.01) /35;∆ (x0 = 1.0) /0.5 and
∆ (x0 = 1000) /0.005.

the boundary conditions, Eqs.(6.7) and (6.8), which can
now be cast in the form,

(

J1 (xc) Y1 (xc)
J1 (x0) Y1 (x0)

)(

c
d

)

= 0, (6.14)

where x0 ≡ my0 and xc ≡ x0 + myc. Clearly, it has no
trivial solutions only when

∆ (x0, xc) ≡ J1 (xc)Y1 (x0) − J1 (x0) Y1 (xc)

= 0. (6.15)

Fig. 6 shows the function ∆ (x0, myc) for x0 =
0.01, 1.0, 1000, respectively. Note that in plotting these
lines, properly rescaling toke place. From this figure, we
find that the spectrum of the gravitational KK towers is
discrete, and weakly depends on the specific values of x0.

Table I shows the first three modes mn (n = 1, 2, 3)
for x0 = 0.01, 1.0, 1000, from which we can see that to

x0 m1yc m2yc m3yc

0.01 3.82 7.01 10.16

1.0 3.36 6.53 9.69

1000 3.14 6.28 9.42

TABLE I: The first three modes mn (n = 1, 2, 3) for x0 =
0.01, 1.0, 1000, respectively.

find mn it is sufficient to consider only the case where
x0 ( 1. When x0 ( 1 we find that xc = x0 + myc ( 1
and [47]

J1(x) "
√

2

πx
cos

(

x −
3

4
π

)

,

Y1(x) "
√

2

πx
sin

(

x −
3

4
π

)

. (6.16)

Inserting the above expressions into Eq.(6.15), we obtain

∆ =
2

π
√

x0xc
sin (myc) , (6.17)

whose roots are given by

mn =
nπ

yc
, (n = 1, 2, ...). (6.18)

In particular, we have

m1 " 3.14 ×
(

10−19 m

yc

)

TeV

"

{

1 TeV, yc " 10−19 m,
10−2 eV, yc " 10−5 m,
10−4 eV, yc " 10−3 m.

(6.19)

It should be noted that the mass mn calculated above
is measured by the observer with the metric ηµν . How-
ever, since the warped factor eσ(y) is not one at y = yc,
the physical mass on the visible brane should be given
by [7]

mobs
n = e−σ(yc)mn =

(

yc + y0

L

)1/3

mn. (6.20)

Without introducing any new hierarchy, we expect that
[(yc + y0)/L]1/3 " O(1). As a result, we have

mobs
n =

(

yc + y0

L

)1/5

mn " mn. (6.21)

For each mn that satisfies Eq.(6.15), the wavefunction
ψn(y) is given by

ψn(y) = Nnx1/2
n

(

J0 (xn)

J1 (x0,n)
−

Y0 (xn)

Y1 (x0,n)

)

, (6.22)

where

x0,n ≡ mny0 " nπ

(

y0

yc

)

,

xn ≡ mn (y0 + y) " nπ

(

y0 + y

yc

)

. (6.23)
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Ψ1!N1

FIG. 7: The wavefunction, ψ1 (y), defined by Eq.(6.22) vs
m1y where y ∈ [0, yc]. The dashed, dot-dashed and solid lines
are, respectively, for x0,1 = 100, 102, 104.

1 2 3 4 5 6
m2y

!100

!50

50

100

Ψ2!N2

FIG. 8: The wavefunction, ψ2 (y), defined by Eq.(6.22), vs
m2y where y ∈ [0, yc]. The dashed, dot-dashed and solid lines
are, respectively, for x0,1 = 100, 102, 104.

The normalization factor Nn[≡ Nn (mn, yc)] is deter-
mined by the condition,

∫ yc

0
|ψn(y)|2 dy = 1. (6.24)

Figs. 7, 8 and 9 show ψ1 (y) , ψ2 (y) and ψ3 (y) for
x0,1 = 100, 102, 104, respectively.

