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As an application of a general left-definite spectral theory, Everitt, Littlejohn
and Wellman, in 2002, developed the left-definite theory associated with the clas-
sical Legendre self-adjoint second-order differential operator A in L*(—1,1) which
has the Legendre polynomials {P,}>° , as eigenfunctions. As a consequence, they
explicitly determined the domain D(A?) of the self-adjoint operator A% However,
this domain, in their characterization, does not contain boundary conditions in its
formulation. In fact, this is a general feature of the left-definite approach developed
by Littlejohn and Wellman. Yet, the square of the second-order Legendre expres-
sion is in the limit-4 case at each endpoint x = +1 in L*(—1,1), so D(A?) should
exhibit four boundary conditions. In this thesis, we show that this domain can, in
fact, be expressed using four separated boundary conditions using the classical GKN
(Glazman-Krein-Naimark) theory. In addition, we determine a new characterization
of D(A?) that involves four non-GKN boundary conditions. These new boundary
conditions are surprisingly simple and natural, and are equivalent to the boundary

conditions obtained from the GKN theory.
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CHAPTER ONE

Introduction

The analytical study of the classical second-order Legendre differential expres-
sion
() = = (1 = 2®)y'(2))'
has a long and rich history stretching back to the seminal work of Weyl in 1910 [68]
and Titchmarsh in 1940 [64]. Part, if not most, of the reason for the importance of
this second-order expression lies in the fact that the Legendre polynomials {P,}5°
are solutions. More specifically, the Legendre polynomial y = P,(z), for n € Ny, is

a solution of the eigenvalue equation

Llyl(z) = n(n + y(z).

In the Hilbert space L?(—1,1), there is a continuum of self-adjoint operators gen-
erated by ¢[-]. One such operator A stands out from the rest: this is the Legen-
dre polynomials operator, so named because the Legendre polynomials { P, }2° , are
eigenfunctions of A. We review properties of this operator in chapter six.

In the mid-1970s, A. Pleijel wrote two papers (see [55] and [56]) on the Legen-
dre expression from a left-definite spectral point of view. Everitt’s contribution [19]
continued this left-definite study in addition to detailing an in-depth analysis of the
Legendre expression in the right-definite setting L*(—1, 1) where he discovered new
properties of functions in the domain D(A) of A. In [42], A. M. Krall and Littlejohn
considered properties of the Legendre expression under the left-definite energy norm.
In 2000, Vonhoff extended Everitt’s results in [66] with an extensive study of ¢[] in
its (first) left-definite setting. In 2002, Everitt, Littlejohn, and Mari¢ [24] published
further results in which they gave several equivalent conditions for functions to be-
long to D(A); this result is given below in Theorem 5.6. We also refer the reader to
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the paper [49] by Littlejohn and Zettl where the authors determine all self-adjoint
operators, generated by the Legendre expression £[-], in the Hilbert spaces L*(—1, 1),
L?*(—o00,—1), L*(1,00), and L*(R).

Littlejohn and Wellman [47], in 2002, developed a general left-definite theory
for an unbounded self-adjoint operator 7" bounded below by a positive constant in a
Hilbert space H = (V, (-, -)), where V' denotes the underlying (algebraic) vector space
and H is the resulting topological space induced by the inner product (-, ). To sum-
marize, the authors construct a continuum of Hilbert spaces {H, = (V,, (+,);) }r>0,
forming a Hilbert scale, generated by positive powers of T'. The authors called these
Hilbert spaces left-definite spaces; they are constructed using the Hilbert space spec-
tral theorem (see [58]) for self-adjoint operators.

It is a difficult problem, in general, to explicitly determine the domain of a
power of an unbounded operator. However, the authors in [47] prove that V, =
D(T32) and (f,g), = (I'2f,T2g). Furthermore, in many practical applications, as
the authors demonstrate in [47], the computation of the vector spaces V,. and inner
products (-, -), is surprisingly not difficult. In a subsequent paper, Everitt, Little-
john, and Wellman [25] applied this theory to the Legendre polynomials operator
A. Among other results, the authors explicitly compute the domains of D(Az) for

each n € N. Specifically, they proved that

D(A%) = {f . (_17 1) —C | f? f/7 "'7f(n_1) € AOlOC(_17 1)’ (1 1)
(1—a?)2f™ e ?2(-1,1)} (neN). |

In particular, we see that D(A?) is explicitly given by
B={f:(-1,1) = C| £, f', ", " € ACioe(—1,1); (1 — 2*)2fW € L*(~1,1)};
(1.2)

the reason for using the notation B, instead of D(A?), will be made clear shortly.

Of course, for f € B, we have A%f = (?[f], where ¢?[-] is the square of the Legendre
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differential expression given by

Clyl(z) = (1 - 2*)"(2))" =2 ((1 - 2*)y/ ()’

= (1 — 2)%yW(x) — 8x(1 — )y (z) + (142® — 6)y" (x) + 4zy/ ().

(1.3)

Notice that, curiously, there are no “boundary conditions” given in (1.2). From the
Glazman-Krein-Naimark (GKN) theory (see [52]), there should be four such bound-
ary conditions. This begs an obvious question: how can we “extract” boundary
conditions from the representation of D(A?) in (1.2)? In this thesis, we will answer
this question. It is interesting that the condition (1 — 2?)2f® € L?(—1,1) seems
to “encode” these boundary conditions. In fact, along the way, we will characterize

D(A?) in four different ways. Of course, we have the algebraic definition
D(A?) :={f € D(A) | Af € D(A)} (14)

(we will show that D(A?), given in (1.4), is equal to B, defined in (1.2)). We will
also prove that D(A?) is characterized by GKN boundary conditions associated with
a self-adjoint operator S, generated by ¢2[-], in L?(—1,1). Specifically, we prove that
D(A?) is equal to

DS) :={f: (=1,1) = C | f, f, f" f" € ACic(—1,1); f, ?[f] € L*(—1,1); )

xlifrill[f7 1]2($) = Oa xgrill[f7 CL’]Q(J)) = O}a
where [+, -] is the sesquilinear form associated with Green’s formula and ¢*[-] in

L*(—1,1); this form will be defined in Section 7.1. In this thesis, we also show that

D(A?) is equal to

D:={f:(=1,1) = C| f, f', f", f" € ACioe(—1,1); f, (*[f] € L*(—1,1);

Mnﬂ—x%f@%:&ﬁgxﬂ—x%W%@yzo}

r—=+1

(1.6)

This characterization of D(A?) is surprising since the boundary conditions in (1.6)

are not GKN boundary conditions; we say that D is a GKN-like domain. The
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boundary conditions in (1.6) are remarkably simple; indeed, they are obtained as
limits from each of the two terms in (1.3) minus one derivative.

In [12], the authors first showed the smoothness condition
feEDA) = f e L*-1,1). (1.7)

As a consequence of our results in this thesis, we are able to generalize (1.7) by
proving

fe€DA?) = f" e L*~1,1) and ([f] € AC[-1,1];

see Corollary 7.11 below.

The contents of this thesis are as follows. In chapter two, we discuss the Legen-
dre polynomials in the context of orthogonal polynomials systems and the Legendre
expression. In chapter three, we explain GKN theory in general as well as Weyl
theory and the method of Frobenius, all of which are essential to the GKN analy-
sis of the Legendre polynomials operator. In chapter four we discuss the maximal
domain of the Legendre operator. In chapter five, we apply GKN theory to find
all the self-adjoint extensions of the minimal operator associated with the Legendre
differential expression, and then focus on the properties of the particular self-adjoint
extension that has the Legendre polynomials as eigenfunctions. This gives context
for Theorem 5.6, which lists all the known equivalent conditions for a function to
be in the domain of the Legendre operator. We also briefly look at the Legendre
differential operator in the left-definite Hilbert-Sobolev function space HZ(—1,1),
which paves the way for the discussion of Littlejohn-Wellman left-definite theory in
chapter six. In chapter seven, we define and prove that the four various ways to

define the domain of the operator A?, are all equal; i.e.,

e B, the left-definite domain given in (1.2),

e D(A?), the algebraic definition of the domain given in (1.4),
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e D(9), the domain of the self-adjoint operator S (which turns out to be A?)

defined by GKN theory given in (1.5), and

e D, the domain given by non-GKN boundary conditions given in (1.6) which
most resembles the original domain for the Legendre polynomials operator,

D(A),

are equivalent. We first define the above four domains in Sections 7.1 and 7.2.
Then, a key and indispensable analytic tool used in the proofs of these theorems,
called the Chisholm-Everitt (CE) theorem, is discussed in Section 7.3. The proofs
of the theorems in Sections 7.4 through 7.6 establish our main result, Theorem 7.12.
Finally, in chapter eight, we conjecture a generalization of our main results.

One final remark: to summarize, in this thesis we show that our left-definite
characterization (1.2) of D(A?) can be rewritten as a GKN domain (Theorem 7.6)
and as a GKN-like domain (Theorem 7.12). Presumably, techniques developed in
this paper will establish, for n € N, that the left-definite characterization D(A™),
given in (1.1), can be expressed as both a GKN domain and a GKN-like domain.
However, it is important to note—see (1.1)—that the left-definite theory also explic-
itly determines the domains D(A%) of A% for odd, positive, integers n. The GKN

theory was not built to handle these operators or domains.

o

b

Sd
-

Figure 1.1: The only known image of Adrien-Marie Legendre [16]



CHAPTER TWO

Legendre Polynomials and the Legendre Differential Equation

2.1 Definition and Properties of Orthogonal Polynomials
Let {un}32, be a sequence of complex numbers. A complex-valued linear
functional £ defined on the vector space of all polynomials with complex coefficients
by L[z"] = u,, n € Ny, is called the moment functional determined by the moment
sequence {,}. The number p, is called the moment of order n. A sequence {p,}>,
of polynomials is called an orthogonal polynomial sequence with respect to some

moment functional £ if for all nonnegative integers m and n,
(i) pn(x) is a polynomial of degree n
(ii) L(pnpm) =0 when m # n, and
(i) L(py) #0.

If, in addition, we also have L(p2) = 1, n € Ny, then {p,}>°, is an orthonormal
polynomial sequence.
Of course, not every sequence of complex numbers determines a moment func-

tional having an orthogonal polynomial sequence. For n € Ny, let

Ho M1 -+ Up
n [ ¥ R V|
Ay = det (pivg)ij—0 =
Mn  HUpt1 Hon

for n € Ng. A moment functional £ is quasi-definite if A, # 0 for all n € N.
A moment function £ is called positive-definite if Lp(x)] > 0 for every poly-
nomial p(x) which is non-negative for all real x and not identically 0. We have the

following important characterization of positive-definite moment functionals:
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Theorem 2.1. A moment functional L is positive-definite if and only if its moments

are all real and A, > 0 for each n € Ny.
Proof. See [11]. O

One of the most important characteristics of orthogonal polynomials in our
setting is that they satisfy a three-term recurrence formula. More specifically, we

have the following theorem:

Theorem 2.2. Let L be a moment functional with orthogonal polynomial sequence
{pn(x)}. Then there exist constants A,, By, and C,, where A, # 0 and C, # 0,

such that

Pn+1 (55) = (Anx + Bn)pn(x) - Onpn—l(x)

for n € Ny, where we define p_1(z) := 0.

Remarkably, the converse of Theorem 2.2 is true and is known as Favard’s

theorem. We also have the following, known as Boas’ moment theorem.

Theorem 2.3. Let {pu,} be an arbitrary sequence of real numbers. Then there is a
function ¢ of bounded variation on (—o0,00) such that for n € Ny,

/ N 2" dp(r) = fin.

—00

Proof. See [9]. O

In the case of a moment functional £ with complex moments, a generalization
of Boas’ theorem shows that £ can be represented by a complex-valued function
of bounded variation. It should be noted that the function ¢ in Theorem 2.3 is
not unique since we can always add a function of bounded variation to ¢ with the
property that all of its moments are zero. In addition, though Boas’ theorem is an
important theoretical result, its proof is not constructive. In practice it is difficult

to find a weight function for a given moment sequence [50].
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The following theorem will be referred to below in chapter four.

Theorem 2.4. Let a(x) be a nondecreasing function which is not constant on the
compact interval [a,b]. Assume {p,(x)} is an orthogonal polynomial sequence with
respect to the distribution do(zx) on [a,b]. Then {p,(z)} is a complete orthogonal

polynomial sequence in L2 [a,b] where
L2la,b] = {f : [a,b] — C | f is measurable with respect to o
b
and / |f(z)Pda(z) < oo},

Proof. See [63]. O

2.2 The Classical Systems of Orthogonal Polynomaials
In 1929, Bochner [10] classified all orthogonal polynomial solutions to the

second order equation

an(2)y" () + a1 (2)y (z) + ao(x)y(x) = Ay(2), (2.1)

where as, a1, and ag are polynomials and \ is a parameter independent of x. He
observed that if (2.1) has a polynomial solution of degree m, m = 0, 1,2, then as, a1,
and ag were of degrees at most 2, 1, and 0, respectively. By considering the possible
locations of the roots of as, Bochner concluded that the only polynomial solutions

(up to a linear change of variables) are
(i) the Jacobi polynomials {P,&“’ﬁ)};ozo, where —a, =3, —(a+ f+1) € N;
(i) the Laguerre polynomials {L{M}°° . where —a ¢ N;
(iii) the Hermite polynomials { H,}?° ;
(iv) the Bessel polynomials {y2}°° ,, where —(a + 1) ¢ N;

(v) and {z"}5°,.



(There is clear evidence that Bochner knew of the existence of the Bessel orthogonal
polynomial sequence, though these polynomials were not officially discovered until
1948.) The polynomials in (5), however, cannot form an orthogonal polynomial
sequence with respect to any moment functional £ since 0 # L(z%2?) = L(zz?) =
0. Thus, the only orthogonal polynomials that are solutions to a second order
differential equation of the form (2.1) are the classical orthogonal polynomials of
Jacobi, Laguerre, and Hermite, together with the Bessel polynomials. We call these
four sequences of polynomials the Bochner-Krall orthogonal polynomials of order 2.

Another important classification theorem was given by Hahn [29], who showed
that if {p,}5°°, and {p),}°°, are orthogonal polynomial sequences with respect to
positive-definite moment functionals, then {p,}°°, is (up to a linear change of vari-
able) one of the three classical systems of orthogonal polynomials. It was later
observed by Krall [44] and Beale [7] that the only orthogonal polynomial sequences
whose derivatives form an orthogonal polynomial sequence with respect to a quasi-
definite moment functional are the classical orthogonal polynomials and the Bessel
polynomials.

A third characterization of these polynomials was suggested by Tricomi [65]
and a complete proof was given by Ebert [17] and Cryer [13]. They proved that the
only polynomial sequences that have Rodrigues formulas are the Hermite, Laguerre,
Jacobi, and Bessel polynomals. By a Rodrigues formula we mean a formula of the

form

pu(z) = K [w(@)] ' D"[p"(2)w(@)], n €Ny,
where
(i) K, is independent of z;
(ii) p(z) is a polynomial independent of n;

(iii) w(z) is positive and integrable over some interval (a,b).

9



Several orthogonal polynomial sequences can be found through generating
functions. A generating function for {p,}°, is a function F' of two variables such

that

F(z,w) = Z A ()",

n=0

where convergence is in some region of the plane R? and {a,} is a known sequence
of constants.

The Jacobi polynomials {Pﬁ‘“’ﬂ )}, where o > —1 and 8 > —1, are the classical
system of orthogonal polynomials for which the Legendre polynomials are a special

case. The explicit formula for the n** Jacobi polynomial is
e +a\ (n+p _
PeA(z)y =23 (" — 1)@+ 1)"F (n e Ny).
2w =23 () () e e e
The Jacobi polynomials are the eigenfunctions of the differential equation
(1= 2?)y"(x) + [8—a—(a+ B +2)zly () +n(n+a+ 8+ y(r) = Ay(2),

where A, = n(n + a + [+ 1). These polynomials are orthogonal on [—1,1] with

respect to the weight function w(z) = (1 — 2)*(1 + z)” and

1 2a+[3+lr(n+a+ 1)I‘(n—|—ﬁ—|— 1)
P(a7ﬁ) P(azﬁ) d = mn
(Klm () a7 (@)w(w)de Cn+a+B)T(n+a+g+1)n ™

where ' denotes the Gamma function (use of the I' symbol is also credited to Leg-
endre) and d,,, denotes Dirac’s d-function.
The Rodrigues Formula for the Jacobi polynomials is

mn

P (@) = (=2) () (1 = ) (1) [ )+ 2,

and a generating function is

VPRI -2+ R (1+w+R)™ =) P ()",

10



where R = (1 — 2zw + wz)%. Finally, the Jacobi polynomials satisfy the recurrence

relation
2n(n + a+8)(2n + a + § — 2) PP (x)
= (2n+a+f-D[2n+a+Hn+ats-2eta’ - P ()
—2n+a-1n+B8-1)2n+a+B)P* (), neN,
where PEC{’B ) () = 0 and Po(a"B ) (x) = 1. The Legendre polynomials {P,}°, are
the special case of the Jacobi polynomials determined by setting the parameters
a = [ =0, hence their specific properties simplify to:
(i) the explicit formula

(2n — 2k)! 2k
2n(n — k)k!(n — 2k)! ’

Py(z) =) (-1)

k=0

(2.2)
where [3] denotes the greatest integer less than or equal to %;
(ii) the differential equation

(1—2?)y"(x) — 2zy/ () + n(n+ 1)y(z) = 0;

(ili) the orthogonality relation

/_ ()P () = — 26 (2.3)

1 2n+1 """

on [—1, 1] with respect to the weight function w(z) = 1, so that

1
2
WMF=/ ﬁwmx= ;
1 2n+1

(iv) the Rodrigues formula

(v) the generating function

(1—2zw+w?) "7 = Z P(z)w";

n=0

11



(vi) and the recurrence relation
nP,(x) = (2n —1)xP,_1(x) — (n — 1) P,_2(x)
where P_y(z) =0 and Py(x) =1 for n € N.

