ABSTRACT
On Functions Related to the Spectral Theory of Sturm—Liouville Operators
Jonathan Stanfill, Ph.D.

Mentor: Fritz Gesztesy, Ph.D.

Functions related to the spectral theory of differential operators have been ex-
tensively studied due to their many applications in mathematics and physics. In this
dissertation, we will consider spectral (-functions, (-regularized functional determi-
nants, and Donoghue m-functions associated with Sturm-Liouville operators. We
apply our results to an array of examples, including regular Schrodinger operators
as well as Jacobi and generalized Bessel operators in the singular context.

We begin by employing a recently developed unified approach to the computa-
tion of traces of resolvents and (-functions to efficiently compute values of spectral
(-functions at positive integers associated with regular (three-coefficient) self-adjoint
Sturm—Liouville differential expressions 7. Furthermore, we give the full analytic
continuation of the (-function through a Liouville transformation and provide an
explicit expression for the (-regularized functional determinant in terms of a partic-
ular set of a fundamental system of solutions of 7y = zy.

Next we turn to Donoghue m-functions. Assuming the standard local inte-
grability hypotheses on the coefficients of the singular Sturm-Liouville differential
equation 7, we study all corresponding self-adjoint realizations in L?((a, b); rdx) and
systematically construct the associated Donoghue m-functions in all cases where 7

is in the limit circle case at least at one interval endpoint a or b.



Finally, we construct Donoghue m-functions for the Jacobi differential operator
in L?((—1,1); (1 — 2)*(1 4 z)?dz) associated with the differential expression 7, 53 =
—(1—2)™ (1 +z)?(d/dz)((1 — z)*™(1 + z)*T)(d/dz), =z € (-1,1), a,B € R,
whenever at least one endpoint, x = =£1, is in the limit circle case. In doing so,
we provide a full treatment of the Jacobi operator’s m-functions corresponding to

coupled boundary conditions whenever both endpoints are in the limit circle case.
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CHAPTER ONE

Introduction

1.1 Background and Motiwation
Our research is focused on functions related to the spectral theory of differential
operators. The analysis of these objects is of widespread interest since in many areas
of mathematics and physics one is often confronted with the problem of extracting
relevant information from the spectrum of differential operators. In one dimension,
these differential operators are often Sturm—Liouville operators associated with the

second-order differential expression

1 d d
= | —— — for a.e. CR. 1.1.1
T | g )| forae w € (a,)C (1.1

The investigation of such problems naturally leads to the primary focus of this disser-
tation: the spectral (-function, (-regularized functional determinant, and Donoghue
m-function. Though these objects will be our main focus, the heat kernel and Weyl-
Titchmarsh—Kodaira m-function will play a role in the analysis and motivation of
this research project. A description of each is given next.

The spectral (-function represents a generalization of the more familiar Rie-
mann (-function in which the integers are replaced by the non-vanishing positive
eigenvalues of a differential operator: Suppose S is a self-adjoint operator in a Hilbert
space, H, bounded from below, satisfying (S — zI#)™! € Bi(H) (i.e., trace class)
for some (and hence for all) z € p(S), the resolvent set of S. Then one denotes the
spectrum of S by o(S) = {\;};es and defines the spectral (-function of the operator,
S, as

((s;9) = Z AP (1.1.2)

JjeJ
Xj#0



Figure 1.2: Left: G. H. Hardy, Right: John
Figure 1.1. Stephen Hawking [102] E. Littlewood [97]

with J C Z an appropriate index set where eigenvalues are counted according to their
multiplicity and Re(s) > 0 sufficiently large such that the sum converges absolutely.

The spectral (-function is of fundamental importance for the analysis of com-
plex powers of elliptic operators and for the study of (-regularized functional deter-
minants, formally defined as exp(—¢’(0;S)). This topic includes Stephen Hawking
(Figure 1.1) as one of its original investigators applying the functional determinant
as a regulator in physical problems in [94], though many of the mathematical meth-
ods used can be traced back to G. H. Hardy and J. E. Littlewood (Figure 1.2) in [90]
(see also [157]). The analytic continuation of the (-function is used in studying the
small time asymptotic behavior of the trace of the heat kernel, which is the fun-
damental solution to the heat equation on a manifold endowed with appropriate
boundary conditions. This small time asymptotic behavior is used in order to ex-
tract geometric information about the underlying manifold (see, e.g., [106,115]) and
in spectral analysis thanks to a relation that exists between the heat equation and
the Atiyah-Singer index theorem (see [8,9]).

The widespread use of both of these functions in physics can be found espe-
cially in the area of quantum field theory (see, e.g., [45,46]). Many characteristics
of quantum fields are encoded in the effective action (see, e.g., [45]) which is a func-
tional that describes how the classical equations of motion are modified by quantum
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Figure 1.3. Hermann Weyl [98] Figure 1.4. Edward Titchmarsh [99]

effects. The effective action can be expressed in terms of the (-regularized functional
determinant of an elliptic operator and, therefore, spectral zeta function techniques
are particularly suitable for its analysis. Zeta regularization methods continue to
prove useful in cosmology to include investigating the Casimir effect related to the
cosmological constant. Emilio Elizalde recently published a review [54] of spectral
zeta functions and the cosmos as part of the special issue “The Casimir Effect: From
a Laboratory Table to the Universe” discussing the entire history of this subject to
date.

The Weyl and Donoghue m-functions are indispensable tools in the spectral
analysis of self-adjoint extensions, T', of Sturm-Liouville differential operators (see,
e.g., [15, Ch. 6], [78,182]). The Weyl m-function was first studied by Hermann Weyl
(Figure 1.3) and its relation to spectral theory was later investigated by Edward
Titchmarsh (Figure 1.4), who found a simple formula to determine the associated
spectral measure. This formula was also discovered by Kunihiko Kodaira (Figure
1.5) around the same time (see [118,119]); hence, the general terminology Weyl-
Titchmarsh-Kodaira m-function (for more details and references, see [15, Introd.]).
William F. Donoghue (Figure 1.6) introduced the analogue of the Donoghue m-
function studied here in [49] and used it to settle certain inverse spectral problems.

Interest in Weyl and Donoghue m-functions arises from the fact that they are gener-



Figure 1.5. Kunihiko Kodaira [100] Figure 1.6. William F. Donoghue [101]

alized Nevanlinna—Herglotz functions and an analog of the Stieltjes inversion formula
applied to them yields that the spectrum (and its subdivisions) of T' is related to

the singularity structure of the m-functions on the real line.

1.2 Content of the Dissertation

We begin our analysis in Chapter Two by employing a recently developed uni-
fied approach to the computation of traces of resolvents and (-functions to efficiently
compute values of spectral (-functions at positive integers associated with regular
(three-coefficient) self-adjoint Sturm-Liouville differential expressions 7. Depending
on the underlying boundary conditions, we express the (-function values in terms
of a fundamental system of solutions of 7y = zy and their expansions about the
spectral point z = (. Furthermore, under strengthened hypotheses, we give the full
analytic continuation of the (-function through a Liouville transformation and pro-
vide an explicit expression for the (-regularized functional determinant in terms of
a particular set of this fundamental system of solutions. An array of examples illus-
trating the applicability of these methods is provided, including regular Schrodinger
operators with zero, piecewise constant, and a linear potential on a compact interval.

We turn to the topic of Donoghue m-functions in Chapter Three. Let Abea
densely defined, closed, symmetric operator in the complex, separable Hilbert space

H with equal deficiency indices and denote by N; = ker ((A)* — ily), dim (V) =



k € NU {oo}, the associated deficiency subspace of A. Tf A denotes a self-adjoint
extension of A in ‘H, the Donoghue m-operator M f}’v( -) in N; associated with the

pair (A, N;) is given by

MR (2) = 2Ly, + (2 + D) Pai(A = 21) " Py

v ZEC\R, (1.2.1)

with I the identity operator in N, and Py the orthogonal projection in H onto N;.
Assuming the standard local integrability hypotheses on the coefficients p, ¢, r, we

study all self-adjoint realizations corresponding to the singular differential expression

1 d d
T = ) —%p(:c)% +q(x)| for a.e. x € (a,b) CR, (1.2.2)

in L?((a,b);rdx). As the principal aim of this chapter, we systematically construct
the associated Donoghue m-functions (resp., 2 X 2 matrices) in all cases where 7 is
in the limit circle case at least at one interval endpoint a or b.

Finally, in Chapter Four we construct Donoghue m-functions for the Jacobi
differential operator in L?((—1,1); (1—x)*(1+xz)?dz) associated with the differential

expression

Tap=—(1—2)"%(1+ x)*ﬁ(d/da:)((l — )t (1 + :c)ﬁ“)(d/da:),
(1.2.3)

re(—1,1), a,f €R,
whenever at least one endpoint, x = +1, is in the limit circle case. In doing so,
we provide a full treatment of the Jacobi operator’s m-functions corresponding to

coupled boundary conditions whenever both endpoints are in the limit circle case, a

topic not covered in the literature.

1.8 Attributions
Each publication used throughout this dissertation employed multiple roles
crucial to rigorous mathematical research, including: planning, organization, su-

pervision, literary research, citation, notation, proofs, applications, KITEX coding,



styling and formatting, development, construction, proofreading, editing, submis-
sion, and revision.
Below we provide, in alphabetical order, the names of all authors listed within

each publication used:

e Guglielmo Fucci

o Fritz Gesztesy

e Klaus Kirsten

e Lance Littlejohn

e Roger Nichols

e Mateusz Piorkowski

e Jonathan Stanfill

Furthermore, we confirm that each author contributed equally in all areas of research
given above, and are listed alphabetically in each publication. Finally, we note that

Chapters Two and Four were reproduced with permission from Springer Nature.



CHAPTER TWO
Spectral (-Functions and (-Regularized Functional Determinants for Regular

Sturm-Liouville Operators

The content of this chapter relies on (but is not identical to) the paper pub-
lished as: G. Fucci, F. Gesztesy, K. Kirsten, and J. Stanfill, Spectral (-Functions and
(-Regularized Functional Determinants for Reqular Sturm—Liouville Operators, Res.

Math. Sci. 8, No. 61; 44 pp. (2021).

2.1 Introduction

The principal motivation for this chapter is to illustrate how a recently de-
veloped unified a pproach t o t he c omputation o f Fredholm d eterminants, t races of
resolvents, and (-functions in [74] can be used to efficiently compute certain values
of spectral (-functions associated with regular Sturm-Liouville operators as well as
give the full analytic continuation of the (-function through a Liouville transfor-
mation and finally p rovide a n e xplicit e xpression f or t he ( -regularized functional
determinant.

In Section 2.2 we begin by outlining the background for regular self-adjoint
Sturm-Liouville operators on bounded intervals, that is, operators in L*((a, b); rdx)
with separated and coupled boundary conditions and the associated spectral (-
functions. Under appropriate hypotheses on the Sturm—Liouville operator associated
with three-coefficient differential expressions of the type 7= r~![—(d/dz)p(d/dz) +
q], certain values of the spectral (-function can be found via complex contour inte-
gration techniques to be equal to residues of explicit functions involving a canonical
system of fundamental solutions ¢(z, -,a) and 0(z, -,a) of 7y = zy for separated
or coupled boundary conditions. Moreover, the zeros with respect to the parameter

z of ¢, 0, and some of their (boundary condition dependent) linear combinations



are precisely the eigenvalues corresponding to the underlying operator, including
multiplicity.

In Section 2.3 we provide a series expansion for ¢(z, -, a) and 6(z, -,a) about
z = 0 using Volterra integral equations associated with the general three-coefficient
regular self-adjoint Sturm-Liouville operator. This method leads to an expansion
in powers of z of the fundamental solutions and their z-derivative involving their
values at z = 0 and the appropriate Volterra Green’s function. We also investigate
the |z| — oo asymptotic expansion of the characteristic function appearing in the
complex integral representation of the spectral (-function given in Section 2.2. This
asymptotic expansion is then exploited in order to construct the analytic contin-
uation of the spectral (-function and to obtain an explicit expression for the zeta
regularized functional determinant.

Section 2.4 contains the main theorems that allow for the calculation of the val-
ues of spectral (-functions of general regular Sturm—Liouville operators on bounded
intervals as ratios of series expansions of (boundary condition dependent) solutions
of Ty = zy about z = 0. In particular, we consider separated boundary conditions
when zero is not an eigenvalue, or, when it is (necessarily) a simple eigenvalue, and
coupled boundary conditions when either zero is not an eigenvalue, or, an eigenvalue
of multiplicity (necessarily) at most two. (For more details in this context see [74]
as well as [84, Ch. 3], [179, Sect. 8.4], [180, Sect. 13.2], and [182, Ch. 4].)

We continue by providing some examples in Section 2.5 illustrating the main
theorems and corollaries of Section 2.4 and the zeta regularized functional determi-
nant given in Section 2.3. In particular, we present the case of Schrodinger operators
with zero potential imposing Dirichlet, Neumann, periodic, antiperiodic, and Krein—
von Neumann boundary conditions. We then consider positive (piecewise) constant
and negative constant potentials for Dirichlet boundary conditions, and finally the

case of a linear potential.



Here we summarize some of the basic notation used in this chapter. If A is a
linear operator mapping (a subspace of) a Hilbert space into another, then dom(A)
and ker(A) denote the domain and the kernel (i.e., null space) of A. The spectrum,
point spectrum, and resolvent set of a closed linear operator in a separable complex
Hilbert space, H, will be denoted by o(-), o,(-), and p(-) respectively. If S is self-
adjoint in H, the multiplicity of an eigenvalue zy € 0,(5) is denoted m(zp; S) (the
geometric and algebraic multiplicities of S coincide in this case). The proper setting
for our investigations is the Hilbert space L?((a,b); rdz), which we will occasionally
abbreviate as L?((a,b)). The spectral (-function of a self-adjoint linear operator S
is denoted by ((s;S). In addition, try(7") denotes the trace of a trace class operator
T € Bi(H) and dety (Iy — T) the Fredholm determinant of I, — T

For consistency of notation, throughout this chapter we will follow the conven-
tional notion that derivatives annotated with superscripts are understood as with
respect to x and derivatives with respect to £ will be abbreviated by + = d/d¢. We

also employ the notation Ny = NU {0}.

2.2 Background on Self-Adjoint Regular Sturm—Liouville Operators

In the first part of this section we briefly recall basic facts on regular Sturm-—
Liouville operators and their self-adjoint boundary conditions. This material is stan-
dard and well-known, hence we just refer to some of the standard monographs on
this subject, such as, [15, Sect. 6.3], [84, Ch. 3], [104, Sect. I1.5], [149, Ch. V], [179,
Sect. 8.4], [180, Sect. 13.2], [182, Ch. 4]. In the second part we discuss Fredholm
determinants, traces of resolvents, and spectral (-functions associated with these
regular Sturm—Liouville problems. For background as well as relevant material in
this context we refer to [5], [12], [30], [31], [37], [48], [50], [61], [62], [63], [64], [65], [69],
[74], [88], [95], [105], [128], [129], [130], [132], [141], [143], [144], [153], [161], [172], [174,
Sects. 5.4, 5.5, 6.3], [178].



Throughout our discussion of regular Sturm-Liouville operators we make the

following assumptions:

Hypothesis 2.2.1. Let (a,b) C R be a finite interval and suppose that p,q,r are
(Lebesgue ) measurable functions on (a,b) such that the following items (i)—(iit) hold:
(i) r > 0 a.e. on (a,b), r € L'((a,b);dz).

(it) p> 0 a.e. on (a,b), 1/p € L*((a,b); dx).

(ii1) q is real-valued a.e. on (a,b), ¢ € L*((a,b);dx).

Given Hypothesis 2.2.1, we now study Sturm-Liouville operators associated

with the general, three-coefficient differential expression 7 of the type,

T = % [—%p(m)% + q(m)] for a.e. z € (a,b) CR. (2.2.1)

We start with the notion of minimal and maximal L?((a, b); rdz)-realizations
associated with the regular differential expression 7 on the finite interval (a,b) C R.

Throughout this chapter the inner product in L?*((a, b);rdz) is defined by

(f7 g)LQ((a,b);rch‘) = /a r(x)dxmg(x)7 f?g € Lz((a? b)? de) (222>

Assuming Hypothesis 2.2.1, the differential expression 7 of the form (2.2.1) on
the finite interval (a,b) C R is called regular on [a,b]. The corresponding mazximal

operator T, in L*((a,b); rdx) associated with 7 is defined by
Tonaaf =7/,
f € dom(Thnas) = {g € L*((a,b);rdx) | g, 9 € AC([a,D)); (2.2.3)
79 € L*((a,b);rdz)},

and the corresponding minimal operator Ty, in L*((a,b); rdz) associated with 7 is

given by
Tminf = Tfa
f € dom(Tin) = {g € L*((a,b); rdz) |g,gm € AC([a, b]); (2.2.4)

10



y (@) = p(2)y (x), (2.2.5)
denotes the first quasi-derivative of a function y on (a,b), assuming that y, py’ €
AC\oc((a,b)).

Assuming Hypothesis 2.2.1 so that 7 is regular on [a, b], the following is well-
known (see, e.g., [15, Sect. 6.3], [84, Sect. 3.2], [104, Sect. IL.5], [149, Ch. V], [179,
Sect. 8.4], [180, Sect. 13.2], [182, Ch. 4]): T, is a densely defined, closed operator
in L*((a, b); rdx), moreover, T,q, is densely defined and closed in L?((a, b); rdx), and

T;;n'n = Tmam> Tin = T:;mx- (226)

Moreover, Trin C Thae = 1))

min?

and hence T},;, is symmetric, while 7,,,,, is not.
The next theorem describes all self-adjoint extensions of T}, (cf., e.g., [180,

Sect. 13.2], [182, Ch. 4]).

Theorem 2.2.2. Assume Hypothesis 2.2.1 so that T is reqular on [a,b]. Then the
following items (1)—(iii) hold:
(i) All self-adjoint extensions Ty g of Tinin with separated boundary conditions are of

the form
Topf=71f «a,B€[0,7),
f € dom(T,, p) = {g € dom(Tyas) | g(a) cos(a) + g (a)sin(a) = 0;  (2.2.7)
g(b) cos(B) — g (b) sin(8) = 0}.

Special cases: a =0 (i.e., g(a) = 0) is called the Dirichlet boundary condition at a;
a=1Z, (ie, g"(a) = 0) is called the Neumann boundary condition at a (analogous

facts hold at the endpoint b).

(i1) All self-adjoint extensions Ty, g of Tyin with coupled boundary conditions are of

11



the type

T@,Rf = Tf7

=e"R
() e

where ¢ € [0,7), and R is a real 2 X 2 matriz with det(R) =1 (i.e., R € SL(2,R)).

fedom(T,r) = {g € dom(Ty4z)

g(b) | g } (2.2.8)
)

Special cases: ¢ =0, R = I, (i.c., g(b) = g(a), g (b) = g'(a)) are called periodic
boundary conditions; similarly, ¢ = 0, R = —I (i.e., g(b) = —g(a), gM(b) =
—gWW(a)) are called antiperiodic boundary conditions.

(1ii) Every self-adjoint extension of Ty is either of type (i) (i.e., separated) or of

type (i) (i.e., coupled).

Next we state some of the most pertinent concepts and results summarized
from [74] (in particular, Section 3) and will then illustrate how this permits one to
effectively calculate certain values for the spectral (-functions of the regular Sturm—
Liouville operators considered.

For this purpose we introduce the fundamental system of solutions 6(z, x, a),

¢(z,x,a) of Ty = zy defined by
0(z,a,a) = M(z,a,a) =1, 6Y(2,a,a) = ¢(2,a,a) =0, (2.2.9)
such that
W(l(z, -,a),o(z, -,a)) =1, (2.2.10)

noting that for fixed z, each is entire with respect to z. Here the Wronskian of f

and g, for f,g € AC..((a,b)), is defined by

W(f,9)(x) = f(x)g"(z) — fW(z)g(x). (2.2.11)

12



Furthermore, we introduce the boundary values for g, g! € AC([a, b)), see [148,
Ch. 1], [182, Sect. 3.2],

Uas1(9) = g(a) cos(a) + g (a) sin(a),

(2.2.12)
Uasz2(g) = g(b) cos(B) — M (b) sin(5),
in the case (7) of separated boundary conditions in Theorem 2.2.2, and
Vira(g) = g(b) — '’ Ri1g(a) — €' Ryag!" (a),
(2.2.13)

Vir2(9) = 9[1](17) — e¥Ry1g(a) — eitpng[l](a);
in the case (ii) of coupled boundary conditions in Theorem 2.2.2. Moreover, we

define the characteristic functions

F,p(z) = det UapaBlz, -, a)) Vapald(z, -, a)) , (2.2.14)
Ua,/g’,2<9<z> : 7a)) Ua,ﬁ,2<¢(2’ ) 7a))

and

F, r(z) = det Vori(B(z -, a)) Vora(9(z -, a) . (2.2.15)
Ver2(0(z, - a)) Viopa(d(z, -, a))

Notational Convention. To describe all possible self-adjoint boundary conditions

associated with self-adjoint extensions of Ty effectively, we will frequently employ

the notation Ta g, Fap, Aapj, J € J, etc., where A, B represents o, 3 in the

case of separated boundary conditions and ¢, R in the context of coupled boundary
conditions.

By construction, eigenvalues of T4 p are determined via Fj4 p(z) = 0, with

multiplicity of eigenvalues of T4 p corresponding to multiplicity of zeros of F4 p,

and F4 p(z) is entire with respect to z. In particular, for 7, , that is, for separated

boundary conditions, one has
Fop(2) = cos(a)[=sin(8) ¢! (z,b,a) + cos(B) ¢(z,b, a)]

—sin(a)[—sin(B) OU(z,b,a) + cos(B) 0(z,b,a)], «,pB € [0,7),

(2.2.16)
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and for T, g, that is, for coupled boundary conditions, one has for ¢ € [0,7) and

R e SL(2,R),
F,r(z) =¢" (Rm@[”(z, b,a) — Rys0(2,b,a) + Roy¢(2,b,a) — Ryy¢Y(z,b, a))
+ e 4 1. (2.2.17)

Next we will demonstrate that F4 p(-) is an entire function of order 1/2 and
finite type, independent of the boundary conditions chosen. This result is used
when considering convergence of the complex contour integral representation of the
spectral (-function for large values of the spectral parameter z.

For this purpose we recall the following facts (see, e.g., [20, Ch. 2], [131, Ch. I]):

Supposing that F(-) is entire, one introduces

Mp(R) = Iilli%]F(z)], R € ]0,00). (2.2.18)

Then the order pp of F'is defined by

pr = limsup In(In(Mp(R)))/In(R) € [0,00) U {o0}. (2.2.19)

R—o0

In addition, if pp > 0, the type 77 of F' is defined as

7r = limsup In(Mg(R))/RPF € [0,00) U {0}, (2.2.20)

R—o00

and, in obvious notation, F' is called of order pr > 0 and of finite type 7 if 77 €
0, 00).

Thus, F is of finite order pp € [0, 00) if and only if for every € > 0, but for no
e <0,

Mp(R) = O(exp(R")), (2.2.21)

R—o0
and F' is of positive and finite order pr € (0, 00) and finite type 77 € [0, 00) if and

only if for every ¢ > 0, but for no € < 0,

Mp(R) = O(exp ((rr +2)RT)). (2.2.22)

R—o0
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By definition, if F} are entire of order p;, 7 = 1,2, then the order of F}F, does
not exceed the larger of p; and ps.

For F' entire we also introduce the zero counting function

Np(R)=#(Zr N D(0; R)), R € (0,00), (2.2.23)

where # denotes cardinality and Zp represents the set of zeros of F' counting mul-
tiplicity (i.e., Np(R) counts the number of zeros of F' in the closed disk of radius

R > 0 centered at the origin).

Remark 2.2.3. Assuming Hypothesis 2.2.1, then all solutions 1(z, -) of the regu-
lar Sturm-Liouville problem (7y)(z,z) = zy(z,z), z € C, x € [a,b], satisfying

z-independent initial conditions

Y(z,m0) = o, PM(z,m0) = c, (2.2.24)

for some zy € [a,b] and some (co,c;) € C?, together with ¢l!(z, -), for any fixed
x € [a,b], are entire functions of z of order at most 1/2. Indeed, as shown in
[10, Sect. 8.2] (see also [140], [182, Theorem 2.5.3]), upon employing a Priifer-type

transformation, one obtains

9 max(zo,x)
AP + [ < Sl (12 [ de oo + (0]

min(zo,z)

max(zo,z)
+ IZI‘I/Q/ dt|q(t)|>, 2€C, zo,x €la,b]. (2.2.25)

min(zo,x)

In particular, (2.2.16) and (2.2.17) yield that Fy4 p is an entire function of order at

most 1/2 for any self-adjoint boundary condition represented by A, B, that is,
pryy < 1/2. (2.2.26)

Given Hypothesis 2.2.1, one infers that T4 p 2 A pIr2((ap)) for some Ay g € R,
with purely discrete spectrum, and hence Zp, ,(R) C [Aap, R] the elements of
Zr, 5(R) being precisely the eigenvalues of T4 p in the interval [max(—R, Aa ), R].

