ABSTRACT

The Sixth-Order Krall Differential Expression and Self-Adjoint Operators
Katie Elliott, Ph.D.
Advisor: Lance L. Littlejohn, Ph.D.

We first provide an overview of classical GNK Theory for symmetric, or sym-
matrizable, differential expressions in L?((a,b);w). Then we review how this theory
is applied to find a self-adjoint operator in Li(—l, 1) generated by the sixth-order
Lagrangian symmetric Krall differential equation, as done by S. M. Loveland. We
later construct the self-adjoint operator generated by the Krall differential equation
in the extended Hilbert space L?*(—1,1) @& C?* which has the Krall polynomials as
(orthogonal) eigenfunctions. The theory we use to create this self-adjoint operator
was developed recently by L. L. Littlejohn and R. Wellman as an application of the
general Glazman-Krein-Naimark (GKN-EM) Theorem discovered by W. N. Everitt
and L. Markus using complex symplectic geometry. In order to explicitly construct
this self-adjoint operator, we use properties of functions in the maximal domain in
L?*(—1,1) of the Krall expression. As we will see, continuity, as a boundary condi-
tion, is forced by our construction of this self-adjoint operator. We also construct
six additional examples of self-adjoint operators in an extended Hilbert space, three
with a one-dimensional extension space and three with a two-dimensional extension

space.
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CHAPTER ONE
Classical GKN Theory

For more on this topic, see [1], [4], [16], [26], [27], [29], [30], [31], and [33]. In

this chapter, I review classical GKN theory.

1.1 Symmetric Differential Expressions

Let us consider the ordinary differential expression ¢[-] of order 2n given by

n

Myl(z) =S (~1) (ay(0)y?P (@), zerl (1.1)

=0
where I is the open interval I = (a,b) with —oo < a < b < oo and n is a positive
integer. In this chapter, we will assume that a, € C*(I,R) for k = 0,1,...,n and
an(z) # 0. In this chapter, we will study linear operators in L?*(a,b) generated
by (1.1). The differential expression ¢[-], as defined in (1.1), is called a formally
symmetric differential expression.

We will now discuss regular and singular differential expressions.

Definition 1.1. The differential expression ¢[-] given in (1.1) is a regular differential
expression if the interval I has finite length and the coefficients t, (p_1, ..., Ay €
L(I), where L([) is defined as the set of Lebesgue measurable functions f : I — C
that are Lebesgue integrable on the interval I. On the other hand, ¢[-] is called a

singular differential expression if it is not regular.
We can also classify the endpoints of I = (a, b) as regular or singular endpoints.

Definition 1.2. The endpoint b is a regular point of the expression ¢[-] if b < co and
if there exists an € > 0 sufficiently small so that the coefficients i, Gp_1, ---, 0y €
L(b—e,b). If b is not a regular point of £[-], then it is a singular point of ([-].

We can similarly define the left endpoint a as a regular point of ¢[-] if —oco < a

1



and there exists a sufficiently small € > 0 such that ai, Up_1, --- , a9 € L(a,a+¢).

Otherwise, a is a singular point of ¢[-].

1.2 The Mazimal and Minimal Operators Generated by (|-
We now define and discuss the maximal and minimal operators in L?(I) gen-

erated by the differential expression ¢[-] given in (1.1).

Definition 1.3. The operator T} : L*(I) — L*(I) defined by

D<T1) = {y = (C‘y(k) € ACloC(I)7 k= Oa 17 cee 7277/ - 17 Y, g[y] € L2<I)}
is called the maximal operator generated by the expression £[-] in the space L*(I).

The domain of the maximal operator, D(T}), is the largest subspace in which
Ty can be defined as an operator from L*(I) into L*(I), so the word “maximal” is
indeed appropriate.

Before we can define the minimal operator, we first need to define Green’s

formula and the sesquilinear form.
Definition 1.4. For f,g € D(T}), the sesquilinear form [f, g](-) generated by ¢[] is
defined by

Fogl@) = >0 D (=1 (as(@)g (@) D (@)

j=1 m=1

— (@@ @) )

Definition 1.5. For [a, 5] C (a,b), the Green’s formula for ¢[-] is given by
B
| ng-aifyde= () (1.9€DT) (1.3

Notice that for all f,g € D(T}) and a < x < b, we have
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We also note that, by definition of D(7}) and Hélder’s inequality, the limits [f, g](b) :=
IIE?_ [f,gl(x) and [f, g](a) := acli)r(rllJr [f,g](x) exist and are finite. It will be seen later
that Green’s formula is important for determining all the self-adjoint extensions of
the minimal operator generated by ¢[-] in L?(1).

Since D(T}) is dense in L*(I), we know that the adjoint of T}, denoted by Ty,

exists.
Definition 1.6. We call Ty := T} the minimal operator generated by £[-] in L*(I).

Observe that if L is any densely defined linear operator in L?(I) such that
L C T, then TY C L*, and hence it makes sense to call 7 “minimal.” Before we
give a constructive description of D(T), we first need a few more definitions and
results.

Let D} be the densely defined subspace of all functions f € D(7}) which have
compact support in the interval I. Then the restriction of the maximal operator T;

to the subspace Dy is denoted by T§,.
Theorem 1.7. The operator T}, defined above is symmetric in L*(I).

See [26, p. 61].
Let H be a Hilbert space with inner product (-, -)y. For the rest of the section,

let S: H — H be a linear operator with domain D(S).

Definition 1.8. The linear operator S is called symmetric in H if D(S) is dense in

the Hilbert space H and if
(Sz,y)u = (z,5Y)n

for all z,y € D(S).

Note that an operator S is symmetric in H if and only if S C S*. Now we

define a self-adjoint operator:



Definition 1.9. A linear operator S : H — H is self-adjoint in the Hilbert space H

if D(S) is dense in H and S = S*.

Definition 1.10. Let {x,} C D(S). If the conditions x,, — x and Sx,, — y, for some

y € H, imply z € D(S) and Sz = y, then we say that the operator S is closed.

If S is a densely defined operator, then its adjoint S* is a closed operator.
Since we defined the minimal operator T as the adjoint of the operator T}, we see

that the minimal operator is indeed a closed operator.

Definition 1.11. The linear operator S is closable if there exists a closed, linear

extension of S.

Definition 1.12. A closed linear extension S’ of a closable linear operator S is said
to be minimal if every closed linear extension of S is a closed linear extension of S’.
This minimal extension S’ of S, if it exists, is called the closure of S, and S is said

to admit a closure if S” exists. See [21, p. 537].
The notation for the closure of an operator S is S.

Theorem 1.13. Let H be a Hilbert space. Then if T : H — H 1is a symmetric operator,

it admits a closure. Furthermore, the closure T is symmetric in the Hilbert space H.

The proof of this theorem can be found in [26, p. 13]. As a consequence of
Theorem 1.13, we see that the operator 7{ has a symmetric closure Té. Furthermore,

we have the following theorem:

*

Theorem 1.14. (T3) =T3.

Naimark proves this result in [26, p. 18]. Combining Theorem 1.14 with the
well-known fact that a closed, densely defined operator A in the Hilbert space H

has the property that the adjoint of the adjoint of A is A, i.e. A* = A, we obtain:



Theorem 1.15. Ty = Té and Ty =Ty. In particular, the minimal operator Ty, and the

mazimal operator Ty are closed operators, each being the adjoint of the other.

An immediate consequence of this theorem is that if A is a symmetric extension
of the minimal operator Ty in L(I), then A C T}, where T} is the maximal operator,
since

ThCACA CTy =T.

Indeed, A has the same form as the differential expression ¢[-] and is a restriction
of T}, the maximal operator. This means that, in this case, Aly] = ([y] for all
y € D(Ty).

The next theorem characterizes the minimal operator in terms of the sesquilin-

ear form defined in (1.2). We have

Theorem 1.16. The domain D(Ty) of the minimal operator Ty in L*(I) consists of
all f € D(T1) satisfying

b

[f,9](z)] =0,

for all g € D(T7y).

Naimark gives a proof of this theorem in [26, p. 70]. The condition given in
Theorem 1.16 can be modified to a simplified condition if either one or both of the
endpoints a, b of I are regular. For example, if a, the left endpoint of the interval I,

is regular, then f € D(Tp) if

(i) f®(a)=0for k=0,1,2,...,2n — 1 and

(i) [f,g](b) =0 for all g € D(T7).

A proof of this modified statement can be found in [26, p. 71].
Note that each of the theorems from this chapter so far can be directly extended

to Lagrangian symmetrizable differential expressions of the form

Ml@) = = (-1 (a0 @), we, (1.4)



where w(z) € C*"(I) and w(z) > 0 for all z € I. The operator w(x)nly| is formally
symmetric, and the function w(zx) is called a symmetry factor for the expression
n[-]. The Hilbert space used for self-adjoint extension theory in this case would be
L?*((a,b), w) and the maximal operator T} in L*((a,b),w), generated by n[] is defined

to be

D(Th) ={y: (a,b) - C| yD € ACipe(a,b), 7 =0,1,...,2n — 1;

yly] € L*((a,b),w)}.

1.3 Examples of Lagrangian Symmetrizable Differential Expressions

Example 1.17. Consider the Jacobi expression defined by

Tly] = —(1—2®)y" + (a — B+ (a+ B+ 2)%)3/ + ky,

where 2 € (—1, 1) and a, 8 > —1. The n*" Jacobi polynomial P\*? (z) satisfies the
equation

77[P*P)] = (k +nn+a+p+ 1)>P7§aﬁ>.

The Jacobi expression cannot be put in the symmetric form (1.1) directly. However,

multiplying 7; by the symmetry factor w(z) = (1 —z)*(1+ z)” yields the following:

Calyl() =1 = 2)*(1 + @) 75 [y] (2)

= (=2 (1 + 2y (@) + K- 2)° (1 + 2) ()

Notice that the correct setting for the Jacobi expression is not L?(—1, 1) (unless
a = 3 = 0), but rather the weighted Lebesgue space L*((—1,1); (1—2)*(1+x)”). In
this space, the maximal and minimal operators associated with the Jacobi expression
are generated by

Tl = (1 —2) A +2) 4.



Example 1.18. Now consider the Laguerre expression defined by
Toly] = —ay”" + (x — 1= a)y + ky,
where x € (0,00) and « > —1. Then the n'* Laguerre polynomial L (x) satisfies

L[] = (n + k)L,

n

As with the Jacobi expression, the Laguerre expression requires multiplication by a

symmetry factor in order to be written as a symmetric expression. In this case, the

«

symmetry factor is w(x) = x%e~*, which yields

Crlyl(x) :=a%e "Tply|(v)

= — (:Ba“e_xy'(a:))/ + ke "y(x).

The proper setting for the Laguerre expression is the space L*((0,00); 2% %)
and the maximal and minimal operators in this space associated with the Laguerre
expression are generated by

T[] = a7 L[ ].
Example 1.19. For our last example, consider the Hermite expression defined by
Trly = —y" + 2zy + ky,
where r € (—00,00). Then the n'* Hermite polynomial H,(x) satisfies the equation
a[H,) = (k+ 2n)H,.

Like the Jacobi and Laguerre expressions, the Hermite expression must be multiplied

by a symmetry factor, w(z) = e, to obtain

Culy)(z) =e ™" 7 y)(x)
- — <e‘x2y'(:ﬂ))/ + ke " y(z).
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The proper setting to use is the space L?((—o0,0); e‘“”z). The maximal and
minimal operators in this space associated with the Hermite expression are generated

by the expression

THH = 6x2£HH.

1.4 Deficiency Spaces and von Neumman Formula

Let S be a symmetric operator in H, a Hilbert space. Define

D, :={feD(S")|Sf=if}
and

D_:={feD(S*|S"f=—if},
where i = /—1.

Definition 1.20. The space D, is called the positive deficiency space of S and D_
is called the negative deficiency space of S. The dimension of D, is the positive
deficiency index of S and the dimension of D_ is called the negative deficiency index

of S.

We use the notation ny := dim D.. It is the case that any complex number A
with Im(A) > 0 can be used in place of i in the above definitions.
If S is a symmetric operator in the Hilbert space H, then we define a new

inner product on the space D(S*) by

(x>y)* = (xay) + (S*l’,s*y)

It can be shown that D(S*) is a Hilbert space with this inner product ( [4, p. 1225]).

Now we are equipped to state von Neumann’s formula.

Theorem 1.21. Let A be a symmetric operator in a Hilbert space H. Then D(S),
D., and D_ are closed orthogonal subspaces in (D(S*), (-,-)*) and

D(S*)=D(S)® D, ®D_. (1.5)
8



The proof of this result can be found in [4, p. 1227].
In the special case when S is the minimal operator Ty, then equation (1.5)
becomes

D(Ty) = D(Tp) & Dy & D_.

In the next result, which can be found in [4], we will see that the deficiency spaces

play an important role in determining self-adjoint extensions of the minimal operator

Tp.

Theorem 1.22. Let S be a symmetric operator in a Hilbert space H. Let D' C D, &D_
be a closed subspace and define D by D := D (g) @ D'. Then, the restriction of S*
to the subspace D 1is self-adjoint if and only if D' is the graph of an isometry that

maps Dy onto D_.
An important consequence of Theorem 1.22 is the following theorem:

Theorem 1.23. Let S be a symmetric operator in a Hilbert space H. Then S has
self-adjoint extensions in H if and only if its deficiency indices are equal, in other

words, n, = n_. Additionally, if n, =n_ =0, then the only self-adjoint extension

of S is S = S*.

The proof of this result can be found in [4, p. 1230].

Now we move back to finding self-adjoint extensions of the minimal operator
Ty in L*(I). Note that since for any A\ € C, the equation ¢[y] = Ay has a basis
of 2n solutions, the deficiency indices n, and n_ of Ty are both finite. Since the
coefficients ay, of ¢]-] as defined in (1.1) are real-valued, a function f is a solution of
(ly] = 4y if and only if f is a solution of £[y] = —iy. Likewise, if {fi, fo,..., fin}
is a basis for D, then {71, Forot, Tm} must in fact be a basis for D_. Therefore,
the positive and negative deficiency indices are equal. However, in general, if the

coefficients of the expression ¢[-] are complex-valued, then the deficiency indices are



not necessarily equal. Now we state a result relating the properties of the endpoints

a and b of the interval I to the deficiency indices n, and n_.

Theorem 1.24. Let Ty be the minimal operator in L*(I) generated by the expression
(-], where I = (a,b).

(i) If both a and b are reqular endpoints, then ny = 2n.

(i1) If one of the endpoints is singular, then 0 < ny =n_ < 2n. Indeed, for any
integer m such that 0 < m < 2n, {[-] can be constructed so that no = m. If

exactly one of the endpoints a or b is singular, thenn < n, =n_ < 2n.

The proof of part (i) can be found in [26, p. 66] and the proof of part (ii) can
be found in [26, p. 69 and 71].

Now let ¢ € I. Then cis a regular point of £[-]. Let T, be the minimal operator
generated by ¢[-] on the interval (a, c) and let T be the minimal operator generated
by ¢[-] on the interval (c,b). Also let (m_,m_) denote the deficiency indices of T

in L?(a,c) and let (m,m,) denote the deficiency indices for T,  in L?(c,b).

Theorem 1.25. The deficiency index of the minimal operator Ty in L*(a,b) is (m,m)
where

m=mq+m_ —2n

and 2n is the order of the expression ([-]. In addition, m is independent of the choice

ofcel.

The proof of this theorem can be found in [14, p. 353]. Since the point ¢ € [
is a regular point of ¢[-], all solutions of the equation ¢[y] = +iy must belong to
L*(c—e,c] for all 0 < € < ¢ — a. Thus, m_ is equal to the number of solutions of
(|y] = +iy that are in L?(a, a + 4] for sufficiently small §. Likewise, m, is the same
as the number of solutions of ¢[y] = +iy that are in L?[b — §,b) for sufficiently small

0 > 0. This provides motivation for the next few definitions.
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Definition 1.26. The expression ¢[-] is said to be in the limit-p case at z = a in
L3(I) if there are exactly p solutions of £[y] = +iy that are in L?*(a,a + ¢) for some
sufficiently small € > 0. On the other hand, ¢[-] is said to be in the limit-q case at
z = b in L*(I) if there are exactly ¢ solutions of £[y] = +iy that are in L?(b — ¢,b)

for some sufficiently small € > 0.