Among other places that the Legendre polynomials appear in mathematics and
physics, the Legendre polynomial P, can also be defined by the contour integral

1 1
Pu(z) = — ]4(1 — Otz +2) 2,

© 2mi
where the contour encloses the origin and is traversed in a counterclockwise direction
(see [5]).
The Legendre polynomials have “interlacing zeros,” as evidenced by the fol-

lowing theorem:

Theorem 2.5. The zeros of P,(z) and P,,1(x) mutually separate each other, i.e.
Tl < Tni < Tpgtivl, L= 1,2,...n

where x,,; is the ith zero of the nth polynomial.

Proof. See [11]. O

All the zeros of {P,};°, lie in (—1,1). Finally, the Legendre polynomials

satisfy the Parity Property; i.e.,
Bu(=x) = (=1)"P,(x).
From this we see that P, is even (odd) if n is even (odd).

2.8 The Legendre Polynomials and the Legendre Differential Equation
Solving Laplace’s equation using the method of separation of variables in spher-

ical coordinates with rotational symmetry leads to the eigenvalue problem

(1 —a)y"(z) = 22y () + Ay(z) =0 (2 € (~1,1)), (2.4)
12



known as Legendre’s equation [14]. We define the classic second-order Legendre

differential expression ¢[-] as

yl(z) == (1= 2)y"(2) — 22y/(x) (z € (=1,1)). (2.5)

(yl(x) = —((1 = 2%y (2)) (2.6)

we see that ¢[-] is formally symmetric.

The eigenvalues and associated eigenfunctions are
A=n(n+1), yu(z)=P,(x), né&Ny,

where P, (z) denotes the Legendre polynomial of order n [14].

The Legendre polynomials { P, }2° , were first introduced by Adrien-Marie Leg-
endre in 1782 in the context of astronomy, namely, as the coefficients in the expansion
of the Newtonian potential

1 1 ©
- = P,(cosv),
ool = T T~ 2 e r(e0s)

n=0
where r and s are the respective lengths of the vectors x and y and ~ is the angle
between them [46].

The first several Legendre polynomials appear below.

HoH-

Py(x) =1

Pi(x)==x

Py(z) = %(31132 _ )

Py(a) = 5(50° — 30)

1
, . Py(z) = =(352* — 302% + 3)
Figure 2.1: Five Legendre polynomials 8
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CHAPTER THREE

The GKN Theory of Self-Adjoint Extensions of Symmetric Operators

3.1  Symmetric Operators
Let H be a complex Hilbert space with inner product (-, ) and let the operator
T :D(T) — H be densely defined, i.e., the domain of T', D(T'), is a dense subset of
H. In this setting, we now define the Hilbert-adjoint operator, T*, of T. The domain
D(T*) consists of all y € H such that the mapping f, := v — (T'z,y) is continuous
on D(T). By the Hahn-Banach theorem, f, has a continuous extension to all of H.
Hence, by the Riesz representation theorem, there exists a unique y* € H such that
(Tz,y) = (z,y*) for all z € D(T'). We define T*y = y*.
An operator T'is Hermitian if, for all z,y € D(T') where D(T') is not necessarily
dense in H, (Tx,y) = (z,Ty). If in addition to being Hermitian 7" has a dense
domain, then T is called symmetric. The following theorem, proved by Hellinger

and Toeplitz, shows that an unbounded Hermitian operator T' cannot be defined on

all of H.

Theorem 3.1. If a linear operator T is defined on all of a complex Hilbert space H

and satisfies (Tx,y) = (x,Ty) for all z,y € H, then T is bounded.
Proof. See [45]. O

Because the domain of an unbounded symmetric operator T is a proper sub-
space of H, it makes sense to study symmetric extensions (if they exist) of the
operator T in H. The next theorem gives relationships between the adjoint of a
symmetric operator and the adjoint of its symmetric extension. We write S C T
when the operator 7" is an extension of the operator S, meaning that D(S) C D(T)
and S[f] = T[f] for f € D(S).
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Theorem 3.2. Suppose that T is a densely defined operator on a Hilbert space H.
(i) T is symmetric if and only if T C T*.

(i1) If S is an extension of T, then T* is an extension of S*, i.e., T C S implies

S* C T,

(111) If T is symmetric, then every symmetric extension S of T satisfies

TcScsS*cT*.

A densely defined operator with the property that T = T* is self-adjoint.
Property (i) of Theorem 3.2 shows that every self-adjoint operator is symmetric, but
the converse is not true; however, in the case of a bounded operator T': H — H,
the concepts of symmetry and self-adjointness are identical. From property (iii) of
Theorem 3.2, we see that the most general symmetric extension in H (in particular,
the most general self-adjoint extension) of a symmetric operator T, is a suitably
chosen restriction of the adjoint T of T'. We characterize the domains of self-adjoint

extensions of a general unbounded operator S below.

3.2 Weyl Theory

Suppose ay, : (a,b) — C is such that ax € C*(a,b), k =0,1,...,n. Let
Lly =) awy™®, yeC(a,b). (3.1)
k=0

The Lagrange adjoint (or formal adjoint) of L[] is the differential expression

n

Ly = 3 (-1 @) ™®.

k=0
The expression L[-] is formally symmetric if L]y] = L*[y] for all y € C"(a,b). Theo-
rem 3.3 determines a general form for all formally symmetric differential operators

with real-valued coefficients.
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Theorem 3.3. Suppose L[] is given as in (3.1) with each coefficient a € C*(a,b)
being real-valued. If L[] is formally symmetric, then n is necessarily even and L[]

may be written as
n/2

Lyl =) (=1)*(by™)™.

k=0

Proof. See [15]. O

Since the domain of L consists of all functions y with n derivatives and the
domain of L* consists of all functions y such that (@,y)® exists for k = 0,1, ...,n,
it follows that D(L) C D(L*). Therefore formal symmetry corresponds to the usual
definition of symmetry from the previous section.

Weyl studied the solutions to the Sturm-Liouville differential equation

Dilyl(z) == [p(x)y' ()] + [Mw(z) — q(x)]y(z) =0 (3.2)
on the interval (a,b) where
(i) p,p’,q and w are real-valued and continuous on (a, b);
(ii) p(x) >0 and w(z) > 0 in (a,b); and
(iii) A € C.

Note that if we define

ly] = %( —(py) +qy),

then, by Theorem 3.3, w/[y] is formally symmetric and the equation ([y] = Ay is
fully equivalent to Dyy = 0. A solution of (3.2) is a function y € C?*(a, b) such that
Dy ly](z) = 0 for every = € (a,b).

The following two theorems proved by Weyl are essential in extending sym-

metric operators.
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Theorem 3.4. Let \g € C (possibly real) and let xg € (a,b). Suppose

b
ly(@)[*w(z)da < oo

for all solutions y(x) of Dy,[y] =0. Then

lv(z) [*w(z)dr < oo

zo

for all solutions v(x) of Dyly] =0 for all A € C. A similar result holds at the other

endpoint a of (a,b).
Proof. See [32]. O
Theorem 3.5. Let zg € (a,b) and let A € C with Im(\) # 0. Then

(1) there exists at least one solution u(x) Z 0 of Dy[y] = 0 such that

L]w@wmmw<oq

(ii) if there exists at least one solution u(z) of Dy[y] = 0 with

/Vmwﬁquxz

then for every solution v(x) of Dy[y] = 0 which satisfies

/|v z)dr < 0o

we have
lim p(z) [v'(2)v(z) — v(2)V'(2)] = 0;
(iii) if
/ lu(z z)dr < 00
for every solution u(x) of Dyly] = 0 then there exists a fundamental system

uy(z), uz(x) of Dyly] = 0 and a circle |§ —&y| = 1o in the complex plane with

center & and radius ro > 0 such that for w(x) = Euy(x) + ug(x), we have

lim p(a) 0/ (2)70(z) — w(2) (2)] = 0

xz—b
for all & which lie on the circle.
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Corresponding statements are true at the endpoint a of (a,b).
Proof. See [32]. O

Weyl’s proof of Theorem 3.5 is geometric and involves a series of contracting
circles, hence, in view of his second theorem, we say that at x = b the limit-circle

case with respect to A\ occurs if for A

/x: lu(z)Pw(z)dr < 0o

for every solution u(z) of D)[y] = 0. We say that at x = b the limit point case with
respect to A occurs if for A there exists only one linearly independent solution u(x)

of D,[y] = 0 for which
b
/ lu(z) [*w(x)dr = oo
zo
with corresponding terminology at the endpoint a of (a,b). The next theorem, known

as Weyl’s alternative, shows that these definitions are independent of \.

Theorem 3.6 (Weyl’s Alternative). The occurrence of the limit circle case and the

limit point case, respectively, is independent of X.
Proof. See [32]. O

We now discuss the von Neumann-Stone theory of symmetric extensions of

symmetric operators; the standard reference in this case is [15].

3.3 FEatensions of General Symmetric Operators

Suppose T': D(T') — H is a densely defined symmetric operator. Let

D.={feD(T)|T"f =if}

and

D_={feD(T)|Tf=—if}
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where i = \/—1. Then the spaces D, and D_ are respectively called the positive
and negative deficiency spaces of T. We call the dimensions ny = dim D, and
n_ = dim D_ the positive and negative deficiency indices of T'.

The graph G(T) of an operator T is the subset of H@® H consisting of all points
of the form (x, Tz) with x € D(T). If G(T) is a closed subset of H @ H in the inner

product defined by

(($17$2)7 (y17y2)) = (z1,51) + (22, 2)

then T is a closed operator. (Equivalently, T is closed if whenever {z,} C D(T)
satisfies ©,, — = and Tz, — y, then x € D(T') and Tz = y.) We say that 7} is a
manimal closed linear extension of T if whenever S is a closed linear extension of T',
we have Ty C S. In this case we call T} the closure of T and write T = Ty. T is
closable or is said to admit a closure if such a closed linear extension exists. With

regard to self-adjoint operators, we have the following theorem.
Theorem 3.7. Let T : D(T) — H be a symmetric operator.

(i) T exists (that is, T admits a closure) and is a uniquely defined symmetric

operator.
(i) The operators T and T have the same closed extensions.
(111) A self-adjoint operator is closed.
Proof. See [15]. O

Since we are concerned with self-adjoint extensions of symmetric operators 7',
by the above theorem we can concentrate on the consideration of closed symmetric
extensions of T'.

If z,y € D(T*), define

(z,y)" = (v,y) + (T"2, T"y).
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We see then that (x,y)* is simply the inner product that D(7™) inherits from the
previously defined inner product on H & H if we identify D(T*) with G(T™*) via the
map x — (x,T*x). Then it can be verified that D(T™*) is a complete Hilbert space
under the inner product (z,y)*. The following theorem gives a decomposition of the

Hilbert space D(T™) as a direct sum of closed orthogonal subspaces.
Theorem 3.8. Suppose T : D(T) — H is a symmetric operator. Then

(i) D(T), D, and D_ are closed, mutually orthogonal subspaces of D(T*) in
the inner product (z,y)*, and

(it) D(T*)=D(T)® Dy & D_.
Proof. See [15]. O

The representation of D(T™*) in property (ii) of the above theorem is known as
von Neumann’s formula. Since by Theorem 3.7 every closed symmetric extension S
of a symmetric operator T satisfies T C S C S* C T*, we see from von Neumann’s
formula that the space D, & D_ plays a central role in the search for self-adjoint
extensions of the operator 1. The theorem and corollary below give us the connection

between this space and the domains of closed symmetric extensions of 7T'.

Theorem 3.9. Let T : D(T) — H be a symmetric operator. Let G' be a closed

subspace of Dy & D_ and G =D(T)® G'.

(i) The space G is the domain of a closed symmetric extension of T if and only
if G’ is the graph of an isometric transformation mapping a subspace of D,

onto a subspace of D_.

(i) The restriction of T* to G is self-adjoint if and only if G’ is the graph of an

1sometric transformation mapping Dy onto all of D_.

Proof. See [15]. O
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Corollary 3.10. (i) A symmetric operator T has self-adjoint extensions if and only

if its deficiency indices ny and n_ are equal.
(i) If ny =n_ =0, the only self-adjoint extension of T is its closure T = T*.

Proof. This corollary is an immediate consequence of Theorems 3.7, 3.8, and 3.9
and the fact that two Hilbert spaces are isometrically isomorphic if and only if they

have the same dimension [50]. O

We note that although symmetric operators with unequal deficiency indices
do not have self-adjoint extensions, it is still possible for such operators to have

symmetric extensions (for an example, see [50]).

3.4 FExtensions of Symmetric Differential Operators
Let (a,b) be an open interval of R with oo < a < b < co. In this section,
the Hilbert space H is the Lebesgue space L?*(a,b). By Theorem 3.3, every formally
symmetric differential expression L[-] of order 2n with coefficients a; : (a,b) — R

and a;, € C*(a,b) for k =0,1,...,n and n € N is of the form

n

L)) = Y (D) (ax(2)y® @)Y,z € (a,0). (3:3)

k=0

In this section we assume that

1
— Ap_1,y .y Q1,00 € Lige(a, b).
n

The endpoint a is a reqular point of L[-] and L[] is reqular at a if a > —oo and there

exists an € > 0 such that

1
a_7an—17 a1, 00 € Lloc(a)a’ + 5)'
n

Otherwise the endpoint a is a singular point of L[-] and L[] is singular at a. We use
similar terminology at the endpoint b. The expression L[] is said to be regular if both

a and b are regular points, otherwise L[] is singular. Since the Legendre operator is
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a singular expression in (—1, 1), we assume here that L[] is singular though much of
the theory applies equally well to the regular case, as described in Naimark (see [52]).
We note here that Naimark considers symmetric differential expressions with fewer
differentiability requirements. Indeed, the less restrictive hypotheses assumed by
Naimark and other authors lead them to the concept of the quasi-derivative, which
we define below in the context of defining the sesquilinear form. However, since the
coefficients of the Legendre expression are polynomials, we assume as above that
ar, € C*(a,b).

The maximal operator L generated by the expression L[] is defined by

D(L) :={y: (a,b) = C | y® € ACioe(a,b), k = 0,1,...,2n — 1; (3.4)
y, L[y € L*(a,b)},
where L[] is given by (3.3). Note that the term “maximal” is appropriate because
the space D(L) is the largest possible subspace for which £ can be defined as an
operator from L?(a,b) into L?*(a,b).
For ease of notation in the definition of the sesquilinear form below, we now

define the concept of the quasi-derivative. The kth quasi-derivative y¥! of a function

y is defined as

Yyt =™ =0,1,..,n—1

[n] (n)

Yy =any

y[n+k] = an—k’y(n_k) - [y[n-i—k—l]]/’ k=1,2,...,n-1

where, as above,

1
—, Up_1, ..., 01,00 € Lioe(a, b)
n

and y*®) denotes the usual derivative. Using the quasi-derivative, we define the
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sesquilinear (symplectic) form |y, z|(-) of two functions y and z by
[y’ Z] _ Z {y[kfl]z[ank] - y[ank]z[kfl]} (35)
k=1

where Z denotes the usual complex conjugate of z and y*! denotes the kth quasi-
derivative of y. We note that without using quasi-derivatives, the sesquilinear form

takes the form
k
[y, 2] = Z(—l)k+j{(aki(k))(k_j)y(j_l) — (apy®)b=Dz0-DY,
For f,g € D(L£) and any compact subinterval [«, 5] C (a,b), the following

formula can be easily verified by integration by parts:

B
o’

B
/ {0117 — (@)} do = [f. g)()

(3.6)

where [f, g](+) is the sesquilinear form defined in (3.5). Notice that for all f, g € D(L)

and a < x < b, [g, f](z) = —[f,9](x). By the definition of D(L) and Holder’s

inequality, we have the following theorem.

Theorem 3.11. The limits

[f,91(b) == lim [f, g](x) and [}, g(a) := lim [f, g(z)
both exist and are finite for all f,g € D(L).
Proof. See [52]. O

Equation (3.6) is known as Green’s formula for L[-], which is essential in the
determination of all self-adjoint extensions in L?(a,b) of the minimal operator gen-
erated by L[], which we now discuss.

Define a restriction L£f of the maximal operator £ by

Loly] := Lly]
D(Ly) :={y € D(L) | y has compact support in (a,b)}.
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For reasons that will soon become clear, we call £, the pre-minimal operator. It can
be shown that the operator £ is symmetric (see [52]). Hence, by Theorem 3.7, L

admits a closure in L?(a, b) which is also symmetric. Let

—/

Eo = EO‘

Then Ly is called the minimal operator generated by L[-]. Since D(Ly) is dense in
L?(a,b), the adjoint operator £y exists. The following theorem states the relationship

between the maximal operator £ and the minimal operator L.
Theorem 3.12. L = L and L* = L.
Proof. See [52]. O

In general, if a densely defined operator has a “large” domain, its adjoint will
have a “small” domain, as described in property (ii) of Theorem 3.2. Therefore,
since the maximal operator has the largest possible domain, its adjoint (the minimal
operator) has the minimally small domain. Since £ and £, have the same form as the
operator L, we call the operator with the maximal domain the mazimal operator L
and the operator with the minimal domain the minimal operator Ly. It follows that
to find self-adjoint operators generated by L[], we need to either look at extensions
of D(Ly) or restrictions of D(L).

To determine whether a function f € D(L) is in the minimal domain D(Ly),

we have the following theorem which makes use of the sesquilinear form.

Theorem 3.13. The minimal domain, i.e., the domain of the minimal operator Ly,

s given by
D(Lo) = {f € D(L) | [f.g)(x)|" = 0 for all g € D(L)}.

Proof. See [52]. O
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From Corollary 3.10 and the following theorem, due to the equality of the
positive and negative deficiency indices of Ly, the minimal operator does have self-

adjoint extensions in L*(a,b).

Theorem 3.14. The deficiency indices of the operator Lo have the form (m,m) where

0 <m < 2n (and 2n is the order of the differential expression L[]).

Proof. See [52]. O

In fact, as shown by Glazman by means of actual examples, m can take on
each value between 0 and 2n. On a side note, in the case of an operator L[] with
one singular endpoint and one regular endpoint, the range of the deficiency indices
is limited to n < m < 2n [52].

In Section 3.2 above we defined the terms limit-point and limit-circle for
second-order formally symmetric differential expressions. We generalize this ter-
minology to a differential operator L[-] or order 2n by using the term limit-m at the
endpoint a if there exist exactly m linearly independent solutions to L[y| = A[y] that
belong to L?(a,zy) for some zy € (a,b). In particular, if n = 1, the original terms

limit-point and limit-circle apply in place of limit-1 and limit-2.