Employing the theory of Volterra operators in Hilbert spaces (and under some ad-
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ditional lower boundedness hypotheses on ¢) in [86, Chs. VI, VII], alternatively,
using oscillation theoretic methods in [11], it is shown that the eigenvalue counting

function Nf, , associated with Ty p satisfies

b

Nryp(d) = 7 / dar [r(2)/p()]2AV2[1 + o(1)). (2.2.27)
’ —00 a

Ignoring finitely many nonpositive eigenvalues of T4 g, equivalently, splitting off the

factors in the infinite product representation associated with nonpositive zeros of

F4 p, that is, replacing Iy g by

Fap(2)=Cap [] 1= (2/Aap))] (2.2.28)
JEN,
Aa,B,;>0
with
b
Np W) = 7 [ deb@p@P A o), (2229
. —00 a
implies (cf. [20, Theorem 4.1.1], [176], [177]),
B b
In (Fa5(N)) N / da [r(x)/p(z)]2AY2[1 + o(1)]. (2.2.30)
Thus,
PFap = pﬁA,B 2 1/27 (2231)
and hence by (2.2.26),
pryy = 1/2. (2.2.32)

Moreover, by (2.2.25), F4 g is of order 1/2 and finite type. Finally, we also mention
that (2.2.27) implies that

—2

b
AABj = {/ dz [r(x)/p(x)]?| 721 4+ o(1)] (2.2.33)

j—o0 a
(cf. also the discussion in [164, Sects. 1.11, 9.1], [182, Sect. 4.3]). o

The following theorem (see [74, Thm. 3.4]) directly relates the function F4 5 to
Fredholm determinants and traces (see [85, Ch. IV], [158, Sect. XIII.17], [169], [170,
Ch. 3], [171, Ch. 3] for background).
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Theorem 2.2.4. Assume Hypothesis 2.2.1 and denote by T, g and T, r the self-adjoint

extensions of T as described in cases (i) and (ii) of Theorem 2.2.2, respectively.
(i) Suppose zy € p(Twn ), then
det (o) (L2 — (2 = 20)(Tas — Z0lr2((@p)) )

= Fop(2)/Fop(20), z€C.

(2.2.34)

In particular,
trL%((a,b)) ((Ta’g — ZILg((a,b)))_l) = —(d/dz) 1H<Fa’5(2)), A p(Ta’g). (2235)
(it) Suppose zy € p(Tyr), then

det 2 ((an) (Tea((ar) = (2 = 20)(Tpr = 201 12((a)) )

wr(2)/Fsr(20), z€C.

(2.2.36)

In particular,
trLZ((a,b)) ((T%R — Z[Lg((ajb)))_l) = —(d/dz) hl(F%R(Z))a S p(T%R). (2.2.37)

Given these preparations, we let Ty g denote the self-adjoint extension of 7,,,;,
with either separated (7,3) or coupled (7, ) boundary conditions as described
in cases (i) and (i7) of Theorem 2.2.2. One recalls (see, e.g., [74]), the spectral

¢-function of the operator, T4 g, is defined as

(5:Tap) = > Ai's; (2.2.38)

jeJ
Aj#0

with J C Z an appropriate index set counting eigenvalues according to their mul-

tiplicity and Re(s) > 0 sufficiently large such that (2.2.38) converges absolutely.

Applying Theorem 2.2.4, it was shown in [74] that for Re(s) > 0 sufficiently large,

C(s;Tap) = QLm 5[%dz 28 (d% In(Fy,p5(2)) — 2~ 'm(0; TA,B)) (2.2.30)

1 d
— dz 27 ° (% In(Fap(2) — zlm[)),

27rz

where m(0; T4 g) = my is the multiplicity of zero as an eigenvalue of Ty p and v is

a simple contour enclosing o(74 5)\{0} in a counterclockwise manner so as to dip
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The cut R, for z7°% }
z-plane

B

Figure 2.1. Contour « in the complex z-plane.

The cut R, for z7°
A

\ z-plane 4 z-plane
\
\ C
7 s Jar v s
D > Ny >
Figure 2.2. Deforming ~. Figure 2.3. Contour C-..

under (and hence avoid) the point 0 (cf. Figure 2.1). Here, following [116] (see

also [117]), we take
Ry={z=te|t€[0,00)}, o€ (n/2,7), (2.2.40)

to be the branch cut of 2% and, once again, eigenvalues will be determined via
F4 p(2) = 0, with the multiplicity of eigenvalues of T4 g corresponding to the mul-
tiplicity of zeros of Fy p.

To continue the computation of (2.2.39) and deform the contour «y as to “hug”
the branch cut Ry (cf. Figure 2.2) requires knowledge of the asymptotic behavior of
Fi p(2) as |z| — oo, which in turn demands Re(s) > 1/2 for large-z convergence (cf.
Remark 2.2.3). Furthermore, if one is interested in the calculation of the value of
the spectral zeta function at positive integers, the following method provides a very
simple way of obtaining those values. In fact, by letting s = n, n € N, in (2.2.39),

one no longer needs a branch cut for the fractional powers of z~° given in Figures 2.1
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and 2.2. This reduces the integral along the curve v to a clockwise oriented integral
along the circle C;, centered at zero with radius ¢ > 0 (cf. Figure 2.3). Letting
s = n also ensures that my (the multiplicity of zero as an eigenvalue of T4 p) does

not contribute to the integral in (2.2.39). Hence,

1 d
(5T = - a2 2 Lo
i Jo dz
3 (2.2.41)

= —Res {z”%ln(FA,B(z)); z=0|, mneN,

Thus, determining an expansion of F4 g(z) about z = 0 enables one to ef-
fectively compute ((n;T4 ). In addition, by (2.2.16), (2.2.17), F4 p(2) is a linear
combination of 8, 81, ¢, and ¢! for each boundary condition considered, so it

suffices to find the expansion of each of these functions individually.

2.3  Ezpansion in z for Fundamental Solutions, Asymptotic Fxpansion, and the
Zeta Regularized Functional Determinant

2.3.1 Ezxpansion in z for Fundamental Solutions
Assuming Hypothesis 2.2.1 throughout this section, we discuss next the ex-

pansion in z about z = 0 for the solutions ¢(z, -,a) and (z, -, a) of Ty = 2y,
d(z,x,a) = ¢(0,2,a) + z/xr(:p')dw’g(o,x,x')qﬁ(z, r'a), (2.3.1)
0(z,z,a) =0(0,x,a) + z/m r(z')dx' g(0,z,2")0(z, 2, a), (2.3.2)
z€C, x € la,bl,
employing the following expression for the Volterra Green’s function
9(0,z,2") = 0(0,2,a)p(0,2',a) — 0(0,2',a)p(0,x,a), z,2' € [a,b]. (2.3.3)

That (2.3.1) and (2.3.2) indeed represent solutions of 7y = zy is clear from applying
T to either side, moreover, the initial conditions (2.2.9) are readily verified.

Iterating these integral equations establishes the power series expansions

o(z,x,a) = Z 2Mom(x), z€C, x € la,bl], (2.3.4)
m=0
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where

=
S
=
|
=

07 l‘? a)7
o1(z) = /xr(xl)dxl 9(0,z,21)9(0, 21, a),
or(z) = /xr(ml)dxl 9(0,x, 1) /wl r(za)dzy g(0, 21, 29) ...

Th—1
) / r(@e)dzg (0, 21, 2)6(0, 2, a), k€N,

and
(z,2,a) szﬁ ), z2€C, x€la,bl,
where
=60(0,z,a),
:/ r(zy)dzy g(0,z,21)0(0, 1, a),
:/ r(zq)dzy g(0,z xl)/ml r(za)dry g(0, 21, 29) . ..
/ r(zg)dzry g(0, xk—1,2x)0(0, 2, a), k&N,
Analogously onae obtains
qb[l] (z,2,a) izmqﬁ[” ), z€C, x€la,b,
m=0
where

oh)(z) = ¢19(0, 2, a),
() = / ") der g0, 2, 2)6(0, 21, a),

Lll(x) = /m (z1)dzy gM(0, 2 xl)/xl r(ze)dzy g(0, 21, 23) . ..

Th—1
/ r(xg)dzk g(0, xp—1, x1)P(0, 2, a), k€N,

using the abbreviation

g[1}<07x7 fEl) = 6[1](071‘7 G)¢(0, L1, CL) - 9(07 T, a)(b[l}(()’ z, a)'
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Similarly, one finds from (2.3.6)
0 (z,z,0) = 2"00)(x), z€C, x€al), (2.3.11)
m=0

where

o) (x) = 610, 2, a),

00w = [ oo g0..0)00.21,0),
) P o (2.3.12)
G,U(x) = / r(z1)dxy g[l](O,x,xl)/ r(za)dxs g(0,z1,22) ...

/ _ r(zg)dzry g(0, x5—1, 25)0(0, 25, a), k&N,

2.3.2  Asymptotic Expansion of the Characteristic Function

Next we investigate the |z| — oo asymptotic expansion of the function Fy p(2)
in order to provide an analytic continuation of the spectral (-function, {(s; 74 5), and
compute the zeta regularized functional determinant. We first strengthen Hypothesis
2.2.1 by introducing the following assumptions on p,q,r following [74, Sect. 3].
These additional assumptions are necessary in order to perform a Liouville-type

transformation.

Hypothesis 2.3.1. Let (a,b) C R be a finite interval and suppose that p,q,r are

(Lebesgue ) measurable functions on (a,b) such that the following items (i)—(iv) hold:
(i) r >0 a.e. on (a,b), r € L'((a,b);dr).

(it) p > 0 a.e. on (a,b), 1/p € L*((a,b); dx).

(i14) q 1is real-valued a.e. on (a,b), ¢ € L*((a,d);dz).

(1) pr and (pr)'/r are absolutely continuous on [a,b], and for some e > 0, pr > ¢

on la,bl.

The variable transformations (cf. [133, p. 2]),

&(x) = 1/3? dt [r(t)/p(t)]*?,  €&(x) €[0,1] for x € [a,b], (2.3.13)

CJa
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€ (z) = ¢ Hr(z)/p(z)]”? > 0 a.e. on (a,b), (2.3.14)

u(2,€) = (e ©)r ()] y(z, 2(6)), (23.15)
with ¢ > 0 given by
. / " dt 118 /()] (2.3.16)
transform the Sturm-Liouville problem (ry(z, -))(x) = 2y(z,2), € (a,b), into
(2 6) 4 V(Ou(z€) = Crulz,6), €€ (0,1), (2.3.17)
and abbreviating
V(&) = [p((&))r(=()]"*, (2.3.18)

one verifies that

ve) +
o GEr@) ] @ 1 )] (23.19)
o _C_ p )r\x C_ p X)r\x 02&
- 16p<x>r<x>[ r(z) 1 " 4r<x>{ r(z) 1 @y
and
Ve L'Y((0,1);d¢), (2.3.20)

as guaranteed by Hypothesis 2.3.1.

In order to construct the asymptotic expansion of F4 p(z) we begin by assum-
ing Hypothesis 2.3.1, but note that throughout the construction of the expansion
stronger assumptions will be necessary, all of which will be addressed once the final
asymptotic expansion is given.

When applying the Liouville transformation the boundary conditions undergo

a similar transformation. In fact, setting

Q&) = [(pr)/r](z(£)) (2.3.21)
one can write
W) g [ e ) -
u(z,§) yM (2, 2(¢))
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M(€) = V(¢) Ul 0] dete(M(-) —c (2323)
(c/Dr()~'Q(E) cev(§)™!

Employing relation (2.3.22), the separated boundary conditions for the func-
tion g( - ) in Theorem 2.2.2 (i) transform into separated boundary conditions for the

transformed function v(-) as follows,

cos(a) sin(«) M (0)! v(0) N 0 0 M(1)! v(1) |
0 0 v(0) cos(B) —sin(p) v(1)

where «, 8 € [0,7), and the inverse matrix M ~!(-) has the form

. ()™ 0
M) = . celo,1], (2.3.25)
((1/4)1/(5)1@(6) clu@))

or, more explicitly,
¢ 'v(0) sin(a)0(0) + v(0) ™" [cos(a) — 47" sin()Q(0)] v(0) = 0,

—c (1) sin(B)0(1) + v(1)~ [cos(B) + 47 sin(B)Q(1)] v(1) = 0.
With the help of relation (2.3.22) the coupled boundary conditions for g( - ) in

(2.3.26)

Theorem 2.2.2 (i7) transform into coupled boundary conditions for v( -) via

o) — ¥R v(0) . pelo,m), (2.3.27)
0(1) 0(0)

R=M(1)"'RM(0) € SL(2,R) (2.3.28)

where

is of the form
én =v(0)" v (1) [RH — 4_1Q(0)R12} , }Nzu =c 'w(0)v(1)Ry,
Ror = cv(0) (1) [Rayy — 47'Q(0) Rz + 47'Q(1) Ruy — (16)'Q(0)Q(1) Rys] ,

EQQ = V(O)I/(l)il [RQQ —+ 471Q(1)R12] . (2329)
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The fundamental system of solutions ¢(z, -,a) and 0(z, -, a) of Ty = 2y sat-
isfying (2.2.9) is transformed into the set of solutions ®(z, -,0) and ©(z, -,0) of

(2.3.17) satisfying the conditions
®(2,0,0) =0, D(2,0,0) = cv(0) 7, (2.3.30)
0(2,0,0) = v(0), O(z,0,0) = 4 1ev(0)Q(0), (2.3.31)
where, once again, the derivatives of ®(z,&,0) and O(z,&,0) are understood with
respect to the variable & (cf. (2.3.17)) and one notes that for fixed £, each is entire
with respect to z. By writing a generic solution of (2.3.17) as a linear combination

of (z,&,0) and O(z,£,0) and by imposing the separated boundary conditions in

(2.3.26) one obtains the following characteristic function
Fop(2) =sin(a {c v(1) sin( @(2,1,0)
—v(1)7" [cos(B) + 47" sin(B)Q(1)] ©(2,1,0) }
. (2.3.32)
+ cos(a){ — ¢ v (1) sin(B)®(z, 1,0)

+ (1) [cos(8) + 47 sin(B)Q(1)] (2,1,0)}, =z € C.
The zeros of F, 5(z) represent, including multiplicity, the eigenvalues A4 g ;, j € J, of
the original Sturm—Liouville problem 7y = zy endowed with the separated boundary
conditions in (2.2.7). By repeating this argument for coupled boundary conditions

(2.2.8) one obtains the characteristic function
For(2) = {2 cos(yp) — [c_ll/(O)fin +47(0)7'Q(0 )ng} (2,1,0)
+ [¢7'(0)Ray + 4710(0)71Q(0) Raz] (2, 1,0) (2.3.33)
+ Ry (0)7'0(2,1,0) — Ropr(0)7'0(2,1,0)}, 2 €C.
Remark 2.3.2. Explicit computations confirm that in the case of separated as well

as coupled boundary conditions one finds

Ff’éﬂ(z) = fa,ﬁ(z)a S C? (2334)

For(z) =F, g5(2), z€C. (2.3.35)

24



As an example we now consider the case of the Krein—von Neumann extension

(see, e.g., [68] and the literature cited therein for details):

Example 2.3.3. The Krein—von Neumann boundary conditions in terms of the vari-
able x € [a,b] are characterized by imposing the coupled boundary conditions ¢ = 0,
R = Rk (cf., e.g., [T4, eq. (3.35)]) with

Ry = 00.6.0)  9(0,5,0) . (2.3.36)

01(0,b,a) ¢M(0,b,a)
In terms of £ € [0, 1], these conditions transform into ¢ = 0 and R = Ry with

B v(0)71[©(0,1,0) = 47'Q(0)®(0,1,0)] ¢ ' (0)®(0,1,0) . (2.337)

v(0)71[©(0,1,0) — 471Q(0)®(0,1,0)] ¢ 'v(0)®(0,1,0)

Using these parameters in (2.3.33), one obtains the characteristic function

Fodi () =2— ¢ '[9(0,1,0)0(z,1,0) + ©(0,1,0)®(z, 1, 0)

. . (2.3.38)
— ©(0,1,0)0(z,1,0) — ©(0,1,0)®(2,1,0)], z€C,
to be compared with (see [74, eq. (3.36), (3.37)])
For(2) = 2= [6"(0,5,0)0(2,b,) + 00,0, a)¢" (2, b, a)
(2.3.39)

— ¢(0,0, a)@m(z, b,a) — 6’[1](0, b,a)p(z,b, a)}, z € C.

In order to obtain a large-z asymptotic expansion of the functions (2.3.32) and
(2.3.33), we need the asymptotic expansion of the transformed fundamental set of
solutions ®(z,¢,0) and O(z,£,0). To this end, and since the principal results we are
focused on in this section are of a local nature with respect to £ € [0, 1], we now
envisage that V() is continued in a sufficiently smooth and compactly supported

manner to a function on R (by a slight abuse of notation still abbreviated by V),
Ve OV (R)NC®((—o0, —1) U (2,00)), (2.3.40)

for N € N to be determined later on. In addition, we consider the associated Weyl—-

Titchmarsh (resp., Jost) solutions u(z, -) such that for all z € R,
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ui(z, - ) € L*([vg,00);d€), u_(z, ) € L*((—o0, mo);dE), Im(z"?) > 0. (2.3.41)

Writing
¢ .
us(z,€) = exp{/O dt Si(z,t)}, Si(2,8) = Zigjg, £ eR, Im(zl/2) >0

(2.3.42)
(the compact support hypothesis on V' on R, more generally, a suitable short-range,
i.e., integrability assumption on V', permits the continuous extension of Si(z, -) to

Im(z'/2) > 0), one infers that Sy (z, -) satisfy the Riccati differential equation
é'(z,f) +5:(2,8 = V() +P2=0, &R, Im(2"?) > 0. (2.3.43)

In addition, Si(z, &) represent the half-line Weyl-Titchmarsh functions on [, +00),
respectively, (—oo,&], in particular, for each ¢ € R, £5.(-,£) are Nevanlinna—

Herglotz functions on C, (i.e., analytic on C, with strictly positive imaginary part

on C,).
Inserting the formal asymptotic expansion
Si(z,+) = icP 4 (F1) ()2 (2.3.44)
|z]—o0 —
Im(21/2)>0 7=

into the Riccati equation (2.3.43) yields the recursion relation

Si(€) = [i/(20)]V(€), Sa(€) = [1/4AV(¢),

. j—1 (2.3.45)
5a(6) = ~15/20)][3,0) + L 5(0)5,49)] . jeN cer
The first few terms S;(-) explicitly read
S5(6) = [i/ (8)] [V*(©) ~ V(9)].
- AV® gy ;
Sa(§) [1/16¢*] [V (§) — 4V (§V(€)], (2.3.46)

S5(€) = [i/(32¢°)] [2V3(€) — 5V (€)* — 6V(E)V(€) + VI (€)],

etc.

See [72, Sects. 5, 6] for a variety of closely related asymptotic expansions.
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Assuming (2.3.40), the formal asymptotic expansion (2.3.43) turns into an

actual asymptotic expansion of the the type (see [23]),

N
Si(z,€) e iz 4+ (F1)S;(8)27% + 0|2V, (2.3.47)

Im(2'/2)>0 J=1

with the o(|z|7"/?)-term uniform with respect to £ € [0, 1].

Remark 2.3.4. There is an enormous literature available in connection with asymp-
totic high-energy expansions of Weyl-Titchmarsh m-functions (see, e.g., the de-
tailed list in [32]) and the associated spectral function, however, much less can
be found in connection with (local) uniformity of the error term o(|z|~"/?) with
respect to x in expansions of the type (2.3.47). Notable exceptions are, for in-
stance, [23], [36], [96], [111], [165], [166]. In particular, [23] (see [137, Sects. 1.4, 3.1])
and [36] use the theory of transformation operators, while [96] and [111] employ
a detailed analysis of the Riccati equation (2.3.43), and [165], [166] iterate an un-
derlying Volterra integral equation. In addition, we note that the compact support

hypothesis on V' can be relaxed to the condition
/(1 + Jz)dz [VO(z)] <00, 0L N. (2.3.48)
R

The correct asymptotic behavior as |z| — oo of any solution u(z, - ) to (2.3.17)

is given as a linear combination of uy(z, -),
w(z,€) = A(2)uy(2,8) + B(z)u_(z,£), Im(z) >0, £ €[0,1], (2.3.49)
and one notices that the solutions uy(z, - ) satisfy the initial conditions
us(2,0) =1, us(z,0) =8i(2,0), Im(z)>0. (2.3.50)
Since W(uy(z, - ),u_(z, -))(&) # 0, £ € [0,1], one infers that
S8%(2,0) =8 (2,0) #0, Im(z)>0. (2.3.51)

Imposing the initial conditions (2.3.30) and (2.3.31) on the function (2.3.49),

one obtains an expression for ®(z, -,0) and O(z, -,0) suitable for an asymptotic
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expansion. For instance, in the case of ®(z,&,0) one obtains

B(z,€,0) = S(Z’B’;(E);%O) exp (/0g dnS(z,n)>

<1 (/jdn Seten) =S )|

Furthermore, for large values of z, with Im(z) > 0, (2.3.47) implies

e ([ (84 (m) — -t

0

(2.3.52)

N €
= exp (2icz'/%¢) exp ( -2 Z 2/ / dn Sgnl(n)> (2.3.53)

|z]—o00 0
Im(21/2)>0

x [1 +0(27N+1/2)].

n=1

Since the integrals on the right-hand side of (2.3.53) are finite, one finds

N 3
exp ( -2 Z z_"+1/2/ dn Sgn_l(T])) = 0(1), (2.3.54)
o 0 |z]—o0
Im(2'/2)>0
uniformly in £ € [0, 1]. Relations (2.3.47) and (2.3.53) permit one to conclude that
5 : .. 1/2
o ([ anisieon s Gl) = 0", (2.3.55)
0 Im(21/2)>0
uniformly for £ € [0, 1], and therefore,
CV(O)il (/6 > %iezl/2
d(2,£,0 = ex dnS_(z, 14+ 0O(e™ :
Im(21/2)>0
(2.3.56)
Similar arguments permit one to derive the following expressions:
(¢/4)v(0)"'Q(0) — ¥(0)S,.(2,0) ( /5 )
O(2,&,0 = ex dnS_(z,
=860 2. 5_(2,0) — 5+(,0) P, DSt
Im(21/2)>0
x [1+0(ee")], (2.3.57)

. cv(0)718_(z ¢ %iczl/2
B(z60) = 3_(i?é)fsi(j’)0)exp< / dnS(z,n))[lJrO(e i

Im(21/2)>0

(2.3.58)
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- _ [e/H)r(0)71Q(0) — v(0)S4 (2,0)] S_(2,1)
@(2’5,0) \z|:oo S_(Z, 0) — S+(Z,O)

Im(zl/2)>0
3
X exp (/ dn 8_(2,77)) [1+ 0(6%“1/2)}, (2.3.59)
0

uniformly with respect to & € [0, 1].
Utilizing the expressions (2.3.57)—(2.3.59) in (2.3.32) and (2.3.33) we obtain

1 1
Fap(2) e 5 (2.0) =S (2.0) exp (/0 dnS(z,n)> (2.3.60)

Im(21/2)>0

X [jas+ kapSi(2,0) +LapS_(2,1) +mapSi(z,0)S_(z1)]
X [1 + O(e%zm)}.

The first line on the right-hand side of (2.3.60) is entirely independent of boundary
conditions, in particular, it does not distinguish between separated and coupled
boundary conditions. In contrast, the terms ja g, ka B, ¢4 B, and my4 g in the second
line on the right-hand side of (2.3.60) encode the specific information about the
boundary conditions imposed. In the case of separated boundary conditions, where

A, B represents «a,  as in (2.2.7) one obtains

C

Jas = = 0 [cos(B) + (1/4) sin(B)Q(1)] [cos(a) — (1/4) sin(a)Q(0)],
kop = —% sin(a) [cos(B) + (1/4) sin(5)Q(1)],
lop = % sin(f) [cos(a) — (1/4) sin(a)Q(0)] , (2.3.61)

mas = (1/c)v(0)v(1) sin(a) sin(5).
In the case of coupled boundary conditions, where A, B represents ¢, R asin (2.3.27),

(2.3.29), one infers

For the purpose of the analytic continuation of the spectral (-function, one

needs the large-z asymptotic expansion of In(Fy4 p(z)) rather than of F4 p(z). For
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this reason we will focus next on the derivation of the large-z asymptotic expansion

of the expression

In(Fa,p5(2)) = —1In (S+(z,0) — S_(Z,O)) —I—/O dnS_(z,m)

|z| =00
Im(zl/2)>0

+1In (jap + kapSi(2,0) 4+ lapS_(2,1) + mapSi(z,0)8_(2,1))  (2.3.63)
+ 0(622‘021/2)‘
We can now use the expansion (2.3.43) in (2.3.60) to obtain a large-z asymptotic

expansion of (2.3.63). We start with the part of (2.3.63) that is independent of the

boundary conditions. For the integral in (2.3.63) one finds

1 N 1
/ dnS-(z,n) o —izY%c + Z z_m/Q/ dn Sy (n) + O(Z_N/2). (2.3.64)
Z|—00
0 me1/%y50 m=1 0
For the first term in (2.3.63) one concludes that
N
Si(2,0) =8 (2,00 = 2icz'/? (1 + (i/c) Z ngl(O)zj) +o(z7 VT2,
Im‘él_/)g;;o 7=l
(2.3.65)
Relation (2.3.65) permits one to write
N
In (84(z,0) — S_(z,0)) o In(2ic) + 2 ' In(z) + Z Dop127™ 4+ 0(277),
Z|—00
Im(zl/2)20 m=1
(2.3.66)

where the terms Dy, ; are determined through the formal asymptotic expansion

In (1 +(ifc) ) SQm_l(O)z_m> = Z D,z (2.3.67)
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We refer to (2.4.7)-(2.4.9) for a recursive formula for D; in terms of (i/c)S2,—1(0).