B. 4D Newtonian Potential and Yukawa
Corrections

To calculate the four-dimensional effective Newtonian
potential and its corrections, let us consider two point-
like sources of masses M1 and M2, located on the brane at
y = yc. Then, the discrete eigenfunction ψn(z) of mass
mn has an Yukawa correction to the four-dimensional
gravitational potential between the two particles [49, 52],

U(r) = G4
M1M2

r
+

M1M2

M3
5 r

∞
∑

n=1

e−mnr |ψn (yc)|2, (6.25)

2 4 6 8
m3y

!100

!50

50

100

Ψ3!N3

FIG. 9: The wavefunction, ψ3 (y), defined by Eq.(6.22), vs
m3y where y ∈ [0, yc]. The dashed, dot-dashed and solid lines
are, respectively, for x0,1 = 100, 102, 104.

where ψn (yc) is given by Eq.(6.22), with

xc,n ≡ mn (yc + y0) "
nπy0

yc
+ nπ. (6.26)

When x0,1 = m1y0 ( 1, we find that

Nn "
cos (2mny0)√

2nπy0
,

ψn (yc) " (−1)n+1

√

2

yc
. (6.27)

Then, we obtain,

|ψn (yc)|2 " 2Mpl

(

lpl

yc

)

. (6.28)

Clearly, by properly choosing yc, the corrections of the
4-dimensional Newtonian potential due to the high order
gravitational KK modes are negligible.

VII. CONCLUSIONS

In this paper, we have systematically studied the pos-
sibility of implementing the RS1 scenario [7] into type
II string theory on an S1/Z2 orbifold. In particular,
in Sec. II, starting with the Neveu-Schwarz/Neveu-
Schwarz (NS/NS) sector, we have first compactified
the (D + d+ + d−)-dimensional spacetime on two man-
ifolds Md+ and Md−

, where the topologies of Md+ and
Md−

are unspecified. As shown explicitly there, this
particularly allows the dilaton and modulus fields to
have non-zero potentials (masses), which is in contrast
to the toroidal compactification considered previously
[26, 27, 28, 31, 32, 33]. After reducing the action to an
effective D-dimensional one, which is given by Eq.(2.16)
in the Einstein frame, we further compactify one of the
(D − 1) spatial dimensions on an S1/Z2 orbifold, by
adding the brane actions (2.21). This completes the
whole setup of the model to be studied in this paper. Lift-
ing it to the original spacetime, the two orbifold branes
become (D + d+ + d− − 1)-dimensional.
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In Sec.III, we have explicitly derived the corresponding
gravitational and matter field equations both in the bulk
and on the branes, by using the Gauss-Codacci and Lanc-
zos equations. In Sec. IV such developed formulas have
been applied to cosmology by setting D = 5 = d+ + d−.
In particular, the generalized Friedmann equations on the
branes are given explicitly by Eqs.(4.21) and (4.22).

In Sec. V, in order to study the radion stability and
radion mass, we have first derived the general static so-
lutions with a 4-dimensional Poincaré symmetry. Then,
using the Goldberger-Wise mechanism, we have studied
the radion stability and shown explicitly that it is indeed
stable in our current setup. The corresponding radion
mass is given by Eq.(5.33), from which we can see that
the observational constraint mϕ > 10−3 eV can be easily
satisfied by properly choosing the free parameters pre-
sented in the model.

In Sec. VI, we have studied the tensor perturbations,
and shown explicitly that the background solution is
gravitational stable, and the gravity is localized on the
visible brane, as one can be seen clearly from Fig. 5. Due
to the particular boundary conditions, the spectrum of
the gravitational KK towers is discrete, and the corre-
sponding masses can be well approximated by Eq.(6.18),
as one can see from Fig. 6 and Table I. The mass gap
∆m ≡ m1 between the ground state and the first excited
state can be in the order of TeV , while the high order
Yukawa corrections to the 4-dimensional Newtonian po-

tential, due to the high order KK modes, is exponentially
suppressed, and can be negligible.

The above results strongly support our earlier conclu-
sions obtained in the studies of orbifold branes in both
the HW heterotic M theory [5, 25] and string theory
[26, 27, 28]. In particular, in all these models the ra-
dion is stable, and the gravity is localized on the visible
(TeV) branes, in contrast to the RS1 model [7], where
the gravity is localized on the invisible brane. Our mod-
els are much more complicated than the RS1 model and
involve several free parameters. By properly choosing
them, the theory should be consistent with observational
constraints, a subject that is under our current investi-
gations. It would be also extremely interesting to find
specific models in the current setup to explain the late
cosmic acceleration of the universe [53].
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