3.5 Glazman-Krein-Naimark (GKN) Theory
We turn now to the calculation of the deficiency indices for the operator L,
when there are two singular endpoints, which is the case for the Legendre differential
operator at £1.

Before stating the GKN theorem, we introduce the following definition.

Definition 3.15. Suppose M; and M, are subspaces of a vector space V such that
M, C M. Let {x1, 29, ...,x,} C My. We say that {xy, 2o, ..., z,} is linearly indepen-
dent modulo M, if

n
Zaixi € M; implies a; =0, 1 =1,2,...,n.
i=1
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The dimension of My modulo M; is the maximum number of vectors in M, that are
linearly independent modulo M;. If this dimension is n < oo, then we write that

dim My = n mod (dim M,).
The following theorem characterizes all self-adjoint extensions of L.
Theorem 3.16 (GKN). Suppose the deficiency indicies of Ly are ny = n_ :=m.

(i) Let S be a self-adjoint extension of Ly (in L*(a,b)). Then there exist
Wi, Wa, oy Wy, € D(S) such that {wy,ws, ..., wy,} is a set which is linearly

independent modulo D(Ly) where

(a) Sx = Lx = Lx;
(b) D(S) = {z € D(L) | [z,w,]|. =0, =1,2,...;m}; and

(c) [w;, ijZ =0 fori,j=1,2,...,m. (These are called Glazman symmetry

conditions.)

(ii) Conversely, suppose {wy,ws, ..., wn} € D(L) are such that they are linearly
independent modulo D(Ly) and satisfy the Glazman symmetry conditions
in (c¢) above. Then with S as defined in (a) and (b), S is a self-adjoint

extension of Ly.
Proof. See [52]. O

In chapter five, we use the GKN theorem (3.16) to find all self-adjoint exten-
sions of the minimal operator associated with the Legendre differential expression
below, and then find the particular self-adjoint extension which has the Legendre

polynomials as eigenfunctions.

3.6 The Method of Frobenius
In this section we describe the method of Frobenius, which is a technique for

finding n linearly independent solutions in the form of generalized power series for
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certain types of ordinary differential equations of order n. We use this method to
determine whether a Sturm-Liouville expression (3.2) is limit-point or limit-circle,
which then determines the deficiency indices of the expression. The method of
Frobenius can be generalized for a higher order differential equation up to limit-2n
as discussed above.

Consider the differential equation given by

MTyl(2) = a2(2)y"(2) + a1(2)y'(2) + ao(2)y(z) = 0 (3.7)

where each ai, k = 0,1, 2, is analytic in some open neighborhood N(a) of a € C.
We say that z = a is a regular point of M[-] if as(a) # 0. The point z = a is a
reqular singular point of M|-] if

ai(z)
as(z)

has a pole of order <2 —kat z=a (k=0,1),

otherwise, z = a is called an irreqular singular point of M|-].
If z = a is a regular singular point of M[-], then

(2 — a)*Fax(z)

e

(k=0,1)
is analytic in N(a). Then (3.7) may be rewritten as

M) = -2 1 a2y ) 4 (2 — )P ) + P2z,

The expression
(2 = a)®y"(2) + (2 = ) Pi(2)y/ (2) + Po(2)y(2) (3.8)

is called the canonical form of Mlyl(z).

The method of Frobenius shows that (3.8) always has a solution of the form

n(z) =) ar(z—a)**n

k=0
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for some value r; € C. In fact, r = r; is a root of the indicial equation, which is
given by

r(r—1) 4+ rPi(a) + Py(a) = 0. (3.9)

The following is a precise statement of the method of Frobenius for second-order

differential equations.

Theorem 3.17. Consider the second-order differential equation (3.8) and suppose

r =1y and r = ry are the roots of the indicial equation (3.9) with Re(r1) > Re(rs).

(i) If 11 — ro & Ny, then (3.8) has a basis of solutions {y1,y2} of the form

[e.9]

yi(x) =Y an(r)(@ —a)"*™ (ag(r1) # 0)

n=0

ya(x) = Y ba(ra)(z — @)™ (bo(r2) # 0).
n=0
(11) If ri = rq, then (3.8) has a basis of solutions {y1,y2} of the form

yi(@) =Y an(r)(z —a)"™ (ag(r1) # 0)

n=0

ya(x) = log(w — a)yi(x) + Y balra)(w — @)™ (bo(r2) # 0).

n=0

(111) If ry —ro € N, then (3.8) has a basis of solutions {y1,y2} of the form
yi(z) =) an(r)(z —a)™*™ (ao(r) #0)
n=0

ya() = klog(z — a)yr(x) + Y bu(ra)(x — )™ (bo(r2) # 0)

n=0

for some k € C.

Note that if the roots of the indicial equation involve a parameter, all possible
values of the parameter must be considered in order to determine the form of the
basis of solutions [62]. For further details of the method described above, see the
appendix of [50].
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CHAPTER FOUR

Properties and Restrictions of the Maximal Domain

In this chapter we study the Legendre differential expression

(yl(z) == (1= 2®)y" (x) — 2xy/ () + ky(x)

= —((1 =2y (2)) +ky(z) (€ (~1,1)),

(4.1)

where k£ > 0 is a fixed constant. Note that £ = 0 in the original definition of
Legendre’s equation as written in (2.5). As we will see below, for the spectral
analysis of the Legendre operator, it is essential to have k£ > 0.

The classical Legendre polynomials satisfy the second-order differential equa-
tion

Cly] = (A + )y, (4.2)

where A, = n(n+1), and hence, they are eigenfunctions of ¢[-] as defined in (4.1). An
explicit formula for these polynomials is given in (2.2). The Legendre polynomials
are orthogonal in the space L?*(—1,1) with explicit orthogonality relationship given
in (2.3). We investigate the self-adjoint operator in L*(—1,1) having the Legendre
polynomials as eigenfunctions, which we refer to as the “Legendre polynomials op-
erator.” The original study of the Legendre differential equation in the right-definite
case is due to Titchmarsh (see [64]) who began his investigation in 1941. Early in
the 1950s, Glazman analyzed the right-definite problem using an operator approach.

We also study the operator ¢[-] in the Hilbert space HZ(—1,1) defined by
HY(=1,1):={f: (-1,1) > C| f € AC1e(=1,1): f, (1 — 2%)2 f' € L*(—1,1)}
with inner product

(.90 = / {0 =)@ @)+ (@)} do.
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which is the left-definite boundary problem. As a consequence, we establish the

orthogonality relationship

(Poy o)y = (n(n+ 1) + k)%dnm. (4.3)

n+1
In 1980, Everitt [19] published a study of the right- and left-definite problems
for the Legendre differential equation which utilizes the theory found in Titchmarsh
[64]. The work of Everitt has been extended by Onyango-Otieno [54], who used the
Titchmarsh approach to study the right- and left-definite problems for the classical

differential equations of Jacobi, Laguerre, and Hermite.

4.1 Properties of the Maximal Domain of ([']

The maximal domain Aj .y of £[-] in L*(—1,1) is defined to be
Apmax = {f: (=1,1) = C| f, f € AC1oe(—1,1); £, 0[f] € L*(—1,1)}. (4.4)

Since C§° C Aq max, it follows that Aj .y is dense in L?(—1,1).

For f,g € Ay max and [a,b] C (—1,1), we have (as in (3.6)) Green’s formula

b

| @) - @) do = 1.1

a

where [f, g]1(+) is the skew-symmetric sesquilinear form defined by

[f,9li(z) = —(1 = 2*)[f'(2)g(z) — G (2) f(2)] (4.5)

and Dirichlet’s formula

b b

+ [ an@gte)ds,
(4.6)

/ {(1=2°)f"(2)g () + kf(2)g(2) } dzv = (1 — o) f'(2)g(2)

a

Note that by definition of Aj .y, the limits as @ — 1 of [f, g](z) exist and are
finite for all functions f, g € Ay max-

To find the deficiency indices ny and n_ of £[-], we solve

!/

lyl(z) = — (1 —2?)y/(z)) =0,
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since by Weyl’s Alternative (see 3.6), the occurrence of the limit-point and limit-

circle case is independent of £ in

lly] = ky. (4.7)

We note that y;(z) = 1 is a solution. To find ys, we set

B 1
] — a2

Yo ()

and use the method of partial fractions to integrate and find that

1 1+2x

ya(2) = 5 log -—

Noting that both y; and y, are L? near x = 41, we see that £[y] has two L? solutions
near each endpoint, and since £[y] is a second-order differential equation, we calculate
the deficiency index to be (2,2) [68].

On the other hand, since both +1 are regular singular endpoints of (2.4),
we can also use the method of Frobenius to give the general form of two linearly

independent solutions of

lly] = 0. (4.8)

Although the Frobenius solutions are superfluous in this case since we already solved
(4.7), we list them because in later chapters we will be working with powers of the
Legendre differential expression which necessarily have higher orders, where it will
not be possible to find explicit solutions to the analogous differential equations. The

indicial equation of (4.8) is 7* = 0, therefore the Frobenius solutions to (4.8) are of

the form
(@)= an(x —1)", ap#0
n=0
and N N
Jo(z) =log|l =z Y an(z—1)"+ Y bu(z—1)", by #0, (4.9)
n=0 n=0



where all the series converge for |z — 1| < 2. There exist corresponding solutions at
the regular singular endpoint z = —1.

We now list the properties of the maximal domain Ay jax.

Theorem 4.1. Let f,g € Ay max. Then

(1) 1 € Ay max and lgill[f’ 1](z) = lim —(1 —2?)f'(x).

r—+1

(ii) If hy € C*(—1,1) are defined by

_1 )
b () = 51log(l — %) for x near 1
0 for x near — 1

and

b () 0 for x near 1
_(x) = :
tlog(1—2?) for x near —1

then hy € Aq max. Furthermore,

lim [f, hy](x) = lim {%(1 — 2% log(1 — 2?) f'(z) + xf(x)}

r—+1 r—+1

and

lim [£,h_](z) = lim {-%(1 — ) log(1 — 22)f'(z) — xf(x)} |

z——1 r——1

(i) Tim [£.g)(x) = lim {[f,1](@)g(x) — [3.1)(x)f(2)}
Proof. This theorem is an immediate consequence of definition (4.5). O

We remark that the above theorem is as strong as possible in the sense that
the solution g, given in (4.9), of (4.8) is in Ay pax but a:ligtll J2(z) do not exist.

We next consider properties of a restriction D; of Ay . and then show that
D, is the domain of the self-adjoint operator in L?(—1,1) having the Legendre poly-

nomials as a complete set of orthogonal eigenfunctions.
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4.2 Properties of a Restriction of the Maximal Domain

Define, for f € Ay max and z € (=1,1),
Alfl(z) = /Om {ef)(t) = kf()}dt — f(0) = —(1 = 2?) f'(=). (4.10)
By definition of Ay, given in (4.4),
Nf] € L*(—1,1) (4.11)

whenever f € Aj .. Hence, by defining A[f](£1) := lim A[f](z), we have then

r—=£1
that A[f] € AC[-1,1].
Let ex € C?[—1,1] have the properties

.
1 for x near 1

0 for x near —1
\

and
4

0 for x near 1

1 for x near —1

\

Note that ey € Ay pax. Define a restriction Dy of Aj jax by

Dy = {f € Appuas | [fre2] 1) = [f,e_)(~1) = 0}, (4.12)
An important characterization of D; is given in the next lemma.
Lemma 4.2. Let f € A max- Then f € Dy if and only if A[f](£1) = 0.

Proof. By property (i) of the theorem above and by the definition of A[-], we have
the identities [f,e4](1) = A[f](1) and [f,e_](—1) = A[f](—1) whenever f € A} pnax.

This lemma is now a direct consequence of the definition of D; given in (4.12). O

The next theorem lists properties of functions in D;.
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Theorem 4.3. Let f,g € D1. Then
(i) '€ L*(~1,1);
(i) f e AC[—1,1];

(i) lim (1 —2®)f'(x)g(x) = 0; and

r—=+1
(iv) lm [F,g](x) = 0.

Proof. Property (i) of this theorem was first proved in 1988 by Everitt and Mari¢ [27].
We give their proof of this property below.
Let f € D;. Then A[f](1) = 0 by the lemma above. Furthermore, by (4.11),

N'[f] € L?*(—1,1). Hence, using the definition of A[] in (4.10), we have the repre-

o A
F@) =G = 1= | Al

T 1 1
——dt 12dt < K
| i s

for some constant K > 0 and for all x € [0,1), we have f' € L?[0,1) by the CE

sentation

for z € [0,1). Since

Theorem [12]. (A statement of the CE Theorem can be found in Section 7.3.)
Similarly, f' € L?*(—1,0] and property (i) is proved.

Property (ii) is now an immediate consequence of property (i).

Assume f, g € D;. From property (i) of this theorem and Hélder’s inequality,
we see that (1 — z?)f'(z)g'(z) € L(—1,1). Hence, we can now see from Dirichlet’s

formula (4.6) that 111111(1 — %) f'(2)g(x) exist and are finite. If, for instance,
z—

(1= 2*)|f'(@)g(z)| = ¢

for z near 1, then |f'(z)g(z)| > . © _ when z is close to 1. This would indicate

2

that | f'(x)g(z)| & L?(—1,1). Therefore, it must be the case that lim f'(x)g(z) = 0.

z—+1

Similarly, liml(l —2%)f'(z)g(z) = 0. Thus, property (iii) is proved. Property (iv)
T——
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follows from property (iii) and the definition of the sesquilinear form [-, -] given in

(4.5). O

We note that D; is a proper subspace of Aj .. For example, the solu-
tion g given in (4.8) of (4.9) is an element of Aj . which is not in D;. Fur-
thermore, property (i) of this theorem is as strong as possible in the sense that
flz) = /w log(1 — t*)dt, x € (—1,1) is in D; but f” ¢ L*(—1,1).

In 3001, Everitt, Littlejohn, and Mari¢ extended Theorem 4.3 to include even

more equivalent conditions. We discuss this below in Section 5.3 (see Theorem 5.6).

4.3  The Right-Definite Problem
The space D; studied in the above section has the property that D; € L?(—1,1);

hence, we can define an operator T} in L?*(—1,1) by

D(Tl) = Dl
Theorem 4.4. Ty is self-adjoint in L*(—1,1).

Proof. From (3.13), the minimal domain of the differential expression £[-] in L?(—1, 1)

is
1

[y, ] 3

Drin(T1) = {y € Aq max =0 for all z € ALmaX} .

Now if the linear combination o, ey + a_e_ for ay € C of the functions e defined
at the beginning of the previous section is in Dy, (77), then
0=lorer +a_e, hy](1l) = ay
and
0=|ayer +a_e_,h ](-1)=a_,

where hy € Ajmax are the functions defined in property (ii) of the Theorem 4.1.

Therefore, ey are linearly independent modulo D, (7). The functions ey also
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satisfy the Glazman symmetry conditions from the GKN Theorem by property (i)
of Theorem 4.1. Hence, by the GKN Theorem, T} is self-adjoint in L?(—1,1).

If f,g € D(1T1) = Dy, then by Dirichlet’s formula (4.6) and property (iii) of
the previous theorem,

1
1

Tilflo) = [ dAnad = [ {0 -Fregn+erwgn} e (413)
Hence, if we let f = g, equation (4.13) becomes

(U], f) = / {A= AU OF + KR @

_ / (1= &) f(1) Pt + k(1. ) (414)

-1
> k(S f).

The inequality in (4.14) holds because (1 — x?)|f'(z)|> > 0 for z € (—1,1). Since

(4.14) is valid for all f € D(T}), we conclude that T3[-] is bounded below by kI in

12(~1,1). 0

Because T} is bounded below by kI, the number 0 € p(7}), the resolvent set
of T1, as long as k& > 0. Consequently, the resolvent operator Ry(7}) exists and
is a bounded operator from L?(—1,1) onto D;. We will utilize this operator when
considering the left-definite problem in the next section.

The next theorem completely characterizes the spectrum of T}, with proof

based on the previous theorem.

Theorem 4.5. (i) The Legendre polynomials { P, }5° are a complete set of orthogonal

eigenfunctions for the operator Ty in L?(—1,1).
(ii) The spectrum of Ty in L?(—1,1) is given by
o(Th) ={n(n+1)+k|neN},

i.e., T has a discrete spectrum which is bounded below and all eigenvalues

are simple.
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Proof. By construction, the Legendre polynomials are eigenfunctions of 77[-] with
corresponding eigenvalues {n(n+1)+k | n € N} as above. Furthermore, by Theorem
2.4, {P,}>, is a complete orthogonal polynomial sequence in L?(—1,1).

We proved in Theorem 4.4 that the operator T} is self-adjoint, therefore its
residual spectrum is empty. Since the set of eigenvalues of Ty, {n(n+1)+k | n € N},
has no finite accumulation points, it follows that the continuous spectrum of 77 is
also empty (see [57]). Hence the spectrum of 73 contains only the eigenvalues of 77,

so the statement in part (ii) of the theorem follows. O

In the next chapter, we discuss the properties of A, the particular self-adjoint

operator that has the Legendre polynomials as eigenfunctions.
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CHAPTER FIVE

The Legendre Polynomials Self-Adjoint Operator A

In this chapter, we show how the GKN theorem can be applied to the Legen-
dre expression £[] to produce all of the self-adjoint extensions in L?(—1,1) of the
associated minimal operator, including that extension having the Legendre polyno-
mials as a complete set of eigenfunctions. We note that in this classical second-order
case, the symmetry factor f for the expression is identical with the orthogonalizing
weight function (which in the Legendre case is w(z) = 1) for the associated or-
thogonal polynomials, the Legendre polynomials {P,}2° ,. Consequently, the GKN
theory of self-adjoint extensions of the minimal operator £y will yield, as a special
case, that self-adjoint extension having the corresponding orthogonal polynomials
as eigenfunctions [23].