The first few D; explicitly read
Dy = —V(0)/[2¢*], D, = [V(0) —2V(0)*]/[8¢"],
D5 = —[3VW(0) — 24V (0)V(0) — 15V (0)% + 16V/(0)*] /[96¢%],
Dy = (128¢%) 7' [V (0) + 48V (0)2V (0) — 20V (0)% — 12V (0)VW(0)  (2.3.68)
+60V(0)V(0)2 — 28V®) (0)V(0) — 16V(0)*],
etc.
Computing the asymptotic expansion of the last logarithmic term in (2.3.63),

namely the term which depends on the boundary conditions, is somewhat more

involved. By using the asymptotic expansion (2.3.43) it is not difficult to find

jap +kapS (2,0) + 04 pST(2,1)

l (2.3.69)
= —iczPUap—k + Apz™™? 4 o(27N?),
|z| =00 ( 4B A’B) Z—O ( )
Im(21/2)20 m=
where
Ao =ja, Apm=L04B5(1)+ (=1)"kspSm(0), meN, (2.3.70)
and
N
ma S~ (2,0)87(2,1) G ma,pc 2 (1 + Z Amzm/Q) +o(z~(N72/2),
Z|—00
Im(21/2)>0 m=2
(2.3.71)
where
Am =908 (1), meN, m>2, (2.3.72)
=0
with

Qp(0) =5 (1) =1, Qf(z) = (=1)/Q; (z) = (i/c)S;—1(x), jeN. (2.3.73)
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The first few A,, have the explicit form,
Ay = =272 [V(1) + V(0)], As = —id '3[V (1) + V(0)],
Ay =87 V(1) + V(0) = V(0)% — V(1)% + 2V (1)V(0)],
As = i(16) L¢3 [v<3>(o) — VE(1) — 2V(0) (2V(0) + V(1)) (2.3.74)
+2V()[V(0) +2V(1)]].
etc.
This finally implies

jas+kasS (2,0)+ EA7BS+(Z, 1) +masS (2,008 (2, 1)

N (2.3.75)
m/2 —N/2
|z |—>oo Z sz +0 )’
Im(21/2)>0 m=-2
where
Iy =mapc®, T_1=—icllap—kap),
(2.3.76)

L,=A4A,+ mA7BC2Am+2, m € Np.
Let I'y, with kg € Z and kg > —2, be the first non-vanishing term of the series

n (2.3.75). Since I'y, # 0 one can write

In (jap + kapS (2,0) + €4St (2,1) + mapS (2,0)8(2,1)) (2.3.77)
N
o In(T'k,) = (ko/2) In(z) + In <1 + > [Conro/Thol 2™ + O(Z_N/Q)),
Z|—00
Im(21/2)>0 m=1

which, in turn, yields

In (jap +kapS (2,0) + lapSt(2,1) + mapS (2,0)8(2,1))
al . 2.3.78
= k) = (/2 In(z) + > T2 4 o(72), (2.3.78)

Im(2/2)>0 =1

where the terms II; are obtained via the formal asymptotic expansion

In (1 + Z miko/Tkol —m/2> ZH 272, (2.3.79)
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Once again we refer to (2.4.7)—(2.4.9) for a recursive determination of II; in terms
of I'iniko/Tky- The first few I1,,, are explicitly of the form,

I = Tigne/Thy, o= 2_1F1;02 [QFkoFkoH - Pioﬂ]’

Iy = 37T 2 [Th 41 — 30k Tkos2l ko1 + 305 Toss) (2.3.80)

Iy = =473 Thor — 4k Drora Ty 11 + 417 DrgrsTkg 1

+ Qon (Fi0+2 - QFkOFko+4) ]7
ete.
More explicit expressions for 11, in terms of the potential V' and its derivatives can
be obtained with a simple computer program once the index kg has been determined.
Finally, we can provide the large-z asymptotic expansion of the logarithm of

the characteristic function in the form

I(Fap(z)) = —iczt? — 27V (ko + 1) In(z) + In(T, /(2ic))
Z|—00
(120 (2.3.81)
N 3.

+ Z W,z ™2 4 o(z_N/Q),

m=1
where
1
Uy, = / dn Son(n) — Dop—1 + 1y, neN,
0 (2.3.82)

1
Wont1 = / dn Son1(n) + Hopt1, n € Ny,
0

2.3.8  Analytic Continuation of the Spectral Zeta Function and the Zeta Regularized
Functional Determinant

In order to perform the analytic continuation of the spectral (-function, we
need investigate the specific behavior for z | 0 and |z|] — oo. The characteris-
tic function Fy4 p(2) is constructed as a linear combination of the basis functions
&(z, -,a) and 0(z, -,a) (or equivalently the transformed basis functions ®(z, -,0)
and ©(z, -,0)) and their first quasi-derivatives. We have proved that ¢(z, -, a) and

0(z, -, a), and consequently ®(z, -,0) and O(z, -,0), have a small-z asymptotic ex-
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pansion in the form of a power series in the variable z in Section 2.3.1. This implies

that F4 p(z) has a small-z asymptotic expansion of the form

Fap(z) = Fpmez™ + Z Fm2™, (2.3.83)

m=mo+1

where mg € {0, 1,2} represents the multiplicity of the zero eigenvalue and F,,, # 0.
The asymptotic expansion (2.3.83) suggests that the appropriate characteristic func-
tion to use in the integral representation of the spectral (-function is 270 F 4 p(%)
rather than simply F4 p(z) (obviously the two coincide when no zero eigenvalue is

present). In this case it is easy to verify that

d —mo —
Elﬂ (Fap(z)z7™) 2100 O(1). (2.3.84)

From the large-z asymptotic expansion (2.3.81) of the characteristic function,

namely,
In(Fan(2)) = —icz'? — (ko + 1)/2] In(2) + In(Ty, /(2ic))
Z|—00
e (2.3.85)
N 3.
+ Y Wz 0|2 N,
m=1

one readily infers that

d

—1 —mo = O(|]z|7Y?). 2.3.86

P n(Fa,p(z)z""™) e (I21772) ( )

Im(21/2)>0

The asymptotic behaviors in (2.3.84) and (2.3.86) justify deforming the contour
7 in the integral representation (2.2.39) to one that surrounds the branch cut R,
as shown in Figure 2.2. This contour deformation leads to the following integral

representation (with ¢ introduced in (2.2.40))

((5;Tap) = ¥t sin(ﬂs)/ dt t_S% In (Fap(te )t m0e %) | (2.3.87)
0

which is valid in the region 1/2 < Re(s) < 1. To obtain the analytic continuation
of (2.3.87) to the left of the abscissa of convergence Re(s) = 1/2 we subtract and

then add NNV terms of the large-z asymptotic expansion of In (]: A,B (tew)t_moe_imw).
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This process leads to the following expression of the spectral {-function

N
((s;Tap) = Z(s,A,B) + Y _ hy(s, A, B), (2.3.88)

j=—1
which is valid in the region —(N + 1)/2 < Re(s) < 1. The explicit form of the

functions in the analytically continued expression of ((s; T4 ) in (2.3.88) is

‘ > d : ,
Z(S, A, B) = ezs(ﬂiw)ﬂ'il Sin(ﬂ'S) / dt ts%{ In (FAyB(telw)t*moeflmmp)
0

—H(t—1) { —ict2e™? — [((ko +1)/2) + mo) In(t) (2.3.89)

= [((ko + 1)/2) + mg]ith + In(T, /(2ic)) + > \Ijnemw/%n/z} }

n=1
1, s>0,
where H(s) = represents the Heaviside function, and
0, s<0,

h_i(s, A, B) = —ie®*™ ¥ Lsin(rs)ce/? /(25 — 1),
ho(s, A, B) = —(ko + 1 + 2myg)e™*™ ™) (21s) "L sin(rs), (2.3.90)
hn(s, A, B) = —e* ¥ r= sin(ws)[n/(2s + n)le”™/?W,, neN.
Given the expression (2.3.88) we are now able to compute the zeta regularized
functional determinant in terms of ('(0; T4 ) as in [74, Thm. 2.9]. For the purpose

of computing ('(0; T4 p), it is sufficient to set N = 0 in (2.3.88) to obtain
C'(0;Tap)=2'(0,A,B)+h1(0,A, B) + hy(0, A, B). (2.3.91)

By computing the derivative with respect to s of (2.3.89) and the first two

expressions in (2.3.90) at s = 0 one obtains the remarkably simple formula
C'(0;Ta ) = imn — In(2¢|Fpy /Tko ), (2.3.92)

where n is the number of strictly negative eigenvalues of T4 p.
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2.4 Computing Spectral Zeta Function Values and Traces for Regular
Sturm—Liouville Operators

We have now completed the necessary preparations to give the main theo-
rem for computing values of the spectral (-function for self-adjoint regular Sturm-—
Liouville operators when imposing either separated or coupled boundary conditions.
When zero is not an eigenvalue we also find an expression for computing the trace

of the inverse Sturm-Liouville operator.

Theorem 2.4.1. Assume Hypothesis 2.2.1, denote by T'a p the self-adjoint extension
of Trnin with either separated or coupled boundary conditions as described in Theorem
2.2.2, and let mg = 0,1, 2, denote the multiplicity of zero as an eigenvalue of Ta p
(with mo = 0 denoting zero is not an eigenvalue). Suppose that Fa p(z) given in

(2.2.39) has the series expansion,

Fup(z)= Z a; 27, 0 < |2| sufficiently small. (2.4.1)
=0
Then,
. d
¢((n;Tap) = —Res [z "d—ln(FA,B(z)); z2=0| =-nb,, neN, (2.4.2)
z
where

bl = a’1+m0/am07
. (2.4.3)

bj = [ajero/amo] - [g/j][aj*@rmo/amo]b@? ] S N, ] = 2.
1

.

~
Il

In particular, if zero is not an eigenvalue of T g, then
trrz(amn (Tas) = C(1; Tap) = —a1 /a. (2.4.4)

Proof. The residue in equation (2.4.2) coincides with the 2z~ coefficient of the Lau-
rent expansion, in the neighborhood of z = 0, of the integrand in (2.2.41). By using

the expansion (2.4.1) one obtains, for |z| > 0 sufficiently small and for n € N, that

o d A (&
z %hl(FA,B(Z)) =z Eln (Zajz]). (2.4.5)

J=0
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Since z = 0 can be an eigenvalue of multiplicity at most 2, the expansion can be
rewritten as follows,

d d > ,
z_"a In(Fap(2) = z_”aln ( Z ajzj)

Jj=mo

_ aniz (m (@mp=") + In <1 + i[aﬂmo/amo]w))

J=1
—n— —-n d - j
=mez "+ 2 % In (1 + Z[aj+mo/am0]zj>. (2.4.6)

"=1 pnever contributes to the residue and the only con-

Since n € N, the term mgz~
tribution comes from the 2™ coefficient of the small-|z| asymptotic expansion of the
logarithm on the right-hand side. This expansion can be obtained by making use of

the fact that if F' has the analytic expansion

F(z) = Z cmz™, 0 < |z| sufficiently small, (2.4.7)
m=1
then
In(l1+ F(2)) = Z dnz™, 0 < |z| sufficiently small, (2.4.8)
m=1
where
j—1
dy=c1, dj=c;— Y [(/jlejede, jEN, j=2. (2.4.9)
=1

By using (2.4.8) one obtains

In (1 + Z[aj+m0/am0]zj) = Z b2, (2.4.10)
j=1

j=1

with the coefficients b; given by equation (2.4.3). From the last expansion one finally
obtains
z’"i In(Fap(z) = z’"i In (i ajzj> = ijbjzjnl. (2.4.11)
dz dz
This is the Laurent expansion, and from it one can deduce that
Res {z_”% In(Fap(2); z= 0] =nb,, neN, (2.4.12)

proving (2.4.2).
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Assertion (2.4.4) about the trace of the inverse operator when z = 0 is not an

eigenvalue is obtained by noting

—%111(}’—14 B( )) B =—d| = _al/ao (2'4'13)

from the analytic expansions (2.4.7) and (2.4.8), and applying Theorem 2.2.4. [

This theorem allows one to utilize the series expansions found in the previous
section in order to express the (-function values for each of the boundary conditions

considered.

2.4.1 Computing Spectral Zeta Function Values and Traces for Separated Boundary
Conditions

We begin by applying Theorem 2.4.1 to find an expression for {(n; T, s) when

imposing separated boundary conditions.

Theorem 2.4.2. Assume Hypothesis 2.2.1, consider T, 3 as described in Theorem
2.2.2(i), and let my = 0,1, denote the multiplicity of zero as an eigenvalue of T, 4.
Then,

d
¢(n; T, ) = —Res z’”d—ln(Fang(Z)); z2=0| =-nb,, neN, (2.4.14)
z

where

- _ 08(2) [c08(8)11ma (b) = Sin(B)L 1y (B)] = sin() [cO8(B)1mo(B) = sin(B)6L ()]
cos(@) [ os(8) e, (8) — sin(8) S (b)] — sin(a)[ cos(5)6n, (b) — sin (56 (b))

~ c08(0) [ c08(8)11m (1) — sin(5)6},,, ()] — sin(a)
c0s(a) [ c08(8) By (8) — sin(B)olh (b)] — sin(a)

! cos(a) [ cos(B8)dj—¢1mo (b) — sin([i)zj)ﬂ@rmo b)] — sin(«)
; < ) cos(a) [ cos(B8) P, (b) — sin(ﬁ)@mo b)] — sin(«)

c03(8)0my () — sm(ﬁ)@ﬁimo( )]
c08(3)0pm, (b) — sm(ﬂ) ( )]

[COS B j— [+m0( )_Sln(ﬂ) j— Z+mn(b)] b
[coq B)6 - Sm(ﬁ)enll] (b)]

— [/

(2

JjEeN, 5 >2. (2.4.15)
In particular, if zero is not an eigenvalue of Ty, g, then

trra(ap) (Top) = C(1: Tayp) (2.4.16)
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__cos(a)[cos(8) &1(b) —sin(B) 61" ()] — sin(a) [cos(8) 61(b) —sin(B) 6" (b)]
cos(a) [cos(B) o(b) — sin(B) ¢y (b)] — sin(a) [cos(B) fo(b) — sin(B) 65 (b)]
Proof. One substitutes (2.3.4), (2.3.6), (2.3.8), and (2.3.11) into equation (2.2.16)

for o, 5 € [0, 7) to find

[e.9]

Fop(z) =Y {cos(a)[cos(B) ¢m(b) —sin(B) ¢} (b)]
m=0 (2.4.17)

— sin(a) [ cos(3) 0,,(b) — sin(p) Hii](b)} b2
From (2.4.17) one proves the assertion by applying Theorem 2.4.1 with
ay = cos(a) [cos(ﬁ) ¢r(b) — sin(5) qﬁg}(b)}
(2.4.18)
— sin(a)[ — sin(8) 61 (b) + cos(B) 6i(b)], ke N.

]

We now give a few corollaries that will be of use in the context of specific
boundary conditions. One notes that for Dirichlet boundary conditions one has

a = f =0 and for Neumann boundary conditions one has o = 8 = 7/2.

Corollary 2.4.3 (Dirichlet boundary conditions). Assume Hypothesis 2.2.1, consider
To, as described in case Theorem 2.2.2 (i), and let mo = 0,1, denote the multiplicity

of zero as an eigenvalue of Ty o. Then,

d
¢(n; Top) = —Res [z_”aln(Fo,o(z)); z2=0| =-nb,, neN, (2.4.19)

where

by = ¢1+MO(b)/¢mo (b)7
j—1 (2.4.20)
b = [B54mo (0)/Dmo (D)) = D0/ 5][B-t4mo (D)) bmo (D)]br, G EN, >2.

(=1

In particular, if zero is not an eigenvalue of Ty, then

trra(an) (Tog) = C(1;To0) = —h1(b)/¢o(b)- (2.4.21)

Proof. Take a = 8 =0 in Theorem 2.4.2. O
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In particular, one finds explicitly for n = 2, 3,4, when zero is not an eigenvalue

of Tgyo:

C(Q;T()’()) = —2[)2 = —

2(b) [ (D)) }
) 2[p(b)]2]”

o(b) [0 <>H

o
$1(b)¢
[Do(®))? 3[o(b
)

(2.4.22)

(
Lol
: _ B ¢3(b
C(gvTO,O) == —3b3 = -3 _¢ (b _
a(b
(b

)
)
) _ 010)és(h) _ 16200 | [1(0)]°¢2(b)
)

(4 Too) = —4bs = —4 :‘b T O O A0 ]
One also finds explicitly for n = 2, 3,4, when zero is a simple eigenvalue of T o:
(2 Tho) = —2by = — Eb; 2[?2& );]22] ,

(3 Too) = ~3bs = =3 22 o i (<bb)>]] | -
ot = =4 S5 - S R -

Corollary 2.4.4 (Dirichlet boundary condition at a). Assume Hypothesis 2.2.1, con-

sider To g as described in Theorem 2.2.2 (i), and let mg = 0, 1, denote the multiplicity

of zero as an eigenvalue of Ty 3. Then,

d
((n;Tos) = —Res Z_n%h’l(F()”B(Z>); z2=0| =-nb,, neN,

where

b, — CO5B)911my (b) = Sin(B)611, ()
C08(B) Prng (b) — sin(B) b (b)

. O5(B)05 1m0 (b) — sin(B)6 (V)

T COS(B) Py (b) — sin(B)dhay (0)
L cos(B)d—irmo (D) —sin(B)ol . (B) .

— 14 IO " by, €N, j>2.

K_l[ /j] COS(B)Qbmo(b) - Sln(ﬁ) Ll”b]o(b) ‘ ’ ’

In particular, if zero is not an eigenvalue of Iy g, then

cos(8)1(b) — sin(8)¢;" (b)
cos(8)do(b) — sin(8)ey ' (b)

trraasy (To) = C(1;Top) = —

Proof. Take a = 0 in Theorem 2.4.2.
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Corollary 2.4.5 (Dirichlet boundary condition at b). Assume Hypothesis 2.2.1, con-
sider Ty, o as described in Theorem 2.2.2 (i), and let mg = 0,1, denote the multiplicity

of zero as an eigenvalue of T, o. Then,

¢(n;Tuo) = —Res z_"dizln(Fa,o(z)); z=0| =-nb,, neN, (2.4.27)
where
o c05(0)0110 () — 5 (0)01 41 (1)
L T e08() g (B) — (@) ()
. — C08()Pjrmy (b) — 8i(@)0;1mo (D)
! coS() Py (b) — sin(a)bp,, (b) (2.4.28)
S 0885y (D) = sin(0)0reme(B),
2 @Yo B sl i) I S22
In particular, if zero is not an eigenvalue of T, o, then
b) — si 01(b
0220 (Tap) = C(1 T0) = —2228228 - 228 eégbi' (2.4.29)
Proof. Take § =0 in Theorem 2.4.2. O

Corollary 2.4.6 (Neumann boundary conditions). Assume Hypothesis 2.2.1, consider
T /2,72 as described in Theorem 2.2.2 (i), and let mo = 0,1, denote the multiplicity
of zero as an eigenvalue of Ty /2 /2. Then,
d
C(n, Tﬂ/27ﬂ./2) = —Res |:Z_nd— ln(Fﬂ-/Qm/2<2)); z=0| =—n bn, n € N, (2430)
z
where

=6 ()6l (b) (2.4.31)

7j—1

by = O/ (OO, 0) — /1[0, (0) /01 D], G EN, j 22
=1
In particular, if zero is not an eigenvalue of T2 x/2, then
200t (T an o) = C(L Trjamsa) = =01 (6) /05 () (2.4.32)

Proof. Take o = 3 = w/2 in Theorem 2.4.2. O

These are only a few of the most considered separated boundary conditions

that have been singled out. One can also consider Neumann boundary conditions at
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only one endpoint, or any other combination of separated boundary conditions, by

referring back to Theorem 2.4.2 with the appropriate values chosen for «, 5 € [0, 7).

2.4.2  Computing Spectral Zeta Function Values and Traces for Coupled Boundary
Conditions

We now apply Theorem 2.4.1 to find values of ((n; T, r) when imposing cou-
pled boundary conditions. Notice that according to [68], zero is an eigenvalue of

multiplicity 2 only for the Krein—von Neumann extension.

Theorem 2.4.7. Assume Hypothesis 2.2.1, consider T, r as described in Theorem
2.2.2(71), and let my = 0,1, denote the multiplicity of zero as an eigenvalue of T, p

Then,
ad
¢(n; Ty r) = —Res |2 "EIH(F%R(Z)); z2=0=-nb,, neN, (2.4.33)

where for my = 0,
¢ (R126" (b) — R (b) + Roy 1 (b) — Ry} (b))

¢i% (Rz0y () — Rsflo(b) + Ry o(b) — Rudl (b)) + e2ie + 1

o P(Ruf0) — Ronfi(h) + Rand(b) ~ Rudl'(0)) s
¢i% (Rusf () — Raflo(b) + Roro(b) — Ry @b (b)) + e + 1

2y e (Rubl (D) — Rastyo(b) + Rordye(b) — Rusol!, (b))

=1 Eei%Rme({Jﬂ(b) — Ra20y(b) + R2100(b) — Rn¢[1]( )) 4 oe2ie 4+ 1 ¢

b1:

JEN, 722

and for mg =1,
p — € (R0 () = Rntol0) + Ry 6(8) — Bl (1)
€12 (b} (b) = Banfh (b) + R (b) — R (1))
¢ (R1a0M, (b) — Raaly1(b) + Rty (b) — Rn(bﬂl( )

bj — (
) — Rugll(b )

. (2.4.35)
el (Rn(g (b) — R2291 (b) + R21¢1 (b

— éew (Ri20,, 1 (0) — Rl g1 (b) + Rordhj—gsa (b) — Ruadl 1 (B))
2
= ¢# (Ria0" () — Rasth (b) + Rorhs (b) — Rury (b))
JEN, j =22
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In particular, if zero is not an eigenvalue of T, r, then

w2 (Tor) = ¢(1 Tpr)

— e (Rypf (b) — Ranfhy (b) + Ronr () — Runo (b)) (2.4.36)
€' (Riafly (b) — Raabo(b) + Raro(b) — Rudy (b)) + ¢ + 1
Proof. Substituting (2.3.4), (2.3.6), (2.3.8), and (2.3.11) into equation (2.2.17) yields

F,r(0) = (Rm@ (b) — Raabo(b) + Ra1¢po(b) — Rllfb[ol](b)) +e¥ 1. (24.37)
Thus, the coefficient of the z™ term for m > 1 in the series is given by
e'? (R120 (b) — Ra20,,(b) + Ro1m (D) — Ruidll (b)). (2.4.38)
Hence, assertions (2.4.34) and (2.4.35) follow from Theorem 2.4.1 with
ag = €' (3129([)1}(5) — Raab(b) + Raipo(b) — Rllﬁ%l](b)) +e*% 41,

(2.4.39)
A = e’ (3129;&1}(5) - 3229k(b) + R21¢k( ) R11¢[1]< )); ke N.

]

Next, we provide corollaries regarding the most common coupled boundary

conditions, periodic and antiperiodic as well as the Krein-von Neumann extension.

Corollary 2.4.8 (Periodic boundary conditions). Assume Hypothesis 2.2.1, consider
To,1, as described in Theorem 2.2.2 (ii), and let my = 0, 1, denote the multiplicity of

zero as an eigenvalue of Ty 1,. Then,
d
¢(n; To,) = —Res {z_"EIH(FOJQ(z)); z = 0] =-nb,, neN, (2.4.40)

where for my = 0,

b= [~ 61(b) - (bﬂ /[ = 0o(b) - ¢“]<b> +2], (2.4.41)
j—1 (1]
py = ) b> R ek iU P PN
—0o(b) — cb 2 S 90 [”<b>+2

and for mg =1,

by = [02(0) + 65" ()] / [02(0) + 61 (B)] (2.4.42)
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j—1 [1]
b — ]+1( ) + ¢]+1( ) < E ‘9j—€+1(b) + ¢j4+1(b)b€7 jEN, j>2

T ey HI ab) + 6

In particular, if zero is not an eigenvalue of Ty 1,, then

trzzqany (Tod,) = C(L:To) = [01(0) + 61 ()] /[~ 0(0) — 05 (0) +2]. (2443
Proof. Take ¢ =0 and R = I, in Theorem 2.4.7. O

Corollary 2.4.9 (Antiperiodic boundary conditions). Assume Hypothesis 2.2.1, con-
sider Ty 1, as described in Theorem 2.2.2 (ii), and let mo = 0,1, denote the multi-

plicity of zero as an eigenvalue of Ty _1,. Then,
d
¢(n;To—r,) = —Res {z_”d— In(Fy_pr,(2)); z= 0] =-nb,, neN, (2.4.44)
z

where for my = 0,

by = [61(b) + &1 (6)] / [60(b) + 51 (b) + 2], (2.4.45)
6;(0) + () LRt u(b) + 4L, (0)
Oo(b) + b5 (b) +2 T 0o(b) + ¢ (b) +

and for mg =1,

=

bb ]EN7J>27

by = [0 ()] /[6:(0) + 1 (B)], (2.4.46)
(

1 (1]
b — J+1( ) + ]+1 b) = 5 0;- €+1( )+¢j—€+1<b>be’ jEN, j>2

T ey I ab) + e

In particular, if zero is not an eigenvalue of Ty _p,, then

trp2ae (T5,0 ) = C(1 Ton) = = [62(0) + 61 (0)] / [60() + 6 (b) + 2] (2.4.47)
Proof. Take ¢ =0 and R = —I5 in Theorem 2.4.7. [

Corollary 2.4.10 (Krein-von Neumann extension). Assume Hypothesis 2.2.1, con-

sider Ty r, the Krein-von Neumann extension of T, with

0(0,b,a 0,b,a
0=0, Rg= 0.5,0)  ¢(0.0,0) : (2.4.48)

01(0,b,a) ¢l(0,b,a)
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and let mg = 2, denote the multiplicity of zero as an eigenvalue of Ty r, . Then,

d
¢(n; To,r,) = —Res z_”% In(Fy g, (2)); 2=0| =—-nb,, neN, (2.4.49)

where

90(0)05 (D) — 602 (0)03(b) + 0 (D)5 (b) — B (b)¢ (b)

" G0 0)0 () — A 0)a(b) & 07 (5)6a(b) — Gu(b)h ()

j =

d0(0)0L]5 (D) — 6y ()042(b) + 0 ()B;42(b) — B (D) (D)
0(0)05)(b) — 64 (0)0a(b) + 05 (0) 62 (b) — B ()05 (b)
£ 000010 (0) = 06 (D)05 2 (6) + 60 (B)0-era(b) — wwmw%
=i $0(0)05(b) — 6 ()02(b) + 0 (b)pa(b) — B (b)5 (b)
JEN, j>2. (2.4.50)

2

Proof. As shown in [34, Example 3.3], the resulting operator Tj g, represents the
Krein—von Neumann extension of T,;,,. Take ¢ = 0 and R = Rk (as defined
by (2.4.48)) in Theorem 2.4.7, denoting ¢o(b) = ¢(0,b,a), ¢b'(b) = ¢1(0,b,a),
0o(b) = 0(0,b,a), and 9([)1](6) = 011(0, b, a) as before, for simplicity. O

2.5 FExamples
In this section, we provide an array of examples illustrating our approach for
computing spectral (-function values of regular Schrodinger operators starting with
the simplest case of ¢ = 0, then a positive (piecewise) constant potential, followed
by a constant negative potential, and ending with the case of a linear potential.