If the order of the expression ¢[-] is two, then the limit-2 case is often called
the limit circle case and the limit-1 case is often called the limit point case. This
notation comes from Weyl’s paper [32]. The limit circle and limit point terminology
come from the geometry Weyl used in his analysis of the number of L? solutions
of the second-order Sturm-Liouville equation. In this second-order case, he showed
that if £[y] = Aoy is limit-point at the endpoint a or b for a certain Ay € C, then
lly] = Ay is limit-point at a or b for all A € C. Weyl also showed an analogous result
for the limit-circle case when £[] is order 2.

Combining the definitions of limit-p case and limit-q case with Theorem 1.25,
we can now find the deficiency index of the minimal operator Ty in L?(I) once we
determine the limit case for both endpoints a and b of the interval I. The Method
of Frobenius may be used to determine the number of Lebesgue square-integrable
solutions near a regular singular endpoint, which will be defined below. For more
on the Method of Frobenius, see [17, p. 396-404].

Consider the differential equation
Llyl(z) = Y bi(a)yY (x) =0, (1.6)
=0

for v € J where J C R is an open interval, b; : J — R for j = 0,1..., n, and

bj(x) # 0 for all x € J. Suppose a,b € J with a < b.

Definition 1.27. If = a > —oo and if

( — Z)Z;[y}(w) _ En:(x — oY )y (a), (1.7)

11



where ¢,(z) = 1 and each ¢j(x) is analytic in some neighborhood of z = a for
j=0,1,...,n—1, then z = a is called a regular singular point of L[-]. There is an

analogous definition for x = b < co as a regular singular point.

In the case where a = —oo (or where b = 00), we use the transformation x = %

to express L|-] in the form
> ety (),
=0
where, as before, ¢,(t) = 1 and ¢;(t) is analytic in some neighborhood of t = 0 for

each j. In this case, we say that © = oo is a regular singular point of L[-].

Definition 1.28. If an endpoint is not a regular singular endpoint of L[], then we say

it is an wrreqular singular point.

Frobenius created a useful tool for determining a basis of n solutions of the
homogeneous equation (1.6), which expands each solution around a regular singular

point. An important part of the Method of Frobenius is the indicial equation.

Definition 1.29. The indicial equation at x = a associated with equation (1.7) is:

ZP(T,j)cj =0, (1.8)

|
where ¢; = ¢;(a) and P(r,j) = i T for j=0,1,...,n.

(r =)
In this method, each of the n roots of (1.8) determines a solution of the dif-

ferential equation given in (1.6), even when roots have a multiplicity greater than

one.

1.4.1 FEzamples
Example 1.30. Legendre Example

Consider the Legendre differential equation given by

MP)() = (1 -2 (@) +ky (19)

12



defined in the interval (—1,1). Both endpoints x = 41 are regular singular points

of M,il)[-], as will be shown. Near x = —1, we have

(z+ 020 yl@) VAN
(1= =(z +1)%"(2) + (z +1) ( )y(x)

[
() e

l1—=x
So,
—k(x+1
-2z
ai(7) 1
co(w) =

Near the endpoint x = 1, we have

(e =DM e 2\
S )+ ) () o)

so we have

co(x) =1.

All points € (—1,1) are regular points. Now we will solve the indicial equations
at v =—1and x = 1.

The indicial equation at x = —1 is

2

0= Z P(r,j)c;

J=0

G i!o>! (_f (—_<1—+1>1>) G ill)! (1_—2(<_—11>>> G i!2>!

=r+r(r—1)=r%

13



Thus, the indicial equation at x = —1 has a root of multiplicity 2 at r = 0. There-
fore, from the method of Frobenius, a basis of solutions of the differential equation
M,gl)[y] = around x = —1 is {y, y»} where

yile) =) ajz+ 1), a9 #0,

J=0

yo(r) =z + 11 ) aj(w+ 1)+ > blw+1), by #0.
j=0 j=0

Both of these series converge for |z + 1| < 2.

The indicial equation at = +1 is

2

0=> P(r,j)c

5=0
7! E(1—1) il 2(1) 7!
= - -
(r=0)\ 1+1) (r—11\1+1 (r—2)!
=r+r(r—1)
=r2,
Hence, just as with x = —1, the indicial equation at x = +1 has a root of multiplicity

2 at r = 0. Thus, a basis of solutions of M,gl) ly] = 0 around = = +1 is {y1, y2}

where y; and y, are given by
(@) =) aj(x=1), ag#0,
j=0

yo(z) =In|x — 1| Zaj(a: - 1) + ij(x —1)7, by #0.
=0 =0

Both of these series converge for |z — 1| < 2.
With these bases for solutions at x = =1, it is clear that all solutions of
M, él)[y] = 0 are Lebesgue square-integrable near the endpoints x = +1. Therefore,
M ,51)[-] is in the limit-circle case at both endpoints, and thus, by applying Theorem
1.25, we see that the deficiency index of the minimal operator generated by M,il) []
is (2,2).
14



Example 1.31. Krall-Legendre

Consider the fourth-order Krall-Legendre differential expression M [ | defined by
MP () = (1= 2°)%"(@))" = ((4AQ1 - 2°) +8)y/ () + ky(w)

on the interval (—1,1). It will be shown that both x = +1 and x = —1 are regular
singular endpoints, and all z € (—1,1) are regular points.

Since, near x = 1, we can write

(z +1)* M y](x) _ (k(x + 1)2> y(z) + (w) (z+1)y'(2)

(1—a?)? (1 —x)? (1 —x)?
4Ax* +122% +4 — 4A 9
1
() e
—8x 3, m 4. (4)
{1 ) @+ 17y (@) + (& +1)%y (),
and we see that © = —1 is a regular singular endpoint of M ,§2)[-] with
k(z+1)2
co(w) —W,

8Az(x + 1)
R
4AT? + 1227 + 4 — 4A

CQ(J:) = (1 _ CL’)Q )
—8x
() = 1—2a’
ca(x) =1.
Therefore, the indicial equation at z = —1 is
4
0= Z P(r, j)e;
§=0

o (—1+1)2 Pl (SA(=1)(~1+1)

‘v—on(< iy nw)*%r—n!( (1= (-1))2 )
7! (A(=1)2+12(=1)2+4 —4A
*v—2»< (1= (1)) )

rl —8(—1) rl
*(r—@!@l—«&»)*(r—@!
=r(r—1D)@)+r(r—00r—-2)4)+r(r—1)r—-2)r—-3)
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=r(r = )[4+ (r — 2)(4) + (r — 2)(r — 3)]
=r(r—1)(r* —r —2)
=r(r = 1)(r = 2)(r + 1),

So, a basis of solutions to M,EQ) [y](x) = 0 around z = —1 is given by {y1, ¥o, y3, ya}

where

M)

() aj(z +1)7°2,
j=0

ya(r) =Y bi(w+ 1) +In(z — 1)) 0z + 1)
j=0 j=0

y3(z) :ch(x—i—l)j—l—Zln(x—l— )Y di(z+1)*
j=0 j=0

ya(r) =) di(w+ 17" +3In(x + 1) dj(z+ 1),

Il
o

J Jj=0
and each of these series converges for |z 4+ 1| < 2. Note that the solutions y;, ¥,
and y3 are Lebesgue-square integrable near the endpoint x = —1. However, the
solution 4 is not Lebesgue-square integrable near x = —1, we see that fourth-order
Krall-Legendre differential expression M. ,52)[-] is in the limit-3 case at the endpoint
r=—1

There is a similar analysis at the endpoint x = +1. In fact, M,EQ)[-] is in the
limit-3 case at = +1 as well. Hence, since M,iQ)[-] is in the limit-3 case at both
endpoints, we see from Theorem 1.25 that the deficiency index of the minimal op-

erator generated by the differential expression M, ,§2) [-] in the Hilbert space L*(—1,1)
is (2,2).

1.5 The Classical Glazman-Krein-Naimark Theorem
Before we state the important Glazman-Krein-Naimark theorem, we first need
to state one more definition. Let X be a vector space and M; C M, be subspaces
of X.
16



Definition 1.32. The set {x1, z9, ..., x,} C My is said to be linearly independent
modulo M; if

Z Q;T; € M,
j=1
implies that a; =0, for j =1, 2, ..., n.

Then if A C M, is a maximal linearly independent set modulo M; and 8 =
card(A), then dim My = 8 mod M.

It can easily be seen that if the set {z1, 29, ..., ,} C M, is a linearly inde-
pendent set, then it is a maximal linearly independent set modulo M; if and only
if

My = My +span{xy, 9, ..., 2,}.
If {x1, x9, ..., x,} C My is linearly independent modulo M, then it is also a linearly
independent set in the vector space X; however, the converse is not necessarily true.
We now state the important Glazman-Krien-Naimark theorem, the proof of which

can be found in [26].

Theorem 1.33 (GKN Theorem). Suppose the deficiency indez of the minimal operator

Ty in L*(a,b) generated by the expression L[] is (m,m).

(i) Let S be a self-adjoint extension of Ty in L*(a,b). Then there exists a set
{wy, wa, ..., wy} C D(S) that is linearly independent modulo D(Tp) such

that

Sly] =Ly

D(S) = {y e DT | fwy. |

:szlﬂw”,m}. (1.10)

a

Here, [, -] is the sesquilinear form defined in (1.2).

(ii) Suppose {wy, wa, ..., wy} C D(T) is linearly independent modulo D(Tp)

with



Define an operator S in L*(a,b) by

Sly] =Ly

D(S) = {y e DT | fwy. vl

=O,j:1,2,...,m}.

a

Then S is a self-adjoint extension of Ty.

This theorem provides a recipe for constructing self-adjoint extensions of the

minimal operator.

Definition 1.34. The conditions

[w, w]]° =0, j=1,2 ..., m

a

given in (1.10) are known as Glazman-Naimark boundary conditions and the func-

tional
b

[wj,-]| :D(T)—C (1.11)
is called a boundary value for Ty. It is called a separated boundary condition such

b
that [w;,y|| = 01isindependent of a or b for all y € D(S). If (1.11) is not a separated

a

boundary condition, it is then called a mized boundary condition.

The GKN theorem can be generalized for arbitrary symmetric operators, as

in [4].

18



CHAPTER TWO

The Everitt-Littlejohn-Loveland Approach to the Spectral Study of the Krall
Sixth-Order Differential Expression

For more on this topic, see [25] and [8].

2.1 Nonclassical Differential Equations
In 1938, H. L. Krall [19], the father of Allan Krall and the supervisor of
Littlejohn at Pennsylvania State University, found three fourth-order nonclassical
differential equations of the form
4 i
2 (Z W) ¥ (@) = Ay(a)
i=1 \j=0

having orthogonal polynomial solutions {p,} corresponding to {\,}, where, neces-

sarily,
4
>\n = ZP(n7]>€l]a
§=0
and
n!
P(n,j) = —.
(n.3) (n—j)!

The three differential equations were classified as follows:

Table 2.1. Three fourth-order nonclassical differential equations

Weight Interval Name
_ 1
e’ + Z(S(x) [0,00) Laguerre type
1 .
(1—2)*+ Zé(m), [0,1]  Jacobi type
(> —1)

1+ %5@ +1)+ %5(1) —1) [-1,1] Legendre type
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Note that the Jacobi polynomials are usually defined on the interval [—1,1]. How-
ever, in this case, the fourth-order Jacobi type differential equation is simpler on
[0,1]. The differential equation could be considered on [—1,0] with the weight
(14 2) + $6(x).

In the third case, the Legendre type polynomials, we note that if the jumps at
the endpoints x = +1 are different, then the order of the differential equation jumps

from four to six, which yields the Krall sixth-order differential equation.

2.2 The Sizth-Order Krall Differential Equation

The Krall sixth-order differential equation is given by
lsly](z) = (x2 — 1)3 y© +18 (x2 — 1)2 y®)
+ (2> 1) (3A+3B+96)2” — 34— 3B — 36) y¥
+ (24A 4+ 24B + 168) z (2* — 1) y®
+ ((12AB + 42A+ 42B + 72) 2° + (12B — 124) x (2.1)
— (12AB + 30A + 30B + 72) )y"
+ ((24AB + 12A+ 12B) x + (12B — 12A)) ¢/
=AY,
where A, B > 0 and
A =n(n—1) (n*+2n*+ (BA+3B—-1)n*+ (3A+3B—-2)n+124B). (22)
In Lagrangian symmetric form, the differential equation becomes
= (=2)"y®) 7 4 (1 - a?) (124 (344 3B +6) (1 - 2)) /)"
— (((—6A— 6B — 124B) z*
+ (124 —12B) z + (12AB + 18A 4+ 18B + 24)) /).

One solution to lsy] = Ay is y(x) = K, (z) (n € NO), where

(
& (-l 20 — )1Qn, j)ar
Kn(@—zgnﬂ T E ] — ) (n2+n+A+B)

§=0

[N

& (2:3)
] .

20



is the n'" Krall polynomial. Here

2+ (=1)
2

Q(n,j) = ((n*+ (2A+4 2B — 1)n* + 4AB) + 2j(n* + n+ A + B))

1

+ (2_1)j (4B — 4A).

The Krall polynomials were first studied by Littlejohn [23]. The Krall polynomials

{K,} form a complete orthogonal set in L*([—1,1]; W (x)) where

W) = ~5(z+1)+ éa@: 41

A
The maximal domain for f[-] in L*(—1,1) is
A={f:(-11) = C|f9 € ACine(—1,1) (j =0,1,2,3,4,5);

bl f] € L2 (=1, 1)}.

(2.4)

On A, we have Green’s Formula

/ d:c—/f () = [f.9) ()]

Here [f, g (z) is the skew-symmetric sesquilinear form defined by
1£,9) (z) = (— (=2 19@) + (1= 2%) (1240 (1-22) /" (2))’
- 7(2)'(2) )0
- (_ (=o' 59@) + (=) (1240 (1-2%) 7))
~7(o)g (@) ) o)
- (_ (=) @) + (1-a?) (1240 (1 - 2%)) f”(m)) 7(2)
+ (— ((1-2°g9@) + (1 -2) (12+ 0 (1 - %)) §”(az)) f(@)

— (12 (fP(2)7"(x) - ¥ (@) f"(2)),
(2.5)
where
a=3A+3B+6
21



and

m(z) = (—6A — 6B — 12AB) 2® + (12A — 12B) x + (12AB + 18A + 18B + 24)..

(2.6)
We wish to study f[y] not in L?*(—1,1) but in L*([—1,1]; W (x)).
We note that L*([-1,1}; W (z)) = L7[—1, 1], where
1
2 . :
Li[-1,1] = {f [-1,1] = C| /1 |f| dp < oo, f is Lebesgue measurable} :
where
dp = 1& +n+15(—n+1 d
p= (70 5o x
and g is the non-decreasing function
(
11 p<o
p(x) = x, -l<z<l
1+4, z>1
\
Then L?[—1,1] is a Hilbert space with inner product
(F9)u = / F(OgOda(e)
[1” (2.7)

f(Wg(1)
SN [ s 080

Note that L%[—1,1] =~ L*(—1,1) ® C?, which will be important in Chapter Five.
The endpoints © = £1 are regular singular endpoints of /g[y]. At both end-

points z = =£1, the indicial equation is given by
(r—=3)(r—2)(r—1)>%r(r+1) =0,
and lg[y| is limit-5 at © = £1. The six Frobenius solutions to ¢s[y] = 0 at = 1 are

:(.CE - 1) ian(aj - 1)71’ Qg 7& 07
n=0

() = — 17 (gl = 1) Y hule = 1" + (2 = 173 balw = 1", by £0,
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y1(z) =(x — 1) (log |z — 1]) 2Ztn x—1)"
n=0

+ (z —1) (log |x — 1]) Z]nx—l (x —1) chx—l
n=0

n=0
oo

hi(x) =(z = 1) (log [z = 1)) Y _tu(z — 1)"

n=0

M8

+3(x — 1) (log |x — 1])2 Jn(x —1)"

3
o

WE

+3(x — 1) (log |z — 1|)

[e=]

n=»

yo(z) = (log |z = 1)* > " kn(z — 1)" + (log |z — 1])° Zln(x —1)"
+ (log |z = 1))* Y " m(z — 1)" + (loglz = 1)) Y fulz — 1)"

+ Z en(z —1)",
n=0

y-1(z) =(z — 1) (log |z — 1|)° an(x - 1"

+ (x — 1)~ (log |z —1]) z%qn x—1)"
+ (z — 1) (log |= — 1|)32rn(1‘ —1)"
+ (z—1)"' (log |z — 1])? :0 Sn(z—1)"
o= 1) Goglr = 1))t =)

These six solutions can be simplified to the forms

yale) = — 1° Y anla — 1), a0 # 0,

=(z—1)*) by(x—1)"

23

Gz —=1)"+ (z—1 Zd r—1)"

00%07

dO#Oa

607&07

ho % 0.