In Section 4.1, we found the solutions y; and ys for (4.7) and calculated the
deficiency indices to be (2,2). By von Neumann’s formula (see (3.8)), we have that

dim(D, @ D_) = 4. By the first isomorphism theorem from algebra,
D(L)/D(Ly) 2 D, @ D_. (5.1)

We now construct a basis for the space (5.1). Define {¢1, @2, 3,04} € D(L) by

0 nearx = -1
Qpl(x) = )
1 nearz =1
\
.
1 nearz = -1
¢2<x) - )
0 nearx =1
\
0 near r = —1
o) = 1 1+ ’
ylog =7 mnearx =1
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p4(r) =
0 near r = 1

To show that the set {1, 2, ¥3, @4} is linearly independent modulo D(Ly), suppose

that
4
> arpr € D(Ly).
k=1
We want to show that a; = as = a3 = a4 = 0. By definition, we have that

y € D(Ly) if and only if [y, zHil = [y, 2](1) — [y, z](—1) = 0 for all z € D(L). Hence

arlr @i)|L, = 0 for i =1,2,3,4. (5.2)

M=

k=1

In the case of the Legendre differential equation, we calculate the sesquilinear form

(3.5) to be
[y, 2]() = (1 — 2%) (y(2) 7 (2) — ¢/ (2)Z(2)).
From the definition of the ¢, we immediately see that

[901,902“1_1 - [@3,904]‘1_1 = [901,<P4]|1_1 = [902,903]}1_1 =0.

Additionally,

orpal(D) = g1 = 22) (1 — ) = g1 =) (2 —0) =1

=1
r—1

Since both ¢ and 3 vanish near —1, [p1, ¢3](—1) = 0. Hence [¢, gpg]}il =1.

Let i = 1 in (5.2). Since [y, z|(z) = —[z, y](z),
0

0 0
1
0 = arfpretll, + aslerraill + asles, o1, + aulerell ] = —as,

hence ag = 0. Similarly, we determine that a; = ay = a4 = 0 and conclude that
{1, 2, ¥3, pa} is linearly independent modulo D(Ly), i.e., {¢1, ¥2, ¥3, pa} is a basis
for D(L)/D(Ly). Referring back to the GKN theorem (3.16), this means that our

boundary conditions w; and wy can be written as

4
w; = Zcmi where (c1, ca, c3,¢4) € CH (5.3)

i=1
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4
Wy = Z kz% where (k’l, kg, ]fg, k4) < C4. (54)

=1

These two functions must satisfy the Glazman symmetry conditions (as given in (i)

(c) of (3.16))

1
-1

1

_1:07

1 1
[w1,w1]|_1 = [wlaWZH = [w27w1]|_1 = [w2,w2”

giving us the system of equations

C1C3 — €103 — C2C4 + Ca¢4 = 0
crky — kics — caky + kacy = 0
(5.5)
csky — kzcp — caky + kacg = 0
kiks — kiks — koky + koky = 0.
Hence, every self-adjoint operator S in L?(—1, 1) generated by the Legendre operator
lyl(z) = —((1 - mz)y'(x))/ has the form

D(S)={y e DKL) | ly,w|., =0,i=1,2},

where w; and ws are defined in (5.3) and (5.4) and satisfy the conditions listed in
(5.5).

We now focus our attention on determining the self-adjoint extension(s) S
of ¢[-] in L?(—1,1) that have the Legendre polynomials {P,}22, as eigenfunctions.

Notice that if S is such an extension, then we must necessarily have

wi, B|L, =0, i=1,2,

where w; and wy are given by (5.3) and (5.4). Since Py(z) = 1, these conditions

yield ¢3 = ¢4 and k3 = k4. In addition, since P;(z) = x, we must also have
1 )
[wi,xH_l:O, i=1,2,

40



which yields ¢ = —¢4 and k3 = —ky, forcing c3 = ¢4 = k3 = k4 = 0. Therefore,

cp mnearr = —1
Wy = C1p1 + Cop2 = )
ci nearx =1

ky mear x = —1
wy = ki1 + koo =
ki nearx =1

where (c1, c2) and (kq, k) are linearly independent vectors in Cy. However, it is easy

to see that
wi, ], = el y)(1) — el y)(-1)

1
[w27 y] ‘,1 = kl[L yKl) - kQ[l? y](_l)
for all y € D(S). From these conditions, it is clear that [y, w;] ‘1_1 =0forv=1,21if

and only if [y, 1](1) = [y, 1](—1) = 0. Consequently, we have the following theorem.

Theorem 5.1. The self-adjoint operator S in L*(—1, 1) which extends the minimal op-
erator Ly generated by the Legendre differential expression £|y] and has the Legendre

polynomials as eigenfunctions is given by

D(S) ={y € D(L) | [y, 1](1) = [y, 1}(=1) = 0}.
Furthermore, the spectrum of S is
o(S)={nn+1)+k|neNy}.
Proof. Details about the spectrum can be found in [50]. O

Note that by the definition of the sesquilinear form in (4.5), we have that

[1.9](1) = lim(1 — )y () = 0

[1,y](=1) = lim (1 —2?)y'(z) =0,

r——1
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hence the operator S given by the GKN theorem is the desired Legendre polynomials
operator A : D(A) C L*(—1,1) — L?(—1,1), which we define by

Af(x): =L[fl(x) (a.e. xze€ (—1,1))

(5.6)
/e D(A)
where
D(A) : ={f: (=1,1) > C| f, f € ACoe(—1,1); £, £[f] € L*(—1,1);
lim (1 —2%)f'(z) = 0} (5.7)

r—=+1
_ : 2N\ ! —
- {f € A1,rnaux | xlig:ll(l z )f (x) 0}-
We now turn to the study of this operator in the appropriately defined right- and

left-definite spaces.

5.1 Hilbert Function Spaces
The two Hilbert function spaces involved in this study of the Legendre differ-

ential expression are
(i) the right-definite space L?*(—1,1), and
(ii) the left-definite space HZ(—1,1).

The space L?(—1, 1) is the classic integrable-square space of equivalence classes
1

of Lebesgue measurable functions f : (—1,1) — C such that / |f(z)|?dz < oo with
-1

inner product
1
(f9) = [ @)t (.9 € (1)
-1
The space Hi(—1,1) is defined by
HX(=1,1) == {f : (=1,1) = C | f € AChe(—1,1); (1 —2?)3 ' € L*(=1,1)} (5.8)
with inner product

(R i= [ {1=)f @) @) + kf@)gte)de, (59)

42



where k > 0 is the constant given in the definition of ¢[-] in (2.6). We note that the

definition of HZ(—1,1) may be simplified to read
HY(-1,1)={f: (-1,1) = C| f € ACe(~1,1); (1 — 23 f' € L*(~1,1)}. (5.10)
Indeed, if f € ACio(—1,1) and (1 — 22)2 f' = g € L*(—1,1), then

f =)+ [ G2 @)

an application of Holder’s inequality now gives
|f(2)]? < K|log(l —z)| as z — 1~

for some K > 0; hence f € L*(0,1). Similarly f € L?(—1,0) and so f € L*(—1,1).

The space H?(—1,1) is actually a Hilbert space of functions rather than a
space of equivalence classes as in L?(—1, 1); the null element of HZ(—1,1) is the zero
function on (—1,1). The proof that the vector space Hi(—1,1) is complete in the
norm derived from the inner product (5.9) is given in [50] and [6].

It is well known (see [63]) that the set of Legendre polynomials {P,}5°, is a
complete, orthogonal set in L?(—1,1). In fact, the Legendre polynomials also form a
complete orthogonal set in Hj (—1,1) (see [50] and [6] for proof). It can be seen that
the Legendre polynomials {P,}°°, are orthogonal in HZ(—1,1) through well-known
properties of the first derivative of the Gegenbauer polynomials {P,gl’l)}ff:o; see [63].
Indeed, as we found above, we have the orthogonality relationship (4.3).

See [24] for the proof of the following

Lemma 5.2. For all A € C, the following properties hold for the solution base

{yl,Jr(’? )‘)7 y2,+('7 )‘)}
of the Legendre differential equation (2.6):

e €L2(0,1)  yai(-A) € L2(0,1)
yl,-l—('?/\) € le(ovl) y27+('7)‘) ¢H12(071)
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There are corresponding results for the solution base {y1 (-, A),y2—(-,A\)} and the
spaces L*(—1,0) and H(—1,0).

5.2 The Legendre Differential Operator A in L*(—1,1)

This section is based on the general GKN theory of self-adjoint differential
operators generated by real, Lagrange symmetric (formally self-adjoint) differential
expressions in Hilbert spaces; see [52]. Applications of this theory to the classical
second-order differential equations having orthogonal polynomial solutions can be
found, for example, in the theses of Loveland [50] and Onyango-Otieno [54].

The maximal operator T max : At max C L*(—1,1) = L?*(—1,1) generated by

the differential expression ¢[-], given in (2.6), is defined by
Almax :={f: (=1,1) = C| f, f € ACo(—1,1); f,€[f] € L*(-1,1)}  (5.11)
and

Tl,maxf = f[f] (f € Al,max)-

The Green’s formula (3.6) shows that the limits

[f,gl(=1) := [/ 9l(z) and [f, g](1) := lim [f, g](z)

lim
z——1+
both exist and are finite for all f, g € Aq max-

The minimal operator 71 min @ D(Timin) C L*(—1,1) — L*(—1,1) is then

defined by

D<T1,min) = {f € A1,max | [f? g]1<l‘)‘§ = 0 fOI‘ all g € A1,rnax}

and
Tl,minf = e[.ﬂ (f € D(Tl,min))~
From [52], it is known that these linear differential operators have the properties:

(i) Timin is closed and symmetric in L?(—1,1);
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(i) 7Y in = Timax and T7 . = T min 50 that 11 max is closed in L*(—1, 1);

max

(iii) the deficiency indices (ny,n_) of T} min are (2,2).

Properties (i) and (ii) follow from the general theory; property (iii) follows
from the result that the differential expression £[-] is in the limit-circle condition in
L?*(—1,1) at both endpoints +1 of the interval (—1, 1); in turn this result follows from
the properties in L?*(—1,1) of the solutions {y, (-, A), y._ (-, \)}2_, of the differential
equation ([y] = Ay on (—1,1); see [24].

Any self-adjoint operator T in L?(—1,1), generated by ¢ [-] is, from the GKN

theory, an extension of 77} yin and a restriction of 77 max; that is
Tl,min cCT=T1"C Tl,max-

The domain D(T) of such an operator T is determined from the GKN boundary
conditions involving the symplectic form [-,-](-), defined in (4.5), and the maximal
domain Ay j.x; see [52].

Here we are concerned only with the Legendre differential operator, say A,
given by

Af =111 (feDT)), (5.12)

where the domain D(A) is defined by the GKN separated boundary conditions

D(A) = {f € Dumac | _lim [, 1](@) = lim [£,1](2) = 0}

r—1—

equivalently, the boundary conditions take the explicit form found in (5.7). The

spectral properties of the self-adjoint operator A are known and are quoted as
Lemma 5.3. For the operator A, we have the following properties:

(i) the spectrum o(A) of A is discrete and simple and is given by

U<A) = {)‘n | n e No} where A, = n(n + 1)7
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(ii) the operator A is bounded below by I, where I is the identity operator in
L3(—1,1);

(1ii) the eigenvectors of A are the eigenfunctions {P,}5°,, the Legendre polyno-

mials;

() {P,}°, is a complete orthogonal set in L*(—1,1).
Proof. See [1] and [19] for the proofs of (i), (ii), and (iii) and [63] for the proof of
(iv). O
We now list some additional properties of the domain D(A); the proofs can be
found in [24].
Theorem 5.4. Let D(A) C L*(—1,1) be defined as in (5.7) above. Then for all
f,9 € D(A),
(i) (1 —a2)2f" € L2(—1,1) and hence D(A) C H(—1,1), the vector space of
all functions defined by (5.8);
(i) lim (1) (2)g(z) = O;
1

(i) (Af.9) =/ (1= 2*) f'(2)g (2) + kf(2)g(x)) dz = (f,g)r, where (-,-)y is

1
the inner product defined in (5.9).

Proof. See [24]. O

Corollary 5.5. The result in Theorem 6.3 (ii) extends to give

i (1= ) @) =0
for all f € D(A) and for all g € H:(—1,1). Consequently, we obtain the extended
Dirichlet identities
(Af.9)=(f.9h (f € D(A),g € H{(~1,1))
(f,Ag) = (f.g)r (f € H{(=1,1),g € D(A)).
Proof. See [24]. O
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5.8 Equivalent Properties of the Domain D(A)
The following theorem, shown by Everitt, Littlejohn, and Marié¢ in [24], lists
several equivalent conditions for a function to belong to D(A). Note the surprising,
and remarkable, equivalence of conditions (ii) and (iii), and (ii) and (v), below; parts

(ii) and (v) will be of particular use to use in this thesis.

Theorem 5.6. Let f € Aq max where Ay max s given in (4.4). The following conditions

are equivalent:
(i) | € D(A)
(ii) € LX(—1,1);
(i) f' € Ll(—l,l);
(iv) [ is bounded on (—1,1);
(v) f € AC[-1,1];
(vi) (1 —22)zf € L*(—1,1);
(vii) (1 —22)f" € L*(—1,1).

Proof. This theorem is proved in its entirety in [24], though some of the above

properties were proven in [1], [19], and [35]. Here, we prove that D(A) = By where
Bi:={f:(-1,1) > C| [, € ACle(—1,1); (1 — 2*) f" € L*(—1,1)},

which is a slightly stronger statement than “(i) if and only if (vii).” This will set the
stage for the n = 2 case proven in chapter seven.
To show that D(A) C By, let f € D(A). Then ([f] € L*(—1,1) C L'(-1,1).

Hence, for 0 < z < 1,

o — / (f) 0y, (5.13)

1—22
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since

lim (1 —2%)f'(z) = 0.

rz—1—

Using the CE Theorem (see Section 7.3), we have that 1 € L?(x, 1),

1 _ t2 E L2(07 x)?

and

Hence K(z) is bounded on (0,1). We therefore obtain from the CE Theorem and
(5.13) that f € L*(0,1). Similarly, f’ € L?(—1,0), so f' € L?*(—1,1), implying that
2zf" € L*(—1,1). Hence

(1 - a?)f"() = ~llf)(x) + 2ef (x) € L*(~1,1).

Therefore f € By, so D(A) C B;.
To show that B; C D(A), let f € By. Then (1 —2?)f” € L?*(—1,1). Now, for

0<z <1,

P = [ =A@ £ (5.14)
Since 1 € L*(z,1),

1
1—¢2

T 1 1

is bounded on (0, 1), we observe from the CE Theorem and (5.14) that

€ L*(0,z),

and

e L*0,1). (5.15)
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A similar argument shows f’ € L?*(—1,0) and so it follows that

f e L*(~1,1) (5.16)
and hence
f€AC-1,1] C L*(—1,1). (5.17)
From (5.15), it follows that
2vf' € L*(0,1). (5.18)

Consequently, this implies that
(1 —2?)f"(x) — 2xf" € L*(0,1);
le.
([f] € L*(—1,1). (5.19)
We now show that

lim (1 — 2?)f'(z) = 0.

r—=+1

For 0 < x < 1, we compute that

_/oxg[f](t)dt = (1 —a%)f'(z) = f(0). (5.20)

Since ([f] € L*(—1,1) C L'(—1,1), we know that

lim — /:e[f](wdt

r—1—

exists and is finite. Hence (5.20) implies that

lim(1 — 2?) f'(x) (5.21)

r—1

exists and is finite. Suppose

lim(1 — 2°)f'(x) = c,

z—1
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where ¢ # 0. Without loss of generality, suppose ¢ > 0 and f is real-valued. Then,

there exists z* € (0,1) such that
(1—2%)f'(z) > Con [z",1)

where C' = % Then
C
1 —

2
However, this contradicts the fact, from (5.16), that f’ € L*(—1,1). Hence ¢ = 0.

f'(x) =

on [z*,1).

Similarly, we can show that

lim (1 — 2?)f'(x) = 0.

rz——1

Hence f € D(A), so By C D(A), showing that D(A) = B;. O

5.4  Other Self-Adjoint Operators in L?(—1,1)

Recalling our discussion in Section 5.2 of the GKN description of all self-adjoint
extensions in L?(—1,1) of the minimal operator T} i, each of these self-adjoint
extensions has the property that it is a restriction of the maximal operator 7} yax;
in particular, if T is such an extension, f € Aq ax for all f e D(T). We now give

the following theorem.

Theorem 5.7. Suppose that T # A is a self-adjoint extension in L*(—1,1) of the
Legendre minimal operator T win; here A is the Legendre differential operator defined

in (5.6). Then there exists f € D(T) such that
(1= )" & TX(—1,1) and ' ¢ I*(~1,1).

Proof. See [24]. O

5.5 The Legendre Differential Operator S in H(—1,1)
We now define the self-adjoint differential operator S, the so-called left-definite
operator, generated by the differential expression ¢[-] in the left-definite Hilbert-

Sobolev function space H(—1,1).
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Definition 5.8. The linear operator S : D(S) ¢ H3(—1,1) — H?(—1,1) is given by
D(S) = {f € D(A) | Af € H{(-1,1)}
Sf=Af=dfl (f €DE));

here, A is the Legendre operator defined (5.6). We call S the left-definite operator

associated with the pair (L?(—1,1), A).