Throughout this section we suppose that
p=r=1 a.e. on (a,b) (2.5.1)

which leaves the potential coefficient ¢ € L'((a,b);dz), q real-valued, and hence

leaves us with the differential expression

— —(d?/da?) + q(z), x € (a,b). (2.52)
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2.5.1 The Fxample q=0
We start by providing examples for calculating spectral {-function values for
the simple case ¢(x) = 0, x € (a,b), imposing various boundary conditions. In this

case Ty = —y” = zy has the following linearly independent solutions,

d(z,z,a) = 27/ ?sin (21/2(x —a)), 0(z,z,a) = cos (21/2(x —a)), zeC.

(2.5.3)
Hence,
¢(2,b,a) = mi)z dm(b), z€C, ¢x(b)= (2(];—3’;)!(19 —a)® k€N,
0(z,b,a) Z 20, 2eC, 6,(b) = ((2;;(6 —a)* keN, (2.5.4)
(z,b,a) szgb ), ze€C, ¢,.(b)= _(/E;_j);)!(b )"t keN,
0'(z,b,a) = i 20 (b), ze€C, 6,(b)= (_k}!)k(b —a), keN

m=0

One can explicitly write the corresponding expressions for F, 3(z) and F,, g(z)

for this example to find for a, 8 € [0,7),
Fy5(2) = cos(a) [ = sin(B) cos (27/2(b — a)) + cos(B)z~2sin (21/%(b — a))]
— sin(a) [sin(3) z/?sin (2/2(b — a)) + cos(B8) cos (2/2(b— a))], (2.5.5)
and for ¢ € [0,7), R € SL(2,R),
F,or(z) = €% — Ripz"?sin (2%(b — a)) — Razcos (2'/2(b — a))
+ Rorz7?sin (22(b — a)) — Ruycos (2%(b — a))] + €*¢ + 1. (2.5.6)

We provide an explicit expression for ((1; T4 ) since it only involves the first

few coefficients of the small-z expansion. In the case of separated boundary condi-
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tions one obtains

ag = cos(a)((b— a) cos(B) — sm(ﬁ)) — sin(a) cos(f),
a; = cos(w (%(b —a)*sin(B % cos ,6))

+ sin(«) (1 (b—a)?cos(B) — (b — a)sin( ) (2.5.7)
as = sin(a (% (b—a)’sin(B) — 2—14(19 — a)4 cos(ﬁ))

+ cos(a) <120(b — ) cos(8) — 2—14(b ~a)f sin(ﬁ)) |

If T, 35 does not have a zero eigenvalue, then ay # 0 and, hence, one finds from

(2.4.4),

trraqon) (Zap) = C(1i Tap) = (2.5.8)

cos(a) (3(b — a)?sin(B) — (b — a)? cos(B)) + sin(a) (3(b — a)? cos(B) — 6(b — a) sin(B))
6 sin(a) cos(f) — 6 cos(a)((b — a) cos(B) — sin(f)) '

If, instead, T,, 3 has a zero eigenvalue then ap = 0 and one finds

(L Tap) = (2.5.9)

—sin(a) (20(b — a)?sin(B) — 5(b — a)* cos(B)) — cos(a) ((b — a)® cos(B) — 5(b — a)* sin(B))
cos(a) (60(b — a)?sin(B) — 20(b — a)3 cos(B)) + sin(a) (60(b — a)? cos(5) — 120(b — a) sin(p)) .

In the case of coupled boundary conditions one finds

ag = €w((b —a)Rayy — Riy — Ryo) + e + 1,

a; = €'’ <

a9 = (31'90 <m<b — a) R21 — ﬂ(b — a) Rll — ﬂ(b_ a) R22 + 6<b — CL) R12> .

@It—l

(b— a)* Rox + 1(b )Ry + 1(5 )Ry + (0 — b)R12) . (25.10)

Once again, if zero is not an eigenvalue of T, r, ap # 0 and one finds

trz00) (Tor) = C(1 Ty r)
¥ (Ry1(b—a)® —3(b—a)?Ryy — 3(b— a)*Roy + 6(b — a)ng)
66“'0((17 - CL)R21 — Ry — RQQ) + 6e2¥ + 6

(2.5.11)
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If, on the other hand, zero is an eigenvalue of T, r with multiplicity one, then ay = 0

and
(b—a)’Ry —5(b—a)*Ry1 — 5(b— a)*Ryy +20(b — a)3 Ry,
20(b — CL)3R21 — 60(b — a)2R11 — 60(b — a)2R22 + 120(b — a)ng'
(2.5.12)

C(LT% )=

If zero is an eigenvalue of T, r with multiplicity two, we refer to the Krein-von
Neumann extension, see Example 2.5.5.
Finally we give the form of the zeta regularized functional determinant for this

example. As z | 0, one obtains
F,5(z) = (b—a) cos(a) cos(B) — sin(a + ) + O(z), (2.5.13)

which implies that for particular values of o and 3 one finds a zero eigenvalue. For
now we will assume that no zero eigenvalue is present and hence we consider the

following set of parameters
A= {(a,p) € (0,m) x (0,7) | (b —a)cos(a)cos(f) —sin(a + 5) # 0}.  (2.5.14)

For (a, B) € A one infers, by construction, that mg = 0 and hence, sin(«) sin(3) # 0.
The latter condition implies that in (2.3.92) one must set kg = —2. By using (2.5.13),

one obtains

1A, o 2F0475(O)
(0 Tap) = =In ( sin(«) sin(f) ) 55 15
_ 2(b — a) cos(a) cos(B) — 2sin(a + B3) (2.5.15)
- (’ sin(a) sin(f) D ’
which coincides with [74, Eq. (3.72)].
Furthermore, as z | 0, one obtains
F%R(Z) == ei@[(b — G)R21 — R11 — RQQ] + 62“0 + 1 + O(Z), (2516)

which implies that for particular choices of ¢ and R one finds a zero eigenvalue. For

now we will assume that no zero eigenvalue is present and hence we consider the
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following set of parameters

B = {QO € (O,W), R e SL(Q,R) | ew[(b — G)R21 — Ry — Rgg] + 621@ +1 7é 0}
(2.5.17)
For (¢, R) € B we have, by construction, that mo = 0. Making the additional

assumption Rjo # 0 implies that in (2.3.92) one must set ky = —2. By using
(2.5.16), one obtains

((0;T,7) = —In ( 2F, 7(0)/Ruz )
o (‘ 2[(b — a)Ray — Riy — Ras] + 4 cos(ip) ') | (2.5.18)

Ry
If Ry2 =0, then since R € SL(2,R), by assumption Ry; # — Ray which implies that

in (2.3.92) one must set kg = —1. By once again using (2.5.16), one obtains

2F =(0
C/(O;T%R) —— (‘Lﬁ )
F o+ Fo (2.5.19)
_ —ln (’2[(()—@)R21 —RH —RQQ] —|—4COS(QD) ) o
Ry + Ry '

The following examples, each with different boundary conditions, will illus-
trate how the main theorems and corollaries of the previous section can be used to

effectively compute the spectral ¢-function values of the operator, T4 5, for n € N.

Example 2.5.1 (Dirichlet boundary conditions). Consider the case o« = 3 = 0. Then

the operator Ty has eigenvalues and eigenfunctions given by
22 2 —1/2 . 1/2
Mo = K7 /(b—a)?, yi(z) =X, "sin(\/"(x—a)), keN (2.5.20)
(in particular, z = 0 is not an eigenvalue of Toy), and

Foo(z) = 27 ?sin (21/2(19 —a)), zeC. (2.5.21)
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Applying Corollary 2.4.3 with mg = 0 one finds forn =1,2,3,4,
C(1;Toe) = (b—a)*m 2> k™% = traany (Tog) = (b — a)?/6,
k=1
((2;Too) = (b—a)*/90, (2.5.22)
((3; Too) = (b—a)®/945,
C(4; To0) = (b — a)®/9450.
Next, we explicitly compute the zeta reqularized functional determinant with
Dirichlet boundary conditions. Since no zero eigenvalue is present and I'y = —(b—a),

one obtains
C/(O, T070) = — IH[QFO’()(O)] = — 111[2([) — a)] (2523)
One can corroborate the values found in Example 2.5.1 by utilizing the follow-

ing relation of ((s;7p0) with the Riemann (-function (see, e.g., [13], [47] for some

background)
((s5;Tho) = (b— a)*72°¢(2s), Re(s) > 1/2. (2.5.24)
By using [87, 0.2333], the last expression allows us to find for s =n € N,
¢(n; Top) = 22" (b — @) | Bz /[(20)1], (2.5.25)

where By, is the 2nth Bernoulli number (cf. [1, Ch. 23]).

Example 2.5.2 (Neumann boundary conditions). Consider the case o = [ = m/2.

Then the operator Ty o /2 has eigenvalues and eigenfunctions given by
M = k212 /(b—a)?,  yi(x) = cos ()\,lf(:r; —a)), keN (2.5.26)
(in particular, z = 0 is a simple eigenvalue of Tﬁ/gﬂr/g) and

Frjomp(2) = —zY2sin (21/2(6 — a)), zeC. (2.5.27)
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Applying Corollary 2.4.6 with mg = 1 one finds forn =1,2,3,4,

C(1§T7r/2,7r/2) b—a2 722/{: 2= (b—a) /6

¢(2; T7r/2,7r/2) = (b— a)4/90, (2.5.28)
C(3: Trjomse) = (b—a)°/945,
C(4; Trjonj2) = (b — a)®/9450.
Noting that the series expression for ((s;Tr/2x/2) in (2.2.38) sums only over
non-zero eigenvalues, and that the eigenvalues for Dirichlet and Neumann boundary
conditions only differ by zero being an eigenvalue for the latter, but not the former,

the same expressions apply as in Example 2.5.1, which is reflected in equations

(2.5.22) and (2.5.28) yielding the same values.

Example 2.5.3 (Periodic boundary conditions). Consider the case ¢ = 0, R = I5.

Then the operator Ty 1, has eigenvalues given by
M = (2k)?7%/(b—a)?, keN,. (2.5.29)

In particular, z = 0 1s a simple eigenvalue of Ty 1, and all other eigenvalues of Ty p,

are of multiplicity 2, and
For,(z) = —2cos (2'2(b—a)) +2, z€C. (2.5.30)

Applying Corollary 2.4.8 with mg = 1 one finds forn =1,2,3,4,

[e.9]

C(5;Tos,) =2(b—a)*m 2 (2k)7 = (b—a)?/12,

k=1
C(2;T07[2) = (b—a)4/720, (2531)
C(3; To.z,) = (b — a)°/30240,
C(4;To1,) = (b — a)®/1209600.

Here, once again, one can verify the values found in Example 2.5.3 by utilizing

the following relation of ((s;7} ;,) with the Riemann (-function,

C(5;Tog,) = 272772 (b— a)*((2s), Re(s) >1/2. (2.5.32)
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By using [87, 0.2333], the last expression allows one to find for s =n € N,
((n;Tor,) = (b — a)*"|Bay,|/[(2n)1]. (2.5.33)

Example 2.5.4 (Antiperiodic boundary conditions). Consider the case ¢ = 0, R =
—I,. Then the operator Ty 1, has eigenvalues given by
e = (2k — 1)*7%/(b—a)?, keN. (2.5.34)
In particular, z = 0 is not an eigenvalue of Ty _j, and all eigenvalues of Ty _p, are
of multiplicity 2, and
Fo—p(2) =2cos (z"2(b—a)) +2, z€eC. (2.5.35)

Applying Corollary 2.4.9 with mg = 0 one finds forn =1,2,3,4,

C(1; Ty 1) =2(b—a)’n? 2(2/’{: — 1) = trpz (e (15, 14,) = (b—a)?/4,
k=1

C(2;To,-1,) = (b— a)4/48, (2.5.36)
¢(3: To,-r,) = (b — a)"/480,
C(4; To,—1,) = [17/80640](b — a)®.

One can verify the values found in Example 2.5.4 by utilizing the following

relation,

C(s;To—1,) = 2(b — )72 (2k — 1) = (1 —272)2(b — a)™ 7 >*((2s),
keN

Re(s) > 1/2, (2.5.37)

which in turn by using either [87, 0.2335] on the first equality or [87, 0.2333] on the

second allows one to find for s =n € N,

C(n; Ty 1) = (22" — 1)(b — a)*"| B2y /[(21)!]. (2.5.38)
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Example 2.5.5 (Krein—von Neumann boundary conditions). Consider the case ¢ =0,

R = Ry, with

0(0,b,a ?(0,b,a 1 b—a

Ri = ( ) ( ) = : (2.5.39)
01(0,b,a) #1(0,b,a) 0 1

As shown in [34, Example 3.3], the resulting operator Ty g, represents the Krein—

von Neumann extension of Ti,. For more on the Krein—von Neumann extension,

including an extensive discussion of eigenvalues and eigenfunctions, see [3] or [7].

From (2.2.17) with ¢ =0, R = Ry defined as in (2.5.39),
Fore(2) = (a = b)z/*sin (21/2(13 —a)) — 2cos (21/2(19 —a))+2, zeC. (2.5.40)
Using the series expansions in (2.5.40), one finds

Fore(2) = [(b—a)*/12]2* + O(2°), (2.5.41)

ZTO
so that z = 0 is a zero of multiplicity two of Fy g, (2) and hence an eigenvalue of
multiplicity two of Ty g, (coinciding with what was found in [7] and noted in [74,

Example 3.7]). Applying Corollary 2.4.10 with mo = 2 gives
C(L; To,py) = (b—a)?/15,
C(2; To.r, ) = [11/12600](b — a)*,
(2.5.42)
C(3; To.ry,) = (b— a)®/54000,

C(4; Ty g, ) = [457/317520000](b — a)®.

2.5.2  Ezxamples of Nonnegative (Piecewise) Constant Potentials
Next we provide examples for calculating spectral (-function values considering

a positive (piecewise) constant potential ¢, imposing Dirichlet boundary conditions.

Example 2.5.6. Let V € (0,00), consider q(x) = Vi, © € (a,b), and denote by Tp

the associated Schrodinger operator with Dirichlet boundary conditions at a and b

23



(i.e., « = =0). Then,
d(z,z,a) = (z — Vp)"H?sin ((z — Vo)V — a)),
(2.5.43)
0(z,2,a) = cos ((z — Vo) /2 (x — a)), z€(a,b), z€C.
Furthermore, the eigenvalues and eigenfunctions for Ty o with q(z) = Vo > 0, = €

(a,b), are given by

e = E* 7%/ (b — a) 2 4V,

(2.5.44)
ye(z) = (e — V) "Y2sin (()\k —Vo)Y3(z — a)), keN
(in particular, z = 0 is not an eigenvalue of Toy), and
Foo(2) = (2 — Vo) /?sin ((z— Vo)'2(b—a)), zeC. (2.5.45)

Applying Corollary 2.4.3 with mg = 0 one finds for n = 1,2,3 (the expression for

n = 4 is significantly longer and hence is omitted here),
o0 22
C(1;To0) = Z [(bk_ﬂa)z
k=1
= [V;"?(b — a) coth (V3 2(b — a)) — 1] /(2V0),
Vo/2(b — a) sinh (2Vy%(b — a)) — 2cosh (2Vy (b — a)) + 2V (b — a)* + 2
8V2 sinh? (Vol/z(b —a))

-1
+ Vo] = trzz(an) (Too)

C(2;To) =

9

C(3;Too) = (64 sinh® (Vy(b— a))) ™ [12V4 (b — @) — 16 cosh (2V, (b — a))
+ 16 + Vol/z(b — a)(8a°Vy — 16abV; + 8b*Vp — 3) coth (Vol/z(b —a))
— 3aV;"? cosh (3%1/2(1) — a))(sinh (‘/01/2(1) — a)))_1

+3bV)? cosh (3\/01/2(19 —a))(sinh (Vol/g(b - a)))_l}. (2.5.46)

Taking the limit V4 | 0 of (2.5.46) recovers the expressions in Example 2.5.1.

Remark 2.5.7. One can also verify the expressions found in Example 2.5.6 by means

of the one-dimensional Epstein (-function given by

o0

Ce(s;m?) = Z (K*+m?*) ", m*>#0, s>1/2 (2.5.47)

k=—o0
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(see, e.g., the classical sources [56], [57], [113], and [53, Sect. 1.1.3], [55, Sects. 1.2.2,
5.3.2], [114], [115, Ch. 3, App. A], and the extensive list of references therein). Now

one finds that ((s;7p,) in Example 2.5.6 can be written in the form

- kP’ - 23 —2s - 2 —s
C(SZTO,O):Z[(b_a)QjLVO] - Z k +m
k=1 k=1 (2.5.48)
=271 (b—a)*¥r [CE(S; m?) — m_ZS}, s>1/2,
where
=(b—a)*Vyr 2> 0. (2.5.49)

Then the following formula for the analytic continuation of (g(s;m?) in s for m #

0,—1,—-2,... (see [53, Sect. 4.1.1])
[(s— 1)

478
2 ml 2s+

['(s) ['(s)

1/2 ml/2—s Z ns_1/2K8,1/2(27rmn),

n=1 (2550)
s# (1/2) =4, L €Ny, s€C,

Ce(s; m2) =7

where K,(-) is the modified Bessel function of the second kind (see for example [1,
Chs. 9-10]), can be used to explicitly verify the expressions found in Example 2.5.6.
We verify the expressions for ((1;7p) and ((2;7p0) next. From (2.5.50) one

has, using the fact that Kjs(z) = 71/2(22)"1/%e*

Ce(1;m?) = 7mm™ + dom~Y/? Z n 27l (dwmn) ~H/2e2mmn

n=1
= 7rm_1 + 27Tm_1 Z 6—27rmn = 7rm_1 + 27Tm_1€2ﬂ_m—_1
n=1
T
= — coth(mm). (2.5.51)

m

Thus, from (2.5.48) and (2.5.49) one obtains, in accordance with Example 2.5.6,

C(1;Th0) = (b2 2) (Ce(1;m?) —m™?) = (b;ﬁg) (Wmcoﬂ;gm) — 1)
= [Va(b — a) coth (Vo (b — a)) — 1] /(2V%). (2.5.52)
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Next we verify the expression for ((2;75 ) by first noting that

(Gl m?) = ~2smCs(s +1m?), (2:5.53)

which implies the functional equation

1 d
From (2.5.51) and (2.5.54) with s = 1 one has
d ( coth(mm) 7 sinh(27m) + 27%m
2:m?) = — & — 9.5.55
Cp(2im) 2m dm ( m ) 4m3 sinh®(7mm) ( )
Thus from (2.5.48) and (2.5.49) one obtains
b—a)
€(2;To0) = ( 27r4> (Ce(2m?) —m™)
—a)? inh(2 272 1
_ (b—a) <7rsm ( 7‘rm)2+ m™m _) (2.5.56)
274 4m3 sinh®(mm) m

Vo/?(b — a) sinh (2V, 7% (b — a)) — 2 cosh (2V,"*(b — a)) + 2Vo(b — a)? + 2
8V2sinh? (V,/*(b — a))

again in accordance with Example 2.5.6. All other positive integer values can be

Y

found recursively by means of (2.5.51) and the functional equation (2.5.54). o
Next, we turn to the case of a nonnegative piecewise constant potential (a

potential well):

Example 2.5.8. Let ¢,d € (a,b), c < d, Vi € (0,00), consider

4

0 z¢€(a,c0),
q(z) =9V, =€ (cd), (2.5.57)
0 ze€(db),

\

and denote by Ty o the associated Schriodinger operator with Dirichlet boundary con-
ditions at a and b. Then, for z € C,
$(z,z,a) = 271/ ?sin (21/2(x — a)), x € (a,c),
0(z,z,a) = cos (zl/z(a: —a)), z € (a,c),
¢(z,x,a) = cos (21/2(0 —a))(z— Vo)"Y%sin ((z— Vo) Y2 (z — c))
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b2 Y260 (212(c — a)) cos (= — Vo) V2(x — ), € (c,d),
0(z,,0) = —z"2sin (212(c — a)) (z = Vo) sin ((z = Vo) (2 — ¢))
1 cos (22(c — a)) cos (2 — Vo) 2(z — @), € (c,d),
otz .) = [cos (27(c ) o5 (: ~ )" )
(2 V)22 sin (2M2(e — a)) sin (= — Vo) V2(d — c))]
x 2 2 sin (212 (x — d)) (2.5.58)
+ {cos (21%(c — @) (z = Vo) "?sin ((2 = Vo) *(d — ¢))
T2 gin (22(c — a)) cos (= — Vo) /2(d — c))} cos (2(z — ),
v e (db),
0(z,2,0) = — { U2 sin (2Y2(c — a)) cos ((z — Vo) 2(d — )
(2= V)2 cos (12(c — a)) sin ((= — Vo) /2(d — c))]
x 2~ V25in (2Y2(z — d))
+ {— 22 sin (22(c — a)) (2 = Vo) 2 sin (2 — Vo)/*(d — ¢))
+ cos (2/2(c — a)) cos ((= — Vo)/2(d — @)} cos (/2(x — d)).,

x € (d,b).

In particular,

Bz, b,0) =Y 2"du(b), z€C, (2.5.59)

m=0

where
do(b) = [cosh (V,/(d = ¢)) + V(¢ = a) sinh (V) (d = )) | (b — d)
+ Vg 2 sinh (V,7?(d = ¢)) + (¢ — a) cosh (V,*(d — ¢)),
$1(b) = (6V5"*) " {3[(aVo(e — d) — AVp + cdVy — 1) sinh (V) > (¢ — ) (2.5.60)
+ V(¢ = d) cosh (V) (c = d))] + Vo[ sinh (V)2 (d = ¢)) (aVi(b — d)
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— beVp + edVy — 3) + Vy'*(3a — b — 3¢ + d) cosh (Vy/*(d — ¢))]
x (b—d)? [%1/2 sinh (21/01/2(d —¢)) + cosh (2V01/2(d —0))]
+ %3/2<CL - C>3}7

etc.

By construction, ¢(z,a,a) =0, so eigenvalues are given by solving ¢(z,b,a) = 0, or,
equivalently, by solving
tan (2/2(b — d)) (2.5.61)

—zcos (21%(c — a)) sin ((z — Vo)2(d — ¢)) — \/2(z — Vo) sin (2!/2(c — a)) cos ((z — Vo)/*(d — ¢)) '
2(z = Vo) cos (2172(c — a)) cos ((z — Vo)/2(d — ¢)) — (2 — Vp) sin (2/2(c — a)) sin ((z — Vo) /2(d — ¢))

From (2.2.16), one has

Foo(z) = |:COS (21/2(0 —a)) cos ((z — Vo)'/%(d — ¢))

sin (2/2(c — a sin (2Y2(b —
o) |00
+ {COS (z1%(c — a))(z = Vo) *sin ((z — Vo) /*(d — ¢)) (2.5.62)

+ 2z Y2sin (31/2((: —a)) cos ((z — Vo)Y2(d — c))] oS (21/2(b —d)),

zeC.

Hence, applying Corollary 2.4.3 with mg = 0 one explicitly finds the sum of the

inverse of these eigenvalues, namely
(15 To0) = trrz(any (Ton) = —¢1(0)/¢0(D) (2.5.63)
= —{6V5[(Vo(c — a)(b— d) + 1) sinh (‘/01/2(d —0) - ‘/01/2((1 —b—c+d)cosh (Vol/z(d —0))] }_1
x{3[(aVo(c — d) — Vo + edVy — 1) sinh (V; (¢ = d)) + V(¢ — d) cosh (V;"* (¢ — d))]
+Vo [sinh (Vy/?(d = ¢)) (aVo(b — d) — beVp + edVy — 3) + Vo> (3a — b — 3¢ + d) cosh (V) (d — ¢))]

x(b—d)? [VOI/Z sinh (2‘/01/2(d —¢)) + cosh (2‘/01/2(d —o)]+ V2 (a - o)}
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Taking the limits ¢ | @ and d 1 b of (2.5.63) recovers the expression in Example
2.5.6. Furthermore, taking the limit Vj | 0 recovers the same expression as in
Example 2.5.1. The expression for n = 2 is significantly longer and hence it is

omitted here.

2.5.8 Example of a Negative Constant Potential
Next, we derive spectral (-function values for the case of a negative constant
potential. This case is dealt with separately since the question as to whether z = 0

is an eigenvalue of 7j o depends on the actual constant value of the potential.

Example 2.5.9. Let Vi € (0,00), consider q(z) = =Vp, x € (a,b), and denote by Tp

the associated Schrodinger operator with Dirichlet boundary conditions at a and b.