(2.8)



+(z = 1)?log |z = 1| > eo(z —1)", bo, 1 # 0, (2.9)

n=1

yi(z) =(x — 1)) dy(z —1)", d, #0,  (2.10)
i(x) =(z=1)) ez —1)"

+3(z = logle — 11 Y fulz = 1)", o, fo#0,  (2.11)

n=0

y0<x) = Zgn('x - 1)n + 410g |‘/L‘ - 1| Z hn(x - 1)n7 9o, hy 7é 0, (212)
n=0 n=1
yor (@) =@ = 17 gl — 1)
n=0

+5(x—1)og |z — 1| > kn(z —1)", Jo k1 0. (2.13)

n=1

All the series converge for |z — 1| < 2. The five solutions that belong to A are

Y3, Y2, Y1, Y1, Yo. Furthermore, four of these solutions, ys, yo, Y1, Yo, satisfy
y" € L*(—1,1),

but
o ¢ L*(—1,1),
and so 7, will cause a problem in [-,], as defined in (2.5). Therefore, §; must be
eliminated from the domain of the self-adjoint operator we will construct.
We will analogously denote the five solutions of f¢[-] at + = —1 which are in
L?(—1,1) by 23, 29, 21, 21 and 2. Denote the solution of /-] that is not in L?(—1,1)

at the endpoint x = —1 by z_;.

2.3 Basic Properties of the Mazximal Domain
In [25], Loveland proved properties of the maximal domain A of ¢g[-]. In order

to state this theorem, we must first define an important function:

Alfl(z) = — ((1 — x2)3 f(3)(x)>, +(1=2%) (124 a (1 —2%) f"(2). (2.14)
24



Theorem 2.1. Let f,g € A. Then
(Z) f/ € LQ(_L 1);
(ii)) fe AC[—1,1];
. _2\s £(s) — — .
(111) wlig:ll(l ) f¥(x) =0 for s =1,2,3;

(iv) 1€ A and Jim [f1](x) = T [N[f)(x) — m(2)f'(2)];

rz—+1

(v) (1—a?) € A and lim[f, 1 - 2?)(x) = 2A[f](1) — 48(A + 2) f(1),
lim [f, 1 — 2% (x) = —2A[f](—1) +48(B + 2)f(—1);

z——1

(vi) (1 —22)2 € A and lim [f, (1 — 2*)?)(z) = £192f(£1);

z—=+1

(vii) hy € A where hy € C5(—1,1) are defined by

;

(@) 0 x near — 1
h+ xIr) =

\%(A +2)(1 —2?)?In(1 —2?) + 3(1 —2®) In(1 — 2?) & near 1,

$(B+2)(1—2%)?In(1 —2?) +3(1 —2?)In(1 —2?) = near —1
h(x) = S

0 x near 1.
and

1mqﬁh4ug=+4@A+3B_4uu)+1m1(-Auxwm¢m+3w%@

r—+1 r—+1

~ (1= (I @ @) - B @) @) ),
lmﬂﬁhJ@):—4BB+3A—4N@4)+£Eh<—AUK@MA@

r——1

+82f'() = (1= 2" (FO @ () = b @) (@) )

(viii) (1—2%)3 € A and lirill[f, (1—2%)%)(x) = 0; hence, (1—12%)3 is in the domain
z—

of the minimal operator in L*(—1,1);
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(iz)

lim [f,g] (2) = [,1] (£1)g(£1) — [5, 1] (£1) /(1)

rz—=+1

+ lim (= Af)@)7 (2) + Alg)(2) ()

(1= %) (S @)g" (@) - gV @) (@) )

The proof of this result is omitted, but the proofs of parts (i)-(iii) depend on
a result by R. S. Chisholm and Everitt [3].

Since 7, € A but y/ € L*(—1,1), we see that Theorem 2.1 is as strong as
possible. It was expected that there would be a restriction 6 of A such that f©) e

L?*(—1,1) whenever f € 6. To construct the space §, we first define ex € C%[—1,1]

by
0 x near — 1
er(x) = (2.15)
%(1—x2)+%(A+2)(1—x2)2 x near 1
and
. (2] = —%(1 —2%) — %(B +2)(1 —2%)? xnear —1 (2.16)
0 z near 1.

Then e, € A. We can now define 9, a restriction of A, by

0 :={feAl[fe](1)=1[fe](=1)=0}. (2.17)
In [25], the following result is shown:

Lemma 2.2. Let f € A. Then f € § if and only if A[f](£1) = 0, where A is as

defined in (2.14).
The following properties of ¢ are given in [25]:

Theorem 2.3. Let f,g € . Then
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(i) f© e L*(~1,1);

(i) f©) € AC[-1,1], for s =0,1,2;
(iii) Tim [(1 =22 ) (2) 0, fors=1,2;
(i) lim (1 —2)f(x) = 0;

(v) lim (1 -2 O (2)g"(z) = 0;

r—=£1

(vi) 1 €4, a:lgill[f’ 1(z) = —=24f"(1) — 24(A+ 1)f'(1), and
i [£10) = 247"(1) 248+ 1) (1)

(vii) (1 —2?%) €9, mlig:l [f,1— 2] (z) = —48(A +2)f(1), and
lim [f.1—2%] (x) = 48(B +2)f(-1);

(viii) (1 — %)% €6 and lim [f, (1 —2°)*] (z) = £192f(£1);

r—=+1

(ir) (1—2%)?>€§ and lim [f, (1 —2°)°] (z) =0;

rz—=+1

(z)

Jim [, g](2) = = 24[f"(1)g(1) —g"(1) f(1)]
—24(A+ 1) [f(Dg(1) =7 (1) f(V)];
Jim [f,g](z) = + 24 [f"(=1)g(=1) = 7" (=1) f(=1)]

—24(B+ 1) [f'(-Dg(-1) =g (-1 f(-1)].
Then, by part (vi) of Theorem 2.3, for f € §, we have

[£,1](1) = —24/"(1) = 24(A+ 1) f'(1)

and

[, 1)(=1) = 24f"(=1) = 24(B + 1) f'(—1).
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2.4 Constructing a Self-Adjoint Operator
The Everitt-Littlejohn-Loveland approach to studying ¢¢[-] and, in particular,
for finding the self-adjoint operator T generated by fg[] in L2[—1,1], is to first
study lg[-] in L?(—=1,1), not L2[-1,1]. In fact, we study £s[-] on A and check A
for “smoothness” properties. This approach worked in previous work by Everitt
and Littlejohn in their study of H. L. Krall’s three 4"*-order equations. From this
analysis of A, the second step is to define T in L>[—1, 1] on a (dense) subspace D(T)
by using what we learned about smoothness of functions in A.

Define the operator T'in L?[—1,1] by

/

24A<f”(—1) —(B+ 1)f'(—1)) r=-1

T[f1(z) = 4 tg[f](2) —1<z<l1

\24B<f”(1) +(A+ 1)f’(1)> z=1

In [25], the author proves the following result:
Theorem 2.4. T' is symmetric in L>[—1,1] and T > 0.

Proof. Let f,g € D(T). Then, by Theorem 2.3, we can write Green’s formula as

//e[f](ﬂ?(@dt =[£,1(Mg(1) = [g, M) F(1) = [f, 1(=1)g(-1)

+ (9, 1(-1)f(-1) +/ Co[g](t) f(t)dt.

-1

Then, from the definition of the inner product in LZ[—l, 1] given in (2.7), we have

(T1f].9), = LI /_ lAOaar A=)

=—24(f"(1) + (A+ 1) (1) g(1) +24(f"(1) + (A+1) (1)) g(1)

—24(7" (D) + (A+1g'(1) f(1) =24 (f(=1) = (B+ 1 f(-1)) 5(-1)
28



+24(7"(-1) = (B+1)7'(-1)) f(-1)
b [ aEosoa s 1oy - BrOsC0EEY )

=(f.Tlg]), -

Therefore, the operator 7' is Hermitian. Since C§°[—1,1] C D(T') and C§°[—1,1] is
dense in L7[—1,1], we see that D(T) is dense in L*[—1,1]. Hence, T is symmetric

in Li[—l, 1]. Using properties of § given in Theorem 2.3, Dirichlet’s formula

| (=95 @) + (1 - )12+ al = ) (@) (0
() f ()7 (x) ) da

—— (= 10— fO@) + [(1 - 2212+ a(l - 22) f(2)]

/

, (2.19)
—n(@)f'(@))3()|
F(~ 10 =P 0@ + (1= )12+ all ~ ) () ) ()]
H1- PO @)+ [ Gl

becomes, for f,g € 0,

[ s = [ {0-ermgo
+(1=2)(12+a(1 = )P OF'(0) + 1) [0 (0 i
24 (g"(1) + (4+ Dg (D) S0

=2 (g (<) - (B + g/ (-1)) S(-1).
Combining this with (2.18), we have
Tina = [ {0-erroms®e

+ (1 =) 12+ a(l = %) ()7 () + 7T(?f)f’(lt)ﬁ/(t)}d?f-
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Since, on the interval (—1,1),

(1= 2| fO@)* + (1= 2%)(12+ a(1 = 22) | @) + 7(2) |F (@) > 0,

we have
' 223 | £(3) /412 2 2 10y )2
T pu= [ {a=P 00 + 0= #a2+at - e)1£0)
+ () |0 bat
> 0.
Thus, T" is bounded below by 0. [

Now define a related operator A in L?*(—1,1) by
A[f] =ts[f]
D(A) ={f e A[[f,e-](=1) = [f,e](1) = [f, 1-](=1) = [f, 14](1) = 0},
where 13 € C°%[—1,1] are defined by

1 for x near 1

1+ =

0 for z near —1

and

0 for z near 1

1 for x near — 1.

In [25], the following result is proven about the operator A:
Theorem 2.5. A is self-adjoint in L?>(—1,1). Furthermore, A > 0.

Proof. Since lg[-] is limit-5 at both z = 41, the Naimark theory for constructing self-

adjoint operators requires, in the separated case, two boundary conditions at each
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endpoint. Since the four functions 14 and ey are linearly independent modulo the

minimal domain of /s[-] in L*(—1,1) and satisfy the Naimark symmetry conditions

lex, ex)(£1) = [1s, 1e](£1) = [ex, 14](£1) =0,

we see that A is self-adjoint.
Since D(A) C 4, it follows from Dirichlet’s formula (2.19) and Theorem 2.3

that
Al n = [ b
= [ {a-#p 100+ 0 - fa2+a - ) |rof

+ () |f (1) Jat

[]

In order to prove that the operator T is self-adjoint, we first introduce yet

another related operator, B:

(

A(f"(-1) = (B+1)f(-1)) z=-1
Blf] =9 t[f](x) —1l<z<l1

—UB(f'(1)+ (A+ 1) f(1) z=1

\

D(B) :=0.

Theorem 2.6. B is self-adjoint in L2[—1,1].

The proof of this result relies on properties of the operator A and of the
solutions of 5[-]. Recall that the solutions at = = 1, ys, y2, ¥1, U1, ¥1, and y_,, were
given by (2.8) through (2.13) and the solutions at x = —1 are z3, 29, 21, 21, 20, and
z_1. Note that ys3,y2,y1,y1,y1 are linearly dependent on z3, 29, 21, 21, 2z9. The proof

constructs the unique linearly independent functions ¢, € § that are linear
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combinations of 23, 29, 21, 21, 20. These two functions, and the resolvent operator of
A, which exists, is bounded, and maps L?(—1,1) onto D(A), are critical components
of the proof of the above result.

With the above results, we can now state this chapter’s main result.
Theorem 2.7. T'is self-adjoint in L7[—1,1].

The proof of this theorem relies on the properties of the operators A and B.
We can now use this result to give a characterization of the spectrum of the operator

T, as stated in [25]:

Theorem 2.8. (i) The Krall polynomials {K,}2, as defined in (2.3), form a
complete set of orthogonal eigenfunctions for the self-adjoint operator T in

L2]-1,1].
(i) The spectrum of T in L2[—1,1] is given by
oT)={M\|n=0,1,2,...},

where A, is as defined in (2.2). So, T has a discrete spectrum that is bounded

below and all eigenvalues of T are simple.

The proof is omitted, but can be found in [25], but the proof of part (ii)
follows from the fact that T is self-adjoint (and so the residual spectrum is empty)
and that {\,} has no finite accumulation points (and so the continuous spectrum is

empty [28]).
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CHAPTER THREE
Extended GKN Theory

The Glazman-Krein-Naimark Theorem, Theorem 1.33, can be generalized to
an arbitrary closed symmetric operator with equal and finite deficiency indices in
an arbitrary Hilbert space. This generalization is stated in the GKN-EM Theorem,
Theorem 3.22, which will be discussed in this chapter, and is an application of
general complex symplectic theory developed by Everitt and Markus. This theory
and its applications to linear ordinary differential equations and partial differential
equations was developed by W. N. Everitt and L. Markus in the papers [10], [11], [12],
and [13].

The motivation and framework of this extended theory is nicely summed up

in this quote from Everitt, Littlejohn, and Wellman in [9]:

The GKN theory provides a recipe, in theory, for determining
all self-adjoint extensions in the Hilbert space L?(I;w) of formally
symmetric differential expressions of the form

T

mym):@Z<—1>J‘<qj<u>y<f‘><u>>@ wel) (1)

J=0

on some open interval I = (a,b); we assume here that w > 0 and each
coefficient ¢; is sufficiently differentiable on I. This theory works
well in developing the spectral theory for the second-order classical
differential equations of Jacobi, Laguerre, and Hermite.

However, for nonclassical symmetric differential equations (3.1)
with orthogonal polynomial solutions, the appropriate right-definite
setting is a Hilbert-Sobolev space S with orthogonalizing Sobolev
inner product

b p
() = [ Fwgtuudu+ 3 (0,05 @

+ B (b)g " (b)) .

The Sobolev space S has the form L?(I;w) @ CF for some k < 2p.
Develop a general GKN-type theory for this setting; in particular,

(3.2)
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provide a ‘recipe’ for determining the self-adjoint operator having
the orthogonal polynomials as eigenfunctions.

Bochner’s 1929 Classification Theorem [2] states that the only orthogonal poly-
nomials, with respect to a positive measure on the real line, that satisfy second-order
differential equations are the Laguerre, Jacobi, and Hermite. In [19,20], H. L. Krall
asked if there were other orthogonal polynomials that satisfy higher order differential
equations. As mentioned in Chapter Two, Krall found three fourth-order differen-
tial equations, found in Table 2.1, that admit non-classical orthogonal polynomials.
However, classical GKN theory does not apply directly to these equations because
of the jumps of the orthogonalizing weight distribution at one or both endpoints in
the interval or orthogonality. This requires a new theory, which culminates in the
GKN-EM Theorem 3.22.

In [24], the authors build up to and state the GKN-EM Theorem in an extended
Hilbert space (see theorem 5.4 at the end of this chapter). The results in the rest
of this chapter, especially sections 3.2 and 3.3, are from [24], though many of the
proofs are provided in this chapter. Motivation for the authors of [24] came from
the work H. L. Krall [19,20] and A. M. Krall [18], which concerned orthogonal
polynomials being eigenfunctions of symmetric differential expressions. Some of
their contributions resulted in [7] and [9]. The Legendre type self-adjoint operator
was constructed in [5] and [6] and was more motivation for [24].

For the rest of this chapter, (H, (-,-))y will be a Hilbert space with its asso-
ciated inner product, Ty : D(Ty) € H — H will be an arbitrary closed, symmetric,

linear operator in H, and T3 : D(T}) € H — H will be a linear operator such that
Tr =Ty CT; =T,.

We call T the ‘maximal’” operator and Tj the ‘minimal’ operator.
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3.1 Complex Symplectic Geometry
Definition 3.1. A complex symplectic space S is a complex vector space with a con-
jugate bilinear complex-valued function |- : -] : S x S — C satisfying the following

properties:

(i) [c1x1 + comg Y] = 1|z y] + ez 1 Y],

(i) [z:y] = —ly: ],
(iii) [z:S] =0 = x =0 (non-degenerate condition).
We call [ : -] a (non-degenerate) symplectic form.

Complex symplectic spaces are generalizations of classical real symplectic spaces
of Lagrangian and Hamiltonian mechanics, see [15] for more. We note that while
real symplectic spaces cannot be odd-dimensional, complex symplectic spaces can.
Indeed, for every n € N, there exists complex symplectic spaces of dimension n.

Both real and complex symplectic spaces have the notion of Lagrangian sub-

spaces.