A few historical remarks on this left-definite operator are in order. As men-
tioned in the Introduction, the first definition of the left-definite Legendre differential
operator in HZ(—1,1) is due to Pleijel in [55] and [56]. Pleijel first observed the Leg-
endre differential expression (2.6) is limit-point at £ = £1 in this setting; see also [§]
for a generalization of the limit-point/limit-circle theory in a left-definite context.
Pleijel’s work on this subject was followed by Everitt [19] in 1980 who used a differ-
ent approach to study the left-definite operator in H?(—1,1); at the time, however,
it was not clear that Everitt’s left-definite operator was a differential operator gen-
erated by the Legendre differential expression (this has since been proven; see [50].)
Our definition above of S was first recorded in the 1988 unpublished manuscript [27]
of Everitt and Mari¢. In 1993, Krall and Littlejohn [42] independently used this
same definition and gave the first known proof of self-adjointness of S in H2(—1,1);
this proof differs from the proof in [24]. In 2000, Vonhoff [66] presented yet another
new approach to the left-definite theory of the Legendre expression (2.6); we show
below in Theorem 5.11 that his left-definite operator Sy, is also identical to our S,
Also in 2000, Arvesu, Littlejohn, and Marcelldn [6] defined the left-definite Legendre
operator in still a different way using the general left-definite theory of self-adjoint,
bounded below operators A in a Hilbert space H, developed earlier by Littlejohn
and Wellman in [47] and discussed below in chapter six. More specifically (as we
will see) in [47], they construct with the aid of the Hilbert space spectral theorem, a

continuum of left-definite Hilbert spaces {(V,, (-,+),) }»>0 and left-definite operators
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{4, },~0 associated with (H, A). In particular, in [6], the authors show that their
left-definite operator A; has domain V3, which they explicitly construct. We show

below that A; is identical to the operator S defined above.
Theorem 5.9. Let the operator S be as given in (5.8).
(i) S is closed in H*(—1,1); in fact,
(i) S is symmetric in H*(—1,1); in fact,
(i) S is self-adjoint in H*(—1,1).
Proof. See [24]. O

Theorem 5.10. The self-adjoint operator S in H?(—1,1) is unique in the following

sense: if S" is another self-adjoint operator in HZ(—1,1) with
(1) D(S") C D(A), where A is the Legendre differential operator defined in Sec-
tion 6.2,
(1) S'f = Af for all f € D(S"),
then S = 5.
Proof. See [24]. O

In [66], Vonhoff defines the left-definite Legendre operator Sp,.x (his notation)

D(Smax) ={f: (-1,1) = C| f, f’,ﬁ[f] € ACe(—1,1);
fo(L—a?)3f (1 — a2 ([f]). €[f) € L*(~1,1)}

Smaxf = Af (f € D(Smax>)7

ol

(5.22)
and then proves that Sy, is self-adjoint in H7(—1,1). Since H(—1,1) C L*(—1,1),

we see that

D(Smax) = {f : (_1’ 1) —C | fa f, € ACIOC(_17 1)7fa€[f] € H12<_17 1)}
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Comparing this formulation of D(Spax) with the definition of the domain of
the maximal operator Ay .. in (5.11), it is indeed appropriate for Vonhoff to call
his operator Spa. the maximal operator in HZ(—1,1) generated by the Legendre
expression £[-].

We now prove
Theorem 5.11. S = Spax, where Spayx 48 defined in (5.22).
Proof. See [24]. O

Theorem 5.12. The self-adjoint operator S in H?(—1,1) has a discrete, simple spec-
trum J(S’) given by

o(S) = {nn+1)+k|neNy}
with the Legendre polynomials {P,}2°, as eigenfunctions; that is, the self-adjoint

operators S and T have the same spectrum and the same eigenfunctions.

Proof. See [24]; refer also to Theorem 4.12 in light of the equivalence in Theorem

5.11. ]
Theorem 5.13. The deficiency indices of the self-adjoint operator S are ny =n_=0.

Proof. See [24]. O

A

We conclude this chapter with a different characterization of the domain D(S)
of the left-definition operator S discussed above which is proven in [24] by Everitt,

Littlejohn, and Maric.

Theorem 5.14. Let

3
2

D:={f:(=1,1) = C| f, f, f"€ ACue(—1,1); (1 —2*)2 f® € L?(-1,1)}.

Then D(S) = D where D(S), the domain, of the left-definite operator S, is defined in

(5.8). Furthermore, this result is best possible in the sense that there exists g € D(S)

such that (1 — 1;2)%9(3) & LP(—1,1) for any p > 2 and where g is independent of p.
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CHAPTER SIX

Littlejohn-Wellman Left-Definite Theory with Applications to the Legendre
Polynomials Operator

6.1 Introduction and Motivation
In this chapter, we describe Littlejohn-Wellman left-definite theory as shown
by the authors in [47], which proves that if A is a self-adjoint operator in a Hilbert

space H = (V,(-,-)) that is bounded below by a positive constant k, i.e., if
(Az,x) > k(z,x) (x € D(A)),

then there is a continuum of unique Hilbert spaces {H,},~¢ (called left-definite
Hilbert spaces) and operators {A,},~o in H, (called left-definite operators), with
each A, being a unique self-adjoint restriction of A in H,. Littlejohn and Wellman
explicitly determine these Hilbert spaces H,, together with their inner products
(+,)r, as specific vector subspaces of H. Moreover, the authors are able to explicitly
specify the domains of each operator A, as certain left-definite spaces, and show
that the spectrum of each A, is identical with the spectrum of A. The key result
that allows for a determination of these spaces and operators is the classical Hilbert
space spectral theorem.

Each of these Hilbert spaces and associated inner products can be viewed as
a generalization of a left-definite Hilbert space and Dirichlet inner product, respec-
tively, from the theory of self-adjoint differential operators. However, the results
summarized here apply to arbitrary self-adjoint operators in a Hilbert space that
are bounded below. It is the case, however, that the original motivation stems from

the study of certain differential equations of the form

slyl(t) = dw(t)y(t) (€ I), (6.1)
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where s[-] is a Lagrangian symmetric differential expression of order 2n given by

n

slyl(8) =Y _ (=17 (b)) (¢ € 1), (6.2)

j=0
Here I = (a,b) is an open interval of the real line R, w(t) > 0 for ¢t € I, and each
coeflicient b;(t) is positive and infinitely differentiable on /. Such equations arise in
the functional analytic study of differential equations having orthogonal polynomial
solutions [47].
Since one particular setting for the spectral study of s[-] is the Hilbert space

L*(I;w), defined by

L*(I;w) = {f : I — C | f is Lebesgue measurable and /|f(t)]2w(t)dt < oo}
I

b
(f,9) = / FOg(t)w(t)dt

L3(I,w) is referred to as the classic right-definite spectral setting for w='s[-], due

with inner product

the appearance of the w on the right-hand side of s[y|(t) = Aw(t)y(t).
For functions f, g € Ay, the maximal domain of w™'s[-] in L?(I;w), we have

Green’s formula (as similarly defined in (3.6))

/ tht = / FOslgl®)dt + (£ O (£.9€ Duw), (63)

where [-, -] is the skew-symmetric sesquilinear form for s[-]. The related Dirichlet’s
formula (similarly defined in (4.6)) is the central motivating factor for the work

presented in [47] and is defined here as

b
| sinwgto - Z / (079 () ()t + 1, 3O (.9 € D), (64)

where {-,-} is another bilinear form, closely related to the [-, -] given in (6.3).
There are two well-known operators generated by w™'s[-] in L*(I;w), the min-

imal and maximal operators Tin, and Ty,.y defined (see chapter three) by

Toinf == w 's[f] (f € Amin) and  Thaef = w 's[f] (f € Amax).
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As discussed above, these operators are adjoints of each other, T}, is symmetric in
L3(I;w), and the GKN Theorem of self-adjoint extensions of symmetric differential
operators then determines, through appropriate boundary conditions, the various
self-adjoint extensions (restrictions) A of Ty (Tinax)-

To continue the motivation for Littlejohn-Wellman left-definite theory, suppose

A:D(A) C L*(I;w) — L*(I;w) is a self-adjoint extension of Ty, such that
b noopb ' .
Ur.9)= [ siwad =Y [ boM 0800 (f.9e DA 63)
a ]:O a

that is to say, for all f, g € D(A), the evaluation of the Dirichlet form {f, g} () ‘ZZ in
(6.4) is zero (of course, such an A may or may not exist, in general). Furthermore,
suppose that bo(t) > k > 0 for all t € I, where k is a positive constant. Then,
from (6.5) and our assumed positivity of the coefficients b; on (a,b), we find that A

satisfies
(Af, f) = k(f, f) (f € D(A)). (6.6)

Moreover, s[-] generates, through (6.5), a Sobolev space H; with inner product

(called the Dirichlet inner product)
(Foni=> [ b @0 0 (.9 € H) (6.7
j=07a

for physical reasons, the norm generated from this inner product is also called the
energy norm (see [51]). More specifically, H; is defined to be the closure of D(A)
1

in the topology generated by the norm || -||; = (+,-)Z. Observe that, from (6.5) and
(6.7), we have

(Af,9) = (f,9)1 (f,g9€D(A)). (6.8)

Since the inner product (-,-); is generated from the left-hand side of (6.1), the
literature refers to H; as the left-definite setting for w™'s[-] and calls H; the left-

definite Hilbert space associated with the expression w™'s[-| (actually, H; is the first
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left-definite space associated with A, as there is a continuum of left-definite Hilbert
spaces associated with such an operator A).

It is possible to extend the identity in (6.8) to obtain

(Af.9) = (figh  (f € D(A), g € Hy). (6.9)

From the inequality (6.6), it follows that 0 € p(A), the resolvent set of A. Con-
sequently, we see that Rg(A) = A~! is a bounded operator from H; onto D(A).

Furthermore, from the inclusion
D(A) C H, C L*(I;w)
and (6.9), it follows that the operator B : H; — H; defined by
Bf =Ro(A)f (f€D(B):=H),

is an invertible, self-adjoint operator. The inverse of B, denoted here by A, is
also a self-adjoint operator. In the literature, A; is called the left-definite operator
associated with A, though it is more appropriate to name A; the first left-definite
operator associated with A. In fact, Littlejohn and Wellman construct a continuum
of left-definite self-adjoint operators {A, },~o associated with the original operator
A, with each A, being a unique self-adjoint restriction of A in H,.

To emphasize the starting point of [47], the authors begin with a self-adjoint
operator A that is bounded below in H by a positive constant. In the theory of
differential operators, A corresponds to a right-definite operator generated from the
differential expression w™'s[| as given in (6.1) and (6.2) in L*(I;w). However, it is
possible that the differential expression w™'s[-| is not right-definite (for example, the
function w may be signed on I) and yet s[-| is left-definite (that is, each coefficient
b;j > 0 on I). This approach is taken by Kong et al. in [36] in their left-definite

study of the classic, regular Sturm-Liouville equation on [

—(py') + qy = dwy.
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The history of left-definite spectral theory as it relates to differential operators can
be traced to the work of Weyl [68] who, in his landmark analysis of second-order
Sturm-Liouville diferential equations, coined the term polare- Eigenwertaufgabe for
the study of second-order equations in the left-definite setting. The terminology
left-definite (actually, the German links-definit) first appeared in the literature in
1965 in a paper by Schéfke and Schneider [59]. In his book [34], Kamke uses the
term F-definit in his study of the differential equation F'y = AGy (he also uses G-
definit for his right-definite study of this equation). In [53], [60], and [61], Niessen
and Schneider considered general left-definite singular systems and left-definite s-
hermitian problems. In recent years there have been several additional papers dealing
with theory and specific examples of left-definite operators, all within the framework
of differential operators. Important results related to second-order equations have
been obtained by Krall ([38], [40], [43], and [39]), Krall and Littlejohn [37], and
Hajmirzaahmad [30]. Left-definite results for higher-order differential equations have
been obtained by Loveland [50], Everitt and Littlejohn [22], Everitt et al. ([20], [41],

[21], [26]), Wellman [67], Vonhoff [66], and Littlejohn and Wellman [47].

6.2 The Definition of a Left-Definite Space and Operator
Let V' be a vector space over the complex field C with inner product (-, -) and
norm || - ||. The resulting inner product space is denoted by (V,(:,-)). Suppose
V.. (the subscripts will be made clear shortly) is a vector subspace (i.e., a linear
manifold) of V" and let (-, -), and || - ||, denote the respective inner product, possibly

different from (-, -), and an associated norm on V;.

Definition 6.1. Let H = (V,(+,-)) be a Hilbert space. Suppose A: D(A) C H - H

is a self-adjoint operator that is bounded below by a positive number k£ > 0, i.e.,
(Az,z) > k(z,xz) (x € D(A)).

Let Hy = (V4, (+,-)1), where V] is a subspace of V and (-,-); is an inner product on
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Vi. Then H; is a left-definite space associated with the pair (H, A) if each of the

following conditions hold:
(i) H, is a Hilbert space,
(ii) D(A) is a subspace of V7,
(iii) D(A) is dense in Hy,
(iv) (z,2)1 = k(z,z) (z€W),
(v) (z,9)1 = (Az,y) (v € D(A),y € V).

Given a self-adjoint operator A that is bounded below by a positive constant,
it is not clear that a left-definite space H; exists for the pair (H, A). The existence
and uniqueness of this Hilbert space however was proven by Littlejohn and Wellman
in [47] as will be seen in the theorems below.

If A is a self-adjoint operator in H that is bounded below by a positive number
k, then with assistance from the spectral theorem (see below), A" is a self-adjoint
operator bounded below by k"I for each r > 0. Consequently we extend the previous

definition to a continuum of left-definite spaces associated with (H, A).

Definition 6.2. Let H = (V, (-, -)) be a Hilbert space. Suppose that A : D(A) C H —

H is a self-adjoint operator that is bounded below by a positive number k& > 0, i.e.,
(Az,x) > k(z,2) (x € D(A)).

Let r > 0. If there exists a subspace V,. of V' and an inner product (-,-), on V,. such
that H, = (V,, (-, -),) is a left-definite space associated with the pair (H, A"), we call
H" an rth left-definite space associated with the pair (H, A) if each of the following

conditions hold:

(i) H, is a Hilbert space,
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(il) D(A") is a subspace of V,

(iii) D(A") is dense in H,,

(iv) (z,2), > k" (z,2) (z€V)),

(V) (z,9)r = (A"z,y) (z € D(A"),y € V}).

For each r > 0, H, exists and is unique as will be seen below. Additionally,
though the r** left-definite space H, appears to depend on H, A, and the positive
number £ satisfying (iv) above, each of the left-definite spaces H, is independent of

k as will be also be seen below. We now define a left-definite operator associated

with A.

Definition 6.3. Let H = (V,(+,-)) be a Hilbert space. Suppose A: D(A) C H - H
is a self-adjoint operator that is bounded below by a positive number £ > 0. Let
r > 0 and suppose H, is the r'* left-definite space associated with (H, A). If there

exists a self-adjoint operator A, : H, — H, that is a restriction of A, i.e.,
Az = Az, 1z € D(A,) C D(A),
we call such an operator an r'* left-definite operator associated with (H, A).

6.3 Main Theorems
If A is a self-adjoint operator that is bounded below by a positive number
k > 0, then for » > 0 there exists a unique left-definite operator A, in H, associated

with (H, A), as will also be considered below.

Theorem 6.4. Suppose A is a self-adjoint operator in the Hilbert space H = (V, (-, "))
that is bounded below by kI, where k > 0. Let r > 0. Define H, = (V,,(-,-),) by

V., = D(AT/Q) and (z,y), = (A’"/za:,A’"/Qy) (x,y € V,).
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Then H, is an r'" left-definite space associated with the pair (H,A) in the sense of
the above definition. Moreover, suppose H, = (V,.,(-,+),) and H. = (V. (-,-)}) are
r'h left-definite spaces associated with the pair (H, A). Then V, = V! and (z,y), =
(x,y). for all x,y € V, = V!, i.e. H. = H.. Consequently, H. = (V,,(-,+),), as

defined above, is the unique ' left-definite Hilbert space associated with (H, A).
Proof. See [47]. O

Theorem 6.5. Suppose A is a self-adjoint operator in a Hilbert space H that is
bounded below by kI for some k > 0. Forr > 0, let H, = (V,,(-,-),) be the rt
left-definite space associated with (H, A). Then there exists a unique left-definite
operator A, in H, associated with (H, A). More specifically, if there exists a self-
adjoint operator A, : H, — H, such that A,z = Az for all z € D(Ar) C D(A), then
A, = A,. Furthermore,

D(Ar) = ‘/7’—&—2)
and A, 1s bounded below by kI in H,.

Proof. See [47]. O

The following corollary is an immediate consequence of Theorems 6.4 and 6.5.
It emphasizes the fact that, set-wise, the domain D(A") of the 7 power of A is
given by V5, and, in particular, the first and second left-definite spaces associated
with A are, respectively, the domain of the positive square root of A and the domain
of A. Furthermore, it describes explicitly the domain of the r* left-definite operator
in terms of the domain of a certain power of A. Note that the domains of the first

3

and second left-definite operators, A; and A,, are respectively given by D(Az) and
D(A?).

Corollary 6.6. Suppose A is a self-adjoint operator in the Hilbert space H that is
bounded below by kI, where k > 0. For each r > 0, let H. = (V,,(-,-),) and
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A, denote, respectively, the r'" left-definite space and the r'" left-definite operator
associated with (H, A). Then
(i) D(A") = Va,; in particular, D(Az) = V; and D(A) = Vy;

T

(i) D(A,) = D(A™2), in particular, D(A;) = D(A2) and D(A,) = D(A2).

The next theorem describes the triviality of left-definite theory for bounded

operators and the richness of the theory for unbounded operators.

Theorem 6.7. Let H = (V,(+,-)) be a Hilbert space. Suppose A : D(A) C H — H is
a self-adjoint operator that is bounded below by kI for some k > 0. For each r > 0,
let H, = (V.,(-,-),;) and A, denote the r'" left-definite space and r'" left-definite

operator, respectively, associated with (H, A).

(1) If A is bounded, then for each r > 0, V. =V, (-,-) is equivalent to (-,-),,
and A = A,.

(2) If A is unbounded, then

(i) V, is a proper subspace of V';
(ii) Vs is a proper subspace of V, whenever 0 < r < s;
(i1i) the inner products (-,-) and (-,-)s are not equivalent for any s > 0;
(iv) the inner products (-,-), and (-,-)s are not equivalent for any r,s > 0,
r#s;
(v) D(A,) is a proper subspace of D(A) for each r > 0;

(vi) D(As) is a proper subspace of D(A,) whenever 0 < r < s.

Since, for each m > 0, A™ is a self-adjoint operator that is bounded below in
H by k™I, we see from the above theorems that there are a continua of left-definite
spaces {(H™),},~o and left-definite operators {(A™),},~¢ associated with the pair
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(H, A™). Furthermore, since A,, is a self-adjoint operator that is bounded below
by kI in H,,, there are continua of left-definite spaces {(H,,).)},~o0 and left-definite
operators {(A;,),}r>0 associated with the pair {H, A™}. The following questions
naturally arise:

(1) What is the relationship, if any, between the three continua of the left-
definite spaces {Hy brao, {(H™ ), brso, and {(Hy)s }rso?

(2) Since for fixed m > 0, (A4,)™, which is the m'* power of the 7 left-definite
operator A, associated with (H, A), is a self-adjoint restriction of A™. What is
the relationship, if any, between the continuum of left-definite operators {(A™),},~0
associated with the pair (H, A™) and the continuum of the left-definite operators
{(A,)™}r=0? In particular, is (A,)™ a left-definite operator associated with (H, A™),
or in other words, is (A,)™ € {(As)™}s>0?