Then,
oz, x,a) = (2 + Vo) V% sin ((z+ Vo) Y2 (z — a)),
(2.5.64)
0(z,2,a) = cos ((z + Vp)*(x — a)), z€C.
Furthermore, eigenvalues and eigenfunctions for Ty, with q(x) = =Vy < 0, = €
(a,b), are given by
k22
Ak = m — Vo, wyk(w) = (M + ‘/0)71/2 sin (O\k + %)1/2(m - a)), k€N,
(2.5.65)
where one notes that due to q(xz) = —Vo < 0, z = 0 is an eigenvalue of Ty for
certain values of Vy. Specifically, if one has
Vo = k*7%/(b—a)?, for some k € N, (2.5.66)

then z = 0 is a simple eigenvalue of Tyo. Otherwise, z = 0 is not an eigenvalue of

Tbo. Moreover,

Foo(z) = (2 4 Vo) Y?sin ((z+ V)" *(b—a)), zeC. (2.5.67)
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Applying Corollary 2.4.3 with mg = 0 when Vy # k*7?/(b—a)?, k € N, one finds for
n =1,2,3 (the expression for n = 4 is significantly longer and hence is omitted),

[ 22 -1 1
C(1;Top) = Z {m - VO} = trrz(as) (Too )

= [Vo/?(a — b) cot (Vy*(b — a)) + 1] /(2Vh),
Vo 2(b — a) sin (2V,7%(b — a)) + 2 cos (2V,*(b — a)) + 2Vo(b — a)® — 2
8V sin? (Vol/2(b —a))

)

C(2;Too) =

C(3; Too) = (64 sin? (Vy?(b— a))) ™' [ = 12Vo(b — a)? — 16 cos (2V, (b — a))

+16 — V"2 (b — a) (8a*V; — 16abVy + 86*Vy — 3) cot (V,/*(b — a))

1

- 30LV01/2 cos (3V01/2(b —a))(sin (Vol/Q(b —a)))
+ 36V, cos (3V) (b — ) (sin (Vg (b — a))) '] (2.5.68)

When Vo = k2n?/(b — a)? for some ky € N, applying Corollary 2.4.3 with
mo = 1 one finds for n = 1,2 (the expressions for n = 3,4 are significantly longer

and hence are omitted here),

> k2m? ! 2 > 9 911
i) =3 [50 -4] =gl -4
(Vo(b— a)? — 3) sin (Vol/Z(a —b)) + 3V;%(a — b) cos (Vol/?(a —b))
4V (sin (‘/01/2(17 —a)) + Vol/Q(a —b) cos (Vol/z(b —a)))
1

24V (sin (Vo (0 — a)) + V(0 — b) cos (1, (b — a))

9

C(2;Top) =
x {2[3(5 — 2V4(b — a)?) sin (Vy/*(a — b))
— V32 (b= a)(Vo(b — a)* — 15) cos (Vy*(a — b))]
+ 3(sin (‘/01/2(6 — a)))_1 [(Vo(b—a)* — 3)sin (1/61/2((1 - b))
- 3\/01/2(b — a) cos (1/01/2(a —b)]

X [sin (1/01/2(17 —a)) — V)?(b — a) cos (Vol/Q(b —a))]}. (2.5.69)

Taking the limit V5 | 0 of (2.5.68) recovers the expressions in Example 2.5.1.
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Remark 2.5.10. In the case z = 0 is not an eigenvalue, one can verify these results

via the method outlined in Remark 2.5.7. Namely, letting

m? = —(b—a)?Vymr 2 <0 (2.5.70)

so that
m = (i/7)(b—a)V,"? (2.5.71)
in (2.5.52) and (2.5.56), one verifies the expressions for n = 1,2 as before. o

2.5.4 Example of a Linear Potential
We finish with an example for calculating spectral (-function values for the

linear potential, ¢(z) = z, = € (a,b).

Example 2.5.11. Consider q(x) = x, x € (a,b), and denote by Ty the associated
Schrodinger operator with Dirichlet boundary conditions at a and b. Then, noting
that W (Ai,Bi)(x) = 7! (¢f. [1, Eq. 10.4.10]), one finds
&(z,x,a) = w[Ai(a — 2) Bi(x — z) — Bi(a — 2) Ai(z — 2)], (2.5.72)
0(z,2,a) = —w[Ai'(a — 2) Bi(x — 2) — Bi'(a — 2) Ai(x — 2)], 2€C, (2.5.73)
where Ai(-) and Bi(-) represent the Airy functions of the first and second kind,

respectively (cf. [1, Sect. 10.4]). In particular, substituting z = 0 in (2.5.72) yields

¢o(x) = w[Ai(a) Bi(x) — Bi(a) Ai(z)], 6y(x) = —m[Ai'(a) Bi(x) — Bi'(a) Ai(z)],

(2.5.74)
and thus the Volterra Green’s function becomes
g(0,z,2") = w[Ai(x) Bi(z") — Ai(2) Bi(x)]. (2.5.75)
Hence,
o(z,b,a) = i 2" om(b), z€C, (2.5.76)

m=0
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where
¢o(b) = 7[Ai(a) Bi(b) — Bi(a) Ai(b)],
$1(b) = 7 /abd:vl [Ai(b) Bi(x1) — Ai(z) Bi(b)][Ai(a) Bi(x1) — Bi(a) Ai(zy)]
= 72{ Ai(a) Ai(b) [ Bi'(a)® — Bi'(b)*] + Bi(a) Bi(b) [ Ai'(a)® — Ai'(b)*] (2.5.77)
+ [Ai'(b) BI'(b) — Ai'(a) Bi'(a)][Bi(a) Ai(b) + Ai(a) Bi(b)]},
etc.

Furthermore, one has by construction, ¢(z,a,a) =0, so eigenvalues are given
by solving ¢(z,b,a) = 0, or, equivalently, by solving Ai(a — 2) Bi(b — 2) = Bi(a —
2) Ai(b — 2). In particular, the characteristic function is given by

Foo(z) = w[Ai(a — 2) Bi(b — z) — Bi(a — z) Ai(b — 2)], z€C. (2.5.78)

If zero is not an eigenvalue, applying Corollary 2.4.3 with mo = 0 one does find the

sum of the inverse of these eigenvalues, namely
C(1; Too) = trrzan) (Too) = —¢1(b)/¢o(b)
= 7[Bi(a) Ai(b) — Ai(a) Bi(b)]*{ Ai(a) Ai(b) [ Bi'(a)® — Bi'(b)?]
+ Bi(a) Bi(b) [Ai'(a)2 — Ai’(b)ﬂ (2.5.79)

+ [AT'(b) Bi'(b) — Ai'(a) Bi'(a)][Bi(a) Ai(b) + Ai(a) Bi(b)]}.
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CHAPTER THREE

Donoghue m-functions for Singular Sturm-Liouville Operators

The content of this chapter relies on (but is not identical to) the paper sub-
mitted as: F. Gesztesy, L. L. Littlejohn, R. Nichols, M. Piorkowski, and J. Stanfill,
Donoghue m-functions for Singular Sturm-Liouville Operators, 35pp.

3.1 Introduction
To set the stage we briefly discuss abstract Donoghue m-functions following
(78] (see also [73], [77]). Given a self-adjoint extension A of a densely defined,
closed, symmetric operator Ain H (a complex, separable Hilbert space) with equal

deficiency indices and the deficiency subspace N of Ain H, with

N =ker ((A)" —ily), dim(N;) =k € NU {oo}, (3.1.1)
the Donoghue m-operator M3 (-) € B(N;) associated with the pair (4, N;) is
given by

MZ3(2) = Pr(2A+ L) (A — 2I) "' Py,

A (3.1.2)
= zly, + (22 + )Py (A= 2Ii) "' Py .. 2 € C\R,

with I, the identity operator in N;, and Py the orthogonal projection in H onto

N;. The special case k = 1, was discussed in detail by Donoghue [49]; for the case

k € N we refer to [82].

More generally, given a self-adjoint extension A of AinH and a closed, linear
subspace A of NV;, the Donoghue m-operator M{%(-) € B(N) associated with the
pair (A, N) is defined by

MP3(2) = Py(zA+ Ip) (A — zIy) "' Pyl 5.13)
= zly + (22 + 1)Py(A — zIy) ' Py|,,, z€C\R, B

with Iy the identity operator in N” and Py the orthogonal projection in H onto N.
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Since MJ3(z) is analytic for z € C\R and satisfies (see [78, Theorem 5.3])
-1
[T (2)] T (M P5(2)) > 2[(!2\2 +1) + [(|z]> - 1)2 +4(Re(2))?] 1/2} Iy,
z € C\R, (3.1.4)

MP3(-) is a B(N)-valued Nevanlinna-Herglotz function. Thus, MP-(-) admits

the representation

Do _ Do 1 o )\
where the B(NV)-valued measure Q79( ) satisfies
QRN (A) = (W + 1)(PrvEa(V) Pyl ), (3.1.6)
/ 4025 (N) (1 + 22" = I, (3.1.7)
R
/ d(&, Q% (NE)n = oo for all & € N\{0}, (3.1.8)
R

with E4(-) the family of strongly right-continuous spectral projections of A in H.
Operators of the type M fj\[( -) and some of its variants have attracted con-
siderable attention in the literature. They appear to go back to Krein [122] (see
also [123]), Saakjan [168], and independently, Donoghue [49]. The interested reader
can find a wealth of additional information in the context of (3.1.2)—(3.1.8) in [4],
6], [16]— [19], [24], [25]- [29], [38]- [44], [73]- [82], [83], [93], [124], [126], [134], [135],
[136], [138], [142], [145]- [147], [154], [156], [167], and the references therein.
Without going into further details (see [78, Corollary 5.8] for details) we note
that the prime reason for the interest in M4 (-) lies in the fundamental fact that
the entire spectral information of A contained in its family of spectral projections
Ea(-), is already encoded in the B(N})-valued measure Q5% (-) (including multi-
plicity properties of the spectrum of A) if and only if Alis completely non-self-adjoint
in H (that is, if and only if A has no invariant subspace on which it is self-adjoint,

see [78, Lemma 5.4]).
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We also note that a particularly attractive feature of the Donoghue m-operator,
that distinguishes it from the Weyl-Titchmarsh—Kodaira m-operator, consists of the
explicit appearance of the resolvent (A — zIy)~!, z € C\R, in its definition (3.1.2)
(resp., (3.1.3)).

We conclude these introductory remarks with a brief sketch of the relation
between M ADj\/( -) and an associated 7-field, familiar from the abstract theory of self-
adjoint extensions of closed symmetric operators in connection with the notion of
boundary triplets. To keep the discussion as short as possible, we restrict ourselves in
the following to a relatively prime pair (A, As) of self-adjoint extensions of a closed
symmetric operator A with equal (finite or infinite) deficiency indices (such that

dom(A;) Ndom(A;) = dom (A)). We start by recalling Krein’s resolvent formula as
described in [77],

(A2 - ZIH)_l = (Al — ZIH)_l (319)
v (2) [tan(ars) — MYy (2)] an(3)', 2 € p(An) N p(A),

where the y-field v, a;( ) is given by

Yarni(2) = (A —ily) (A1 — zI) " Py, 2 € p(Ay),

(3.1.10)
Yarn; (Z) = Py (A +ily) (AL — zIy) ™, 2z € p(Ay),
and the operator a; 5 in N is introduced via
—2io12 —1
e 2z = —Cu, 0ol s (3.1.11)

where C'p denotes the (unitary) Cayley transform of the self-adjoint operator B in
‘H, that is,
Cp = (B+ily)(B—ily)™", (3.1.12)

and one notes that N is an invariant subspace for Cl4, Cgll.
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One then verifies the following formulas, familiar from the theory of boundary

triplets (see, e.g., [15, Sect. 2.3]),

Yay v (2) = (A = CI)(Ar — 2I) 'ya i (Q), 2,¢ € p(Ay), (3.1.13)
MR\ (2) = MP\ (O = (2 = Ovanni (O yani(2), 2 ¢ € p(Ar),  (3.1.14)
MY\ (2)" = ME°\ (), 2 € p(A), (3.1.15)

(z = (G — ) (G — 2) v, (C1) (A1 — 25) ' yau i (G2)
= (G = Q)ME%\(2) + (2 = Q)ME\: (G1) + (G — 2) MEC . (Ga), (3.1.16)
2,1, G € p(Ay).

In the remainder of this chapter and the next, we will exclusively focus on the
particular case N' = N; = ker ((A)* — iIH) and develop a self-contained approach
to constructing Donoghue m-functions (resp., 2 X 2 matrices) for singular Sturm-—
Liouville operators on arbitrary intervals (a,b) C R. More precisely, assuming the
standard local integrability hypotheses on the coefficients p, ¢, 7 (cf. Hypothesis 3.2.1)
we study all self-adjoint L?((a,b); rdxr)-realizations corresponding to the differential

expression

1 d d
T = () —Ep(x)% +q(z)| for a.e. z € (a,b) CR, (3.1.17)

and systematically determine the underlying Donoghue m-functions in all cases
where 7 is in the limit circle case at least at one interval endpoint a or b.

Turning to the content of each section, we discuss the necessary background
in connection with minimal 7},;, and maximal T,,,, operators, self-adjoint exten-
sions, etc., corresponding to (3.1.17) in the underlying Hilbert space L*((a,b);rdx)
in Section 3.2. In particular, we recall the discussion of boundary values in terms of
appropriate Wronskians, especially, in the case where T,,;, is bounded from below
(utilizing principal and nonprincipal solutions). Our strategy for the construction of

Donoghue m-functions consists of first constructing them for the Friedrichs exten-
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sion of T,,;, and then employing Krein-type resolvent formulas to derive Donoghue
m-functions for the remaining self-adjoint extensions of T),;,. These Krein-type
resolvent formulas use the Friedrichs extension as a reference operator and then
explicitly characterize the resolvents of all the remaining self-adjoint extensions of
Tonin in terms of the Friedrichs extension and the deficiency subspaces for T,,,.
Hence Sections 3.3 and 3.4 derive Krein-type resolvent formulas for singular Sturm—
Liouville operators in the case where 7 has one, respectively, two, interval endpoints
in the limit circle case. Donoghue m-functions corresponding to the case where 7 is
in the limit circle case in precisely one interval endpoint are derived in Section 3.5;
the case where 7 is in the limit circle case at a and b is treated in detail in Section
3.6. We conclude this chapter with an illustration of a generalized Bessel operator
in Section 3.7 where a = 0, b € (0,00) U {00}, and 7 takes on the explicit form,

[ dd @I (v

14

Cdr” da 4 ’

7'5,,,77 =T
(3.1.18)

d>—-1,v<l1l, ~v>=0, z€(0,b).

Finally, we comment on some of the basic notation used throughout this chap-
ter and the next. If 7" is a linear operator mapping (a subspace of) a Hilbert space
into another, then dom(7") and ker(7") denote the domain and kernel (i.e., null space)
of T'. The spectrum and resolvent set of a closed linear operator in a Hilbert space
will be denoted by o(-) and p(-), respectively. Moreover, we typically abbrevi-
ate L?((a,b);rdz) as L?((a,b)) in various subscripts involving the identity operator
Ir2((ap)) and the scalar product (-, -)r2(@p) (linear in the second argument) and

associated norm || - |12 in L*((a, b); rdzx).

3.2 Some Background
In this section we briefly recall the basics of singular Sturm-Liouville operators.

The material is standard and can be found, for instance, in [15, Ch. 6], [35, Chs. 8,
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9], [51, Sects. 13.6, 13.9, 13.10], [52], [84, Ch. 4], [104, Ch. III}, [149, Ch. V], [150],
[155, Ch. 6], [175, Ch. 9], [179, Sect. 8.3], [180, Ch. 13], [182, Chs. 4, 6-8].

Throughout this section we make the following assumptions:

Hypothesis 3.2.1. Let (a,b) C R and suppose that p,q,r are (Lebesque) measurable
functions on (a,b) such that the following items (i)—(iii) hold:
(i) r>0ae on(a,b), re L. ((ab);dz).

(i) p >0 a.e. on(a,b), 1/p € L}, .((a,b);dz).

(iit) q is real-valued a.e. on (a,b), q € L},.((a,b); dz).

loc

Given Hypothesis 3.2.1, we study Sturm—Liouville operators associated with

the general, three-coefficient differential expression 7 of the form
T=—|——px)— +q(z)| forae zec(ab) CR. (3.2.1)

If f € AC((a,b)), then the quasi-derivative of f is defined to be fl!l ;= pf’.

Moreover, the Wronskian of two functions f, g € ACj,.((a,b)) is defined by

W(f,g)(x) = f(x)g"(z) = fH(z)g(x) for ae. z € (a,b). (3.2.2)

The following result is useful for computing weighted integrals of products of

solutions of (7 — z)y = 0: Assume Hypothesis 3.2.1 and let z;, 2o € C with z; # 2.
If y(2;, -) is a solution of (7 — z;)y =0, j € {1,2}, then for all a < o < 3 < b,

Wy(z, )z )L

21 — 22

B
/ r(z)dzy(z1, 2)y(z2, ) = (3.2.3)

Definition 3.2.2. Assume Hypothesis 3.2.1. Given 7 as in (3.2.1), the mazimal op-

erator Trae in L2((a,b);rdx) associated with T is defined by
Tmaxf = va
f € dom(Thnae) = {g € L*((a,b); rdz) ‘g,g[l] € ACjoe((a,b)); (3.2.4)

79 € L*((a,b);rdx)}.
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The preminimal operator Tmm in L*((a,b); rdx) associated with T is defined by
Tmmf =7f,
f € dom (Tonin) = {g € L*((a,b);rdx) | g, g € ACie((a,b)); (3.2.5)
supp (g) C (a,b) is compact; Tg € L*((a, b);rdx)}.
One can prove that Tmm is closable, and one then defines the minimal operator

Trin as the closure of Tmm

For f,g € dom(7,,4.), one can prove that the following limits exist:
W(f,9)(a) =lHimW(f,g)(z) and W(f,g)(b) =lmW(f,g)(z). (3.2.6)
In addition, one can prove the following basic fact:
Theorem 3.2.3. Assume Hypothesis 3.2.1. Then

(Tomin)" = Tonazs (3.2.7)

and hence T,,.. 1s closed and T,,;, = Tmm 1S given by
Tonin ] =7,
f € dom(Tnin) = {g € L*((a,b);rdz) | g, " € ACioc((a, b)); (3.2.8)
for all h € dom(Taz), W(h, g)(a) =0 =W (h,g)(b); Tg € L*((a,b); rdx)}

= {g € dom(T}0z) ‘ W (h, g)(a) = 0=W(h,g)(b) for all h € dom(T;nas)}-

Moreover, Tmm 18 essentially self-adjoint if and only if Ta. s symmetric, and then

B
Tmin = Tmzn = Tmax'

Regarding self-adjoint extensions of T},;, one has the following first result.

Theorem 3.2.4. Assume Hypothesis 3.2.1. An extension T omein or of Thin = Tmm
15 self-adjoint iof and only if
Tf=rf, (3.2.9)

f € dom (T) = {g € dom(Trnaz) | W(f, 9)(a) = W(f,g)(b) for all f € dom (T)}
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The celebrated Weyl alternative then can be stated as follows:

Theorem 3.2.5 (Weyl’s Alternative).

Assume Hypothesis 3.2.1. Then the following alternative holds: Either

(i) for every z € C, all solutions u of (T — z)u = 0 are in L*((a,b);rdx) near b

(resp., near a),
or,

(1) for every z € C, there exists at least one solution u of (T — z)u = 0 which is not
in L?((a,b); rdx) near b (resp., near a). In this case, for each z € C\R, there exists
precisely one solution w, (resp., ug) of (T —2z)u =0 (up to constant multiples) which

lies in L*((a,b);rdx) near b (resp., near a).

This yields the limit circle/limit point classification of 7 at an interval endpoint

as follows.

Definition 3.2.6. Assume Hypothesis 3.2.1.

In case (i) in Theorem 3.2.5, T is said to be in the limit circle case at b (resp., a).

(Frequently, T is then called quasi-reqular at b (resp., a).)
In case (ii) in Theorem 3.2.5, T is said to be in the limit point case at b (resp., a).

If 7 is in the limit circle case at a and b then T is also called quasi-reqular on (a,b).

The next result links self-adjointness of T, (resp., Tinaz) and the limit point

property of 7 at both endpoints. Here, and throughout, we shall employ the notation

NZ = ker (Tmaw — ZILE((a,b))); z e C. (3210)

Theorem 3.2.7. Assume Hypothesis 3.2.1, then the following items (i) and (i) hold:

(1) If T is in the limit point case at a (resp., b), then

W(f,g)(a) =0 (resp., W(f,g)(b) =0) for all f,g € dom(Tpnaz)- (3.2.11)
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(17) Let Trnin = Tmm Then
(
2 if T is in the limit circle case at a and b,

1 if 7 is in the limit circle case at a (3.2.12)

and in the limit point case at b, or vice versa,

0 if 7 is in the limit point case at a and b.
\
In particular, Ty = Thee 15 self-adjoint if and only if T is in the limit point case

at a and b.
All self-adjoint extensions of T},;, are then described as follows:

Theorem 3.2.8. Assume Hypothesis 3.2.1 and that T is in the limit circle case at a
and b (i.e., T is quasi-reqular on (a,b)). In addition, assume that v; € dom(T4y),

7 =1,2, satisfy

W(U_lﬂ U2>(a’) = W(U_lv U2)<b> =1, W(E7 Uj)(a’) = W(U_ja UJ)<b) =0,7=12
(3.2.13)
(E.g., real-valued solutions vj, j = 1,2, of (T — ANu = 0 with A € R, such that

W(vy,v9) = 1.) For g € dom(Tar) we introduce the generalized boundary values
gl(a) = _W(U%g>(a)7 gl(b) = _W(U27g)(b>’

g2(a) = W(v1, g)(a), 92(b) = W(v1, g)(b).
Then the following items (1)—(iii) hold:

(3.2.14)

(i) All self-adjoint extensions Ty g of Tinin with separated boundary conditions are of

the form
Topf=71f «a,p€]0,m), (3.2.15)
cos(a)gi(a) + sin(a)gz(a) = 0,}

fedom(T,s) = {g € dom(T}4z)
cos(8)g1(b) + sin(5)g2(b) = 0
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(i1) All self-adjoint extensions Ty, g of Tyin with coupled boundary conditions are of

the type
T@,Rf = Tf7
% i (3.2.16)
fedom(T,r) = {g € dom(T}4z) () — R 29 },
g2(b) g2(a)

where ¢ € [0,7), and R is a real 2 x 2 matriz with det(R) =1 (i.e., R € SL(2,R)).
(1ii) Every self-adjoint extension of Ty is either of type (i) (i.e., separated) or of

type (i) (i.e., coupled).

Remark 3.2.9. (i) If 7 is in the limit point case at one endpoint, say, at the endpoint
b, one omits the corresponding boundary condition involving 8 € [0,7) at b in
(3.2.15) to obtain all self-adjoint extensions T,, of Ty, indexed by a € [0,7). (In
this case item (7i¢) in Theorem 3.2.8 is vacuous.) In the case where 7 is in the limit
point case at both endpoints, all boundary values and boundary conditions become

superfluous as in this case T}, = Tiae is self-adjoint.

(i7) In the special case where 7 is regular on the finite interval [a, b], choose v; €

dom(T}naz), j = 1,2, such that

Oo(\, x,a), for x near a, ®o(A, x,a), for x near a,
vi(x) = va() =
Oo(A, x,b), for x near b, ¢o(A, x,b), for x near b,
(3.2.17)

where ¢g(A, -, d), Oy(\, -,d), d € {a,b}, are real-valued solutions of (7 — A\)u = 0,
A € R, satisfying the boundary conditions

do(N, a,a) = 9[[,1](>\,a,a) =0, 6y(A\a,a)= (bgu()\,a,a) =1,

(3.2.18)
do(A b, 0) =0 (A, b,b) =0,  Go(A,b,b) = Bl (A, b,b) = 1.
Then one verifies that
Gila) =gla), @) =g(b), Gla)=g"a), Gub)=g"(b), (3.2.19)
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and hence Theorem 3.2.8 recovers the well-known special regular case.
(77i) In connection with (3.2.14), an explicit calculation demonstrates that for g, h €
dom(T}4z ),

G1(d)ha(d) = Ga(d)ha(d) = W (g, h)(d), d € {a,b}, (3.2.20)
interpreted in the sense that either side in (3.2.20) has a finite limit as d | a and

d 1 b. Of course, for (3.2.20) to hold at d € {a, b}, it suffices that g and h lie locally

in dom(7},q,) near x = d.

1) Clearly, g1, g2 depend on the choice of v;, j = 1,2, and a more precise notation
v) Clearl d d on the ch f v, 1,2, and tat

would indicate this as g1 ,, g2.,, €etc.
(v) One can supplement the characterization (3.2.8) of dom(7};,) by
Tmmf = Tf )

f € dom(Tynin) = {g € dom(Traz) | G1(a) = Ga(a) = G1(b) = g2(b) = 0}.

Next, we determine when two self-adjoint extensions of T,,;, are relatively

(3.2.21)

prime with respect to T)n.

Definition 3.2.10. If T and T" are self-adjoint extensions of a symmetric operator S,

then the mazximal common part of T and T" is the operator Cr o defined by
Crru=Tu, u€dom(Crp)={f€dom(T)Ndom(T")|Tf=Tf}. (3.2.22)

Moreover, T and T" are said to be relatively prime with respect to S if Cpqpv = S.

Theorem 3.2.11. Assume Hypothesis 3.2.1.

(i) If a, ., 8,8 € [0,7) with o # o and B # ', then To 3 and T,y g are relatively
prime with respect to Thyn.