Definition 3.2. A subspace L of a complex symplectic space S is called Lagrangian if

[L: L] = 0; that is to say, when
[z :y] =0 for all z,y € L.
A Lagrangian L C S is called a complete Lagrangian when
zre€Sand [z:L]=0 = z €L
The next result gives a characterization of complete Lagrangian subspaces.

Lemma 3.3. A Lagrangian subspace L C S is a complete Lagrangian subspace if and
only if
L={ze€S|[z:y]=0,yelL}.
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Proof. Let S be a complex symplectic space and suppose L C S is a complete La-
grangian subspace of S. Then, by the definition of complete Lagrangian, it can be
seen that

{reS|[z:y=0,yelL} CL.
However, since L is Lagrangian, if = € L, then [z : y| = 0 for all y € L. Therefore,
LE{zeS|[z:y=0,yecl},

and thus

L={zeS|[z:y]|=0,yelL}.
Conversely, if L is a Lagrangian subspace given by
LC{zeS|[z:y]=0,yeL},
then is is clear that L is complete. O

An important step in moving forward with the work of Everitt and Markus
is to generalize the skew-symmetric bilinear form [-,-]|2 given by Green’s formula in

(1.3):
Definition 3.4. [z, y|g = (Thz,y) g — (v, Thy) 4 for x,y € D(T7).
In [13], Everitt and Markus show that the quotient space
§":=D(T1)/D(To) (3.3)

with the zero element 0 = D(1) and endowed with the form [-, -]y, is a complex

symplectic space. Since
def(Tp) = dim(D,) = dim(D_)

and
T, =D(Ty) + Dy +D_,
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we see that

def (S") = 2 def(Tp).
In fact, the space S’ can be viewed, by von Neumann’s Theorem 1.21, as an isomor-
phic copy of the orthogonal sum of D, and D_, the deficiency spaces of Tj. Everitt
and Markus call the quotient space S’ the boundary space of Ty. The elements of the

boundary space are cosets

x={x+D(Ty)}

for x € D(T}). The element x € D(T1) is called the representative vector of the coset

{z 4+ D(To)}. We next consider the projection from ¢ : D(T7) — S’ given by

¢(x) ={z+D(To)} -

Lemma 3.5. A collection of cosets {gbtj}‘}:l C D(T1), is a basis for a subspace of

dimension d of the boundary space S' if and only if the representative vectors {tj}‘}:l

satisfy
d
Zajtj € D(To) — ; = 0
j=1
for j=1,2, ..., d; which is to say, {tj}?zl is linearly independent modulo D(Ty).

Proof. The proof follows from the fact that the condition Z?Zl a;t; € D(Tp) is

equivalent to the equation Z;l:l a;ot; = 0. n

The next result will generalize the characterization of the domain of the min-

imal operator Tj.
Lemma 3.6. D(Ty) = {z € D(T1) | [z,y]lg = 0Vy € D(T1)}.

Proof. Let x € D(T}) and suppose that

[z,ylg =0

for all y € D(T7). Then

(Ty,z)g = (y, Th o)
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since [z, yly = =y, z],. Therefore, x € D(T}) = D(1}). To prove the converse, let

x € D(Ty). Since Ty =Ty and Tox = Tz, we observe that

(Nx,y)u = (Tox,y)u = (x, T\ y)u

for all y € D(T1). Hence, for every y € D(T}), we have

[$ay]H = <T1x7y>H - <$7le>H = 07
and the proof is complete. O

This lemma allows us to equip the boundary space S’ with a complex symplec-

tic form.

Definition 3.7. The boundary space symplectic form is given by

[Pz = ¢yls =[x, ylu (3.4)
for all z,y € D(1T1).
The next result extends Lemma 3.5.

Proposition 3.8. A collection of cosets {gzﬁtj}j:l form a basis for a d-dimensional

Lagrangian subspace of the boundary space S' if and only if the representative vectors

{tj}?zl satisfy

(a) )
Z(l/jtj S D(T()) — Q; = 0

7j=1
forg=1,...,d; and

(b)
i tjlm =0
foralli,j=1,...,d.
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These two conditions are especially important when d = def(7p), and so we

will define sets with these properties as GKN sets:

Definition 3.9. A collection of vectors {¢; | j =1,...,def(Tp)} € D(T1) is called a
GKN set for Ty if

(i) theset {t; | j=1,...,def(Tp)} is linearly independent modulo the minimal

domain D(T), which is to say

def (Tp)
if Z a;t; € D(1y) then a; =0 for j = 1,...,def(7Tp);

J=1

and
(ii) the set {t; | j=1,...,def(Tp)} satisfies the symmetry conditions
[ti,tjlu =0
for all 4,5 =1,...,def(Tp).

If G CD(T1) is a GKN set for Tj, then a non-empty, proper subset P C G is called

a partial GKN set.

We now focus on characterizing complete Lagrangians. Everitt and Markus

showed in [13] that complete Lagrangians L exist and that
dim L = def(Tp). (3.5)
Indeed, we have the following result.

Lemma 3.10. With def(Ty) < oo, a Lagrangian subspace L C S is complete if and

only if each of the two conditions hold:
(i) dimL = def(T});,

(1) L=A{oz | [pz : ¢tjls =0 (j =1, 2,...,def(Tp))} for some GKN set

{tj | j = ]_, PN ,def(To)}
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Moreover, in this case,
o 'L={r e D) | [z, t;]lu =0Vj=1,2,...,def(Tp)}. (3.6)

Proof. First suppose that L C S is a complete Lagrangian. Then, by (3.5), we have
condition (i). Now we will establish condition (ii).

By Lemma 3.3, we have that

L=A{¢z |[pz: dyls =0 (9y € L)}. (3.7)

Now let {¢t; | j =1, 2,..., def(Tp)} be a basis for L.
Then the set {t; | j =1, 2,..., def(Ty)} is a GKN set for Tj by Proposition
3.8. So, by (3.7), it follows that

|_ = {¢]§‘ ’ [¢,’L‘ . ¢tj]5’ == 0 (] == 1, 2, ce e ,def(To))},

which establishes condition (ii). Finally, using Definition 3.4 and the above equality,

we see that
o 'L={reDM) ||z, t;Ju=0(=1,2,...,def(Tp))}.

To show that converse is true, suppose conditions (i) and (ii) hold. Then we

see that L is a subspace of S. Also, (3.6) follows from condition (ii), and

[9ti : Ptjls = [tis ]y =0

since {t; | j =1, 2,...,def(Ty)} is a GKN set for Tj.
It can be seen that L is Lagrangian by taking linear combinations of elements of
{t; |7 =1,2,...,def(Tp)}. Lastly, by (3.5), we see that L is a complete Lagrangian,

completing the proof. O

In [13], Everitt and Markus state an important characterization of self-adjoint
extensions of Ty in connection with complete Lagrangian subspaces L of S’ in the

following result.
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Theorem 3.11 (The Finite-Dimensional GKN-EM Theorem). Let Ty and T be, re-
spectively, the minimal and maximal operators as defined at the beginning of Chapter
Three and let S’ be given by (3.3). There exists a one-to-one correspondence between
the set {T} of all self-adjoint extensions of Ty and the set {L} of all complete La-

grangians L C'S'. More specifically,
(a) if T is a self-adjoint operator with Ty C T C Ty, then
L:i={pz eSS |zeD(T)}
is a complete Lagrangian subspace of S' of dimension def(Ty). Moreover,
oL =D(T).

(b) If L is a complete Lagrangian subspace of S', then L has dimension def(1y).
Define

D(T) ={z € D(T}) | px € L}.
Then the operator T : D(T) C H — H given by

Tx :Tll'

z €D(T)
is a self-adjoint operator satisfying Ty C T C Ty. Moreover, 'L = D(T).

We can now state and prove an important consequence of this result by com-
bining Theorem 3.11 with Lemma 3.3 and Lemma 3.10. In fact, the next result is

an exact generalization of the classical GKN Theorem stated in Theorem 1.33.

Theorem 3.12 (The Finite-Dimensional Symplectic GKN-EM Theorem). Suppose Ty
and Ty are linear operators satisfying the conditions set forth in Chapter Two and
[-,-|u is the symplectic form defined in Definition 3.4. In particualr, we assume Ty

has equal and finite deficiency indices denoted by def(Ty).
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(i) If the operator T : D(T) C H — H 1is self-adjoint and satisfies
To CT C1Th,

then there exists a GKN set {t; | j=1,..., def(Tt)} C D(T4) of Ty such
that
DT)={xeDM)| [z tlu=0(G=1,..., def(Tp))} . (3.8)

(i) If {t; | j =1,...,def(T0)} € D(T}) is a GKN set for Ty, then the operator

T:D(T)C H— H given by

Tx =Tz (3.9)

re€DT) ={x e D) | [z, tjlu=0(j=1,...,def(Tp))} (3.10)
15 self-adjoint and satisfies

To CT C 1.

Proof. (1): If the operator 7' : D(T)) C H — H is self-adjoint and T is such that
TO g T g T17 then
L={¢zeS |2eD(T)}

is a complete Lagrangian subspace of S’ and has dimension def(7y) by Theorem 3.11.
Then

oL =D(T). (3.11)
So, there must exist a GKN set {t; | j =1, 2,...def(7y)} for T, by Lemma 3.10,
such that

L= {ox | [62: 6ti)y =0 (j = 1,2,...., def(Ty))}

and

p'L={zeDT)|[r,tjla=0((=1,2,..., def(Tp))}. (3.12)

We can now obtain (3.8) by comparing (3.11) and (3.12).
42



(11): Now suppose that we have a GKN set {¢; | j =1, 2,...,def(Tp)} for Tj

and let
L={o¢z|[pz:dtjls =0 (j =1,2,...,def(Tp))}. (3.13)
Then, by Lemma 3.10, we see that L is a complete Lagrangian subspace of S’ and

has dimension def(T).

Now define the operator T': D(Ty) € H — H as in (3.9) and (3.10). Then
L ={¢z |z € D(To)}
by (3.10) and (3.13). Therefore,
D(T)=¢ 'L={z D) | ¢pxr €L}.
Hence, by Theorem 3.11, T is self-adjoint and Ty C T C T7. O

There are a few noteworthy remarks to be made about this theorem. First,
note that if H = L?*(I;w), Ty is the minimal operator, and 7T} is the maximal op-
erator generated by the differential expression given in (1.4), then Theorem 3.12 is
exactly Theorem 1.33, the classical GKN theorem. The Finite-Dimensional Sym-
plectic GKN-EM theorem extends the classical GKN theorem to a general Hilbert
space for any closed symmetric operator with equal deficiency indices. As with the

classical GKN setting, the conditions
[z, t;lp =0for j =1,..., def(Tp)

are called ‘boundary conditions.” If the deficiency indices of Tj are 0, then no such
boundary conditions exist and thus the only self-adjoint extension of Tj is 77, the

maximal operator (which is equal to T in this case).

3.2  The Extended Space H ® W
Recall that the operator Ty is a closed and symmetric operator such that
To : D(Ty) € H — H with equal and finite deficiency indices def(7p). Its adjoint is
the operator 7T}, which satisfies T} = Ty C T = 1T3.
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Let (W, {-,-)w) be a finite-dimensional complex inner product space. Recall
that (H, (-,-)m) is a complex Hilbert space. We will call H the base space and W
the extension space. Now define H @& W, the direct sum of the base space and the

extension space, as the Hilbert space defined by
HoW ={(x,a) |z € HacW}
with inner product
((z,a), (y,0)) How = (z,y)n + (@, b)w
and associated norm
Iz, a)[Frew = lzll7 + llalliy-

We will call H® W the extended space. A critical assumption that we will maintain

throughout this dissertation is that
dim(W) < def(Tp). (3.14)

Now we will build a continuum of maximal and minimal operators in the extended
space H & W.

First, fix a partial GKN set
{t;|j=1,...,dim(W)} C D(Ty).
Then T}, the maximal operator in the base space H, is symmetric on the space
Ag:=D(Tp) +span{t; | j=1,...,dim(W)} C D(Ty).
Note that 77 in general is not symmetric on D(7}). Let
{&1i=1,....dmW)}C W

be an orthonormal basis of the base space W. Now define the operator ¥ : Ay — W

by

(1) =€ (j=1....dim(W))
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U(s) =0 (s € D(Ty)).

We can now extend ¥ to Ag as follows:

dim (W) dim (W)
L4 S+ Z Oéjtj = Z Oéjgj.
j=1 j=1

Note that U maps the GKN set {¢; | j = 1,...,dim(W)} € D(T3) onto W. Also

define the linear transformation Q : D(T}) — W by

dim(W)
Q= > [v.t]u& (v € D(T)). (3.15)

j=1
Finally, fix an arbitrary self-adjoint operator B : W — W. We are now in a position

to define the maximal and minimal operators in the extended space.

Definition 3.13. The mazimal operator in the extended space H ® W, T\l : D(T\l) -

HeW — H @ W, is defined by

Ti(z,a) = (Tyz, Ba — Qx) (3.16)

(z,a) € D(TY) :={(z,a) | 2 € D(TY), a € W}. (3.17)

Definition 3.14. The minimal operator in the extended space, To : D(T\o) CHaW —

H @ W, is defined by

To(z,a) = (Tyz, Ba) (3.18)

(z,a) € D(Ty) :={(z,Vz) | z € Ao}. (3.19)

Note that if x € Ay, then Qz = 0. Also note that if (z, Vz) € D(fo), then
(z,Uz) € D(T}). In this case, Qz = 0 and so

ﬁ(x, Vz) = (The, BYx — Q) = (Thz, BYx) = fo(x, Uz).

Hence, we see that



The terms “maximal” and “minimal” are indeed appropriate for the operators
ﬁ and fo. D(ﬁ) is the largest linear manifold in the extended Hilbert space H W
on which an operator representation of 77 makes sense. Additionally, it will later be
shown in Theorem 3.17 that <f0)* = ﬁ, and so the term “minimal” makes sense

for fo.

Proposition 3.15. The extension J : D(J) € H — H of the minimal operator Ty
defined by

Jr =Tz

1s a closed symmetric operator.

The proof of this result can be found in [24]. This proposition shows that T}

is a closed, symmetric operator on A,.

Theorem 3.16. The operator fo 1s a closed, densely defined symmetric operator in

HoW.
The result, as proved in [24], leads to the next critical result.
Theorem 3.17. (Ty) = 7.

For the proof of this theorem, see [24]. By combining the previous two the-

orems, we obtain the following fundamental operator relationship between YA}) and

~

1.
Theorem 3.18. T\O = ?0 - (T\())* = T\l.

The proof of this can be found in [24]. With this result, we can now apply the
Stone-von Neumann theory to the minimal operator in the extended space fo. So,
we can now define the positive and negative deficiency spaces of T, oin Hp W.
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Definition 3.19 (Deficiency Spaces in the Extended Space H & W).
Y, = {(x, a) € D(T) | Ti(x,a) = :I:i(x,a)} :

Lemma 3.20. (z,a) € Yy if and only if r € Xy and a = (BF i)~ Qz. Moreover,
the deficiency indices of Ty are equal and finite and satisfy def(fo) = def (7).

Proof. Let (z,a) € Yi. Then, by definition, Tyx = +izx and Ba — Qx = +ia. Then
€ Xy and a = (BT 4il)"" Qz. Conversely, let © € X, and a = (BFiI)"". Then

Ba — Qx = ~+ia and thus T (z, a) = +i(z, a). Therefore, the mappings
Xi — Yi

z— (z,(BF il)~! Qx)

are vector space isomorphisms and dim (X;) = dim (Yy). Hence, the deficiency

indices of T\o, the minimal operator in the extended space, are finite and equal with

dim (Y3 ) = dim (Y_) < oo, (3.20)

which completes the proof. O
Equation 3.20 guarantees that the GKN-EM theorem will apply to To.

Definition 3.21 (General Symplectic Form,).
[(I’, a’)) (yv b)]HEBW = [ZL‘, y]H - <Q(L’, b>W + <CL, Qy>W (321)

for (z,a), (y,b) € D(T}), where [-, ]y is the symplectic form defined in (3.4) and the

mapping €2 is defined in (3.15).