(3) For fixed m > 0, what is the relationship, if any, between the continuum
of left-definite operators {(A,,)}-~0 associated with the pair (H,,, A,,) and the
continuum of the left-definite operators { A, },~¢ associated with (H, A)?

Each of these questions is answered in the following theorem. In summary,
when exploring the relationship between the various expressions of left-definite op-
erators and spaces, we see that in fact the original spaces {H,},~o and operators
{A,},~0 already encompass all of the left-definite spaces and left-definite operators

associated with (H, A™) and (H,,, Am).

Theorem 6.8. Suppose A, H, {H,},~o, and {A,},~o are as in the above theorems.
Fix m > 0. For each r > 0, let (H™), = (V™). (-,)) and (A™), respectively

r

denote the r'" left-definite space and the r'" left-definite operator associated with

(H,A). Then

(1) (H™)r = Hppy.

(ii) (A)™ = (A™)y)m with D((A,)™) = Vomyr. Equivalently, (A™), = (Ap)™
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with D((A™),) = Vamymr, i.€., the vt left-definite operator associated with
the pair (H, A™) is the m'™ power of the (mr)™" left-definite operator asso-

ciated with (H, A).

Furthermore, let (Hy)r = ((Vin)r, (4, )mr) and (Ay), denote the respective ri*

left-definite space and " left definite operator associated with (H,,, A,,). Then

(iii} (Hm)r = Hm+r-

(iv) (An)r = Apar with D((An)r) = Viniria, i.ce., the ' left-definite operator
associated with (H,,, A,,) is the (m + )" left-definite operator associated

with (H, A).
Proof. See [47]. O

With regard to the spectra of the left-definite operators { A, },~q, we have the

following two theorems.

Theorem 6.9. For each r > 0, let A, denote the r' left-definite operator associated

with the self-adjoint operator A that is bounded below by kI where k > 0. Then
(1) The point spectra of A and A, coincide; i.e. o,(A,) = 0,(A).
(1) The continuous spectra of A and A, coincide; i.e., 0.(A,) = o.(A).
(11i) The resolvents of A and A, coincide; i.e., p(A) = p(A,).
Proof. See [47]. O

Theorem 6.10. If {¢n}o2, is a complete orthogonal set of eigenfunctions of A in H,
then for each r > 0, {p,}>2, is a complete set of orthogonal eigenfunctions of the

r' left-definite operator A, in the r'"* left-definite space H,.

Proof. See [47]. O
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Finally, we have the following theorem which describes the relationship be-

tween eigenfunctions of A and its left-definite operator A,.

Theorem 6.11. If {p,}>°, is a complete orthogonal set of eigenfunctions of A in H,
then for each r > 0, {p,}>2, is a complete orthogonal set of eigenfunctions of the

r' left-definite operator A, in the r'" left-definite space H,.

Proof. See [47]. O

6.4 The Spectral Theorem
If A is a self-adjoint operator in a Hilbert space H with inner product (-,-),
it is well known (see [58]) that there exists a unique operator-valued set function
E : % — B(H), where # is the o-algebra of Borel subsets of R and B(H) is the
Banach algebra of bounded linear operators on H, called the spectral resolution of

the identity, having the following properties:
(i) E(0)=0and E(R) = 1.
(i) E(A) is idempotent; that is, (F(A))? = E(A) for all A € A.
(iii) E(A) is self-adjoint in H for all A € A.
(iv) E(A1NAy) = E(A)E(As) = E(A2)E(A) for all Ay, Ay € AB.
(v) E(A1UA,) = E(Ay) + E(A) for all Ay, Ay € B with A; N Ay = 0.
(vi) For each x,y € H, the mapping
E.y:%—C (6.10)

defined by E, ,(A) := (E(A)z,y) is a complex, regular Borel measure. Since

E(A) is a self-adjoint projection for each A € A, it follows that || E(A)|| < 1.

A spectral family (see [45] or [58]) for a self-adjoint operator A is a one-
parameter family { £} er of bounded operators in H satisfying:
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(i) E) is self-adjoint and idempotent for each A € R.
(ii) For A < p, E, — E) is a positive operator.

(iii) lim Ejx =z for each A € H.

A—00

(iv) )\lim E x =0 for each A € H.
——00
(v) For each A € R and z € H,

Eyiox = lim E,x = E)x. (6.11)

pu— At
A connection between (6.10) and (6.11) lies in the following lemma.

Lemma 6.12. Suppose E is a spectral resolution of the identity in the sense of (6.10).
For A € R, define E\ = E(—o00, A]. Then {E\}aer is a spectral family in the sense
of (6.11).

Proof. See [47]. O

As mentioned earlier, the Hilbert-space spectral theorem plays a key role in
proving the existence and uniqueness of the left-definite spaces { H, },~o and the left-
definite operators { A, },~¢ associated with the pair (H, A), where A is a self-adjoint
operator in H that is bounded below by kI for some k > 0. In the development of
these left-definite spaces and operators, the spectral resolution of the identity E of A
is used rather than the one-parameter family. The properties of the spectrum o(A,)
and the resolvent set p(Ag) of each left-definite operator A, however are more easily
seen through the spectral family rather than the spectral resolution of the identity.

With regards to the spectra we have the following theorem.

Theorem 6.13. Suppose {Ex}aer is a spectral family, satisfying the conditions of

(6.11) of a self-adjoint operator A. For \g € R, we have:

(1) Xo € 0,(A) (the point spectrum) if and only if Ey, # Ex,—o-
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(i) Ao € 0.(A) (the continuous spectrum) if and only if E), = FEx,—o and

{E\}xer is not constant on any neighborhood of A\ in R.
(1)) Ao € p(A) (the resolvent set) if and only if there exists € > 0 such that
{E\}aer 1s constant on [Ng — &, Ao + €].
Proof. See [45] or [58]. O
We are now in the position to state the spectral theorem in a Hilbert space
(see [58] for proof).
Theorem 6.14 (The Spectral Theorem). Let A be a (bounded or unbounded) self-
adjoint operator in a Hilbert space H = (V, (-,+)). Let E be the spectral resolution of
the identity associatd with A. Then, for each r > 0, the self-adjoint operator A™ has
(densely defined) domain D(A") given by
D(A") = {:z: €eH ’ / NAE, . < O} ,
R
and is characterized by the identities
(ATz,y) = / NdE,, (xe€D(A"),ye H)
R
and
A2 = / NrdE,, (r € D(AT)).
R

Conversely, suppose F : 8 — B(H) is a spectral resolution of the identity. Then,

there exists a unique self-adjoint operator A in H with (densely defined) domain

D(A) = {x €H ‘ / NdF,, < 0}
R

that is characterized by

(Az,y) = /R \dF,, (z€D(A),yc H)

and

|| Az||? = /R)\Qde (z € D(A)).
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Moreover, in this theorem we can replace the interval R of integration in each of
the above integrals with the spectrum of the self-adjoint operator. In particular, for
a self-adjoint operator A that is bounded below by kI for & > 0, we can replace the
interval of integration R with [k, 0o) since in this case the spectrum o(A) C [k, 00)

(see [58]).

6.5 Left-Definite Theory and the Legendre Polynomials Operator
We see from Littlejohn-Wellman left-definite theory as described above that

the domain of the (first) left-definite Legendre operator A; is given by

DA) =Vs={f:(-1,1)=C| f, [, "€ AC.(—1,1);
(1—2?)32f® ¢ L2(~1,1)}.

More importantly, we have that
DA) =Vo={f:(-1,1) = C| f, f' € ACloc(—1,1); (1 — 2*) f" € L*(—1,1)},

which gives a new characterization of the domain of the classical self-adjoint operator
A which is equivalent to the GKN domain that includes boundary conditions. We

are similarly given that

D(A2> = {f : (_17 1) —-C | f7 flu f//7 f/// € ACIOC(_17 1)7
(1—2?)?fW e L2(-1, 1)},
the left-definite characterization for the domain of the square of the Legendre poly-

nomials operator. Using left-definite theory we can generalize that for each n € N,

D<An) = {f : (_17 1) — (C ’ fa flv ceey f(Qnil) S ACIOC(_17 1))
(1 —2?)"f) ¢ L2(~1,1)}.
6.6 The Legendre-Stirling Numbers

The spaces {H, },~o and inner products (-, -), are determined from the powers

A" of A, hence we can only determine these spaces and operators when r € N.
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In [25], the authors showed that, for n € N, the n'* composite power of the
Legendre differential expression £[y] in Lagrangian-symmetric form is explicitly given
by

el = S0t (-t (6.12)
1

where the numbers

{7} = i(—wﬂ' Grede+n” (6.13)

j — (r+j+D —r)!
are the so-called Legendre-Stirling numbers, a subject of current study in combina-
torics (for example, see [2], [3], [4], [18], and [28].)
In general, for n € N, the n* left-definite inner product is
n 1
(f, ) = Z {n} / (1- xQ)jf(j)(x)g(j)(x)dx.
= )/
The natural question to ask given the combinatorial appearance of their definition
is, what do the Legendre-Stirling numbers count? First, take two copies of each

positive integer between 1 and n, i.e.,
117 127 217 227 sy N1, N2

Then, for positive integers p,q < n and i,j5 € {1,2}, assume that p; > g¢; if
p > q. Next, we define two rules on how to fill j + 1 “boxes” with the numbers

{11> 127217227 "'7”17712}:

(i) The “zero box” is the only box that may be empty and it may not contain

both copies of any of the numbers.

(ii)) The other j boxes are indistinguishable, each is non-empty, and for each
such box, the smallest element in the box must contain both copies of this

smallest number, but no other elements can have both copies in that box.

Given the above two rules, we have the following
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Theorem 6.15 (Andrews and Littlejohn, 2009). For n,j € Ny and j < n, the
Legendre-Stirling number {’;}1 15 the number of different distributions according to

the above two rules.

Table 6.1: Some Legendre-Stirling numbers

j=1 1 2 4 8 16 32 64
j=2 - 1 8 52 320 1936 11648
j=3 - — 1 20 292 3824 47824
j=4 - - — 1 40 1092 25664
J=5 - - — — 1 70 3192
J=6 — - — — - 1 112
J=7 - - — — — — 1

For example, from the table above we would write

Clyl(z) = = 8[(1 = 2%)y/ (2)] +52[(1 — 2*)*y"(2)]"

= 20[(1 = 2®)’y" ()" + [(1 = 2®) "'y ()] Y.
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CHAPTER SEVEN

The Square of the Legendre Polynomials Operator

The square A% : D(A?) C L?(—1,1) — L?*(—1,1) of the Legendre polynomials

operator A in L*(—1,1) is algebraically defined by
A2 = 2] (1)
for f € D(A?), where D(A?) is defined in (1.4), and where

Clyl(z) = (1 =) (2))" =2 (1 - 2?)y (@)

= (1 — 2)%yW(x) — 8x(1 — )" (z) + (1422 — 6)y/" (x) + 4ay/ ().

(7.2)

By standard results from functional analysis (specifically, the Hilbert space spectral
theorem), it can be shown that A? is a self-adjoint operator in L?(—1,1), the spec-
trum of A% is given by 0(A?%) = {n%*(n+1)? | n € Ny}, and the Legendre polynomials
{P,}22, are eigenfunctions of AZ?.

It is natural to ask whether we can explicitly describe the functions in the
domain D(A?) similarly to how we characterize elements in D(A) as in (5.7) (or by
Theorem 5.6). In the next section, we identify A? with a self-adjoint operator S
obtained through an application of the GKN theory.

7.1 A GKN Self-Adjoint Operator Generated by the Square of the Legendre
Differential Expression
The maximal domain Ag .y in L?(—1,1) associated with the square of the

Legendre expression (2], defined in (7.2), is given by

A2,max = {f : (_17 1) — (C | f7 fla f”7f/” € AC]OC(_17 1)7

£C1fl € L (-1, 1)}
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The sesquilinear form [+, -]a(*) : Agmax X Ao max X (—1,1), associated with ¢2[-], is

defined by
[f,9)a(x) : = (1= 2% f"(@)) g(x) — (1 - 2*)g"(2)) f(2)
— (1 =2’ f"(2)7 (x) + (1 — 2°)* ' (2)g" () (7.4)
—2(1 =) f'()g(x) + 2(1 = 2*) f(2)7'(z) (z € (—1,1)).

For f,g € Agmax and [, 8] C (—1,1), Green’s formula for ¢?[-] is given by

B B —
| etn@gis - [ @) = [f. gl (7.5)

By definition of Ag nax and Holder’s inequality, we see that the limits

[/ gla(£1) : /. gl2()

= lim
rz—=+1
exist and are finite for all f, g € Ag yax. Clearly

P, € Agpax  (n € Np)

where P, is the n* degree Legendre polynomial. In particular, the functions 1 and
x belong to Ag max.

The endpoints £ = 41 are both regular singular points, in the sense of Frobe-
nius, of /2] (see Section 3.6 and [33] for explanation of the method of Frobenius.).

The Frobenius indicial equation, at either endpoint, is given by
r*(r —1)* = 0.

It follows, from the general Weyl theory, that each endpoint is in the limit-4 case so
the deficiency index of the minimal operator T5 i, generated by ¢2[-], in L*(—1,1)
is (4,4). Consequently, each self-adjoint operator, generated by ¢2[-], in L?(—1,1) is

determined by restricting A max to four boundary conditions of the form

[fa fj]?(l) - [fu f]]?(_l) = 07 (76)
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where [-, ]2 is given in (7.4) and where { f1, fa, f3, f1} C Ag max is linearly independent

modulo the minimal domain Ay i, defined by

A2,min = {f S A2,max | [fa g]2|1_1 = 0 fOI‘ aH g S A2,maux}7

We now identify a particular self-adjoint operator restriction S of T,.y, generated by
(%], having the Legendre polynomials {P,}°, as a complete set of eigenfunctions.
For j = 1,2,3,4, define f; € Agpax N C*—1,1] by

f1($)={0 nearx:—17 fg(:c):{l nearx:—l’

1 nearz=1 0 nearx =1

1 1 (7.7)
fg(l‘):{o near r = — ’ f4(x):{x near r = — .

x near x =1 0 nearx=1

Proposition 7.1. The functions {f1, fa, f3, f1a} defined in (7.7) are linearly indepen-

dent modulo Ag piy.

Proof. Calculations show that the functions log(1 £ z) and (1 +x)log(1 £ z) belong

t0 Ag max, S0 by defining the functions g; € Ag pax N C*4(—1,1) for j =1,2,3,4 as

0 near r = —1 0 near r = —1
gl('x) = ) g3(x) = )
log(1 —z) mnearx =1 (1—x)log(l —z) mnearz=1

Y

() = { log(14+x) mnearz=—1 () = { (()1 +x)log(l +x) near z = —1

0 near r = 1 near r = 1

we see that
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Table 7.1: Calculation of some sesquilinear forms

[f1, gjla(£1) [f2, gjla(£1) [f3, gjla(£1) [f4,95]2(£1)
[f1,91]2(1) =0 [fa,91]2(1) =0 [f3,91)2(1) = =4 [f4, 1]2(1) =0
[f1,92]2(1) =0 [f2,902]2(1) =0 [f3,9202(1) =0 [fa,92)2(1) =0
[f1,932(1) =4 [f2,93]2(1) =0 [f3:93]2(1) =4 [f1,93]2(1) =0
[f1,94]2(1) =0 [f2,94]2(1) =0 [f3,94]2(1) =0 [f1,94]2(1) =0
[f1,910a(=1) =0 [fo,q1]a(=1) =0 [f3,91]a(=1) =0 [fs,91]2(=1) =0
[f1,022(=1) =0 [f2,922(=1) =0 [f3,92]a(=1) =0 [fa, gofo(~1) = —4
[f1,932(=1) =0 [f2,g32(=1) =0 [f3,93]2(=1) =0 [f1,g3]2(=1) =0
[f1,94]a(=1) =0 [f2, gala(~1) = [f3,94]2(=1) =0 [f1,g4]a(~1) =4
Suppose that ,
Zajfj € Ag min;
then, by definition of Ay i, we Se_e that
[Z ajfjvg] =0 (g € A2,max)7

where [,

so ag = 0. Similarly, we find that

so ay = 0;

so a; = 0; and

4
0= [Z%‘fg’,%]
j=1
- -
Z%fj,gzs
Lj=1

- ]
> aif s
Lj=1

2

-1

1

= —40[3,

2 1—-1

1

= 4&4,

2 1—1

1
= 4051 + 40(3 = 4041,
-1

1
= 40[2 — 40[4 = 40(2,
-1
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so ay = 0. Consequently, we see that {f1, fa, f3, f4} is linearly independent modulo

Ag min, completing the proof. O

We note that the four functions {g1, g2, g3, g4} defined above are determined
by a basis of solutions of £[y] = 0 at both = +1 found by the standard method of
Frobenius (see Section 3.6). Brown, Littlejohn and McCormack developed a program
in Mathematica called Frobenius which computes the coefficients of the Frobenius
solutions for arbitrary ordinary differential equations at a regular singular endpoint.
Using this program, a basis of solutions at the regular singular endpoint x = 1, valid

for -1 <z < ]-7 is {y17y27y37y4}7 18 given by

(@) = (= 1) = o= 1+ o= 1) = oo = 1+ (o= 1) = (e = 1)
1 7 1 8
+m( —)—mﬂ(ﬂf—)Jr ;
) =3(r = 1) = (2= 1 4 (= 1) = (r = 1 = 1 = (o= 1)
33 .19 .
+ﬁ( —1) —m(l‘— )° +
+log e — 1] ((m—l)—%(m—l)Q—F%(aE—l)?’—%(m—l)‘l—l—g—(x—lf
1 .1 S )
—19—2(x—1) —i—m(x—l) —@(x—l) —i—---),
po(r) = 5+ 35— 1) = So =14 52w =1 = o =1+ o= 1)
1 6 1 7
_ﬁ< - )—i—%(:c—l)—l— , and
y4(:)3):3—3(x—1)+§(a:—1)2—%(x—l)g—i—%(m— )4—%@:_1)5
6 3 7
+@( —1) —ﬁ( -1+
—|—3log|x—1|(%—I—%(m—l)—é(m—1)2+2—(x—1)3——(x—1)4
5 1 6 1 7
Fig0— 1 = gl P+ grgla =17 =+
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Similarly, a basis of solutions at the endpoint = —1, valid for —1 <z < 1 is

{z1, 29, 23, 24}, is given by

z(z) = (z+ 1)+ 1(:v +1)%+ i(a: +1)3 + i(gc + 1D+ i(x +1)° + L(x +1)8

4 12 32 80 192
1 7 1 8
z(:c)—3(x+1)+(:c+1)2+1—3(a:+1)3+3(x+1)4+2—3(:c+1)5+i(x+1)6
S 36 64 400 288
33 19
il 1)+ —— 18+ ...
T e @ TV qgggle U
1 1 1 1
1 1 1)+ = 12+ — 1)+ — 14+ — 1)°
+ log |z + \((:B—ir )+4($+ ) —|—12(:)3—l— ) +32(:E+ ) —|—80($+ )

1 1 1
— 1)+ — 1)+ —— 18 +...
@t D+ g+ D+ @+ 7+ )

1 1 1 1 1
= —— 1) — - 1)? - — 172 - — Nt — — 1)°
#(t) =5 5@+ - @+ 1) = Ze+ 1) - e +1)" = =@+ 1)
1 6 1 7
3 1 3 3
= 1)+ = 1?2+ — 13+ — DA+ — 1)°
z4(x) =34 3(x + )+8(x+ ) +12(a:+ ) +128(x+ ) +400(Jc+ )
3
_— 1)+ = 1)+ ...
Tt gl U
+ 3log |z + 1 1—1( +1)—1( +1)2—i( +1)3—i( +1)*
81T 2 2\ g 24" 64"
1 1 1
S — 1P — — 1) — — nT—-.. ).
o0 C Y g U g+ ) )

Recalling from Green’s formula that

[f? 9]2(:':1) = xli}IIill[f7 9]2(x>7

it is clear that the boundary conditions

[f7 f1]2<1) - [f7 f3]2<1) = [f7 f2]2(_1) = [f, f4]2(—1) =0

are equivalent to the boundary conditions

[f, a(£1) = [f,2]a(1) = 0.