(i1) If o, B, B' € [0, ) with 5 # (', then the mazimal common part of T, g and T, 5

1s the restriction of T,.. to the subspace

{g € dom(T 45 | cos(@)gi(a) + sin(a)gz(a) = 0, g1 (b) = ga(b) = 0}.  (3.2.23)
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(i19) If o, o/, B € [0, ) with a # &, then the mazimal common part of T, 3 and Ty g
1s the restriction of T,.. to the subspace
{9 € dom(Tya0) | G1(a) = Go(a) = 0, cos(B)g (b) + sin(8)ga(b) = 0}.  (3.2.24)
(i) Let a, B € [0,7), p €[0,7), R= (Rjx)3 41—, € SL(2,R), and define
d(a, B, R) = cos(a) cos(8)R1,2 + cos(a) sin(3) Ra2
(3.2.25)
— sin(a) cos(f)Ry1 — sin(a) sin(f3) Ra 1.
If d(ov, B, R) # 0, then T, 3 and T, g are relatively prime with respect to Tpin. If
d(a, B, R) = 0, then the mazimal common part of T, 3 and T, g is the restriction of

Trnax to the subspace
{g € dom(T, r) | cos(a)gi(a) + sin(a)gz(a) = 0}. (3.2.26)

(v) Let ¢,n € [0,7) and R, S € SL(2,R). If det (¢! PSR~ — Ic2) # 0, then T, 5
and T, s are relatively prime with respect to Tryy. If det (ei(”_‘P)SR_l — ch) =0, so
that 1 is an eigenvalue of "~ SR~ with corresponding eigenspace Vi C C?, then

the maximal common part of T, g and T, s is the restriction of T,,q. to the subspace
{g S dOHl(T%R> | (El(b>,§2(b))T € Vl} (3227)

Proof. To prove (i), it suffices to show that f € dom(7, ) N dom(7,, z) implies

f e dom(T). If f € dom(7T,3) Ndom(7, g ), then

cos(a) sin(a) Jilm) _ %) (3.2.28)
cos(a’) sin(a) fa(a) 0
cos(8) sin(B) | [flB)) [0} (3.2.29)

cos(f’) sin(f') f;(b) 0
The determinants of the 2 x 2 coefficient matrices in (3.2.28) and (3.2.29) are sin(a—
o) and sin(f — ), respectively. Since the assumptions on «, o/, 5, and " imply

a—ad,f—p € (—mm)\{0}, it follows that the coefficient matrices in (3.2.28)
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and (3.2.29) are invertible. Hence, fi(a) = fa(a) = fi(b) = fo(b) = 0, and the
characterization of dom(7,,;,) in (3.2.21) implies f € dom(T}in)-

The proofs of (i) and (i#i) are similar, so we only provide the proof of (i7)
here. Let D denote the set in (3.2.24). To prove (ii), it suffices to show dom(7, 5) N
dom(Thp) = D. If f € dom(T, ) Ndom(Ts z), then cos(a)fi(a) + sin(a) fa(a) = 0
and (3.2.29) holds. As in the proof of (i), the determinant of the 2 x 2 coefficient
matrix in (3.2.29) is nonzero. Therefore, f,(b) = fa(b) = 0, and it follows that
f € D. Conversely, if f € D, then it is clear that f simultaneously belongs to
dom(T, ) and dom(7, ).

The proof of (iv) begins with a general observation about functions in the

intersection dom(7, g) N dom(Ty, r). If f € dom(T,, g) N dom(T, ), then
cos() f1(a) + sin(a) fa(a) = 0,

cos(B) f1(b) + sin(8) f2(b) = 0,

(3.2.30)

and
f1(b) = €% Ry fila) + €9 Ry o fo(a),

]?2(1)) = 6iCpR2,1]T‘1(CL) + €Z¢R272f§(a).
Applying (3.2.31) in (3.2.30) yields a set of boundary conditions that may be recast

(3.2.31)

in matrix form as
cos() sin(a) Jf(a) _ 0  (3232)
cos(B)Ry1 +sin(f)Re1  cos(B) Ry o + sin(f)Rao fa(a) 0
The determinant of the 2 x 2 coefficient matrix in (3.2.32) is d(«, 3, R).

If d(v, B, R) # 0, then (3.2.32) implies fi(a) = fa(a) = 0. In turn, (3.2.31)
implies f,(b) = fo(b) = 0. Hence, f € dom(T}s), and it follows that Top and Ty, g
are relatively prime with respect to T),ip-

To complete the proof of (iv), it remains to show that the set in (3.2.26), call

it D, coincides with dom(7T, g) N dom(T,, r) when d(a, 5, R) = 0. The containment
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dom(Ty,3) Ndom(Ty, r) C D follows immediately from the definitions of T, 5, T, g,
and D. To prove the reverse containment, let f € D, so that f € dom(H, ) and
f satisfies the boundary condition at a in (3.2.30). The proof is then reduced to
showing f satisfies the boundary condition at b in (3.2.30). In order to do this, one
distinguishes the cases a # 0 and @ = 0. If @ # 0, one uses d(«, 3, R) = 0, the

conditions in (3.2.31), and sin(a) f2(a) = — cos(a) f1(a) to compute
e~ sin(a) [ cos(B) f1(b) + sin(B) fo(b)] (3.2.33)
= [cos(B8)Ru,1 + sin(B) Ro,] sin(a) f1 (a)
— [cos(B) Ry 2 + sin(B) Ra.5] cos(a) fi(a)
= —d(a, B, R) fi(a)
=0.

Since e~ sin(a) # 0 when « # 0, (3.2.33) implies f satisfies the boundary condition

at bin (3.2.30). If « = 0, then f,(a) = 0, and (3.2.31) simplifies. One then computes

cos(ﬁ)fl(b) + sin(ﬁ)f;(b) = e"[cos(B)Ri2 + sin(ﬁ)Rm]f;(a) (3.2.34)
= ¢%d(0, 8. R) f2(a)

=0,

so f satisfies the boundary condition at b in (3.2.30).

To prove (v), let f € dom(7}, r) N dom(7} ), so that

fi(b) | Al fi(b) )
=e"S and =e“R : (3.2.35)

f2(0) fa(a) f2(b) f2(a)
Using the invertibility of e’ R to solve the second equation in (3.2.35) for the vector

(ﬁ(a), ﬁ(a))T and substituting into the first equation in (3.2.35) yields

fi(b
[ei(nfso)sR’l—ch} Al = ! . (3.2.36)

f2(b) 0
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If det (e’ ?)SR™' — Ir2) # 0, then (3.2.36) implies f1(b) = fo(b) = 0. In turn, the
invertibility of ¢’ R and the second equation in (3.2.35) yields fy(a) = fa(a) = 0.
Hence, f € dom(7},), and it follows that T, rp and T, ¢ are relatively prime with
respect to Thin.

Now, suppose that det (¢’ ?)SR™! — Jc2) = 0, so that 1 is an eigenvalue
of e/"=?)SR~! with corresponding eigenspace V;. Let D denote the subspace in
(3.2.27). To complete the proof of (v), it suffices to show the subspace D coincides
with dom(7}, p)Ndom(7}, ). To this end, let f € dom(T,, r)Ndom(7;, ), so that both
equalities in (3.2.35) hold. In particular, (3.2.36) holds due to the invertibility of
¢"” R, and one concludes that (fl(b), ﬁ(b))T € Vi. Therefore, f € D. Conversely, if
f € D, then f € dom(T, r), and one only needs to show f € dom(7}, g) to complete
the proof. Using the boundary conditions implied by the inclusion f € dom(7, r)

(i.e., the second equality in (3.2.35)), one computes

b fi(b
es hie) = PSR~ ]:1< ) = Jil( | y (3.2.37)
f2(a) f2(b) f2(b)
where the last equality in (3.2.37) follows from the fact that (fl(b), ]?Q(b))T €V by

the assumption f € D. The equality in (3.2.37) implies f € dom(7, s). H

Finally, we turn to the characterization of generalized boundary values in the
case where T,,,;, is bounded from below following [75] and [150].

We recall the basics of oscillation theory with particular emphasis on principal
and nonprincipal solutions, a notion originally due to Leighton and Morse [127] (see
also Rellich [159], [160] and Hartman and Wintner [92, Appendix]). Our outline
below follows [33], [51, Sects. 13.6, 13.9, 13.10], [84, Ch. 7], [91, Ch. XI], [150], [182,
Chs. 4, 6-8].

Definition 3.2.12. Assume Hypothesis 3.2.1.

(1) Fiz c € (a,b) and A € R. Then 7 — X is called nonoscillatory at a (resp., b), if
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every real-valued solution (X, -) of Tu = Au has finitely many zeros in (a,c) (resp.,

(¢,b)). Otherwise, T — X is called oscillatory at a (resp., b).
(17) Let \g € R. Then Ty is called bounded from below by Xg, and one writes
Tonin 2 /\OIL%((a,b)ﬁ Zf

('U,, [Tmzn — )\OIL%((avb))]u)L2((a,b);rdx) = O7 u € dOHl(Tmln) (3238)

The following is a key result.

Theorem 3.2.13. Assume Hypothesis 3.2.1. Then the following items (i)—(iii) are
equivalent:
(1) Tomin (and hence any symmetric extension of Tpy) is bounded from below.

(13) There exists a vy € R such that for all A\ < vy, T — X is nonoscillatory at a and
b.

(1ii) For fized c,d € (a,b), ¢ < d, there exists a vy € R such that for all X < vy,
Tu = Au has (real-valued) nonvanishing solutions ug(X, -) # 0, Ug(\, -) # 0 in
the neighborhood (a,c] of a, and (real-valued) nonvanishing solutions uy(A, <) # 0,

Up(\, +) # 0 in the neighborhood [d,b) of b, such that

W (g (A, ), uq(A, -)) =1, ug(A x) =o(us(\,x)) as z | a, (3.2.39)
W (up(A, - ), up(N, ) =1, wp(N z) = o(up(A x)) as x 1 b, (3.2.40)
c b
/ dr p(z) tug(\, x) 2 = /d dz p(x) tuy(\, 2) 72 = oo, (3.2.41)
c b
/ dz p(x) M, (N, 2) 72 < oo, / dz p(x) (N, 2) 7% < oo (3.2.42)
a d

Definition 3.2.14. Assume Hypothesis 3.2.1, suppose that T,,;, is bounded from below,
and let X € R. Then uy(A, -) (resp., up(A, +)) in Theorem 3.2.13 (iii) is called a
principal (or minimal) solution of Tu = Au at a (resp., b). A real-valued solution
Ua(A, +) (resp., uy(A, +)) of Tu = Au linearly independent of uq(\, -) (resp., up(A, +))
is called nonprincipal at a (resp., b). In particular, u,(X, -) (resp., up(A, +)) in
(3.2.39)(3.2.42) are nonprincipal solutions at a (resp., b).
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Next, we revisit in Theorem 3.2.8 how the generalized boundary values are
utilized in the description of all self-adjoint extensions of T,,;, in the case where

Tnin is bounded from below.

Theorem 3.2.15 ( [75, Theorem 4.5]). Assume Hypothesis 3.2.1 and that T is in the
limit circle case at a and b (i.e., T is quasi-reqular on (a,b)). In addition, assume
that Tiin = Mol for some Ao € R, and denote by u,( Ao, ) and u,( Ao, -) (resp.,
up(No, ) and up(No, +)) principal and nonprincipal solutions of Tu = Agu at a (resp.,

b), satisfying
W(aa()\Oa : ),Ua(>\0, : )) - W(ab(Am ' )aub(A07 ' )) =1L (3243)
Introducing v; € dom(T}e,), j = 1,2, via

Uq(Xo, ), for x near a, uq(No, ), for x near a,
vi(z) = vo(z) = (3.2.44)

up(Xo, ), for x mear b, up(No, ),  for x near b,

one obtains for all g € dom(T 4z ),
3(a) = =W (02.9)(0) = (o) = ~W (a0, ) g)(a) tim AT

F(6) = — W (02, 9)(b) = Gu(b) = W (ws(Ao, - ), )(B) = lim ~2T)__

(3.2.45)

xTb Ub()\o, I’) ’
7(6) = W (01, 9)(0) = Talo) = W(Gh ). )fe) = i =Tl ),
7(0) = W01, 9)0) = l0) = W@, ),9)0) = tig 270 HO 02

(3.2.46)
In particular, the limits on the right-hand sides in (3.2.45), (3.2.46) ezist.

Remark 3.2.16. The notion of “generalized boundary values” in (3.2.14) and (3.2.45),
(3.2.46) corresponds to “boundary values for 77 in the sense of [51, p. 1297, 1304

1307], see also [70, Sect. 3], [71, p. 57]. o
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The Friedrichs extension T of T,,;, now permits a particularly simple char-
acterization in terms of the generalized boundary values g(a),g(b) as derived by

Niessen and Zettl [150](see also [81], [107], [108], [112], [139], [160], [163], [181]):

Theorem 3.2.17. Assume Hypothesis 3.2.1 and that T is in the limit circle case at a
and b (i.e., T is quasi-reqular on (a,b)). In addition, assume that Ty, = Xl for

some \g € R. Then the Friedrichs extension Tr = Ty of Thnin ts characterized by
Trf=1f, [f€dom(TF)= {g € dom(Ty4z) ‘E(a) =g(b) = O}‘ (3.2.47)

Remark 3.2.18. (i) As in (3.2.20), one readily verifies for g, h € dom(T4z),

g(d)h'(d) — g'(d)h(d) = W (g, h)(d), d € {a,b}, (3.2.48)

again interpreted in the sense that either side in (3.2.48) has a finite limit as d | a

and d 1 .

(77) As always in this context (cf. Remark 3.2.9 (7)), if 7 is in the limit point case
at one (or both) interval endpoints, the corresponding boundary conditions at that

endpoint are dropped in Theorems 3.2.15 and 3.2.17. o

3.8  Krein Resolvent Identities: One Limit Circle Endpoint
Assuming that 7 is in the limit circle case at @ and in the limit point case at b,
we derive in this section the Krein resolvent formulas for all self-adjoint extensions

of T,,:, using the Friedrichs extension as the reference operator.

Hypothesis 3.3.1. In addition to Hypothesis 3.2.1 assume that T is in the limit circle
case at a and in the limit point case at b. Moreover, for z € p(Ty), let ¥ (z, -) denote

the unique solution to (T—z)y = 0 that satisfies ¥(z, -) € L2((a,b)) and ¥(z,a) = 1.

Assume Hypothesis 3.3.1. By Theorem 3.2.8 or Theorem 3.2.15, the following

statements (i) and (i7) hold.
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(1) If a € [0, ), then the operator T, defined by

Taf = Tmaxf7

f € dom(T,) = {g € dom(Tynaz) | cos(a)g(a) + sin(a)g’(a) = 0}

(3.3.1)

is a self-adjoint extension of T;,,;,.

(17) If T' is a self-adjoint extension of T}, then T'= T,, for some a € [0, 7).
Statements analogous to (i) and (4¢) hold if 7 is in the limit point case at a and in
the limit circle case at b; for brevity we omit the details.

Choosing a = 0 in (3.3.1) yields the self-adjoint extension T with a Dirichlet-

type boundary condition at a:
dom(7Ty) = {g € dom(T},.42) | g(a) = 0}. (3.3.2)

Since the coefficients p, ¢, and r are real-valued, the solution v (z, - ) has the

following conjugation property:

Uz, ) =9, ), 2 e p(Ty) (3.3.3)

Theorem 3.3.2. Assume Hypothesis 3.3.1. If a € (0,7), then Ty and T,, are relatively
prime with respect to Thi. Moreover, for each z € p(Ty) N p(Ty), the scalar

ka(z) = —cot(a) — ¥’ (2, a) (3.3.4)
18 nonzero and

(To — 2I2((ap)) " = (To — 2l12((ap)) " +ka(2) 7 (W(Z, ), )r2(@pn (2, +). (3.3.5)

Proof. The claims follow as a direct application of [2, Theorem 3.4] which is stated

in terms of boundary conditions bases and the Lagrange bracket. The condition
W(aa(Ao, ' ),UQ(A(), ) )) =1 (336)
implies

{uq(No, +),Uq(No, - )} is @ boundary condition basis at x = a (3.3.7)
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in the sense of [2, Definition 2.15] and [182, Definition 10.4.3]. The generalized

boundary values take the form

9, ua (Mo, )(a) = g(a),  [g,Ua(Xo, -)](a) = —=g'(a), (3.3.8)
where [-, -| denotes the Lagrange bracket:
[f.9)(x) = f(2)(pg) (@) = (pf)(@)9(x), « € (a,b). (3:3.9)

Using the boundary condition basis in (3.3.7) and the identities in (3.3.8), the claims
now follow from [2, Theorem 3.4] after a standard reparametrizion of the self-adjoint

extensions (3.3.1) to fit the parametrization used in [2, Theorem 2.19]. O

3.4 Krein Resolvent Identities: Two Limit Circle Endpoints
Assuming that 7 is in the limit circle case at a and b, we now derive the
Krein resolvent formulas for all self-adjoint extensions of 7,,;, using once more the

Friedrichs extension as the reference operator (in this context we also refer to [34]).

Hypothesis 3.4.1. In addition to Hypothesis 3.2.1 assume that T is in the limit circle
case at a and b. Moreover, for z € p(Too), let {u;(z, -)}j=12 denote solutions to

Tu = zu which satisfy the boundary conditions

u(z,a) =0, wui(z,b) =1,
(3.4.1)
us(z,a) =1, ws(z,b) = 0.
Assume Hypotheses 3.4.1. By Theorem 3.2.8 or Theorem 3.2.15, the following
statements (i)—(7i7) hold.

(i) If o, B € [0, ), then the operator T, s defined by
Ta,ﬁf = Tma:pfa (342)
cos(a)g(a) + sin(a)g'(a) = O,}

fedom(T,s) = {g € dom(Tnaz)
cos(B)G(b) + sin(8)3"(b) = 0

is a self-adjoint extension of T},,.
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(i1) If ¢ € [0,7) and R € SL(2,R), then the operator T, r defined by

Torf = Thaaf, (3.4.3)

fedom(T,r) = {g € dom(7T4z)

is a self-adjoint extension of T},;,.

(i73) If T' is a self-adjoint extension of Ty, then T = T, 3 for some «, 3 € [0,7) or

T =T, p for some ¢ € [0,7) and some R € SL(2,R).

Notational Convention. To describe all possible self-adjoint boundary conditions

associated with self-adjoint extensions of T, effectively, we will frequently employ

the notation Ty g, Mg%( -), etc., where A, B represents «, 5 in the case of separated

boundary conditions and @, R in the context of coupled boundary conditions.
Choosing a = f = 0 in (3.4.2) yields the self-adjoint extension with Dirichlet-

type boundary conditions at a and b:
dom(Tp) = {g € dom(T0z) | g(a) = g(b) = 0}. (3.4.4)

Since the coefficients of the Sturm-Liouville differential expression are real,

the following conjugation property holds:

Uj(Z, ) = uj<77 ) )7 EAS p(TO,O)J j S {172} (345)
Applying (3.4.1), one computes

W(ui(z, ), ua(z, - )(a) = —t1(z, a),

(3.4.6)
W(ui(z, ), ua(z, - )(b) = uy(z,b), 2z € p(Tho).
In particular, since the Wronskian of two solutions is constant,
uy(z,b) = —uy(z,a), z€ p(Thp). (3.4.7)

Theorem 3.4.2. Assume Hypothesis 3.4.1. Then the following statements (i)—(v)
hold.

(i) If a, 8 € (0,7), then Ty and T, are relatively prime with respect to .
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Moreover, for each z € p(Tyo) N p(Ta,p) the matrix
cot(B) +T(2,8)  —(za)
Kop(z) = (3.4.8)
ﬂé(’zv b) o COt(O&) - aé(za CL)

18 invertible and
(Tos — 21e2((ap)) ™ = (Too — 2Ti2((apy) ™

+ > [Kap(x) 7], (wiZ ) Dizanyun(z ) (3.4.9)

J,k=1

(1) If B € (0,7), then the mazimal common part of Tyo and Ty is the restriction

of Thnae to the set
S1 ={y € dom(Tnae) |y(a) = y(b) = y'(b) = 0}. (3.4.10)
Moreover, for each z € p(Tyo) N p(Top) the scalar
Ko 5(z) = cot() + u;(z,b) (3.4.11)
s nonzero and
(Tos = 2Lea(aiy) ™ (3.4.12)
= (Too — z[Lg((ayb)))_l + KO”Q(Z)_I(U]_(E? ), ) 2@yt (2, - ).

(i43) If o € (0, ), then the mazimal common part of Ty o and Top is the restriction

of Thnae to the set
Sy ={y € dom(Tnae) |y(a) = y(b) = y'(a) = 0}. (3.4.13)
Moreover, for each z € p(Too) N p(Tao) the scalar
Kapo(z) = —cot(a) — uy(z, a) (3.4.14)
is nonzero and
(Tap — 21 2((a))) " (3.4.15)

= (Too — ZIL%((a,b))T1 + Ka,o(z)fl(?m(?, )5 )2y uz(z, -)-
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(iv) If Ri2 # 0, then Ty and T, g are relatively prime with respect to T,,,. More-

over, for each z € p(Too) N p(Ty r) the matrix

R272 e

——= +ui(z,b —ul(z,a
R CUNE LN
K, r(2) = 4 (3.4.16)
LW A a)
R172 2 ) RI’Q 2 Y
18 1nvertible and
(To.r — 2Lr2((ap)) " = (Top — 2Ir2((ap)) " (3.4.17)

+ 3 [Kor(2) '] wiE )y ) raasyua(z: ).

jk=1

(v) If Ri1p =0, then the mazimal common part of Ty, r and Tp is the restriction of

Tonaz to the set
Son = 1y € dom(Tas) |5a) = F0) = 0, F'(6) = *Ron (@)} (3.4.18)
Moreover, for each z € p(Tyo) N p(Tyr), the scalar
kpr(z) = —RayiRyo — €9 Ry ot p(z,a) + U, p(2,b) (3.4.19)
18 nonzero, and
(To.r = 2Li2(ab) ™" = (Too = 2lra(am) ™

(3.4.20)

+ kap,R<Z>7l(u¢,R(za : )7 : )LE((a,b))ucp,R<Z: . )7

where
Upr(C, +) = e P Roous(C, ) +wi((, +), € € p(Top). (3.4.21)

Proof. Statements (i)—(v) are direct applications of the Krein identities for singular
Sturm-Liouville operators obtained in [2] which are stated in terms of boundary

conditions bases and the Lagrange bracket. The conditions
W (Ao, « ), ua(Xo, ) = W(up(No, - ), up(Ao, ) =1 (3.4.22)
imply that

{uc(Ao, + ), Ue(No, )} is a boundary condition basis at x = ¢ for ¢ € {a,b} (3.4.23)
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in the sense of [2, Definition 2.15] and [182, Definition 10.4.3]. The generalized

boundary values take the form
(9, ua(Mo, +)](a) = g(a), g, us(Xo, -)](0) = g(b),

(9, Ua(Ho, +))(a) = =3g"(a),  [g,u(Xo, -)](b) = —g"(b),

where [+, -] denotes the Lagrange bracket (see (3.3.9)). Using the boundary con-

(3.4.24)

dition bases in (3.4.23) and the identities in (3.4.24), statements (i)—(v) now follow
from [2, Theorems 4.4, 4.5, 4.6, and 4.7] after a standard reparametrizion of the self-

adjoint extensions (3.4.2) and (3.4.3) to fit the parametrization used in [2, Theorem

2.20). O

Remark 3.4.3. As an illustration of Theorem 3.4.2, we consider the Krein extension,

T Ry, under the additional assumption that 7,,;, > €IL2<< ) for some € > 0. Then

a,b)
applying [68, Thm. 3.5 (ii)] and Theorem 3.4.2 (iv), one computes for the matrix
KO,RK in (3416),
Ko r (2) = ;2 € p(Too) N p(To,ry ),
uy(z,0) —uy(0,0) uy(0,a) —uy(z,a)
(3.4.25)

where we note that 0 € o(Tp g, )- o

3.5  Donoghue m-functions: One Limit Circle Endpoint

In this section we construct the Donoghue m-functions in the case where 7 is
in the limit circle case at precisely one endpoint (which we choose to be a without
loss of generality). We first focus on the Friedrichs extension of T,,;, and then
use the Krein resolvent formulas from Section 3.3 to treat all remaining self-adjoint
extensions of T},y,.

Throughout this section we shall assume that Hypothesis 3.3.1 holds so that 7
is in the limit circle case at @ and in the limit point case at b. We begin by obtaining a
general expression for the Donoghue m-function of an arbitrary self-adjoint extension
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T, of Ty in terms of a unit vector ¢(i, - ) € N;. This general expression will then
be made more explicit in terms of 1(i, - ) (cf. Hypothesis 3.3.1) in the analysis below.

The Donoghue m-function for Ty, is given by (see, e.g., [78, Eq. (5.5)])

M7 x,(2) = P (2Ta + Liz(ai) (Ta = 21r2am) ™ Pril

= ZIM + <22 + 1)PM(TQ — ZILg((aJ))))_lP/\[i

v ZEC\R,  (35.1)

where Py, denotes the orthogonal projection onto N;. According to (3.5.1),
M7? . (2) € B(N;), z € C\R, and M}° . (+i) = Fily;. (3.5.2)

The unit vector ¢(i, -) spans the one-dimensional subspace N, so the orthogonal
projection onto N is

Py, = (00, - ), - )r2(s) @i, - )- (3.5.3)
Thus, the action of MﬁON() may be computed directly in terms of ¢(i, -) as

follows:
M7 . (2)f (3.5.4)

il

= [2Ly, + (22 + 1) Pxi (T — 2I2((asy)) P
=z2f + (2% 4+ 1) Py, (Ta — 2Ir2((apy)) " f
= (@00, ), [2Lv + (2% + D)(Ta = 2Li200) 1) g0y @0 *)
= (6, ), [elv + (2% + D (Ta = 2Lr2ap) " 100, ) 2o
X (0(i, - ), Frz(ap) (i, -)
= [z 4+ (& + 1) (0, ), (Ta = 2lr2(ain) 8005 ) 12 (i)
X (3@, ), Fr2apy @i ), f €N, 2 € C\R,

where one uses f = (¢(7, - ), [)r2((ap)@(%, - ) to obtain the fourth equality in (3.5.4).

Hence,

M2 (2) = [z 4 (22 + 1) (000, ). (To = 2lizam) 000 ) ) (3:55)
X (60, )y V2@ )|y 2 € C\R.
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In order to determine Mﬁo A;(+) in terms of (i, - ), one must compute the fixed

inner product in (3.5.5). That is, one must compute

(@i, ) (T = 2Ir2) 00 +)) pagamy 2 € C\R. (3.5.6)

In light of (3.5.2), it suffices to compute (3.5.6) under the additional assumption

that z # +i. We will first do this for the Dirichlet-type extension Tj (cf. (3.3.2)).

8.5.1 The Donoghue m-function Mp° . (-) for Tp
Here we shall consider the Dirichlet-type self-adjoint extension Ty of Tup.