3.8 The GKN-EM Theorem in the Extended Space H ® W
We can now state the GKN-EM Theorem in H & W, which applies the GKN-
EM Theorem to the minimal operator T, o in the extended space H & W and charac-

terizes all self-adjoint extensions of T, oin He W.
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Theorem 3.22 (GKN-EM Theorem in H & W). We have the following assumptions

and definitions:

(i) To and Ty are, respectively, the minimal and mazximal operators in the Hilbert
space (H, (-,-Yi), called the base (complex) Hilbert space, with domains D(Tp)
and D(Ty); Ty is a closed, symmetric operator satisfying Ty C Ty with
Ty =11 and T7 = Ty,

(i1) The deficiency indices of Ty are assumed to be equal and finite and denoted
by def(Tp);

(11i) [-,-|u is the symplectic form given by
[z, yln = iz, y)n — (2, Tiy)n  (z,y € D(T1));

(iv) (W, (-, )w), the extension space, is a finite-dimensional complex Hilbert space
with dim W < def(1y) and orthonormal basis

{&Gli=1...,dimW};
(v) B:W — W is a fived self-adjoint operator;

(vi) H® W, the extended space, is the Hilbert space defined by H®W = {(z,a) |

x € H,a € W} with inner product
<(.§L’, a)7 (y7 b))H@W = <$> y>H + <CL, b>W7

(vii) P={t; | j=1,...,dim W} is a partial GKN set for Ty;
(viii) Ao = D(Ty) +span{t; | j=1,...,dim W},

(ix) W : Ay — W is defined to be

dim W dim W
L (l’o + Z Oéjfj) = Z Oéjfj (130 € D(Tg)),
j=1

J=1
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(x) Q:D(Ty) — W is given by

dim W
QCL’ = Z [ZE,t]]Hfj,

Jj=1

(xi) Ty : D(To) CHeW — H & W is the minimal operator in H & W defined

To(x,a) = (Tyz, Ba)

(x,a) € D(ﬁ)) ={(z,¥x) |z € Ao};

(zii) Ty : D(T,) C H®W — H & W is the mazimal operator in H & W defined

by
ﬁ(i, a) = (Tix, Ba — Qx)
D(ﬁ) ={(z,a) |z € D(T); a € W},
(ziii) [, ]|gew is the symplectic form given by

[(l’, CL), <y7 b)]HEBW = [x7y]H - <QI, b>W + <CL, Q?J)Wa
for (¢, a), (y,0)) € D(TY).
With the above definitions and assumptions, we obtain the following result:

(a) Ty is a closed, symmetric operator satisfying Ty C Ty with (fo)* =T, and
(T = To:
(b) The deficiency indices of Ty are equal and finite and def(Ty) = def(Ty);

(c) Suppose T is a self-adjoint extension of T\o satisfying fo CT CT. Then
there exists a GKN set {(xj,a;) |j=1,...,def(Tp)} C D(T}) such that
f(% a) = (Thz, Ba — Q)

D(T) = {(z.0) € DT | [(&,a), (2, 0)]rew = 0 ( 1., def(Ty)) } .
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(d) If T is defined as above where {(zj,a;) | j=1,...,def(Tp)} C D(Ty) is a

GKN set, then T is a self-adjoint extension of YA}) in He W.
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CHAPTER FOUR

Variations on the Fourier Self-Adjoint Operator in an Extended Hilbert Space

In this chapter, we illustrate several examples of the application of the GKN-
EM Theorem in H & W to construct self-adjoint operators in extended Hilbert
spaces.

Consider the Fourier differential expression

Crlyl(u) = —y"(w) (u € [a,b])

where [a, b] is a compact interval. The base space is H = L?*[a, b] and we will work
with either C or C? as the extension space.

The maximal operator T : D(1) C H — H generated by {r is defined by

Tix = lplx]

D(Ty) = {z:[a,b] = C | z,2’ € ACla,b];2" € L*[a,b]}
and the minimal operator Ty : D(Ty) C H — H is given by

Tox = lplx]

D(Ty) = {z € D(TY) | z(a) = '(a) = x(b) = /(b) = 0} .
The symplectic form in H associated with 7} is
[,y = z(b)y'(b) — 2" (D)5 (b) + ' (a)y(a) — 2(a)¥ (a)
for ,y € D(T}).

4.1 One-Dimensional Extension Spaces
We will first consider the one-dimensional extension space W = C with inner

product (z1,ze)w = 2122 for 21,29 € W. We will use {{; = 1} as a basis for W.
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Every self-adjoint operator B : W — W has the form az, where o € R. For the

following one-dimensional extension space examples, fix such a B.

Example 4.1. Our first example with a one-dimensional extension space will incor-
porate continuity at b as a result of the boundary conditions.
Define tl S D(Tl) by

0 w near a
ti(u) =
1 w near b.

Claim 4.2. {t1} is a partial GKN set for Ty.
Proof. Since t1(b) =1 # 0, t; &€ D(Tp). So, if ct; € D(Tp), then ¢ = 0. Also,
[t 1] = ty()ti(a) — (D)1 (D) + 41 (), (b) — t1 ()T (a) = 0
because t1(a) = t}(b) = 0. Therefore, {¢,} is a partial GKN set for Tj. O

With the partial GKN set above, we have Ay = D(T}) + span{t;} and so
U Ay — W is defined by U(tg + ct1) = ¢. Also, for z € D(T}),

Qz = [xutl}Hgl
— (¢ (@)s(a) = /O () + 2 O)F, () — 2(@)T)(a)) -1
=0—2'(b)+0-0

= —1/(b).
The symplectic form [+, -|gew in H & W = L?[a,b] © C is given by

(%, 1), (Y, c2)lmew = [7,yla — (Qz, ca)w + (c1, Qu)w
= 2'(a)y(a) — ' (D)7 (b) + 2(b)7 (b) — x(a)7 (a)

+ 2/ (b)ey — 17 (b)

for x,y € H and c¢1,c5 € W.
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Therefore, the minimal operator T : D(fg) CHoW — H@W is defined by

fo(az,z) = (Tyx,B2) = (—2", az),

D(Ty) = {(z,Vz) | z € Ag}

and so

~

To(zx, V) = (Tyz, BYx) = (—2", aVx).
The maximal operator ﬁ : D(’_ﬁ) CH®W — H&W is defined by
T(z,¢) = (Tyx, Bc — Qx)

= (—2", ac+ 2'(b)),

D(Ty) = {(z,¢) | x € D(T1),c € C} .

Now define x1, 25 € D(11) by

(
0 U near a
r1(u) =
u—0b wunearb,
\
(
w—a unear a
za(u) =
0 u near b.
\

Claim 4.3. {(x1,0), (z2,0)} is a GKN set for Ty in H® W.

Proof. 1t will first be shown that {(xy,0), (z2,0)} is linearly independent modulo
D(Ty). To do so, define f1, f» € D(T)\D(Ty) by fi(u) = u and fo(u) = u®. Let
a, B € C. If afz1,0) + B(z,0) € D(T}), then

[(f1,0), (az1 + B2, 0)|mew = [(f2,0), (a1 + B2, 0)|pew = 0.

Since,

[(f1,0), (azy + B2, 0)| pew =[f1, ax1 + Bron
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=fi(a)(azi(a) + Brz(a)) — fi(b)(ax1(b) + Ba2(D))
+ [1(0) (e} (b) + By (b)) — fi(a)(ax)(a) + f5(a))
=ba — af3

and

[(f2,0), (azy + B2, 0)|mew =[f2, az1 + Bron
=fs(a)(axi(a) + Bra(a)) — f5(b)(awi(b) + Bra(D))
+ f2(b)(axy (b) + Bry(b)) — fola)(axy(a) + Bry(a))

b — oB,

we have 0 = ba — aff = b’a@ — a?. Therefore, a = 8 = 0. Hence, {(x1,0), (x5,0)} is
linearly independent modulo D(Tp).

Now we will show that [(z;,0), (;,0)]gew = 0 for ¢, j = 0. We have

[(21,0), (z1,0)]mew =2 (a)T1(a) — 24 (0)T1(b) + 1 (0)T) (b) — 21(a)T) (a)

and
[(22,0), (72, 0)| mew =5(a)Ta(a) — 25(b)Ta(b) + 22(0)T5(b) — w2(a)Ty(a)
+ x5(0)(0) — (0)75(b)

Therefore, {(z1,0), (z2,0)} is a GKN set for Tp. O
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Note that, for € H and ¢ € W,

[(z, ), (21, 0)] rew =2"(a)T1(a) — 2'(0)T1(b) + 2(b)T)(b) — x(a)T) (a)
+2'(b)(0) — e ()
=z(b) — ¢
and
[(, €), (w2, 0)] How =2"(a)T2(a) — 2/ (b)T2(b) + 2(b)T5() — x(a)T5(a)
+ 2/ (b)(0) — cz5(b)

= — x(a).

Therefore, if [(z,c), (x1,0)|gew = 0, then z(b) = ¢ and if [(z, ¢), (z2,0)]gew = 0,
then x(a) = 0.
Now we can define a self-adjoint operator T : D(f) CHeW — HaW by
T(z,c) =(Tyx, Be — Qx)
=(—a2", ac+ 2/ (b)),

A~

D(T) ={(,0) € D(T) | 2(b) - ¢ = —a(a) = 0}
However, since z(b) = ¢, we can write this as

T(x, (x(b)) =(~", ax(b) + o' (b)),
D(T) ={(z,2(b)) | #(a) =0, = € D(T1)}.
As a result, we can see that continuity at the endpoint x = b is forced by the

boundary conditions. The operator Tin HeW is self-adjoint in H W by Theorem

3.22.

Example 4.4. This example is similar to the previous one, but incorporates z(a) in

the boundary conditions instead of z(b).
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Define t,(u) € D(17) by

1 wnear a
ti(u) =
0 w near b.

Then {t;} is a partial GKN set for Ty. The proof is analogous to the proof of
Claim 4.2. With this partial GKN set, we can define Ay = D(Ty) + span{t;} and
U Ag— W by U(ty + cty) = c for ty € D(Ty). We also define, for x € D(Ty),
Qz :[ZL', tl]Hgl
=a'(a)l:(a) — &' (D)1 (b) + 2(D)T1(b) — w(a)Ty(a)
=2'(a).
Therefore, we define |-, -|gaw by
[(z, 1), (y, e2)lmew =[x, yln — (Qz, c2)w + (1, Qw
=2'(a)y(a) — 2'(b)y(b) + x(b)y'(b) — x(a)y (a)
—2'(a)és + 17 (a).
We define the minimal operator Sy : D(Sy) C H® W — H & W by
So(z,¢) =(Tyz, Be) = (—2", ax)
D(So) ={(z, Vz) | x € Ao}
Thus, So(z, Vz) = (—2”, a¥z).
We also define the maximal operator S D(gl) CHeW — Hae W by
S\(z,c) =(Tva, Be — Qx) = (—2", ac — 2'(a)),

D(S,) ={(z,¢) | x € D(T}), c € C}.
Now we need a GKN set for §0. Define yy,yo € D(T}) by

u—a umnear a
yi(u) =
0 u near b,
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0 u near a
Ya(u) =
u—>b w near b.

Claim 4.5. {(y1,0), (y2,0)} is a GKN set for Sp.
Proof. Define fy, fo € D(T1)\D(Sp) by
fi(u) =u
fa(u) =u?,
and let o, 8 € C. Then, if a(y1,0) + 5(y2,0) € D(S,), we have
[(f1,0), (ayr + By, 0)|mew = [(f2,0), (ay1 + By, 0)]mew = 0

for ¢1,co € C. Note that

[(f1,0), (ay1 + Bya, 0)]mew =[f1, ay1 + Byalu
=fi(a)(ayi(a) + Bya(a)) — f1(b)(ayi(b) + Bya(b))
+ f1(b)(ayi(b) + Bys(b)) — fi(a)(ayi(a) + Bys(a))
:bﬁ — aa,

and

[(f2,0), (ay1 + By2, 0)lwaw =[f2, ay1 + Byaln
=fy(a)(ayi(a) + Byz(a)) — f2(b)(ayi(b) + By2(b))
+ f2(0) (g (D) + Bys (b)) — fa(a)(ayi(a) + Bys(a))

=23 — a*a.

Hence, 0 = b3 — a@ and 0 = b* — @@, and solving this system of equations yields
a = [ = 0. Therefore, {(y1,0), (y2,0)} is linearly independent modulo D(S\O). It
remains to be shown that [(v;,0), (y;,0)]mew = 0 for ¢, = 1,2. However, since
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[(i,0), (y5,0)|mew = [vi, yj]u, it suffices to show that [y;, y;]g = 0 for i,j =1,2:
1, yiler =1 (0)71(0) — v1 (D)7, (b) + ¥4 (a)7(a) — y1(a)¥)(a)
—0,
(Y1, volr =y1(0)75(b) — y1 ()72 (D) + ¥1(a)Ts(a) — y1(a)Fs(a)
=0,
[y2, Yol =y2(0)T5 (D) — y5(0)72(b) + y5(a)Fa(a) — ya(a)7s(a)
=0.
Thus, [(vi,0), (y;,0)]mew is a GKN set for So. O

For any (z,¢) € D(5,), we have

[(, ¢), (g1, )] aw =2'(a)y,(a) — 2'(0)7,(b) + x(0)7 (b) — x(a)7) (a)
— 2'(a)(0) + 7y (a)

=—zx(a)+c
and

[(,¢), (42, 0)|mow =2'(a)Ys(a) — 2/ ()72 (b) + x(0)Y5(b) — x(a)¥s(a)
— (a)(0) + c5(a)

=z(b).

So, if 0 = [(z, ¢), (y1,0)] raw = 0, then ¢ = z(a). Likewise, if [(z, ), (2, 0)] gaw = 0,
then z(b) = 0.
Now define 5: D(S) C HGW — H @& W by
S(z,c) =(Tyx, Be — Qx)
=(—2", ac — 2'(a)),
D(S) = {(m, ¢) € D(T)) | —(a) + ¢ = z(b) = o} .
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This can be rewritten as
S(z,2(a)) =(—2", —az(a) — 2/(a)),
D(S) = {(z,2(a)) | #(b) = 0,z € D(T})} .

The operator S is self-adjoint in H & W by Theorem 3.22 the GKN-EM Theorem
in HeW.

For our last example with a one-dimensional extensions space, we pick a more
complex function for our partial GKN set in H by switching the roles of y; and t;

in the previous example.

Example 4.6. Define t; € D(T}) by

U —a unear a
ti(u) =
0 u near b.

Claim 4.7. {t1} is a partial GKN set for Ty.

Proof. Since t)(a) = 1 # 0, we have that t; € D(T1)\D(Tp). So, if aty € D(Tp),

then we obtain o = 0. Hence, {t1} is linearly independent modulo D(7}). Also note

that
[ty 1] =ty (a)Ta(a) — £ (D) (D) + 11 (), (D) — ta(a)Ty(a)
=0.
Therefore, {t,} is a partial GKN set for Tj. O

With the above partial GKN set, we have Ag = D(Tp) + span{t;} and ¥ :
Ay — W defined by

\I’(to + Ctl) =cC

for ty € D(Tp) and ¢ € W. For o € D(T}), define Q by

Qr =[x, t1]u (1)
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=a'(a)t1(a) — &' (0)1(0) + 2(b)Ey(b) — x(a)fy(a)

Note that in the previous two examples, 2 involved x’ at one of the endpoints, but
here, () involves x instead.

The symplectic form [, -|gew can be defined, in this case, by

[(z, 1), (4, 2)lew =12, ylm — (Qz, co)w + (1, Q)w
=z'(a)y(a) — ' (0)y(b) + z(b)y' (b) — z(a)y (a)

+ z(a)s — c1y(a).

The minimal operator in Ry : D(EO) CH®W — H®W is defined by

Ro(z,c) =(Tyz, Be) = (—", ac),
D(Ro) ={(x, ) | z € Ao}
So, Ro(z,c) = (—a", a¥z).
The maximal operator Ry : D(R,) C H& W — H & W is defined by
R, (x,c) =(Tiz, Bc — Qx)

=(—2", ac+ z(a)),

D(Ry) ={(z,¢) | # € D(T}), c € C} .

Now define xy, 25 € D(17) by

;

1 w near a
z1(u) =
0 w near b,
\
(
0 u near a
To(u) =
u—>b w near b.

\

Claim 4.8. {(21,0), (2,0)} is a GKN set for Ry.
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Proof. First, note that since z1(a) = 1 # 0 and z4(b) = 1 # 0, we have that
x1, w9 € D(T1)\D(1p). Now define f1, fo € D(T1)\D(T}) by
filu) =u
fo(u) =u?.
So, if a(x1,0) + B(x2,0) € D(Ry), then
[(f1,0), (az1 + B2, 0)|rew = [(f2,0), (az1 + Bx2, 0)|Haw = 0.