We are now in a position to the define the operator S which we show later (see
Section 7.4) to be equal to the operator A% given in (7.1) and (1.4). Indeed, let
76



S:D(S) C L*(—1,1) = L*(—1,1) be defined by

Sf = CLf] = ([ f]]
f€D(S),

where the domain D(S) of S is defined in (1.5) or more succinctly as
D(S) = {[f € Dgmax | [f, Ua(F1) = [, 2]o(£1) = 0}.

By the GKN theorem, S is self-adjoint in L?*(—1,1). Moreover, notice that for
f S A2,rnaux7
[, 1a(w) = (1= 2" (2) = 2(1 — 2°) f'(x) (7.9)

and

[f.ala(e) = (1 -2 f"(2)) & = (1 - 222" (a)
— 22(1 - ) f' (&) + 2(1 — %) f(x) (7.10)

= 2[f, 1]a(z) — (1 — 222" (z) + 2(1 — 2*) f ().
From (7.9) and (7.10), it is easy to see that the Legendre polynomials { P, }°° , satisfy

[P, 1]2(£1) = [P, z]2(£1) = 0,
that is to say, the Legendre polynomials {P,}5°, C D(S). Moreover,
[P, = ([([P,)] = n(n + 1){[P,] = n*(n+1)’P, (n € Ny).
From [52] and standard results in spectral theory, the following result holds.

Theorem 7.2. The operator S, defined in (7.8) and (1.5), is an unbounded self-
adjoint operator in L*(—1,1). The Legendre polynomials {P,}5°, form a complete
set of (orthogonal) eigenfunctions of S in L*(—=1,1). The spectrum o(S) of S is

discrete and given explicitly by
o(S) = {n*(n+1)*| n € Np}.
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7.2 Statements of the Main Theorems

We prove four main theorems in this chapter.
Theorem 7.3. Let D(A?) and D(S) be given, respectively, as in (1.4) and (1.5). Then
D(A?) =D(9).
Proof. See Section 7.4. O
Theorem 7.4. Let B and D(S) be given, respectively, as in (1.2) and (1.5). Then
B =D(S).
Proof. See Section 7.5. O
Theorem 7.5. Let D(S) and D be given, respectively, as in (1.5) and (1.6). Then
D =D(9).
Proof. See Section 7.6. []
From these three theorems, we obtain our main result, namely

Theorem 7.6. Let Ao max, given in (7.3), be the mazimal domain of the formal square

(%] of the Legendre differential expression defined by

Clyl(z) = (1 - 2" (2))" —2(1 =2y ()" (z € (~1,1)) (7.11)

and let [-,-] be the associated sesquilinear form for (?[-] given in (7.4). Define the
operator T : D(T) C L*(—1,1) — L*(—1,1) by

(Tf)(x) = C[fl(x) (ae x€(-1,1))
f € D(T) :=D(A?),
where D(A?), algebraically defined in (1.4), is the domain of the square of the Leg-
endre polynomials operator A defined in (5.7). That is to say, T is the square of
the classical Legendre polynomials operator A, given in (5.6) and (5.7). Then the

following statements are equivalent:
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(i) f€D(T);
(ii) f, f' f", " € ACie(—1,1) and (1 — 2?)2fW € L*(—1,1);
(1i) f € Ngmax and [f, 1]2(£1) = [f, 2]o(£1) = 0;

/

(v) [ € Apmax and lim (1 —2%)f'(z) = lim ((1—2%)*f"(z)) =0.

rz—=+1 r—=+1

Moreover, T is a self-adjoint operator in L*(—1,1) having the Legendre polynomi-
als {P,}2, as a complete set of eigenfunctions in L*(—1,1) and having discrete

spectrum o (T) explicitly given by
o(T) ={n*(n+1)* | n € No}.

7.3 A Key Integral Inequality
A key result in our analysis below is the following operator inequality estab-
lished by Chisholm and Everitt in [12]. Both the theorem and its corollary are

referred to as the “CE Theorem.”

Theorem 7.7. Let (a,b) be an open interval of the real line (bounded or unbounded)
and let w be a positive Lebesque measurable function that is positive a.e. x € (a,b).

Suppose @, : (a,b) — C satisfy the conditions
(i) ¢, € Liso((a,b); w);
(ii) there exists ¢ € (a,b) such that ¢ € L*((a,c];w) and ¢ € L*([c,b); w);
(11i) for all [, 5] C (a,b),
/ lo(x x)dx >0 and / | (z)|" w(x)dx > 0.
Define the linear operators A, B : L*((a,b);w) — L3 ((a,b);w) by

(Af)(x) = 90(1’)/ Y fOw(t)dt (¢ € (a,b); f € L*((a, b);w)),
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and
(Bf)(x) = (x) / Co(OfBwt)dt (¢ (a,b): f € L((ab):w)).

Let K : (a,b) — (0,00) be given by

K@= ([ rgo<t>|2w<t>dt)§ (/ b W(t)]Qw(t)dt)% (t € (1)),

and define K € [0, 00] by
K := sup K(x). (7.12)

z€(a,b)

Then a necessary and sufficient condition that A and B are both bounded operators

from L*((a,b);w) into L*((a,b);w) is that
0< K < oo.

Moreover, the following inequalities hold
IAfII < 2K|IfIl - (f € L*((a, b);w)) (7.13)

1Bgll < 2K]lgll (g € L*((a,b);w)) (7.14)

where the number K is defined by (7.12). In general, the number 2K appearing in
both (7.13) and (7.14) is best possible for these inequalities to hold.

Corollary 7.8. Suppose the functions ¢ and v are as in the above theorem. Let
g € L*((a,b);w). Define

01(2) = o(z) / b(o)g@)uw(@)dz (z € (a,b)),
gal) = (2) / " p@)g@u(@)dr (€ (a,b)).

z

If K < oo, where K is defined as in the previous theorem, then g, € L*((a,b);w) for

r=1,2.

We note that Theorem 7.7, proven by Chisholm and Everitt in 1970, was
extended in 1999 by Chisholm, Everitt, and Littlejohn to the spaces LP((a,b);w)
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and L9((a,b); w) where p,q > 1 are conjugate indices; see [12]. Both Theorem 7.7
and its generalization in [12] have seen several applications including a new proof of
the classical Hardy integral inequality [31] and numerous applications to orthogonal
polynomials. Several more applications of the CE Theorem will be given in this
paper. Indeed, the Theorem 7.7 proves to be an indispensable tool in our analysis

below.

7.4 Proof of Theorem 7.3
We now prove Theorem 7.3, namely, that D(A?) = D(S), where D(A?) is
defined in (1.4) and D(S) is given in (1.5). Throughout this section, we assume that

f is a real-valued function on (—1,1).

Proof. We first show that D(S) C D(A?). Let f € D(S). We know that
W) £ f 17 " € ACie(—1,1);
(ii) fe L*(—1,1);
(i) 2[f] € L3(—1,1), where £2[] is defined by (7.2);
(iv) [f,1]a(£1) = 0, where [+, 1]5(-) is given in (7.9);
(v) [f, 2]a(£1) = 0, where [-, 2]5(-) is given in (7.10).

Taking into account the definition of D(A) in (5.7) and D(A?) in (1.4), we need to

show that
(a) f, f € ACie(—1,1);
(b) feL*(-1,1);
(¢) 0f] = —((1—2)f) = —(1 — 2 f" + 2zf" € L*(~1,1); in fact, we will

show that ([f] € AC[-1,1];
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(d) lim (1 —2?)f'(x) = 0;

rz—=+1

(e) E[f]a gl[f] € AOIOC(_]" 1)a
(f) 2[f] € L*(-1,1);

(g) lim (1 —2)l[f] = lim (1 —2%) (1 —2?) f"(z) — 4o f"(z) — 2f'(x)) = 0.

rz—+1 rz—+1

Clearly, (a), (b), and (f) are satisfied by (i), (ii), and (iii). As for (g), note that

—(1 =) [f](x) = (1= 2?)((1 = 2?) " (2) — 4z f"(x) - 2f ()

= (1—2)f"(z) — 4o(1 — ) f"(x) — 2(1 — 2*) f ()
(1= 2)?f" (@) = 2(1 = 2*) f'()
= [f,1](x),

(7.15)

so (g) follows from (iv) above. Moreover, by (i) and the fact that the product of
a polynomial and a function g € AC,.(—1,1) also belongs to AC),.(—1,1), we see

that (e) follows, as
(fl(2) = =(1 = 2) f"(2) + 22 f'(x)
and
Clf)(z) = (1= 2®) f"(2) + 4o f"(z) + 2 (2).

To show (c) note that, by (iii),

Clfl(2) = Lelf])(x) = = (1= 2*)0[f](2))" € L*(~1,1). (7.16)

We now apply the CE Theorem on the interval [0,1) with ¢(z) = 1, ¢(z) = =,

and w(z) = 1; note that ¢ € L? (0,1] and ¢ € L? [1,1). A calculation shows that

= [t [a weo
1 x
=1, Y
I
S
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hence K is finite. Therefore, we see from Theorem 7.7 that

By (iv) and (7.15), we know

lim (1 — 2®)¢'[f](x) = 0.

r—1

Hence (7.17) simplifies to
C'[f] € L?0,1).

A similar application of the CE Theorem on (—1,0] reveals that ¢'[f] € L*(—1,0]
and thus we see that

C[f] € L*(—1,1).

It follows that
g[f] S AC[_17 1] C L2(_17 1)7

establishing (c). It remains to show that (d) holds. To this end, observe from (2.6)

and (7.2) that
(L= a21"(@))" = CU](2) = 200/ (x).
Consequently, from (c¢) and (f),
(1 =2%)?f"(2))" € L*(~1,1),
from which we see that

(1 =2®)?f"(@)", (1—a*?f"(x) € AC[-1,1].
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In particular, we see that the limits

lim (1 —2%)*f"() (7.18)
and
Tim ((1—a?)?f"(x)) (7.19)

exist and are finite. Moreover, from (iv), (v), and (7.10), we see that

0= lim (z[f,1]2(z) = [f,z]2(z)) = lim ((1—2?)*f"(z) —2(1 — 2%)f(x)). (7.20)

r—=+1 r—+1

Thus, from (7.18), we can say that

lim (1 — 2% f(z) =7

rz—+1

exists and is finite. We claim that » = 0; to show this, we deal with the limit as
x — 1; a similar proof can be made as x — —1. Suppose to the contrary that r # 0;

without loss of generality, suppose r > 0. Then there exists * > 0 such that

(1—a2%)f(x) > g for x € [27,1).

In this case, however,

o> [z [z (3) [ 2=

contradicting (ii). Hence it follows that

lim (1 —2?)f(z) = 0.

r—+1

Consequently, we see from (7.19), that

: VAV —
xlgill(l ) f"(z) =0 (7.21)
and hence
lim (1 —z)%f"(z) = 0. (7.22)
rz—+1
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We are now in position to prove part (d). We show that

lim(1 — 2°) f'(x) = 0; (7.23)

r—1
a similar argument establishes the limit as x — —1. Let € > 0. From (7.22), there

exists z* € (0, 1) such that
(1 — 2)2f"(z)| < % for z € [2*, 1).

Integrating this inequality over [z*, x] C [*, 1) yields

2(1 — )

£ £

+f/($*)—m < fl(z) < m+f’($*)—

Multiplying this inequality by (1 — x?) yields

(1— 22) (f’(x*) n S i ﬂ)) B 6(1;:70)

<= < B a2 (1) - i)

Letting x — 1, we obtain

—e < lim(1 — 2?)f'(z) < ¢,

rz—1

and this establishes (7.23). This completes the proof that D(S) C D(A?).
We now show that D(A?) C D(S). Let f € D(A?). Then f € D(A) so

f7 f/ € ACloc<_17]-) (724)

and
fer*(-1,1). (7.25)

Moreover, since £[f] € D(A), it follows that

CLf] = Cle[f]] € L*(=1,1), (7.26)
f] = —(1 = 2*)f" + 2z f € AC)e(—1,1), (7.27)

and
Clf]= -1 —2°)f" +4af +2f € ACic(—1,1). (7.28)

It is well known that if f, g € ACj(1,—1), then
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(@) f+ g€ ACp(—1,1);
(b)/ fg € ACIOC(_]-7 ]—)a
(¢)) If g>0on (—1,1), then § € AC\.(—1,1).

In particular, from (7.24) and (b)" we see that 2z f’ € ACj,.(—1,1). Combining this
with (a)’ and (7.27), we obtain (1 — 2?)f” € AC)(—1,1). Since 1 — z* > 0 on

(—1,1) we infer from (c)" that
f// € ACIOC<_17 1) (729)

Continuing, —4zf” — 2f" € AC\(—1,1) so from (a) and (7.28), we have that
(1 —2%)f" € ACie(—1,1) and it follows that
/" e ACe(—1,1). (7.30)
By definition of D(A) and the fact that ¢[f] € D(A), we see that
: 2\ —0-
i (1= ) = 0

consequently, in view of (7.15), we see that

0= lim [f,1]s(x) = lim (((1-22)2f"(@) =20 -22)f'(@)).  (731)
Furthermore, since f € D(A), we have
xllnill(l — %) f'(z) =0, (7.32)

so from (7.31), we see that

lim ((1—2%)?2f"(z))" = 0.

r—+1

To finish the proof, we need to show that
0= [f, z]2(£1)

= lim (((1 — x2)2f”(a:))/$ — (1 —2*)?f"(2) — 22(1 — 2 f'(z) + 2(1 — $2)f(x)>

rz—+1

= lim (—(1—2%)f"(z) +2(1 — 2%)f(z)) by (7.31).

rz—+1

(7.33)
86



We note again, from Green’s formula (7.5), that the limits in (7.33) exist and are
finite. Since f € D(A), we see from Theorem 5.6, part (v) that f € AC[—1,1] and
hence

lim (1 —2%)f(z) = 0. (7.34)

r—+1

Thus, proving (7.33) reduces to showing

lim (1 — 2?)?f"(x) = 0.

rz—+1

We show that

lim(1 — 2?)*f"(z) = 0; (7.35)

rz—1

a similar argument will show

lim (1 — 2*)?f"(x) = 0.

r——1

Suppose to the contrary that

lim(1 — 2%)2f"(z) = c # 0;

r—1

without loss of any generality, we can suppose that ¢ > 0. Then there exists

x* € (0,1) such that
(1—a?)2f"(a) = v i= 5 on 2", 1)

that is,

f(@) =

=) on [z*,1)

for some R > 0. Integrating this inequality over [z,z*] C [z*,1) yields

y Toodt ;o R L R
@R[ T ) - s ) -
Consequently,
(1—2*)f'(z) > R(1+2x)+ (f’(a:*) — 1 fﬂ) (1—2%) = 2R >0 (asx — 1),
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contradicting (7.32). It follows that (7.35) holds and this proves (7.33). A similar
proof establishes [f,z]o(—1) = 0 which proves (7.33). Combining (7.24), (7.25),
(7.26), (7.29), (7.30), (7.31) and (7.33), we see that f € D(A?) implies f € D(S).

This completes the proof of the theorem. O

7.5 Proof of Theorem 7./
In order to prove Theorem 7.4, we first need to establish three preliminary

facts, the first of which is the following result.

Lemma 7.9. If f € D(S), then

1
1—22

(1 —2)2f"(x)) € L*(~1,1). (7.36)

Proof. Let f € D(S) = D(A%) so f' € L*(—1,1), [f,1]2(£1) = 0, and ¢?[f] € L*(—1,1).
We apply the CE Theorem on [0, 1) with ¢(z) = 1, p(z) = —+15, and w(z) = 1.

1—z2>
These functions satisfy the conditions of this theorem on [0, 1) so

1
1— 22

/Vﬁﬂ@ﬁeL%am.

However, using (7.9) and (7.11), a calculation shows

1
1—22

/: Clf](t)dt = 1 /zl [<(1 — t2)2f"(t))// _9 ((1 _ t2)f'(t))/} &t

11— g2
_ [hm (((1 — 2?2 f" () —2(1 - wQ)f’(x)ﬂ

1 — 22 lz>1

(- err@) 20 - ) )

1—22

1fﬁ[mﬂﬁﬂﬂ@—(ﬂ—x%%«@y+zu_x%f@ﬂ

z—1
1

— (1= 222" () = 2f'(x).