Assuming Hypothesis 3.3.1 and taking

To=To and &(i, ) = |96, )20 ) (3.5.7)

we shall compute the inner product (3.5.6) and use (3.5.5) to obtain an explicit
expression for the Donoghue m-function Mg°,.(-) for Ty in terms of (s, - ).
For the purposes of evaluating the inner product (3.5.6), we introduce the

generalized Cayley transform of Tj,
Uo,zer = (To — 2 Ir2((apy) (To — 2Ir2((ap)) " (3.5.8)
= Ina(apy) + (2 = 2)(To — 2Lr2(apy) ™ 2.2 € p(To),
which forms a bijection from N, to N,. One verifies that
Uooa0(Z, ) =0(z,+), 2,2 € p(Tp). (3.5.9)
In fact, for fixed z, 2’ € p(Ty), one uses the fact that Uy, ., maps into N, to write
Uz (2; ) = cotb(2, -) (3.5.10)
for some scalar cg € C. The second equality in (3.5.8) then implies
Uperth(2, ) = (2", ) + (2 = 2)(To — zI12(@apy) "2, ), (3.5.11)

so that

[Uo.0(2', )] (a) = (2, a) = 1. (3.5.12)
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Taking the generalized boundary value at a throughout (3.5.10) and using (3.5.12)
yields ¢y = 1 in (3.5.10), and (3.5.9) follows.

Let z € C\R with z # +i be fixed. Applying (3.5.8), one computes:

(@i, ). (To = 2Le2an) 000 ) 12(any (3.5.13)
(0 ) (T~ i) 0 ) ey
[5G Maan)

(1/}(27 : )7 [UO,z,i - IL% a,b) ] <Z7 ))L2 ((a,b))
(z = D0, 220
= 1 + W(Z: ’ )7 w(27 ))LQ((G b))
i—z (2 —0)[lY(, )”Lz ((a,b))
Furthermore, by (3.2.3) and Theorem 3.2.7 (i),

b
W@JW@JW@WZ/N@MM4JW®@ (3.5.14)
_ _W(@D(—Z} ')qub(Z’ ))|Z _ QZ/(ZWL) - J/<_i’a)
z+1 z+1 ’

where we have used that since 7 is in the limit point case at b and (—1, - ), ¥(z, - ) €

dom(7}az), an application of Theorem 3.2.7 (i) yields

W(ib(=i, -),9(z, ))(b) = 0, (3.5.15)

W(¢(—i7 ')7 ¢(Za ) ))(a’> = QZ/(Z7 a) - w,(_iv a)‘ (3516)
Therefore, (3.5.13)—(3.5.16) yield

| . I (a9
. Th — I 2((a ! ) 2((a = )
(60, ), (To = 2lraapy) 00, ) 2(any - (22 + D19 320

1 —Z
(3.5.17)

By (3.2.3), Hypothesis 3.3.1, and the limit point assumption at b,

W(w(_iv ) )7 w(lv ) ))'Z
21

b
nwaw@wwz/mmmw4wwmwz—
= L 15,0) - §(—ir0)] = (6, 0)). (35.18)

2i
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Applying (3.5.17) in (3.5.4) and taking simplifications and (3.5.18) into ac-

count, one obtains the following fact.

Theorem 3.5.1. Assume Hypothesis 3.3.1. The Donoghue m-function M%(’)ON() :
C\R — B(N;) for Ty satisfies
MR () = il

b (z,a) — ' (i, a) (35.19)
- Iyv.,, zeC\R, z # +i.
Im(lﬁ’(i,a)) N; < \ 7£

Mﬁ?M(Z) = —’l+

3.5.2  The Donoghue m-function for Self-Adjoint Extensions Other Than Ty

The Donoghue m-function for Ty was computed explicitly in Theorem 3.5.1. If
T., a € (0,7), is any other self-adjoint extension of T,;,, then the resolvent identity
in Theorem 3.3.2 may be used to obtain an explicit representation of the Donoghue

m-function Mp° . (-) for T,.

Theorem 3.5.2. Assume Hypothesis 3.3.1 and let a € (0,7). The Donoghue m-
function MF° . () : C\R — B(Nj) for T, satisfies

M7 . (£i) = Fily,

M7\, (2) = M7y (2) (3.5.20)
i pEa) ) o (e (i, -
+(i—2) cot(@) £ 97 (2.0) (W@, )s )z ¥y )M,

z € C\R, z # +i.

Proof. Let o € (0,7) be fixed. By (3.5.2), M7 . (£i) = £ily;. In order to establish
(3.5.20), let z € C\R, z # =i, be fixed. Considering (3.5.1) and invoking (3.3.5),

one obtains
Do _ Do 2 -1 —
M7 o (2) = M7y, (2) + (2% + D) ka(2) T (W(Z, 1), - ) r2((an) Py 0 (2, ')lM (3.5.21)
= Mpx,(2)

+ (22 + D kal(2) (W0, ), 02, ) L2@n (W E )y ) rz(asn (s +)
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Using (3.5.14) in (3.5.21), one obtains

M7y, (2) = Mg, (2) (3.5.22)
V'(z,0) — W' (i) .

ka(Z) <w(27 ’ )7 : )L%((a,b))¢(za ) N .
Finally, (3.5.20) follows from (3.5.22) after using the form for k,(z) in (3.3.4). O

+ (2 — 1)

3.6 Donoghue m-functions: Two Limit Circle Endpoints

The construction of Donoghue m-functions in the case where 7 is in the limit
circle case at a and b is the primary aim of this section. Once more we first focus
on the Friedrichs extension of 7,,,, and then use the Krein resolvent formulas from
Section 3.4 to treat all remaining self-adjoint extensions of T,;,.

Throughout this section, we shall assume that Hypothesis 3.4.1 holds so that
7 is in the limit circle case at a and b. We begin by obtaining a general expression
for the Donoghue m-function of an arbitrary self-adjoint extension T4y g of T}, in
terms of an orthonormal basis for AV;. Recall that the Donoghue m-function for Ty g

is given by (see, e.g., [78, Eq. (5.5)])

MI%O,B,Ni(Z) = Py, (2T B + ]LE((a,b))>(TA,B — Z.[L?ﬂ((ayb)))_lpj\[i I (3.6.1)

= Z[M + (Z2 + 1)PM(TA,B — ZIL?.((a,b)))_lp./\/} z € C\R,

N
where Py, denotes the orthogonal projection onto N; with Mﬁf& N, (2) € BN),
z € C\R, and

ME?, w(Fi) = il (3.6.2)

Let {v;}j=12 be an orthonormal basis for the subspace N;. The orthogonal

projection onto N; is
2

Py, =Y (0k, ) £2((a) k- (3.6.3)

k=1
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Therefore, the action of M, \.(-) may be computed directly in terms of

{v;}j=12 as follows:

ME?, () f = [2In + (2% + 1) Pri(Ta — 2l13((an)) " Py

=z2f + (2% 4+ 1) Pn,(Tap — 2Ir2((apy) " f
2

(Uj, [ZIM + (22 + 1)(TA,B — ZILg((mb)))_l] f)Lg((a,b))vj
1

wlf (3.6.4)

<.
I

I
M)

(05, [#Ix + (2% + 1) (Tas — 2Le2@0) " 08 120y (V6 P L2(@tn s
k
2

1

S,

(2070 + (2° + 1) (v, (Ta.s = 2Lr2(@)) ™ U) pa((amy) (O Fracam s
k=1

bt
=

feN;, zeC\R,

where one uses [ = Z?Zl(vj, f)r2((ap)vj to obtain the fourth equality in (3.6.4).
Hence,
ME?, w.(2) (3.6.5)

2

= Z (2070 + (#* +1) (v, (Tap — ZIL%((mb)))_lvk)Lg((a,b))] (O, - )LE((mb))UJ"Ni’
Gk=1

z € C\R.

In order to determine MF?_ \.(-) in terms of the orthonormal basis {v;},—1 2, one

must compute the fixed inner products in (3.6.5). That is, one must compute

(Uj, (TA,B — ZIL%((a,b)))71Uk>Lg((a,b))a j, k c {1, 2}, z e C\R (366)
In light of (3.6.2), it suffices to compute (3.6.6) under the additional assumption

that z # £i. We will first do this for the Dirichlet-type extension Ty (cf. (3.4.4)).

8.6.1 The Donoghue m-function MP° () for Tog
Here we shall consider the Dirichlet-type self-adjoint extension Ty o of T}p.

Assuming Hypothesis 3.4.1 and taking the orthonormal basis for N; obtained by
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applying the Gram-Schmidt process to {u;(4, - )};=12, we shall compute the inner
products (3.6.6) and use (3.6.5) to obtain an explicit expression for the Donoghue
m-function M’IQO?O,Ni( -) for T p.

In the analysis below, it will be convenient to also introduce an orthonormal
basis for N_;. To set the stage for applying Gram—Schmidt to {u;(%i, -)};=1 2, one
applies (3.2.3) and (3.4.1), to compute

b
(g (i, - )y (4, ) pzany) = / () da wy (%, 2)up (i, )

W(Uj(:[:ia : )a uk(iiv ' )) ‘Z

Fi — (1)

b
:/ r(z)dw ui(Fi, v)up(£i, v) =

b

a

= 5 W (i, ), (i, )]
_ ¢2li{aj(:pz, b)iiL (i, b) — 1! (F, b)iig (i, b)
— [;(F4, @)y (4, @) — W) (Fi, @) (F4, a)| }
_ %{a;(ﬂ, D)8, — 1L(Fi, b
— [ug(i,a)d;0 — W/ (Fi,a)dez) },  J.k € {1,2}. (3.6.7)
In particular, (3.6.7) implies
(ur (2, - ), ua(Ei, - ))r2((ap) = EF%[%(:‘:Z}Z?) + 4 (Fi, a)]

= [, 0) — T4(F,B)] = % [#3(i, D) — (4,0

7
= FIm (us(£i, b)) = (ua(E2, - ), ur (4, +))r2((ap) (3.6.8)
and
. 2 1, . .
Hul(j:z, )| L) = :FE[U{(i%b) — u{(ZFz,b)]
1. — _
= F5; (4] (£i,b) — u{(+i,b)] = FIm(a](+i,b)), (3.6.9)
1
[us (i, )|} =+ [@(+i, a) — Uy(Fi, a)]

L2((ab)) 2
1 o~ =7 . . ~ ~

= i; [0 (£, a) — uj(£i,a)] = £Im(uy(+i, a)). (3.6.10)
1
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Applying the Gram-Schmidt process to {u;(=%i, - )};=1,2 then yields an orthonormal

basis {v;(%i, - )};=1.2 for Ny, as follows:

vy (i, ) = e (Fi)ug (£, ), (3.6.11)
. . . (ur (i, - ), ua(Ed, ) L2 ((a) .

vo(Et, - ) = co(=2) |uo(=2, - ) — - 5 o uy(*£e, - 3.6.12
() = e[, Ttk T )| wo)

= co(%i) {uz(ii, -) = %Ul(ii’ )]7

where

e1(4) = [l (4, | h gy = [ F Im (@] (£,0))] 7 (3.6.13)

_ _ Im (a4 (4, b)) N
co(F1) = ||ug(FE1, - ) — —=——Fu1(+2, - 3.6.14
(£1) (£, -) I (3 3,0)) (£i, -) e ( )

2

[Tm (@) (£, b)) ] }1/2
Im (@] (+1,b)) ’
and the equality Im(@j(—4,b)) /Im(@{(—i,b)) = Im(u4(é,b)) /Im (@ (é,b)) has been

_ [ﬂm(a;(ﬂ,a)) +

applied. Based on (3.4.5), one infers that

¢;(i) = c;(—i), je{1,2}. (3.6.15)

In addition, by taking conjugates throughout (3.6.11)—(3.6.14) and applying (3.4.5),
one obtains

0@ ) = vy, ), e {12} (3.6.16)

Taking the orthonormal basis {v;(i, - )};=12 for AV; in (3.6.5) then yields the following

expression for the Donoghue m-function Mgom ~; () for Ty

MT?)?O, ~,(2) (3.6.17)

2
=D [Z‘Sj”f + (2% + 1) (v, ), (Too = 2Lzz(a) " 0k ) aapy]

jk=1
X (/Uk(/[/7 ' )7 ' )Lg((a,b))v‘](7’7 ‘ )|M’ z E (C\R.
In the special cases z = £i, one obtains (cf. (3.6.2))

MR (i) = Fily;. (3.6.18)
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Thus, to obtain an explicit representation for M%;OO’ ~;(+), it remains to evaluate the

inner products

(Uj(’i, : )7 (TO,O - Z]Lg((a,b)))_lvk(iv ' ))Lg((mb))’ jv ke {17 2}7

z € C\R, z # +i.

(3.6.19)

For the purposes of evaluating the inner products (3.6.19), we introduce the gener-

alized Cayley transform of Tj g,
Uoo,z2 = (Too — 2 Tr2((apy) (Too — 21 12((ap)) (3.6.20)
= Inz(apy) + (2 = 2)(Too = 2liz(apy) s 2,7 € p(Too),
which forms a bijection from N, to N,. One verifies that
Uoozui(2 ) =ui(z, ), 7€{1,2}, z,2" € p(Thyo). (3.6.21)
In fact, for fixed z, 2" € p(To,), one uses the fact that Uy, .- maps into N, to write
Uooxuj(2y ) = ajiun(z, - ) + ajous(z, +), j€{1,2}, (3.6.22)
for some scalars o € C, j,k € {1,2}. The second equality in (3.6.20) then implies
Uoo,ui(2, -) = (2, -) + (2 — ) (Too — 2L12(py) "ui (2, +),

Jje{1,2},

(3.6.23)

so that
[UO707272'uj(z/7 : )]~([E) = aj(zlu I)7 YIS {a7 b}7 j € {]-a 2} (3624)

Evaluating (3.6.22) and (3.6.24) at a yields a2 = 0 and ago = 1. Similarly, eval-
uating (3.6.22) and (3.6.24) at b yields a;; = 1 and as; = 0. Hence, (3.6.21)
follows.

We will now calculate the inner products (3.6.19). Let
z € C\R be fixed with z # +i. (3.6.25)
The system {v;(z, -)};=12 defined by
vz, +) = Uooziv(i; -), 5 € {1,2}, (3.6.26)
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is a basis for the subspace N,. Applying (3.6.11)-(3.6.12) and (3.6.21) in (3.6.26),

one obtains

vi(z, ) =a(@u(z, -),
) Mul(z ) (3.6.27)
Im(af(i, b)) |

va(z, ) = i) fua(z, -)
The inner products (3.6.19) can be recast in terms of {v;(z, - )};=1,2 as follows:

(00, ), (Too = 2Te2asn) " vr(Es ) 12 (an)

1 ) .

= Z.(Uj (4, ), o0,z — T2y |ve(, - )) L2 (b)) (3.6.28)
1 1 . .

== 5j7k + y — i(vj(l7 ' )7vk(27 . ))L%((a,b)% j?k € {172}

In turn, by (3.2.3) and (3.6.16), one obtains

b
(0 (4, - ) vz, +))L2((a)) :/ r(z)dx v;(—i, v)vg(z, )

W(vj(_ia : )7 Uk(zv : )) }b
- o ike{l,2).  (3.6.29
s Cgke{L2) (3629
Using (3.6.29), one recasts (3.6.28) as
(00, ), (Too = 2Tezasn) " vr(Es ) 12 (an)
. b (3.6.30)
. 1 5o — W(Uj(_l7 ')7'016(27 .))‘a kc {1 2}
i— 3,k 1+ 22 I ) .
After substituting (3.6.30) in (3.6.17) and taking cancellations into account, one
obtains
MPe . (2) (3.6.31)

= Z [ - iéj’k - W(”j(_L : )7 Uk('z? ' )) ‘z} (Uk(ia ’ )7 ! )L%((a,b))vj(ia : )

N;?
z € C\R, z # +i.
The Wronskians

Win(2) = W(vj(=i, - ), vi(z, )|}, 2 €C\R, 2 # i, (3.6.32)
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that appear in (3.6.31) can be computed by applying (3.4.1) and (3.6.27). One
obtains for z € C\R, z # =%i:

WLI(Z) = [Cl (2)]2 [a{ (27 b) - ﬂ{(_i7 b)] ) (3633)
Wia(z) = <><>{% [l(~i,b) — (=, b)] (3.6.34)

+ ﬂQ/(ZJ)) + ﬂ{(—Z,CL)}7

CARD)

m [4](z,b) — u{(—i,b)] (3.6.35)

Wai(z) = —Cl(i)@(i){
+ Uy(—1,b) + Uy (2, a)},

Waa(z) = [02(2')]2{ uy(—i,b) — us(z,b) (3.6.36)

I (@y(7, b))

Im (ﬂ{ (, b))

I (@y(7, b))

[ﬂ{ (Z’ b) - ﬂ{(_i7 b)]]

Im ﬂ{(’tab))
M uy (2, a) — Uy (—i,a
m(atGp) o T )}}'

The relations (3.6.18) and (3.6.31)—(3.6.36) now yield an explicit representation for

+ Uy(—i,a) — Uy(z,a) +

the Donoghue m-function Mg° () for Tyo.

Theorem 3.6.1. Assume Hypothesis 3.4.1 and let {v;(i, -)};=12 be the orthonormal
basis for N; defined in (3.6.11)~(3.6.14). The Donoghue m-function M7 \.(-) :
C\R — B(N;) for Ty satisfies

MR ni (i) = £ily;,

2
MCZ?()(,JO,/\/Z-(Z) = — Z [Z'(Sj,k —|— ijk(z)](vk(i, . ), . )Lg((a’b))vj(i, . )|M, (3637)
Gk=1
2
= —ily, — Z M/jk('z) (Uk(ia ')7 ')Lg((a,b))vj(i> ) N

j,k=1

z € C\R, z # i,

where the matriz (W (- ))jk:1 is given by (3.6.33)—(3.6.36).
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3.6.2 The Donoghue m-function for Self-Adjoint Extensions Other Than Ty

The Donoghue m-function M%?J,Om ~; () for To o was computed explicitly in The-
orem 3.6.1. If T’y p is any other self-adjoint extension of 7,,, then the resolvent
identities in Theorem 3.4.2 may be used to obtain an explicit representation of the
Donoghue m-function for T4 p.

We begin with the case when either Ty p = T, g for o, f € (0,7) or Tap = Ty r
for some ¢ € [0,7), R € SL(2,R), with Ry 5 # 0. In this case, items (i) and (iv) in

Theorem 3.4.2 imply
(Ta,p — 2l12(ap)) " = (Too — 2L12((ap)) " (3.6.38)

+ > [Kas() '] (E ) Dizgenyun(z, ),

k=1

z € p(Top) N p(Ta,p),
where K4 p(-) = Kap(+) or Kap(-) = K,r(-) (cf. (3.4.8) and (3.4.16)) according
to whether Ty p = Ti, g or Ta p = T}, r, respectively. Employing (3.6.38) in (3.6.1),
one obtains the following representation for the Donoghue m-function Mﬁf& N ()

of Ty p:

Mz, x(2) (3.6.39)

= 2y, + (22 + 1) Pai(Too — 2Li2(tapy) " Piil

+ (2 +1) { D [Kan(:) ] (wi(Z )y ) nzany Prius(z, ')}

dk=1 Ni

2

= M]%?o,Ni(’Z) + (Z2 + 1) Z [KA,B(Z)_I]jk(Uj(Eu ' )) : )L%((a,b))PMuk(Zu ' )‘Mu
Pt

z € C\R.

In light of (3.6.2), to obtain a final expression for M7°_ - (-), one must compute

Pyug(z, - ), k € {1,2}, for z € C\R, z # +i. Let z € C\R, z # +i. Invoking the
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orthonormal basis {v;(i, - )};=12 for NV; defined in (3.6.11)—(3.6.14), one obtains

Pyug(z, -) = > (v s Nr2(apyvelis ), k€ {1,2}). (3.6.40)
(=1
By (3.2.3) ,
(veld, +), up(z, -))L%((%b)) :/ r(z)dx ve(—i, x)ug(z, x) (3.6.41)
_ W=, Zl?’“( mb, 0k e {1,2}.

The Wronskians

W (2) = W(ve(—i, ), we(z, )%, €k e {1,2}, (3.6.42)

that appear in (3.6.41) can be computed by applying (3.4.1) and (3.6.11)—(3.6.12).

One obtains:

W (z) = e1(i) [ (z,b) — u{(—i,b)], (3.6.43)
Wi (2) = c1(i) [ug(z,b) + uy(—i, a)], (3.6.44)
Wf{(z) = Uy(—1,0)u;(2,b) — Vy(—1,b) — Vo(—1,a)ui(z, a) (3.6.45)
= —cy(1 Im(ﬁé(z,b)) ul(z,b) —ul(—1 us(—i u(z,a
= s o P D) = =] + T )+ T )

WQKJ(Z) = Vo(—1,b)us(2,0) — Va(—1i, a)uy(2, a) + Vy(—i,a) (3.6.46)
@)+ T=i0)] + T 0) ~ T
Therefore, (3.6.40) may be recast as

2
1 .
Pyug(z, -) = ~ i E Wi (2, -), ke {1,2}. (3.6.47)
=1

By combining (3.6.39) and (3.6.47), one obtains

ME?, a,(2) = Mg, v (2) (3.6.48)

2
(i—2) > [Kap(z) '] W )W ), ) rzamoelis -)

J,k =1

N

These considerations are summarized next.
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Theorem 3.6.2. Assume Hypothesis 3.4.1 and let {v;(i, -)};=12 be the orthonormal
basis for N; defined in (3.6.11)—~(3.6.14). The following items (i) and (ii) hold.

(i) If a, B € (0,7), then the Donoghue m-function MT[ZYO;;,J\Q< ) : C\R — B(N;) for

T, 3 satisfies

Mp° n. (i) = il

M2, . (2) = Mp, . (2) (3.6.49)
2
; -1 Kr — .
+(i—2) > [Kas()™] WA ()2, ), Diaamyvelis )|y
j7k7£:1

z € C\R, z # +i,

where the matrices K, () and (T/Vﬁf('))2

sney e given by (3.4.8) and (3.6.43)-

(3.6.46), respectively.

(ii) If ¢ € [0,7) and R € SL(2,R) with Ryy # 0, then the Donoghue m-function
MYEZDO,R,NZ( )t C\R — B(N;) for T, g satisfies

MZ?°, n(F0) = Fily;,

M7, w(2) = Mpy, v (2) (3.6.50)
2
+(—2) Z [K%R(Z)_l}j,kwﬁr(z)(uj(z, )5 ) L2((ab) Vet ')}Ni’

z € C\R, z # 41,

where the matrices Ky g(-) and (W (+)) are given by (3.4.16) and (3.6.43)—

2
k=1
(3.6.46), respectively.

It remains to compute the Donoghue m-functions for 7j 3 and T,, o with o, 5 €

(0,7) and Ty, r for ¢ € [0,7) and R € SL(2,R) with Ry = 0.

Theorem 3.6.3. Assume Hypothesis 3.4.1 and let {v;(i, - )}j=12 be the orthonormal
basis for N; defined in (3.6.11)~(3.6.14). The following items (i) — (iii) hold.

(1) If a € (0,7), then the Donoghue m-function Mﬁ‘fom( )1 C\R — B(N;) for Tao
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satisfies
M7 o (Fi) = Fily;,

Mz?, ni(2) = My, i (2) (3.6.51)

[\

n zZ—1
cot(a) + uy(z, a)

(a(Z, ), Vezqary D Wi (vl )|
(=1

z € C\R, z # +i,
where the scalars {ngg’”( : )}e:m are given by (3.6.44) and (3.6.46).

(13) If p € (0,7), then the Donoghue m-function MI%?B,M<') : C\R — B(N;) for

T s satisfies

MP° n(Fi) = il

MY{?),O,B,/\/}(Z) = MTQQ,OO,/\/}<Z> (3652)

[\

zZ—1

~ cot(B) + ul(z,b) (w1 (Z,-), - )ra((an) ;szm(i, Nt

z € C\R, z # i,
where the scalars {W/ (- )}61172 are given by (3.6.43) and (3.6.45).
(i13) If ¢ € [0,m) and R € SL(2,R) with Ry = 0, then the Donoghue m-function
MP?. ni(+) : C\R = B(N;) for Ty, g satisfies
MR, i (i) = Fily;,
ME? xi(2) = MES, i (2) (3.6.53)

zZ—1

kw,R(z)

2
(up,r(Z, ) Drzarn Y (€ Raa Wi (2) + W (2)] weli, )| 5.
(=1

z € C\R, z # 41,

where the scalar kyr(-) and the matriz (Wﬁr( ) are given by (3.4.19) and

2
k=1
(3.6.43)—(3.6.46), respectively.
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Proof. To prove item (i), let a € (0,7). By (3.6.2), M7° \.(+i) = £ily,. In order
to establish (3.6.51), let z € C\R, z # =i, be fixed. Taking T4 g = To in (3.6.1)
and invoking (3.4.15), one obtains
Mp° Too, N; (2) = MTOO n(2) + (22 + 1) Kapo(2) M (u2(Z, +), ) r2(aby Pyiua(z, }N
(3.6.54)
Using (3.6.47) with £ = 2 in (3.6.54), one obtains

Mz n,(2) = Mz, n (2) (3.6.55)

2

+ (i = 2)Ka0(2) 7 (wa(Z, -), )rzamy D Wis (2)oeliy -] .-

Hence, (3.6.51) follows from (3.6.55) by applying the precise form for K, (z) given
n (3.4.14). This completes the proof of item (7).

To prove item (i), let 5 € (0,7). By (3.6.2), Mﬁf’&M(ii) = +ily,. In order

to establish (3.6.52), let z € C\R, z # =i, be fixed. Taking Ty p = Top in (3.6.1)

and invoking (3.4.12), one obtains

MT%;,M(Z) :Mil“?fo,f\/i(z)+( 1)K0B( )N (z, ), - )L2((ap) Py ua (2, ‘N
(3.6.56)
Using (3.6.47) with £ = 1 in (3.6.56), one obtains

Mp?, v, (2) = Mg, () (3.6.57)

+ (i = 2)Kop(2) " (wa(Z, +), ) r2(ay) ZWM CIIvE

Hence, (3.6.52) follows from (3.6.57) by applying the precise form for Ky g(z) given
n (3.4.11). This completes the proof of item (7).