So,

[(f1,0), (0wy + Bz, 0)lnew =[f1, ax1 + Bro]n
=fi(a)(azi(a) + Bra(a)) — fi(b)(ax1(b) + Bza())
+ f1(0) (e (b) + By (b)) — fi(a)(axi(a) + Bry(a))
=fi(a)(@) + f1(0)(B)

=a +bf

and

[(f2,0), (awy + Bz, 0)luew =[f2, a1 + Bao]n
=fa(a)(axi(a) + Bra(a)) — f(0)(ax1 (b) + Sza(D))
+ fa(b) (' (b) + By (b)) — fala)(awy(a) + Pay(a))
=/3(a)(@) + f2(b)(B)

=2a@ + b*f5.

This implies that 0 = @ + b8 and 0 = 2a@ + b?5. Thus, @« = f = 0, and so
{(21,0), (x2,0)} is linearly independent modulo D(Ry).

It remains to be shown that 0 = [(x;,0), (z;,0)|gew = [z, x;|g for i,j =1, 2:

[z1, 1] =2 (a)Z1(a) — 21 (0)Z1 (D) + 21 (0)7 (b) — 21 ()T} ()
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Therefore, {(z1,0), (z2,0)} is a GKN set for Ry. O

For (x,c) € D(ﬁl), we have

[(z, ¢), (21, 0)] sow =2"(a)T1(a) — 2/ (b)T1(b) + 2(b)T' (b) — 2(a)T) ()
+ 2(a)(0) — cZ1(a)

=1'(a) — ¢
and

[(z,¢), (22,0)| mew =2"(a)T2(a) — 2" (0)T2(b) + x(b)T5(b) — x(a)Ty(a)
+ 2(a)(0) — cZ2(a)
=x(b).
So, if [(z,¢), (z1,0)]gew = 0 and [(z, ¢), (z2,0)]gew = 0, then 2'(a) = ¢ and z(b) =

0.
Wecannowdeﬁnef%:l)(ﬁ)QH@W—)H@Wby

R(z,c) =(Tyz, Be — Qx)
=(—2", ac+ z(a)),

~

D(R) = {(a;, ¢) € D(R) | #'(a) — ¢ = z(b) = o} .
Since 2'(a) = ¢, this can be written as

R(z,2'(a)) =(—2", az'(a) + z(a)),
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D(R) ={(z,2/(a)) | x € D(Ty), x(b) = 0}.
This operator Ris self-adjoint by Theorem 3.22.

4.2 Two-Dimensional Extension Spaces
We now turn our attention to a few examples with a two-dimensional extension

extension space. Let W = C? with inner product

<(ZI7Z2)7<Z£7ZQ>>W: M + Na

where M, N > 0. Define & = (vV/M,0) and & = (0,v/N). Then {£,&} is an
orthonormal basis for W. Using this inner product, every self-adjoint operator B :

W — W has the form

(6%
B = B 6,
BE v

where o,y € R and 8 € C. For the following examples, fix such a matrix B.
Example 4.9. In this example, we will construct a self-adjoint operator in H & W =

L?[a,b] & C? with continuity at both endpoints * = a and z = b.

Define tl, t2 € D(Tl) by

.
vVM u near a
tl ('LL) =
0 u near b,
\
(
0 u near a
tQ(U) =3
VN u near b.
\

Claim 4.10. {t1,t2} is a GKN set for Ty in H.

Proof. Note that since t1(a) = VM # 0 and t5(b) = VN # 0, we see that t1,t, €

D(TV)\D(Tp). So, if c1t; + cota € D(1y), then citi(a) + cota(a) = 0. However,

city(a) 4 cata(a) = ;v M, so we must have ¢; = 0. Likewise, we must have ci¢;(b) +
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cata(b) = 0, but c1t1(b) + cota(b) = csV/N, so ¢y = 0. Therefore, {t1,t2} is linearly

independent modulo D(Tj). Then, since

[t 1] =t (a)fr(a) — £ (D) (b) + 81 (B)E (b) — tr(a)Ty(a)
=0,

[t1, o] =t (a)ta(a) — 1 (0)T2(b) + 11 ()T (b) — tr(a)Ea(a)

{t1,t2} is a GKN set for Ty in H. O

Now we can define Ay = D(T}) + span{ty, to} and define U : Ay — W by

U(ty + city + cate) =c1&1 + 26
= <\/M,O> + ¢ (O, W)
= (aVM,VN)

for ty € D(Ty). Note that for x € D(T}), we have

[, 1] =2’ (a)T1(a) — 2 (0)T1(b) + 2(D)T, (b) — x(a)F, (a)
=V M/ (a)

and

[, o] =2’ (a)a(a) — &' (0)E2(0) + 2(b)E5(b) — z(a)ty(a)
= —V/Nz'(b).

So, we define Q, for x € D(T), by

Qx =[x, t1]& + [z, 2] u&o

64



—VM'(a) (VM,0) = VNZ'(b) (0, VN)

=(Mz'(a), —N2'(b)).
The symplectic form in H & W with {¢;,t2} as the GKN set for Tj is given by

[(ZL‘, (Ch 02))7 <y7 (Cllv 0/2))]H69W :[l‘, y]H - <va (C/h Cl2)>W + <(017 02)7 Qy>W

_ (Ma'(a),  Na'(b)7
n EclM]Z’(a) B CQNJ;'(b)>

— a'(a)e) + 2'(0)T, + a1y (a) — 27 (b),

for (x> (Cl7 02))7 (ya (Clla 0/2)) ceHoW.

We are now ready to define the minimal and maximal operators in H & W.

Deﬁneﬁgzp(ﬁo)gH@W%H@Wby

A~

Uo(l'7 (Cl, Cg)) :(Tll’, B(Cl, Cg))
:(—33//, B(Clv 02))7

D(To) ={(x,¥z) | = € Ao},

and so

(70(;1:, Ur) = <—93”,B (cl\/M, 62\/N>> )

Deﬁneﬁlzp(ﬁl)gH@W%HGBWby

~

Uiz, (c1,09)) = (—2", B(ey, c2) — Q)
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:( — 2", B(c, ¢2) — (M2'(a), _le(b)))’

~

D(Uy) ={(z,(c1,¢)) | x € D(T1), (c1,¢2) € C*}.

Now define x1, 25 € D(Ul) by

)
VM(u—a) wunear a
z1(u) =
0 u near b,
"
0 U near a
Ta(u) =
k\/N(u —b) wunear b.

Claim 4.11. {(z1, (0,0)), (x2, (0,0))} is a GKN set for Uy in H & W.

Proof. Tf a(xy, (0,0))+8(x2, (0,0)) € D(Up), where v, 8 € C, then (avxy+ x4, (0,0)) €
D(Uy). So, by the definition of D(Up), we have that ¥(aa;+8z2) = (0,0). Therefore,

ary + ﬁl‘z € D(To) Thus,
Lf, axy 4 Bro)g =0

for every f € D(T1).
Now define fi, fo € D(11)\D(1p) by

fl(u) =u,
fo(u) =u?.

Then we have

[f1, a1 + Baolu =fi(a)(axi(a) + Bra(a)) — f1(b)(awi(b) + B2 (b))

+ f1(0)(ax’ (b) + B5(b)) — fi(a) (et (a) + Sry(a))
=10) (BV) - fi(a) (@v1)
:bB\/N — aav'M

and

[f2, a1 + Baalu =f5(a)(axi(a) + Bra(a)) — f5(b)(aw1 (b) + B2 (D))
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+ fo(b) (et (b) + Bry(b) — fa(a)(azy(a) + Bry(a))
() (BYN) = fala) (av/M)
=b*BV'N — a*av'M.

Solving the system of equations

0 :bﬁ\/ﬁ — aav'M ,
0 =b*BV'N — a*av'M

yields a = 0 and = 0. Therefore, {(z1, (0,0)), (22, (0,0))} is linearly independent
modulo D(ﬁo).

It remains to be shown that 0 = [(x;, (0,0)), (z;, (0,0))]gew for i,j =1,2:

[('7:17 (07 O))’ (331, (07 0))]H€BW :[:Ula xl]H
=z (a)T1(a) — 21 (0)T1(b) + 21 (D)7} (b) — 21(a)T)(a)
—0,

[(xb (07 O))a (x% (07 O))]HEBW :[xla $2]H
=2 (a)T2(a) — 2 (b)T2(b) + 21()T5(b) — z1(a)T5(a)
=0,

[(va (07 O))? (x27 (07 0))]H@W :[I% x2]H
=a5(a)T2(a) — 25(b)T2(b) + 22(b)T5(b) — z2(a)T3(a)

=0.
Hence, {(z1, (0,0)), (z2, (0,0))} is a GNK set for Uy in H ® W. O

Note that

Quzy = (M2 (a), — Nz (b))
_ (M3/2,O) 7
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and

Qg = (Mxh(a), =N (b))

= (0, —-N*?).
We also have, for x € D(T}) and (¢, ¢) € C?,

[(z, (c1, c2)), (21, (0,0) | mew =2(a)Z1(a) — 2 (0)T1(b) + =(b) (b) — x(a)7}(a)
— 2'(a)(0) + 2'(b)(0) + 17’ (a) — 271 (b)
= —2(a)VM + VM

and

[(z, (c1, c2)), (22, (0,0)) | mew =2"(a)T2(a) — 2 (0)T2(b) + =(b)T5(b) — x(a)T5(a)
— 2'(a)(0) 4 2/(b)(0) + 175 (a) — c2T5(b)
:x(b)\/ﬁ - CQ\/N.

So, if 0 = [(z,(c1,¢2)), (21,(0,0))]gew, then ¢; = x(a). Likewise, co = z(b) if

0= [((ﬂ, (017 62))7 (372, (07 O))]H@W'
Define U : D(U)C H®W — H & W by

~

U(, (c1, ¢2)) = (Tyw, Bley, ¢2) — Q)
=(—12",B(c1,¢) — (M2'(a), —Nz'(b))),
D(U) = {@:, (c1,¢2)) € D(OY) | —2(a)VM + VM =0,
s(DVN — e3V/N = 0} .

This can be rewritten as

A~

Uz, (z(a), z(b)) =( — ", B(z(a), (b)) — (M'(a), =Nz'(b))),

{(z, (z(a),2(0)) | x € D(T1)} -

D(U)

Then U is self-adjoint in H & W by Theorem 3.22.
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This next example will switch the roles of {t1,t2} and {z1, 25} from the pre-

vious example.

Example 4.12. Define ¢1,t; € D(Tp) by

(

VM(u—a) wunear a
ti(u) =
0 u near b,
)
0 U Near a
ta(u) =
VN(u—b) near b.
\

Claim 4.13. {t1,t2} is a GKN set for Ty.

Proof. This claim follows directly from the proof of Claim 4.11. Since t{(a) =
VM # 0 and t,(b) = VN # 0, we have that t,,t, & D(Tp). If aty + Bt, € D(Ty),
then [f, at; + Staly = 0 for all f € D(T}). Define fi, fo € D(T1)\D(T)) by

fi(u) =u,
fo(u) =u?.
Then,
[f1,at1 + Bt =fi(a)(ati(a) + Bta(a) — fi(b)(ati(b) + Bt2(D))
+ J1(0)(aty (b) + Bty (b)) — fi(a)(ati(a) + Bty(a))
=) (BYN) = fila) (avh1)
:bg\/ﬁ — aav'M
and

[fa, aty + Bta]w =f3(a)(ati(a) + Bta(a)) — fo(b)(ati(b) + Bta(b))
+ f2(b)(aty (D) + Bty(b)) — fa(a)(ati(a) + Bty(a))
=) (FYN) = fo(a) (av/1)
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=b*BvV'N — a*av/'M.
By solving the system of equations

0 :bg\/ﬁ — aa\/ﬁ,
0 =b’BVN — a*av'M,

we must have o = 0 and 5 = 0. Thus, {¢,t2} is linearly independent modulo D(Ty).

It now will be shown that 0 = [t;,¢;]g for 4,5 =1,2:

[t 0] =t (a)Fr (@) — 1 (D)E1(b) + t1(b)F, (b) — tr(a)F) (a)
=0,

[t tal i =t (a)Ea(a) — 11 (0)Ea(b) + t1(b)Ey(b) — tr(a)Ey(a)

since t1(a) = t1(b) = t](b) = ta(a) = t2(b) = th(a) = 0. Therefore, {t1,t5} is a GNK
set for Ty in H. ]

Now define Ay by Ag = D(Tp) +span{ty, to}. Then U : Ay — W is defined by
U(to + cits + eala) = a1y + 2o = <01 VM, 02\/N> :
Since , for = € D(T1),

[z, t1] =a' (@)t (a) — 2’ (D)T1(b) + 2 (D)} (b) — x(a)F, ()
= — VMz(a)

and

[, ta]rr =2 (a)ta(a) + &' (0)F2(b) + 2(0)T(b) — w(a)y(a)
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—VNz(b),

we can now define () by

Qx =[x, t1|g& + [z, ta] 5o
— _ VMz(a) (\/M 0) + VNa(b) (o, \/N)

= (=Mz(a), Nx (b)),

for z € D(T7).

The symplectic form in H & W is given by

[($7 (017 02))’ (y7 (Cllﬂ Clz))]HEBW :[$, y]H - <Q$a (6/17 CIQ))W + <(017 62)7 Qy)W
=2'(a)y(a) — /(D)7 (b) + z(b)F (b) — z(a)¥ (a)
+ z(a)e; — 2(b)T, — a1y(a) — ey (b),
for (x, (¢1,¢2)), (y, (¢}, ch)) € HOW.

The minimal operator Vo : D(Vy) € H® W — H @& W is defined by

~

Vo(z, (c1, e2)) =(Thz, B(c, c2))
:(_xllv B<Cl> CQ))a

D(Vo) ={(z, V) |z € A}
Rewriting this we have
%(m,\llx) = (—x”,B (clm, cz\/ﬁ>> )
The maximal operator Vi : D(V)) C H@& W — H & W is defined by

~

Vi(z, (c1,¢2)) =(Thz, B(cy, c2) — Qx)

(—2",B(c1,¢2) — (—Mxz(a), Nz(b))),
D(Th) = {(z,(c1,)) | #1 € D(TY), (e1,¢5) € C?}.
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Now define xy, 29 € D(17) by

(
VM wnear a
z1(u) =
0 u near b,
;
0 U near a
o (u) =
k\/N u near b.

Claim 4.14. {(z1, (0,0)), (z2, (0,0))} is a GKN set for Vo in H® W.

Proof. This claim mostly follows from the proof of Claim 4.10. If a(xy,(0,0)) +
B(x2,(0,0)) = (az1fBzs,(0,0)) € D(Vp), then awzy + Brs € D(Ty) since W(az; +
Bza) = (0,0). So, for all f € D(Ty),

[f, ATy —+ ﬂ$2]H = 0.
Define fi, fo € D(T1)\D(1p) by

i (U) =u,
f2(v) =u’

Then we have

[fr, cn + Basli =fi(a){aw (@) + Bra(a)) — f(0){aw: (B) + Bra(0))
+ f1(6)(a2i (0) + Be5()) — fi(a)(aw(a) + Bah(a))
=fi(a) (aVM) - 1i(6) (BVN)
=avVM — BVN

and

[f2, awy + Bro]u =f3(a) (a1 (a) + Bra(a)) — f5(b)(axy (b) + Sza(D))
+ f2(0) (e (b) + By (b)) — fala)(axi(a) + Bry(a))
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—fi(a) (V1) = 130) (BVN)
=2aav/ M — 2b3V/'N.
So, we have
0 =avM — BVN,
0 =2aav/M — 203V N,
and thus a = 0 and 8 = 0. Hence, {(z1(0,0)), (2, (0,0))} is linearly independent
modulo D(Vj).

It now remains to be shown that 0 = [(x;, (0,0)), (z;,(0,0))]mew = [zi, zi]ln

fore,7 =1,2:

[z1, 1] =2 (a)Z1(a) — 21 (0)T1 (D) + 21 (0)7 (b) — 21 ()T} ()

since 7 (a) = z4(a) = 2 (b) = x4(b) = 0. So {(x1,(0,0)), (z2,(0,0))} is a GKN set
for Vo in H & W. O

For (z, (c1,¢2)) € D(V1), we have
[, (en,€2)), (1, (0, 0w = (a)Ta(a) — &/ (D)2 (8) + 2(B)2 (8) — (@), (a)
+ 2(a)(0) — 2(b)(0) — 171 (a) + 271 (b)
=2/ (a)VM — VM,

and

[(, (c1, ¢2)), (w2, (0,0)| mow =2'(a)T2(a) — &' (0)T2(b) + 2(b)T2(b) — z(a)T5(a)
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+ 2(a)(0) — 2(b)(0) — e1T2(a) + caT2(b)
= — 2/(b)V'N + e,V'N.

So, if 0 = [(SL‘, (Clv 62))7 (1'1, <07 O))]H®W = [(SC, (017 62))7 (va (07 O))]HGBWv then ¢; =
2'(a) and ¢y = 2/(b).