1 — 22

+

A similar calculation shows that

1
1— 22

(1 —2?)2f"(2))" - 2f'(z) € L*(-1,0]

and hence
1
1—22

(1 =2®)?f"(@)) = 2f'(z) € L*(~1,1).
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Since f' € L*(—1,1), we see, by linearity, that

- _1x2 ((1—2)2f"(x)) € L*(—1,1).
O]
Lemma 7.10. For f € D(S), we have
lim (1 )2 f"(x) = 0. (7.37)
Proof. Let f € D(S) = D(A?). Since f € D(A), we have f € AC[—1,1], so
lim (1 - ) f(z) = 0. (7.38)
Furthermore, we have
0= lim [£,1]2(2) = lim (((1=2?2f"(@) =200 =) [ (@) . (7:39)
Consequently, from (7.10), (7.38), and (7.39), we find that
0= lim [f.ola@) = lim (@l ale) — (1 —a2)2F"(2) + 201 — 2?) f(a)
-~ lim (1 — 292 (a).
[

The last preliminary result is the following theorem. Since D(S) = D(A?),
this next result generalizes the well-known result for D(A) established in Theorem

5.6, part (v).
Theorem 7.11. If f € D(S5), then
e L*(-1,1).

Moreover,

pf’ € L*(—1,1) (7.40)

for any bounded, Lebesgue measurable function p, including any polynomial.
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Proof. Once we establish f” € L?(—1,1), the statement in (7.40), for any bounded
measurable function, follows clearly. Let f € D(S). We prove that f” € L*(0,1); a
similar proof will establish f” € L?(—1,0) and prove the theorem. We again use the
CE Theorem with ¢(z) =1 — 2% p(z) = m, and w(z) = 1 on [0,1). Indeed,
from the CE Theorem and (7.36), we find that

§ —1x2)2 / (1) (1 _1 5 (1= t2)2f”(t))’) dt € L0, 1).

However, from Lemma 7.9,

_ﬁ /:(1 — ) (ﬁ ((1- t2)2f”(t))’> dt

We are now in position to prove Theorem 7.4, specifically B = D(S), where B
is defined in (1.2) and D(S) is given in (1.5).

Proof. We first prove that B C D(S). Let f € B. We assume that f is real-valued

n (—1,1). We begin by showing, using the CE Theorem, that the condition
(1 —2?)2fW e L2(~-1,1)
implies the two conditions
(1—2*)f" € L*(—1,1) (7.41)

and

e L*(-1,1). (7.42)

Regarding (7.41), we will show

(1 —a2)f" € L*0,1); (7.43)
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a similar proof will yield

(1—2?)f" € L*(—1,0), (7.44)

and, together, they establish (7.41). Since (1 — 22)2f® € L2(0,1), we use the CE
Theorem on [0, 1) with

1 9 B
p(z) = A= 2p () =1—2% and w(z) =1 (z€]0,1)).

It follows that

(=) (@) = (1 =) [ s = P00+ 17001 =) € 120.1).

To see (7.42), we apply the CE Theorem once again on [0, 1) to prove that
f" e L*0,1);

a similar argument will show that f” € L?(—1,0). To this end, let

o(x) = 1_;3;2, (r) =1, and w(z) =1 (x€]0,1)).

In this case, we see that
f(z) = /Ow ﬁ ((1 — t2)f”’(t)) dt + f"(0) € L*(0,1).
Consequently, we see that
f,f e AC[-1,1] C L*(—1,1).

Moreover, it is clear that g(x)(1 — 2?)f"(z), g(z)f"(x), and g(z)f'(x) all belong to

L?(—1,1) for any bounded, measurable function g on (—1,1). Hence
Clfl(z) = (1=2%) fD(2) ~8x(1—2?) f"(2) + (142” = 6) f"(2) +4a f'(x) € L*(~1,1).
It remains to show that

lim [f, 1]2(x)

= lim
r—=+1 rz—+1
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Since 1,2 € Agmax, We see from Green'’s formula in (7.5) that the limits in (7.45)

both exist and are finite. Now f' € AC[—1,1] so

lim (1 — 2?)f'(x) = 0.

z—=+1

Consequently,

lim [f,1]s(z) = lim (((1 — 22 f(2)) = 2(1 — :UQ)f’(x)>

r—+1 r—=+1
— 1 _2\2 g1 !
— tim (1 - 2)2"(2))'.
We claim that
lim ((1 - xQ)Zf”(x))/ = 0; (7.46)
r—1

a similar proof will establish

lim ((1-— x2)2f"(:v))/ =0.

r——1

Suppose to the contrary that

. _2\2 e ’: X
lim (1 - 22)2"(x)) = ¢ # 0,
we can assume that ¢ > 0. It follows that there exists 2* € (0,1) such that
(1= 222f"(@)) > r:= g >0 (z€lz"1)). (7.47)
Note that since

(1 —2®2f"(2))" = (1 — 2*)2f"(2) — d(1 — 2*) f"(2), (7.48)

we see that the inequality in (7.47) can be rewritten as

(1 —22) f"(z) — 4o f"(z) > . L 5 for x € [27,1). (7.49)

However, from (7.41) and (7.42), we know that

(1—a)f" —daf’ € L*(—1,1)
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so the inequality in (7.49) is not possible. Hence (7.46) is established and thus

lim [f, 1]2(x) = 0.

r—=+1

We now show that

lim [f, z]2(z) = 0. (7.50)

z—=+1
Since the argument for x — —1 mirrors the proof for x — 1, we will only show that

lim[f, z]2(z) = 0.

z—1

Now, since f € AC[—1, 1], we see that

lim(1 — 2?) f(x) = 0;

r—1

moreover, using (7.46),

lim[f, z]s(z) = glﬂl_}H% (w[f, o(x) — (1 — 2*)?f"(x) +2(1 — :L‘Q)f(l'))

r—1

= —lim(1 — 2?)*f"(z).

rz—1

Suppose that
lim(1 — 2®)2f"(z) = d # 0;

rz—1
we can assume that d > 0. Then, with a possibly different z* as given in the above

argument, there exists an z* € (0, 1) with

(1—2*)?f"(z) > d = (x € [z",1)).

|

Hence
!

1" > - * 1 .
P> i @el)
However, this implies that f” & L?(0, 1), contradicting (7.42). Thus (7.50) is estab-

lished and this completes the proof that B C D(S5).

We now prove that D(S) C B. Let f € D(S). We need only to show that

(1—22)?fW e L2(-1,1). (7.51)
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Since by Theorem 7.10 we know that f” € L*(—1,1), we see that gf” € L*(—1,1)

for any bounded, measurable function g on (—1,1). In particular, it is the case that

4 f" € L*(—1,1) (7.52)
and
(142% — 6)f" € L*(—1,1). (7.53)
By (7.36) (see also (7.48)),
(1~ )" () — o f"(x) = - _1$2 (1-22f"(2) € L*(~1,1).  (7.54)

By linearity, it follows from (7.52) and (7.54) that
(1—a)f" € L*(—1,1).

Consequently, g(1—z?)f"” € L*(—1,1) for every bounded, measurable function g on
(—1, 1);in particular,

8x(1 —2%)f" € L*(—1,1). (7.55)

Furthermore, since f' € L*(—1,1), it follows that
4o f'(x) € L*(—1,1). (7.56)
Finally, since /2[f] € L?*(—1,1), we see from (1.3), (7.53), (7.55), and (7.56) that
(1 — a2 f@ = 22[f] + 8z(1 — 2) f" — (142% — 6)f" — daf € L*(—1,1).

This establishes (7.51) and proves D(S) C B. This completes the proof of Theorem
7.4. O

7.6 Proof of Theorem 7.5
We now prove Theorem 7.5, namely D(S) = D, where D(S) is given in (1.5)
and D is defined in (1.6).
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Proof. Since functions f in both D(S) and D satisfy the “maximal domain” condi-
tions fU) € ACL(—1,1) (j = 0,1,2,3), f € L?(—1,1), and ¢?[f] € L?(—1,1), we
need only to prove that the other properties in their definitions hold.

We first show that D(S) C D,. Let f € D(S) = D(A?). Then f € D(A) so

lim (1—2%)f'(x) =0. (7.57)
Moreover,
0= [f,1]2(£1)
= lm (1= f"(@)) =201 - 2*)f'(v)) (7.58)
= lim ((1-a%)?f"(x))
The identities in (7.57) and (7.58) prove that f € D, hence D(S) C D.

We now prove that D C D(S5). Let f € D. Clearly,

£ () = Tim (1= 222f"(2)) =201 = 2%)f(2)) =0, (7.59)
so we need to show that
xlgill[f, x]a(£1) = 0. (7.60)

We remark that the limits in (7.60) exist (by Green’s formula) and are finite.

We claim that ¢'[f] € L?(—1,1). To see this, recall the two representations of
(?[-]: the one given in (1.3) and the one given in (7.15). Since (*[f] € L*(—1,1), we
apply the CE Theorem on [0, 1) with ¢(z) = (1 —2?)7, ¢ (z) = 1, and w(z) = 1 to

obtain
1
1—22

1
/ Cf(t)dt € L*(0,1).
However, from (1.3) and (7.15), we see that

s [ e
1

= —— (lim (1 =2227"(@)) =201 = 2")f (@) ) + (1 = 2*)[f](a))

rz—1

= U'[f](=) by (7.59);
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a similar calculation shows that ¢'[f] € L*(—1,0), hence ¢[f] € AC[—1,1] C L*(—1,1).
We again apply the CE Theorem on [0,1) with p(x) = (1 — 2?)7!, ¢(x) = 1, and

w(z) =1 to obtain
1
1 — a2

/lﬁ[f](t)dt € L*(0,1).

Another calculation shows that
= NG — / -2y
1—22 ), o 1—a2 ),

= (w1 - ) @)~ (1 2 )

1—;E2 r—1

= f'(x) by definition of D;

a similar argument shows that f’ € L?(—1,0). Hence

e L*(—1,1). (7.61)
Thus, f € AC[—1,1] and
mllr%(l — %) f(x) =0. (7.62)

From (7.59) and (7.62), we see that

lim [f, 2]2(z) = lim (2[f, 1)(z) — (1 = 2%)*f"(z) + 2(1 — 2%) f(2))

r—=+1 rz—+1

= — lim (1 — 2?)%f"(x).

rz—+1

To establish (7.60), it now suffices to prove that

lim (1 —2?)?f"(x) = 0. (7.63)

r—=+1

Since the proof as x — —1 is similar to the proof that x — 1, we will only show that

lim(1 — 2?)%f"(z) = 0.

rz—1

By way of contradiction, suppose that

lim(1 — 2%)2f"(z) = ¢ # 0;

rz—1
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without loss of generality, we may assume that ¢ > 0. Then there exists z* € (0, 1)

such that
c S c
2(1 —22)2 = 8(1 —x)

f(@) =

5 forz € [27,1).
Integrating this inequality over [z*, 2] C [x*,1) yields

c

@)z g ) gy el D),

(1—x)
However, this contradicts (7.61). It follows that (7.63) holds and this, in turn,
establishes (7.60). Consequently, D C D(S) and this completes the proof of the

theorem. u

As revealed in the proofs of Theorems 7.3, 7.4, 7.5, and 7.10, we have the

following interesting result.

Corollary 7.12. If f € D(A?) =D(S) = B = D, then
(i) f" € L*(—1,1) so f, f € AC[-1,1];
(ii) '[f] € L*(=1,1) and ([f] € AC[-1,1].

We end this section with an important remark. As discussed in Section 7.1, the
minimal operator T iy in L?*(—1,1) generated by ¢*[] has deficiency index (4,4).
From the GKN Theorem (see [52]), GKN boundary conditions for any self-adjoint
extension of Ty i, in L?(—1,1) are restrictions of the maximal domain Ay ., and

have the appearance (see (7.6))

[fa f]]2(1) - [fa f]]?(_l) =0 (f € AQ,maxa j = 1727374)7

where { f; };*:1 C Ay max are linearly independent modulo the minimal domain Ag .
Taking into account [-, -]o, defined in (7.4), it is clear that the boundary conditions

given in (1.6) are not GKN boundary conditions.
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CHAPTER EIGHT

The n'* Power of the Legendre Polynomials Operator

Recall ¢*[], the n'* composite power of the Legendre differential expression
([-] for n € N given in (6.12). The expression in (6.12) is the key in generating the
domain D(A™) of A™ given in (1.1).

We give the following

Conjecture 8.1. Let A denote the Legendre polynomials self-adjoint operator defined
in (5.6) and (5.7). For n € N, let ("[-] be given as in (6.12) and let [-,-], be the
sesquilinear form associated with the mazimal domain A, max of ("] in L*(—1,1).

Then A, = B,, = C,, = D,,, where
(i) A, :=D(A"),

(i) By :={f:(=1,1) = C| f, f, ... f® Y € ACioe(—1,1);

(1—2®)"f® e L2 (=1, 1)},

(iii) Cp:={f:(=1,1) = C| f, f...f® Ve ACuc(=1,1); f,0"[f] € L*(—1,1);

[f,27],,(£1) =0 for j =0,1,2,....n — 1}, and

(i) Dp:={f:(=1,1) = C| f, e, f*"7V € ACioe(=1,1); f, £'[f] € L*(—1,1);
lim ((1— xQ)jy(j)(x))(j_l) =0 forj=1,2,..,n}.
ey
By repeated applications of the CE Theorem, it is not difficult to establish
that if f € B,, then f € L?(—1,1); this result, proven below in the proof of
Theorem 8.2, generalizes Theorem 5.6, part (iii) (n = 1) and Corollary 7.11, part (i)
(n=2).
We remark that, in (iii) above, we can replace the monomials {z7 };‘:—& by

the Legendre polynomials {P]}?:_O1 One of the difficulties in our efforts to try and
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prove this conjecture lies in the fact that the corresponding sesquilinear form [-, -],

associated with the n'® power ¢"[-], is unwieldy at the present time.

Theorem 8.2. Let B,, and D,, be defined as in Conjecture 8.1 above. Then B,, C D,,.
Proof. To show that B, C D,, let f € B,. Then (1 — 2?)"f® ¢ L?(—1,1). We
first show by using the CE Theorem that this implies (1 —22)"~! =1 ¢ L2(—1,1).

Lemma 8.3. (1 —22)"fM € [2(—1,1) = (1 —2?)" 1D ¢ [2(—1,1).

Proof. Since f is absolutely continuous, so are all its derivatives, hence

| - s = 1 @) - 1),

by letting
1
= —
and noting that
(1—)"fe e L2 (-1,1),

SO

e () = fEI(0) + / z ﬁﬂ — )" ()t
-

Multiply both sides by (1 — 22)"~! to get
(1 . xZ)n—lf(?n—l)(x) _
r 1
(1 . x2)n—1f(2n71)(0) + (1 o :L’2)n1/ m(l . t2)nf(2n) (t)dt.
0 _

Note that (1 — 22)"~1 =1 (0) € L?(-1,1). So

U(w) = (1—2%)""" and p(z) =
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Also,
T dt 1
K2(r) — 1 — ¢2)2n—2
(x) /0 i t2)2”/z (1—1t) dt

< 1 o 2n—2
<C ) g ) 00
1 x

1

=C (1 — )t

(1 —=t)*t],

e (#;n_l " 1) (—(1— ) )
— 01— (1—a) )
<C
for some 0 < C' < oo since = € [0,1) and n € N. By the CE Theorem, since K (x) is

bounded, we have that (1 — z2)" 1%~ ¢ [2(—1,1). O
Lemma 8.4. (1 — 2?)"f®) € L*(~1,1) = (1 —2?)"7fC=) ¢ [2(~1,1) for
j=1,2,...n.

Proof. We see from Lemma 7 that the statement is true for j = 1. Assume that it
is true for j — 1, i.e., that

(1 _ x?)nf(?n) c LQ(—17 1) — (1 o x?)n—j-ﬁ-lf(?n—j-i—l) c LZ(—l, 1)

As above, we can write

£ () _f(2n—j)(0)+/0 W(l AN AC ARV 3

Multiply both sides by (1 — 22)"=9) to get
(1 — a2)=9) fC2n=d)(z) =
. . N A 1 . .
(1 — 22)n=9) $2r=3)(0) 4 (1 — 332)(71—3)/ W(l — 2)n I @It (1) it
0 —

Since (1 — x)"~7 fn=9(0) € L*(—1,1), we can use the CE Theorem with

1

Y(x) = (1-2%)"7 and p(z) = (s
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as

2 ’ dt ' 2\2n—2j
Ko(z) = o (1—¢2)2n-2+2 (1—1%) dt

! dt ' 2n—2;
<C | G | (-0

-1 1
(1 — )22+ |

T

—C (1- t)2n72j+1

—1 i 2n—2j+1
= ¢ (e 1) -0
= C(1— (1 — )22
<C

for some 0 < C' < oo since z € [0,1) and n € N, j € {1,2,...n}. Hence
(1—a?)" D feni(z) e L*(~1,1),
completing the proof by induction. O

When j = n in Lemma 8, we see that f(™ € L?(—1,1). Therefore
f7Y e AC[-1,1] C L*(—-1,1).

In this way, we get that
f7 f/7 ERE) f(n) € LZ(_L 1)7

which implies that
o1 = S {1 (- 20w) € B,
j=1 1
showing that f € A,. It remains to show that

. 2 2(9) G- _ -
zlgill (1 =2 fY9(x)) Oforj=1,2,..,n.

To again proceed by induction, we first see that this is true when j =1 and j = 2

from above. Assume that

lim ((1— a2y~ f0-0)V" — g

rz—=+1
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We wish to show that

lim ((1—22)f"Y =0,

rz—+1

Suppose instead that
lim ((1 — a:Q)jf(j)(m))(j_l) =,

rz—1

where ¢ # 0. Without loss of generality, suppose that ¢ > 0 and f is real-valued.

Then there exists * € (0,1) such that

—0) () [Z () (52 >] e

S (S0 () - e

o

(B G 0o s
() () () - “ P 2 gy

However, since we showed above that

fofs o fW e L3(-1,1),

this means that the left-hand side of the inequality is in L?(—1,1), giving us a

contradiction. Hence ¢ = 0. We can similarly show that

lim ((1 — a:Q)jf(j))(jil) =0.

r——1

Hence f € D,,, so B, C D,,. O
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