Define V : D(V) : D(V)C H®W — Ha W by

?(x, (c1,¢2)) =(Thz, B(cy, ca) — Qx)

(= 2", B(cr, ¢2) — (Ma(a), Nz(b)))
D(V) = {(:c, (c1,00)) € DV | 2/ ()M — ey /M = 0,
—2'(D)VN + VN = 0}
={(z,(@(a),2'(b)) | v € D(T1)} .
The operator V is self-adjoint in H & W by Theorem 3.22.

Example 4.15. In our final two-dimensional extension space, we will construct an
operator that has both z(a) and 2/(b) involved in the boundary conditions. This
will be done by combining elements of the GKN sets for D(Tp) and D(Tp) in the
previous example.

Define t1,t2 € D(T7) by

/

VM wnear a
t1(u) =
0 u near b,
;
0 U near a
ta(u) = <
VN(u—b) u near b.

Claim 4.16. {t1,t2} is a GKN set for Ty.

Proof. Since ty(a) = VM # 0 and t)(b) = VN # 0, t1,ty & D(Ty). If c1ty + oty €
D(Ty), then city(a) 4 cotala) = e;v/M = 0 and ¢t (b) + cath(b) = /N = 0.
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Therefore, ¢; = ¢o = 0 and {t1,t5} is linearly independent modulo D(7p). We also

have that
[t1, t1] 5 =ty (a)t1(a) — 5 (D)E (D) + 1 (D)Ey (b) — ta(a)ty(a) = O,
[t1, ta] i =t (a)Ea(a) — t; (B)E2(D) + t1(b)E5(b) — t1(a)Ey(a) =0,
[ta, tol i =ty (a)ta(a) — th(b)Ea(b) + t2(b)Ey(b) — ta(a)fy(a) = 0.
Thus, {t1,t2} is a GKN set for D(T}) in H. O

As before, we can define Ay by Ay = D(Ty) + span{ty, ta}, and ¥ : Ay — W
is defined by

Uty + 1ty + coty) = 1§y + 260 = <01V M, 62\/N>

for ty € D(Tp).
Since, for x € D(Ty),

[, t1] i =2’ (a)F1(a) — 2 (D)E1(b) + 2(b)F, (b) — z(a)F, (a)
=V Mz'(a)
and
[z, to] i = ()5 (a) — 2 (D)E(b) + 2(b)E5(b) — x(a)Ey(a)
=V Nz(b),

we can define ) by

Qu =[x, t]p& + [z, ta]HE
=VMz'(a) (VM,0) + VNa(b) (0,VN)
= (M2'(a), Nz(b)) ,

for any x € D(17).
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The symplectic form in H & W is given by

[(xa (Cb C2))? (Z/, (Clla Cé))]HGBW :[ZL', y]H - <Qxa (Clla cl2)>W + <(Cla C2>7 Qy>W
@'(a)y(a) — 2'(0)y(b) + z(0)7 (b) — z(a)y (a)

— 2'(a)d, — z(b)T, + a1 (a) + 27(b),

for (z,(c1,)), (y, (¢}, &) € HEW.
We will now define @0 and @1, the minimal and maximal operators in H @& W.

Define the minimal operator @0 : D(@O) CHeW — Ho W by

~

Qo(w, (c1,¢2)) = (Thz, B(cy, c2))
:<_:C”76(Cl702))7
D(Qo) = {(z,¥z) | = € Ao},
and so @O(x, Uz) = (—x”,B (cl\/M, cy/ﬁ)). Define the maximal operator @1 :

DQ))CH®W - He W by

~

Q1(x, (c1,c2)) =(Thx, B(cy, co) — Q)
=(—a",B(c1, c2) — (Ma'(a), Nz(b))),
D(@l) ={(z,c1,0)) | € D(T1), (c1,¢2) € C*}.

Now define x1, x5 € D(T7)\D(1p) by

(

0 u near a
z1(u) =
VN u near b,
;
VM(u—a) wunear a
Ta(u) =
kO u near b.

Claim 4.17. {(z1,(0,0)), (z2, (0,0))} is @ GKN set for Qo in H ® W.

Proof. Tt will first be shown that {(z1, (0,0)), (x4, (0,0))} is linearly independent
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modulo D(Qy). If a(zy, (0,0)) + B(xs,(0,0)) = (azy + Bxs, (0,0)) € D(Qp), then
U(axy + Bro) = (0,0). Hence, axy + Bao € D(1y). So, for any f € D(@O),

[f, AT + /B.Z'Q]H = 0
Define f1, fo € D(To)\D(Tp) by

filw)=u and  fo(u) =u’.

Then
(s s+ Bzl = (@)@ @) + 5a(@) — i 0){ana0) + 5230
+ SO 0]+ D) - fila){ari(@) + F@)
—— 10)(aVN) - fi(a) (331
=—aV/N —aBvVM
and

[f2, a1 + Balu =f5(a)(axi(a) + Bra(a)) — f5(b) (a1 (b) + B2 (b))
+ fa(b) ('’ (b) + By (b)) — fala)(awy(a) + fry(a))

= — 150 (aVN) = fa(a) (BVM)
= — 2bav/'N — aZB\/M,

and so solving the system of equations

0=—aVN — aB\/M
0=—2bav'N — a*BVM
yields a, 8 = 0. Hence, {(z1,(0,0)), (z9,(0,0))} is linearly independent modulo
D(Qv).
It remains to be shown that [(x;,(0,0)), (z;,(0,0))|gew = [z, 2]y = 0 for
ij=1,2:
[z1, 1] =2 (a)Z1(a) — 21 (0)Z1(b) + 21 ()T (b) — 21(a)T\(a) = O
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(21, 22ln =21 (a)T2(a) — 7 (b)Ta(b) + 21(0)T5(b) — 1(a)T5(a) = 0

(72, o] =5(a)Ta(a) — 25(0)T2(b) + 22(b)T5(b) — x2(a)T5(a) = 0.
Therefore, {(z1, (0,0)), (x2, (0,0))} is a GKN set for Q.

Note that, for (c1,c3) € C* and z € D(T}), we have

[(z, (c1,¢2)), (21, (0,0))lnaw =2"(a)T1(a) — 2 ()71 (b) + z(b)T (b) — 2(a)7}(a)
—2'(a)(0) — z(b)(0) + 17 (a) + c2T1(b)
= — $/<b>\/ﬁ + CQ\/N,

and

[(z, (c1,¢2)), (%2, (0,0)) aw =2"(a)Ts(a) — 2'(b)T(b) + z(b)T5(b) — z(a)TH(a)
— 2/ (a)(0) — z(b)(0) + 1T (a) + coT2(b)
= —2(a)VM + e,V M.

So, if
(2, (c1,¢2)), (71,(0,0))] gew = 0

and

[(ZE, (Clﬁ 02))7 (va (Oa O))]HEBW =0,

then ¢; = z(a) and ¢y = 2/(b).

Define the operator Q : D(@) CHeW — Ha W by

@(x, (c1,¢2)) =(Thz, B(cy, co) — Qx)

(=", B(cr, e2) — (Ma'(a), Nz(b))),

D(Q) = {(. (e1,2)) € D@Q) | =/ (VN + VN =0,

—z(a)VM + cl\/ﬂ} :
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Equivalently,

Q(x, (x(a), 2'()))
D(Q)

(= 2" B(x(a),2'(b)) — (Ma'(a), Nx(b))),

{(z, (2(a),2'(0)) | © € D(T1)} .

Then, by Theorem 3.22, @ is self-adjoint in H & W.
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CHAPTER FIVE
A Self-Adjoint Operator Generated by the Sixth-Order Krall Differential

Expression in the Extended Space L?[—1,1] & C? with the Krall Polynomials as
Eigenfunctions

In this chapter, we will construct a self-adjoint operator generated by the
sixth-order Krall differential expression in the extended space L?*[—1,1] & C? having
the Krall polynomials as eigenfunctions. We will do so by applying the extended
GKN-EM Theorem developed in Chapter Three to the sixth-order Krall differential

expression.

5.1 The FExtension Space
Let the extension space be W = C? and define the inner product (-, )y by

., a@  bb
<(a>b>7 (CL 7b )>W = 7 + §7

where A and B are as in (2.1). Now define & = (vV/A4,0) and & = (0,v/B). Then
{&1,&} is an orthonormal basis for W.

Every self-adjoint operator B : W — W has the form

where 6,7 € R and § € C.

The inner product in the extended space H & W is now given by

<(f7 (ab bl))? (97 (a27 b2))>HeBW = <f7 g>H + <(a17 b1)7 (a2; b2)>W

5.2 A Partial GKN Set for Ty
Define P = {t1,t} C C%—1, 1] where

\/Z x near — 1
ti(r) =

0 x near 1
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and

are each real-valued and in A.
Lemma 5.1. P is a partial GKN set for Tj.

Proof. It will first be shown that P is linearly independent modulo D(7p).

Let f € A, where A is defined in (2.4), and ¢;, ¢y € C. Then

[f, city + CQtZ]H =1 [fv tl]H + EQ[f’ t2]H
— —aVAN[)(-1) — m(~1)f(~1))
+ VB (N[f])(1) — (1) f(1)),

where 7(z) is defined as in (2.6), [, ]y := [-,] as given in (2.5), and A[] is given in

(2.14). Now define fi, fo € A by, fi, fo € C%[—1,1]

0 xnear —1
filz) =

xr near 1

and

r near —1

0 nearl
and both are real-valued.

Then we have

[f1, ety + esto] = — e VAW[A)(-1) = (1) fi(~1)
+2VB (N[A)(L) — (1) f1(1))
:EQ\/ET(—(l)

=2,V B (24A + 24AB + 24)
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and

[fas erty + eato]i = — VAW [L](-1) = (=1) f3(~1))
+E VB (N[f](1) = 7(1) f3(1))
=,V An(-1)

—c,VA (24B + 24) .
Solving the system of equations

[f1, crt1 + cato] g =0

[f2, c1t1 + coto] g =0

yields ¢; = 0 and ¢; = 0. Therefore, P = {t1,t2} is linearly independent modulo
D(Tp).

It remains to be shown that [¢t1, 1]y = [t1, ta]g = [te, ta]g = O:

[t1, 1] =[t1, 0] (1) = [t1, 12](=1)
=VA[h, 1](1) = VA[h, 1)(-1)
=0 = VA(N[H])(=1) = w(=1)ty(~1))
—0:

(1, ta] b =[t1, 1] (1) — [t1, 2] (1)
=VBlt1,1](1) = VB[t:, 1](-1)
=0 — VB (N[t](=1) = m(=1)#;(=1))
—0:;

(b2, o] =lta, ta] (1) — [t2, £2] (—1)
=VBlts,1](1) — VBlt2, 1](~1)
=VB (N[ta)(1) = m(1)t(1)) - 0
—0
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by the properties of A stated in Theorem 2.1. Thus, P = {t1,t5} is a partial GKN
set for 1. O

Now that we have a partial GKN set for 7T, we can define Ay, ¥, and 2 as
follows: define Ay by Ag := D(Tp) + span{ty, ta}, define ¥ : Ag — W by
U(fo + aity + aatz) = a1éy + azy
= (Oél\/z, 042\/§> s

where fo € D(Tp), and define Q : A — W by

Qf = [f. t1lu& + [f, ta)née
- _\/Z[fa 1]<_1)€1 + \/E[fa 1](1)52

= (=A[f, 1](=1), B[, 1](1))

5.8 The Maximal and Minimal Operators in the Extended Space H & W

Note that Theorem 3.22 gives a one-parameter family of self-adjoint operators.
By fixing the operator B, we will be working with one specific self-adjoint operator,
namely the self-adjoint operator that has the Krall polynomials as eigenfunctions.

A computation involving the Krall polynomials show that B = 0. Then the
minimal operator in H & W, Ty : D(fo) CHeW — Hae W, is defined by

To (f,(a,0)) = (T1£,0)
D(To) = {(£, ) | € Ao}
So, we can write Ty as Ty(f, U f) = (T} f,0).
The maximal operator in H @ W, T, : D(T}) C H@& W — H & W, is defined
by
T1(f,(a,0) = (T1f, —2f)
D(T1) = {(f:(a,0) | f € A, (a,b) € W}

Therefore, T (f, (a,b)) = (T1.f, (~A[f, 1](=1), =B[f, 1)(1))).
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The symplectic form [, -|gew is given by
[(f, (a1,b1)), (g, (a2, b2)) | mew = [f, 9]u — (Uf, (a2, b2))y, + {(a1, 1), Qg)yy,
for (£, (a1, b)), (g, (a,b2)) € D (7).

54 A GKN Set for Ty in H® W

Define y1, y2, y3, ya € C%[—1, 1] to be real-valued such that

;

0 r near — 1
yi(x) =
(1—2%? z near 1,
)
(1—2%)? xnear —1
ya() =
0 x near 1,
> (5.1)
0 r near — 1
ys(z) =
1—2? 2 near 1,
)
1—2% xnear —1
ya(z) =
0 x near 1.

Then each y; € A.

Remark 5.2. Note that, by parts (v) and (vi) of Theorem 2.1, we have, for f € A,

ol = [f. (1= 2?)%)(1) = 192f(1)

[f,y2lm = —[f, (1= 2*)*)(=1) = 192f (1)

[foysle = [f,1 = 2%)(1) = 2A[f](1) — 48(A + 2) f(1)

[ yalr = =[f.1 = 2%)(=1) = 2A[f](~1) — 48(B + 2) f(—1).
Lemma 5.3. {y:, (0,0))}_, is a GKN set for Ty in H & W.
Proof. Tt will first be shown that {y;, (0,0))}’_, is linearly independent modulo
D(Tp). Since [(yi, (0,0)), (y;, (0,0)]maw = [yiy;la for i,j = 1,2,3,4, it is suffi-

cient to show that {yi}f1 | is linearly independent modulo D(Tp).

1=
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Let f € A and ¢, ¢o,c3,¢4 € C. Then

[fs cryn + caya + csys + cayaln =C1lf yilu + Clf volm + (S yslm + Culf, yalm
=192¢, f(1) + 192¢, f(—1)
+35 (2A[f](1) — 48(A +2) f(1))
+ ¢4 2A[f](—1) —48(B +2)f(—1)).

Define fi, fo € C%[—1,1] to be real-valued such that

(

1 xznear —1
fi(z) =
0 x near 1,
)
0 xnear —1
folz) =
1 =z near 1.

\

Then each f; € A and

[f1, c1yr + coYa + 3y + cayalw = 1928, — 48(B + 2)¢4

and
[fa, 191 + coyp + c3ys + cayalum = 1926 — 48(A + 2)¢;.

Now define hy(z) as in Theorem 2.1 (vii) by
(

0 x near — 1

\%(A +2)(1 —2?)?In(1 — 2?) + 3(1 —2?)In(1 — %) 2 near 1,
)

§(B+2)(1—2%)?In(1 —2?) + (1 —2?)In(1 — 2?)  near — 1

0 x near 1.
\

By Theorem 2.1 part (vii), he € A. Note that near x = 1,

K. (x) =In(1 — 2?) (—%(A +2)x(1 — 2?) — ZL‘) (A+2)z(l —2%) -z

1
4
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and

2

W (z) =(A+2)2* + 12

— 2

+1In(1 — 2?) (—%(A +2)(1 — 32%) — 1)

— %l(A +2)(1 — 32%) — 1.
So, near = = 1, we have
A J(@) == (1= )’ 19@) + (1= %) (124 0 (1 - 2%)) Wi ()
=(12 + a1 — 2?)) ((1 — 2?)(A + 2)2? + 227
+ (1 —2%) In(1 — 2?) (—%(A +2)(1 — 32?) — 1)
- iu — ) (A4 2)(1—322) — (1— xQ)),
so Afhy](1) = 24 and
[hy, ey + cayo + c3y3 + caya] = 48Gs.
Likewise, near z = —1, we have
B (x) = In(1 — 2?) (—%(B + a1 — a?) — x) - i(B + el —a?) — 2

and

22

B’ (z) =(B + 2)z* + ] +1In(1 — 2%) (—%(B +2)(1 — 32%) — 1)

— 2

1 2
~(B2)1-32) - L.
So,
Alp)(w) == (1 =22 h(@) + (1-a?) (12+ @ (1 - %)) W )

=(12 + a(1 — 2?)) ((1 — 2?)(B + 2)2° + 227

1

+ (1 — 2?) In(1 — 2?) < 2(B +2)(1 — 32%) — 1)
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1
- Z(l — %) (B +2)(1 —32%) — (1 - x2))
near x = —1, so A[h_](—1) = 24, and
[h—, c1y1 + oy + c3ys + caya|m = 48¢4.

By solving the system of equations

[fi,c191 + coya + c3ys + Cayalp =0
[f2, c1y1 + oy + c3y3 + Cayalg = 0
[hiy c1y1 + Caya + c3ys + cayalg = 0

[h—, c1y1 + coy2 + cays + cayalm = 0,
or equivalently,

0 =192¢, — 48(B + 2)¢y
0 — 4863

0 = 48¢y4,

we have ¢; = ¢, = ¢3 = ¢4 = 0. Therefore, {yi};l:l is linearly independent modulo
D(Ty) and {y;, (0,0))}._, is linearly independent modulo D(Tp).

Now it will be shown that [(y;, (0,0)), (v;, (0,0))]gew = [¥i, y;]lg = 0 for i, j =
1,2,3,4. Using Remark 5.2, we have

[y1, y1]m = 192y (1)
=0,

[y1, Yol = 192y1(—1)
=0,

[?Jh%]H = —[y3,y1]H
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w1, yaln = —[ya, ]n
= —192y,(1)
— 0,

[y, yolir = 192y2(—1)
-0,

o, ysla = —[y3, y2lu

= —192y3(—1)

[y3, yslm = 2A[ys](1) — 48(A + 2)ys(1)

=0,

(Y3, yalmr = 2A[ys](—1) — 48(B + 2)ys(—1)
=0,

[Ya, yalar = 2A[ya](—1) — 48(B + 2)ya(—1)
= 0.

Thus, {(ys, (0,0))}~_, is a GKN set for T.

Now recall the functions e. defined in (2.15) and (2.16) as

0 x near — 1
er(z) =

N[ —=

(1—2?)+3(A+2)(1—-22)? znearl
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and

£(B+2)(1—2%)? znear —1
0 x near 1.

Note that e, and e_ are linear combinations of ¥y, y», y3, and y4, so e, e_ € A
and [f7y1]H =0 < [f?eJr]H = [fuef]H = 0 for f €A.

In fact, we define

5:={f € A|[f.es)(1) = [f,e_](~1) = 0}. (5.2)

Then, by part (vi) of Theorem 2.3, for f € §, we have

[£,1](1) = —24/"(1) = 24(A+ 1) f'(1)

and

[f,1(=1) = 24f"(—1) — 24(B + 1) f'(-1).
So, for f €6,

Qf = (=A[f,1](=1), B[f,1](1))
=(—24Af"(—1) + 24(AB + A) f'(-1), —24Bf"(1) — 24(AB + B) f'(1)).

Also note that

Qey =leq, t1]ué& + e, to]uée
=5l =2 Bl (06 + A+ 21 - 2 1]

+

X

= (24A + 24A% + 24A + é(AQ +2A)(—192),

[1- 2, 6)(D& + 5(A+2)[(1 - 2P, 1)

N | —

All — 2%, 1)(1) + é(AB +2B)[(1 — 2?)%, 1)(1),

N = N =

B[1 —2* 1](1) + %(AB +2B)[(1 — 2?)?, 1](1))
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1
24B +24(AB + B) + g(AB + 23)(—192))
=(0,0).
Likewise,

Qe_ =le_, k& + e, to]uée

=5l = 2 0l D + S (B+2)[(1 - 22, 1]~
Sl =7 (-1 + 5(B +2[(1 - 22, 1)~ 1)

Al — 2%, 1)(—1) + %A(B +2)[(1 — )2, 1](-1),

+

X

= (—24AB — 48A + 24AB + 48A, —24AB — 48B + 24AB + 48 B)

| = DN =

B[l — 2% 1](—1) + éB(B +2)[(1 — 2?)?, 1](—1)>

=(0,0).

Note that by Remark 5.2, Qy; = (0, —192B) and Qys = (—192A4,0). So, if f € 4, or
eqUivalently [f7 (CL, b))7 (y’m (07 0))]H€BW = [f? yl]H =0 fori= L, 27 37 47 then

0 =[(f, (a,0)), (41, (0,0))] How

:[fv yl]H - <Qfa (07 0)>W + <(a’ b): Qy1>W

1925
—192f(1) — QT

—192f(1) — 192b,
and b= f(1).

Similarly, if f € §, then

0 =[(f, (a,0)), (42, (0,0))] How

:[fv yQ]H - <Qfa (07 0)>W + <(a’ b): Qy2>W
192Aa
A

=192f(—1) — 192a,

=192f(—1)

and a = f(—1).
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5.5 A Self-Adjoint Operator in H ® W
We are now in a position to define a self-adjoint operator in the extended space

H®W =L2(—1,1)®C2 Define T:D(T) CHOW — H®W by
T (f.(a.h)) = (Tif. ~f)
- <T1f, <24Af”(—1) — 2(AB + A)f'(-1),
24Bf"(1) + 24(AB + B)f’(1))> ,
D) ={ (£,(0.0) € D (F) 1100, (5, 0,0z =0,
(j = 1,2,3,4)}.

Then 7 is self-adjoint in H & W by Theorem 3.22.
From the above calculations, namely a = f(—1) and b = f(1), the form and

domain of T simplify to:
P10, 50) =(Tf, (214771 = 24045 + A)f (1),
24Bf"(1) + 24(AB + B)f’(1)>>
D(T) = {(f:(f(=1), F(1))) | f €5}

Note that the definition of the domain of 7' shows that the boundary conditions

force continuity at the endpoints x = +1.

5.6 The Krall Polynomials as Eigenfunctions

Recall that the Krall polynomials {P,}2, as defined in (2.3) are given by

D=y (—1) 3] (2n = )1Q(n, )am7
e ; 2 (n = D=+ nt+ A+ B)
where
Q(n, J) Rl ((n* + (244 2B — 1)n* + 4AB) +2j(n* + n + A+ B))

2
4 %(43 —44),
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We will show that the Krall polynomials are actually eigenfunctions of T. Note

that {K,}>2, satisfy ([K,| = AK,,. Also,

([K,)(1) = 24BK" (1) 4 (24AB + 24B) K/ (1)

and
([K,](—1) = 24AK!(—1) + (24AB — 24A) K] (—1).
So,
(K, 1](1) =A"[K)(1) — m(1) K (1)
=—24K"(1) — (24A + 24)K'(1),
and

(K, 1](—1) =A[K)(—1) = m(—1) K, (—1)
—=24K"(—1) — (24B + 24)K' (—1).

Then we have
—B[K,, 1](1) = ([K,](1)
and
AK, 1)(=1) = (K] (=1).

Also note that

(K, eqln =[Kn, e ](1)
1

=5 [ 1= 2%(1) + %(A + 2)[Kn, (1 = 2*)%)(1)

1
2

= — 24(A +2)K (1) + 24(A + 2) K, (1)

(2A[K,)(1) — 48(A + 2) K, (1)) + %(A +2)(192) K, (1)

=0
and

[Kme—]H - [Km 6—](_1)
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(K1 = a)(~1) 4 S (B + 2)[K,, (1 = #)(-1)

=3 (A[K,)(~1) = 48(B +2) K, (~1)) + é(B +2)(192) K, (—1)

= — 24(B+ 2)K,(—1) + 24(B + 2)K,,(—1)

— DN =

=0.

[e%¢} -~

Thus, {K,}2, C ¢ and {(K,, (K.(-1),K,(1)))} " C D(T). Then

n=0

T (K, (Kn(—1), K, (1)) =(T1K,, (24AK"(~1) — 24(AB + A)K/,(~1),
24BK](1) + 24(AB + B)K,(1)))
= (K], (1K) (-1), (K] (1))
=\ (K, (Kn(—1), Ka(1))).
Therefore, {K,,} -, are eigenfunctions of T.
5.7 Another Self-Adjoint Operator Generated by the Sixth-Order Krall Differential
Ezxpression
We construct another self-adjoint operator generated by the sixth-order Krall
differential expression in H @ W = L?(—1,1) @ C? by selecting an different partial
GKN set for Ty. We keep everything independent of the original GKN set the
same, especially the GKN set for Tp: {(y;, (0, 0))}21:1. This allows us to still use the

properties of § provided in Theorem 2.3.
Define Q = {t1,t2} where

.
0 xr near — 1
ti(r) =
z—1 xnearl
\
and )
r+1 xnear —1
ta(r) =
0 x near 1.
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Note that for f € A,

[f,ta] =[f, 1] (1)

[/, —1](1)

[f,2](1) = [£,1](1)

= — [z, 1](1) £(1) — A[f](1)

= — (N'[Z)(1) — 7(1) F(1) = A[FI(1)

= (1)f(1) = A[f1(1)

=(—6A — 6B — 12AB + 12A — 12B + 12AB + 18A + 18B + 24) f(1)
— A[f1(1)

=24(A+ 1) f(1) — A[f](1)

and

[fstoln = — [f, t2](=1)
=—[f,z+1)(-1)
=—[f,2)(=1) = [f, 1)(-1)
=z, (=1 f(=1) + A[f](-1)
=(N'[Z](=1) = m(=1)) f(=1) + A[f](-1)
=—m(=1f(=1) + A[f](-1)
= — (—6A — 6B — 12AB — 12A + 12B + 12AB + 18A + 18B + 24) f(—1)
+A[f](-1)
=—24(B+ 1)+ A[f](—1).

Claim 5.4. Q = {t1,t2} is a partial GKN set for Ty.

Proof. Let f € A and ¢1,c3 € C. Then

[f, ety + coto]lm =C1[f, t1]u + o[ f, toln
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=01 (24(A+ 1) f(1) = A[f](1) =2 (24(B + 1) f(=1) + A[f](=1)).

Now define fi, fo € A by

0 xznear —1
fi(z) =
r x near 1,
;
r xnear — 1
folz) =
0 x near 1.
\

Then [f1, c1ty + cato]l g = 24¢,(A+1) and [fao, c1ty + coto| g = 24¢(B +1). Therefore,
if [f17clt1 + C2t2]H = [fQ,Cltl + CQtQ]H = 0, then Cl = Cy = 0. ThHS, Q is linearly

independent modulo D(Tj).

Since

[t1, t1]) g =24(A+ 1)t1(1) — Aft1](1)
=0

[t1,to)g = — 24(B + 1)t1(—1) + Alt1](—1)
=0

[ta, to]lg = — 24(B + D)ta(—1) + Aft2](—1)
=0,

Q is a partial GKN set for Tj. n

Since & = (\/Z, O), & = (O, \/E), and Ay = D(Ty) + span{ty,ta}, we can
define Q : D(Ty) — W by

Qf =[f, ti]u& + [f to]n&e
= (VAQR4A+1)£(1) = ALfID), VB(=24(B + D (1) + Alf](-1))) .
Once again, we choose the self-adjoint operator in W to be B = 0 and define {y;}}_,

as in (5.1). Then So : D(go) CHeW — H&W, the minimal operator in H & W,
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is defined by

So(f, (a,b)) =(T1£,0)
D(So) ={(f,¥f) | f € A}.

Hence, §0<f7 \I/f) = (T1f7 0)
The maximal operator in H & W, §1 CH®W — H@W, is defined by

Si(f (a.b)) = (T1f. =)
(1o, (—VA@AA+ D) = ALAD),

—VB(=24(B + 1)f(~1) + Alf](-1))))
D(81) ={(f.(a,)) | f € D(T3), (a,) € W}

Note that Qy; = 0 for i = 1,2, 3,4 and {y;, (0,0))}L, is a GKN set for Sy by Lemma
5.3 . So, for f €9,

[(fa (a> b))a (yb (07 0))]H€BW :[f> yl]H - <Qf, (07 0)>W + <(a7 b)v Q/y1>W
=[f,yiln

=192f(1)

by Theorem 2.3. Since [(f, (a,b)), (y1,(0,0))]gew = 0, we must have f(1) = 0.

Likewise,

[(fa (a7 b))v (yQ’ (07 0))]HG§W :[fv ?JQ]H - <Qfa (O’ 0)>W + <((l, b)? Qy2>W
=[f, v2]n

=192f(—1).

Therefore, f(_]') = 0 since [(fa (a'v b))a (y2> (07 0))]HG}W = 0.
ThengzD(g) CHe&W — Ha®W defined by

S(f.(a.0)) = (71f. (VAALF(1), ~VBAf(-1)))
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D(S) ={(/.(@1) €D (S) | F €6, f(=1) = f(1) =0}

is self-adjoint in H & W by Theorem 3.22. So, we have found another self-adjoint
operator generated by the sixth-order Krall differential expression in the extended

Hilbert space L*[—1,1] & C.
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CHAPTER SIX

Conclusion

In Chapter Four, we applied the GKN-EM Theorem in H & W to find various
self-adjoint operators in extended Hilbert spaces. This demonstrates the power of
this extended GKN Theorem. In order to find these self-adjoint operators, it was
necessary to appropriately define the functions 2 and ¥. We also needed to choose
adequate GKN sets for both T} in the base space and for fo in the extension space.
Note that the GKN-EM Theorem in H & W results in a one-parameter family of
self-adjoint operators, where the parameter is the self-adjoint operator B : W — W.
In this dissertation, we always chose a specific self-adjoint operator B in order to
obtain a self-adjoint operator with certain desired properties.

In Chapter Two and Chapter Five, we studied the Krall differential expres-
sion in a weighted L? space where the weight had jumps at both endpoints. This
differential expression has the Krall orthogonal polynomials as eigenfunctions in the
weighted L? space. We found that, in an extended Hilbert space, the self-adjoint
operator generated by the sixth-order Krall differential expression in the extended

Hilbert space L?*[—1,1] & C? is given by

P 7-0.700) = (T (21AF"-1) - 24045 + A (1),
24Bf"(1) + 24(AB + B)f’(l))>
D(T) ={(f,(f(=1), f(1)) | f €5},
where T} is the maximal operator generated by the Krall differential expression in
L?[~1,1] and ¢ is the domain of the self-adjoint operator in L?[—1,1] generated by

this expression. We also found a second self-adjoint operator in L?*[—1,1] & C? by

changing the GKN set for 7j. For both of these self-adjoint operators, we chose
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B = 0 for the self-adjoint operator in the extension space C?. Since the GKN-EM
Theorem in H & W yields a one-family parameter of self-adjoint operators, choosing
any other self-adjoint operator B would have yielded another self-adjoint operator
in L?[—1,1] @ C2.

This Krall differential expression is a special case of differential operators with

the following inner product:

(F.9) = M f(0)g(0) + My f'(0 /f )g(x)u(z) do

By placing restrictions on the coefficients M; and Ms, we obtain four different dif-
ferential expressions.

When M; = My = 0, then the resulting differential expression is a second-
order expression. In fact, we have the classical second-order Laguerre differential
expression in the space L%((0,00); z% ") defined by

1

re %

Uyl(x) = (=@ e ™y (2)) + ka“e™"y(x))

for € (0,00). This self-adjoint operator generated by the Laguerre differential
expression in L%((0,00); x*¢™") has the Laguerre orthogonal polynomials as eigen-
functions.

When M; > 0 and My = 0, and the interval is (—1,1) instead of (0, c0),
the resulting differential expression is the fourth-order Laguerre-type differential

expression given by

lyl(w) = ((1 - %)’ y”(x)>,, — (8 +4A(1 — 2?)y' (2)) + ky(2),

where k > 0 is a fixed parameter and x € (—1,1). The associated inner product is
given by

(f.9)= / f2)g(z) do + 222

In fact, the self-adjoint operator generated by the fourth-order Laguerre-type differ-

ential expression has the Laguerre-type orthogonal polynomials as eigenfunctions.
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As noted above, the Krall sixth-order differential expression is a special case
of this situation. With the Laguerre-type differential expression, the jumps at both
endpoints are % However, by choosing jumps at the endpoints that are not equal,
we obtain a sixth-order differential expression: the Krall differential expression.

The case where M; = 0 and My > 0 results in an eighth-order differential
expression. Note that this is the first case where we have a jump in the derivative
at the endpoints, rather than a jump in the function.

When we have M, My > 0, we obtain a tenth-order Laguerre-Sobolev differ-
ential expression. It is this expression that we will work with in the future. We hope
to find a self-adjoint operator generated by this differential operator in an extended
Hilbert space. To do so, we must use the GKN-EM Theorem in H @ W. This entails
choosing suitable GKN sets for the minimal operators generated by this differential
expression in the the base space and in the extended space. Note that the self-adjoint
operator found in Chapter Five relied on analysis that had been done by Loveland
on the self-adjoint operator in Li[—l, 1]. Similar analysis in the base space must be

done for this expression before we can analyze it in an extended space.
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