To prove item (iii), let ¢ € [0,7) and R € SL(2,R) with Ry 5 = 0. By (3.6.2),
M7p?, n, (i) = £ily;. In order to establish (3.6.53), let z € C\R, z # i, be fixed.
Taking T4 g = T,k in (3.6.1) and invoking (3.4.20), one obtains

MTQ:R,N( ) MT()() N( ) (3658)
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+ (22 4+ Dk r(2) " (upr(Z, ), ) r2(an) Paiti,r(2, +)

N
By (3.6.41) and (3.6.42),
2
PNuch Z 6 @RQ QUQ(Z ) +U1(Z, .))L%((a,b))vz(i’ )
(=1
2
; [e_ng,gWe{gr(z) -+ WZ{(IT(Z)}U[(@, . ) (3659)
(=1
Finally, (3.6.53) follows by combining (3.6.58) and (3.6.59). O

3.7 A Generalized Bessel-Type Operator Example
As an illustration of these results, we consider the following explicitly solvable
generalized Bessel-type equation following the analysis in [79] (see also [68]). Let

a=0,b¢€ (0,00) U{oo}, and consider
R+0-v)Py?-Q1-v) ,,

plz) =2x", r(z)= z°, q(z) = "7,
4 (3.7.1)
d>—-1, v<l,v>20, z€(0,b).
Then
N d ,d (Q2+6—v)¥?*—(1-v)?*
_ o _ = v v—2
Towy = Az dr + 4 o ’

(3.7.2)
d>—-1,v<l1l, v>20, ze€(0,b),

is singular at the endpoint x = 0 (since the potential, ¢ is not integrable near x = 0),
regular at z = b when b € (0,00), and in the limit point case at x = b when b = oo
Furthermore, 75, is in the limit circle case at x = 0if 0 < v < 1 and in the limit
point case at x = 0 when v > 1.

Solutions to 75, ,u = zu are given by (cf. [109], [110, No. 2.162, p. 440])

Y1 (2,2) = 93(1_")/2(]7 (2z1/2:17(2+6_”)/2/(2 + 60— 1/)), v =0, (3.7.3)

aUIR T (21220702 (2 + 6 —v)), v ¢ Ny,
Y2542, ) = 720, (3.74)
2IIRY, (22124402 )(2 4§ — 1)), 4 EN,,
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where J,(-),Y,(-) are the standard Bessel functions of order i« € R (cf. [1, Ch. 9]).
In the following we assume that

v €10,1) (3.7.5)

to ensure the limit circle case at x = 0. In this case it suffices to focus on the general-
ized boundary values at the singular endpoint x = 0 following [75]. For this purpose
we introduce principal and nonprincipal solutions wgs,.(0, <) and Ugg,~(0, -) of

TspyU =0 at x =0 by

U0, (0,7) = (1 — )2l ER=RIZ e 0,1),

R (1= w)[(2+ 0 — vy taltrm@romnl2 -y € (0, 1),
u0767V77(07 ‘1.) = (376)

(1-— V)x(lf”)/z In(1/x), v =0,

d>—-1,v<1, xe(0,1).
Remark 3.7.1. Since the singularity of ¢ at x = 0 renders 75,,, singular at z = 0
(unless, of course, v = (1 —v)/(24 0 —v), in which case 75,,(1-,)/(2+6-) is regular at
x = 0), there is a certain freedom in the choice of the multiplicative constant in the
principal solution ug s, of 75,,u = 0 at x = 0. Our choice of (1 —v)~! in (3.7.6)
reflects continuity in the parameters when comparing to boundary conditions in the
regular case (cf. [75, Remark 3.12 (i7)]), that is, in the case 6 > —1, v < 1, and

v=(1—-v)/(2+ 0 — v) treated in [60]. o
The generalized boundary values for g € dom(7},,44,6,,,) are then of the form
9(0) = =W(uo,5.4(0, -),9)(0) (3.7.7)
g 9(@),/ [(1 = )[(2 + 6 — )y alr=E=11/2] € (0,1),
limgyo g(z)/[(1 — v)z0=)/2In(1/2)], v =0,

9'(0) = W (o540, -),9)(0) (3.7.8)
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(

limg o [g(2) = G(0)(1 = )[(2+ 8 — v)y]Falt = Eromnl2]
/(1= ) tagli-rr@ri-n/2] e (0,1),

limgy [g(z) — 9(0)(1 — v)z=)/21n(1/z)]

/[(1 _ V)—1$(1—u)/2}’ v =0,

Next, introducing the standard normalized (at = 0) fundamental system of
solutions ¢s,~(2, -,0),85,,(2, -,0) of 75, ,u = zu, z € C, that is real-valued for

z € R and entire with respect to z € C by

55711,7(27 07 O) = Oa 55,1/77(27 Oa O) = 1a

N N (3.7.9)
0504(2,0,0) =1, 65,.(2,0,0)=0, z€C,
one obtains explicitly,
Gswr(2,2,0) = (1 —v) 246 —v)T(1+ 7)2_7/2y1’571,77(z, x),
d>—-1L,v<l ~v€l0,1), ze€C, z €(0,b), (3.7.10)

p

(L=2)2+08 = 1) T = 7)2"Py2504(2,2), 7€ (0,1),

Q&,V,W(Za z, O) = (1 — I/)(Q + 0 — 1/>_1[_7Ty2,5,1/,0(27 SC)

\ +(In(z) —2In(2+ 6 — v) + 2v8)y150.0(2, )], v =0,
d>—-1,v<l 2e€C, z€(0,b), (3.7.11)
W(bsu~(2,-,0),0504(2, -,0)) =1, z€C, (3.7.12)
where I'(-) denotes the Gamma function, and vg = 0.57721 ... represents Euler’s

constant.
We now turn to the cases of computing Donoghue m-functions for the gen-
eralized Bessel operator in general on the infinite interval and for the Krein—von

Neumann extension on the finite interval.

Example 3.7.2 (Infinite Interval). Let b = oco. We begin by finding vos.,~(2, -)
described in Hypothesis 3.3.1 for this example.
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Since 75, is in the limit point case at oo (actually, it is in the strong limit
point case at infinity since q is bounded on any interval of the form [R,o0), R > 0,
and the strong limit point property of 75, y—(1—v)/(2+5—v) has been shown in [60]), to
find the Weyl-Titchmarsh solution and m-function corresponding to the Friedrichs
(resp., Dirichlet) boundary condition at x = 0, one considers the requirement

%,5,1/,7(27 : ) = 96,y,'y(27 ' 70> + mO,é,u,’y(z)(bé,u,'y(zy ' 70) € LQ((O> OO); xédx>7

z € C\[0,00). (3.7.13)

This implies
(

i(l—-v)(2+6— I/)_W_l’y_lr(l —) Sin(7r’y),z”/2

xx(l_”)/QHgl) (221/2x(2+5_”)/2/(2 +6— 1/)), v € (0,1),

%,6,1/,7(27 l’) =
in(l —v)/(2+6 — v)z—1)/2
><Hél) (221/2m(2+6—u)/2/(2 45— V)), v =0,
d>—-1,v<l1, ze€ C\[0,00), z € (0,00), (3.7.14)
(
—e ™1 —v)2(24+0 —v) 1yt
x[I'(1 = 7)/T(L+ )], v € (0,1),
Mgy (2) = (3.7.15)

1-v)?/(24+§—v)

x[im—In(z) +2In(24+ 6 —v) — 2vg], v=0,
d>—-1,v<1, ze€C\[0,00),

where HELI)( -) is the Hankel function of the first kind and of order p € R (cf. [1,
Ch.9]). In particular, it is immediate from (3.7.13) and (3.7.9) that 1f/1vo75,,,77(z, 0)=1.
We mention that the results (3.7.14) and (3.7.15) coincide with the ones obtained
in [75] when § = v =0 and [60] when v = (1 —v)/(2+ 6 —v).

Substituting the explicit form of gs.~(2, -) given in (3.7.14) into Theorems

3.5.1 and 3.5.2 yields the Friedrichs extension Donoghue m-function, ME° - (z),

TO,J,V,'W 7
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and the Donoghue m-function for all other self-adjoint extensions, Mﬁ"éwa(z),

a € (0,m), respectively. In particular, since 1%’571,77(2,0) = mos.~(2) one finds from

Theorem 3.5.1 and (3.7.15),

mO,J,V,'y (Z) - mO,J,u,'y ( _Z)
Im(mo,5,0,(%))

ng’éw n(z)=|—i+ Iy,

.

{ —i— [sin(my/2)]te ™ (27 — 37/2) My, v € (0,1),

{0+ (2/m)[Bim/2) — In(2)]} s, =0,
d>—-1, v<l1, ze€C\[0,00), (3.7.16)

where the branch of the logarithm is chosen so that In(—i) = 3iw/2. Thus, by

Theorem 3.5.2 with a € (0,7),

. mos,v (Z)—mmsu (—Z)
MDO — MDO - ,0,Uy7Y ,0,V,7Y
i) = Ma 06 ()4 0= D)7 0] F o 2)
X <w0,§,v,’y(§7 : )7 ' )L%((a,b))wo,&u,ﬂ/(i, : )}M, (3717)

d>—-1, v<l1, v€]0,1), ze C\R.

Example 3.7.3 (Finite Interval). Let b € (0,00). It is well known that Thyins.~ =
elr2((apy) for some e > 0 (see, e.g., the simpler case 6 = v = 0 treated in [80, Thm.

5.1]). Thus, the Krein—von Neumann extension 1y ry s.v~ Of Tminswv~ 15 of the form

(see [68, Example 4.1])
TO,RK@V,’yf = T&,u,wﬁ (3718)

g9(b) 9(0)
f € dom(TO,RK,ﬁ,u,'y) = {g c dom(Tmax,zS,u,'y> = RK,J,V,'y }7

gt (b) 7'(0)
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where
(

plv—1-(2+5-v)7]/2
Lbl—u 1 bl_V+(2+5—V)’y
X (2+d—v)y 1—v
(1 — V)2 — 1-v 1 + M (246—v)y ’
Ricowny = 22+0—-v)y 2 2 2(1 — v)
v € (0,1),
1
(1-v) ln(l/b)b(lfﬂ/? - p(1—v)/2
— B
i fy — 07
(L=’ W/D) =20 =v) e Lyony
\ 2 2
6>-1,v<L (3.7.19)

One now explicitly finds the solutions in (3.4.1) for this example by choosing

u175:V7’Y<z7 $) = ¢5,V,'y<za x, O)/¢5,u,'y(za b? 0)7
u27571/,’7<z7 .T) - 95,1/,7(27 z, O) - [957,/’7(2, ba O)/¢5,V,7(Z7 b; 0)]¢5’y’7(27 X, 0), (3720)

d>—-1,v<l1 v€][0,1), z €(0,b),

from which substituting (3.7.20) into (3.6.27) yields the expressions for v;s,.(z, ),
Jj = 1,2. Finally, substituting the expressions for ujs,~(z, ), Visw~(2, ), J =
1,2, and the explicit form of Ko g, s5.(2) given in (3.4.25) (utilizing (3.7.6)) into
Theorems 3.6.1 and 3.6.2 yields the Friedrichs extension Donoghue m-function,
MFe n,(2), and the Krein extension Donoghue m-function, Mf° W (2), Te-

TO,O,(S,V,’Y7 TO,RK,ts,u,'w i

spectively.
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CHAPTER FOUR
The Jacobi Operator and its Donoghue m-functions
The content of this chapter relies on (but is not identical to) the paper pub-
lished as: F. Gesztesy, M. Piorkowski, and J. Stanfill, The Jacobi operator and its
Donoghue m-functions, Conference Proceedings of IWOTA, Lancaster, UK, 2021, Y.

Choi, G. Blower, and M. Daws (eds.), Operator Theory: Advances and Applications,
Birkh&user, Springer (to appear).

4.1 Introduction
This chapter should be regarded as a sequel to the recent [76] (the content of
the previous chapter) in which the Donoghue m-function was derived for singular
Sturm-Liouville operators. To illustrate the theory, we now apply it to a repre-

sentative example, the Jacobi differential operator associated with L2((—1, 1);(1—

2)*(1 + z)Pdz)-realizations of the the differential expression,

Tap = —(1—2)"*(L+2)"(d/dz) ((1 — )" (1 +2)"*") (d/dx),
(4.1.1)

re(—-1,1), a,B €R,
whenever at least one endpoint, x = +1, is in the limit circle case (see, e.g. [1,
Ch. 22|, [14], [21], [58, Sect. 23], [103, Ch. 4], [121, Sects. VIL.6.1, XIV.2], [152,
Ch. 18], [173, Ch. IV]). In particular, this provides a full treatment of m-functions
corresponding to coupled boundary conditions whenever both endpoints are in the

limit circle case, a new result.

Turning to the content of each section, we recall the Donoghue m-functions
in the two limit circle and one limit circle endpoint cases in Sections 4.2 and 4.3,
respectively. The Jacobi operator and its Donoghue m-functions are the topic of

Section 4.4, with Sections 4.5-4.7 providing a detailed treatment of solutions of the

Jacobi differential equation and the associated hypergeometric differential equations.
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4.2 Donoghue m-functions: Two Limit Circle Endpoints
The Donoghue m-functions in the case where 7 is in the limit circle case at a

and b is the primary topic of this section following [76, Sect. 6.

Hypothesis 4.2.1. In addition to Hypothesis 3.2.1 assume that T is in the limit circle
case at a and b. Moreover, for z € p(Too), let {u;(z, -)}j=12 denote solutions to

Tu = zu which satisfy the boundary conditions
ui(z,a) =0, u(z,b) =1,
(4.2.1)
ug(z,a) =1, us(z,b) =0.
Assume Hypotheses 4.2.1. By Theorem 3.2.8 or Theorem 3.2.15, the following
statements (i)—(i77) hold.

(¢) If 7,0 € [0, 7), then the operator T 5 defined by

T,sf = Tmalf, (4.2.2)

f € dom(T, 5) = {g € dom(Tyo) cos(7)g(a) + sin(7)g'(a) = 0,}’

cos(6)g(b) +sin(d)g'(b) =0

is a self-adjoint extension of T},,.

(i1) If ¢ € [0,7) and R € SL(2,R), then the operator T}, r defined by

Tcp,Rf = Tma:(:fa (423)

fedom(T,r) = {g € dom(7Taz)

is a self-adjoint extension of T},,.

(i13) If T is a self-adjoint extension of T}y, then either T' = T, 5 for some 7,6 € [0, 7),

or T'= T, r for some ¢ € [0,7) and some R € SL(2,R).

Notational Convention. To describe all possible self-adjoint boundary conditions

associated with self-adjoint extensions of T effectively, we will frequently employ
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the notation T p, Mfﬁ%( -), etc., where A, B represents vy, § in the case of separated

boundary conditions and ¢, R in the context of coupled boundary conditions.
Choosing v = ¢ = 0 in (4.2.2) yields the self-adjoint extension with Dirichlet-
type boundary conditions at a and b, equivalently, the Friedrichs extension Tr of
Tonin:
dom(Tp ) = dom(Tr) = {g € dom(Tynaz) | g(a) = g(b) = 0}. (4.2.4)
Since the coefficients of the Sturm-Liouville differential expression are real,

the following conjugation property holds:

U’j(zv ) = Uj(z, : )7 S p(TO,O)a .] S {172} (425)
Applying (4.2.1), one computes

W(ul(zﬁ -),’LLQ(Z, )(a) = _al/(zaa)a

(4.2.6)
W(ui(z, - ),ua(z, - )(b) = us(z,b), 2z € p(Tpo).
In particular, since the Wronskian of two solutions is constant,
uy(z,b) = —uj(z,a), z€ p(Thp). (4.2.7)

We begin by recalling the orthonormal basis for N; given by {v;(£i, - )},=1.2,

on(i, +) = ex (i) (4, - ), (4.2.8)
(ul (:t7'7 ’ )7 u2(j:7:7 : ))L2((a,b);rdac)
||U1<:i:i, ')H%Q((a,b);rdm)

Im(ﬁé(i,b))u .
Tm (@] (4, b)) (3, )1’

vo (£, ) = ca(£i) lu2(ii, 0) = uy (£, - )| (4.2.9)

= cy(+i) {UQ(j:i, -
with

e1(2) = Jun (£, A ey = [ F (@ (£0,0))] (4.2.10)
co(2i) = |Jug(£i, ) — %ul(ii, ) (4.2.11)

L2((a,b);rdz)

[T (74 (&, b))]Q} Rk
Im (@ (41, b))

_ [ﬂm(@g(ﬂ,w) +
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The Donoghue m-function M7°_ - (-) with Ty g any self-adjoint extension of

Tonin is provided next (cf. Theorems 6.1-6.3 in [76]).

Theorem 4.2.2. Assume Hypothesis 4.2.1 and let {v;(i, - )}j=12 be the orthonormal
basis for N defined in (4.2.8)-(4.2.11). The Donoghue m-function M£° \-(-) :
C\R — B(N;) for Ty satisfies

MR (i) = +ily;,

My, n,(2) = = g:l[i@,k + Wikt ) ) rapyranviis )|y, (4212)
= —ily, = %2;1 Wia(2) (Welis ), ) paapyiran Vi )
]7 2 € C\R, z # +i,
where the matriz (Wix(+))",_, 2 € C\R, 2 # i, is given by
Wia(2) = [er ()] [ (2, b) — @y (=i, b)], (4.2.13)
Wia(z) = cl(i)cz(i){% [a](—i,b) — u{(z,b)] (4.2.14)
+ uy(z,b) + u{(—i,a) },
Wai(2) = —c (i)CQ(i){% [4](z,b) — u{(—i,b)] (4.2.15)
+ uy(—1i,b) + uy(z, a)},
Waa(z) = [02(2')]2{ Uy(—1i,b) — Usy(z,b) (4.2.16)
% i (2.0) - a{(—zpb)]] Izg ; ;

I (4(5.))

(e () e

Furthermore, the following items (i)—(v) hold.

(7) If v,0 € (0,7), then the Donoghue m-function Mﬁ‘;’/\@( ) : C\R — B(N;) for
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T, s satisfies

ME° ni (i) = il

ML, wi(2) = Mz, v, (2) (4.2.17)
2
T (l - Z) Z [K’Y:Cs(z)_l}j,kwfljfr(z) (uj(z’ : )7 : )L2((a,b);rdm)vf<ia : ) N
J,k, =1

z € C\R, z # +i,

where the invertible matriz K s(-) and (W (- ))2 are given by

0,k=1
cot(6) + uj(z,b) —ui(z,a)
K, 5(2) = : (4.2.18)
uy(z,b) —cot(y) — us(z,a)

W (z) = e1(i) [u](z,b) — a{(—i,b)], (4.2.19)
WIS (2) = e1(d) [ug(z,b) + uy (i, a)], (4.2.20)
W3 (2) = Va(—i, b)uy (2,b) — y(—i,b) — Va(—i, a)u; (2, a) (4.2.21)

= —co(i —Im(ﬁé(i,b)) uy(z,b) — uy(—i ugy(—i U (z,a

- 2( ){Im(ﬂ{(z, ))[ 1( ’b) 1( 7b)] + 2( 7b)+ 1( ) )}7
W35 (2) = Ua(—i,b)ts(2,b) — Ta(—i, a)uy(z, a) + Uy(—i, a) (4.2.22)

Im (uy(i,0)) ., . ~, .
= —Cz(i){<2—(.)) [U2<27 b) + uy (4, a)] + uy(2, a) — uy(—1, a)}.
(i1) If ¢ € [0,7) and R € SL(2,R) with Ry # 0, then the Donoghue m-function
MY%,)R,M( ) C\R — B(N;) for T, g satisfies

ME?, (1) = il

Mz?, ni(2) = Mp, v (2) (4.2.23)
2
+ <Z - Z) Z [K%R(Z)_l]j,kafl’!(Z)(uj(za ' )7 ' )Lz((a,b);rdx)vﬁ(iv : >|M’
7,k 0=1

z € C\R, z # %1,
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where (Wff( . ))2

o n_y 18 once again given in (4.2.19)-(4.2.22) and the invertible ma-

triz K, g(-) is given by

R - e
224Gz S —(za)
R1,2 R172
Kor(z) = | . s : (4.2.24)
+al(z,b) -2 —@(z,a
Ria 5(2,0) Fis 5(2,a)

(i13) If v € (0,7), then the Donoghue m-function MT *oaq() 1t C\R — B(N;) for
T, o satisfies
MTD»Y?O,M<:I:i) = Lily;,

Mz’ ni(2) = Mg, x,(2) (4.2.25)

Z—1
T eot(r) + iz )

2
(UQ(Za' ) L2 ((a,b);rdz) ZW ’)‘M’
=1
z € C\R, z # +i,

where cot(y) +1j(z, a) # 0 and the scalars {W}'(-)},_, , are given by (4.2.20) and
(4.2.22).

(i) If 6 € (0,7), then the Donoghue m-function ]\4T0 ' n (1) 1 C\R = B(N) for To s

satisfies
ME° v, (£i) = ily;,

Mz, n,(2) = M, u(2) (4.2.26)

[\

zZ—1

2 Kr .
B COt((S) + ﬂ{(z, b) (ul(za ')7 : )LQ((a,b);rda:) Ez:; WK,I (Z)’Ug(z, )}M’

z € C\R, z # %1,

where cot(8) +u{(z,b) # 0 and the scalars {W/(-)},_, , are given by (4.2.19) and
(4.2.21).

(v) If ¢ € [0,7) and R € SL(2,R) with Ry 5 = 0, then the Donoghue m-function
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MT%O,R,M( ) :C\R — B(M) for T, r satisfies

Mz, n(F0) = il

M7’ w(2) = Mg, v, (2) (4.2.27)
, 2
z—1 . y ) ) .
_ 2 R(Z) (U%R(Z, . )7 . )LZ((a,b);Td:E) Z [6 S0_F€2’2VVZ(2 (2) + WZI,<1 (Z)}UK(@, . )‘M’
Lp7

(=1

z € C\R, z # +i,

where the matrix (VVZ?(-))2

sney 18 once again given in (4.2.19)~(4.2.22) and the

nonzero scalar ky g(-) s given by
]{?%R<2) = _RQ’lRQ,Q - 61‘4,0}22’269/0’1%(2,’ CL) + ﬂ;’R(z, b), (4228)
where

u@ﬂ(Ca ) = einQ’qu(C, ) + ul(C, '), (€ ,0<T0,0>. (4.2.29)

Remark 4.2.3. For the Krein extension, Tj g, , under the additional assumption that

Toin 2 €1, for some € > 0, applying [68, Theorem 3.5 (i7)], one computes for

a,b);rdx)

the matrix Ko g, ,

ui(z,b) —ui(0,b) u{(0,a) —uj(z,a)
Ko,y (2) = , 2 € p(To0) N p(To,ry);
us(z,b) —uy(0,0) uy(0,a) — us(z,a)
(4.2.30)

in this case one has 0 € o(1p gy )- o

4.3 Donoghue m-functions: One Limit Circle Endpoint
In this section we recall the Donoghue m-functions in the case where 7 is in
the limit circle case at precisely one endpoint (which we choose to be a without loss

of generality) following [76, Sect. 5.

Hypothesis 4.3.1. In addition to Hypothesis 3.2.1 assume that T is in the limit circle

case at a and in the limit point case at b. Moreover, for z € p(Ty), let ¥(z, )
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denote the unique solution to (T — z)y = 0 that satisfies ¥(z, -) € L*((a,b); rdz) and
U(z,a) = 1.

Assume Hypothesis 4.3.1. By Theorem 3.2.8 or Theorem 3.2.15, the following
statements (7) and (4¢) hold.
(¢) If v € [0,7), then the operator T, defined by

Tf = Thaaf

fe dom(T,y) = {g € dom(T}0z) | cos(y)g(a) + Sin(’y):(j/(a) = 0},

(4.3.1)

is a self-adjoint extension of T},;,.

(1) If T' is a self-adjoint extension of T}, then T' = T, for some vy € [0, 7).
Statements analogous to (i) and (i) hold if 7 is in the limit point case at a and in
the limit circle case at b; for brevity we omit the details.

Choosing v = 0 in (4.3.1) yields the self-adjoint extension T, with a Dirichlet-

type boundary condition at a:
dom(Ty) = {g € dom(T}n4z) | g(a) = 0}. (4.3.2)

Since the coefficients p, ¢, and r are real-valued, the solution v (z, - ) has the

following conjugation property:

Z/}(Zv ) = w(za ’ )7 Z € IO(TO) (433)
We now turn to the Donoghue m-function MTQ" ~; (+) with T, any self-adjoint

extension of T, (cf. Theorems 5.1 and 5.2 in [76]).

Theorem 4.3.2. Assume Hypothesis 4.3.1 and let v € [0,7). The Donoghue m-
function M£° . () : C\R — B(N;) for T, satisfies

ME? ,(£i) = +ily,, v €[0,7),
Mﬁ”Nl(z) =|—t+ v (Z’a>~_1,b (=i.a) Iy, zeC\R, z # +i,
Im(w’(z, a))

Mp? v, (2) = My, () (4.3.4)
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Ti=2) cot () + J/(Z,a) Wiz ) repnap ) Ni’

v € (0,7), z € C\R, z # =+i.

4.4 The Jacobi Operator and its Donoghue m-functions
We now turn to the principal topic of this chapter, the Jacobi differential

expression

Tap = —(1=2) (1 +2)77(d/dz) (1 — 2)* 7 (1 + 2)"") (d/dw),

(4.4.1)
re(—-1,1), a,B €R,
that is, in connection with Section 3.2 one now has
a=-1, b=1,
(@) = pas(z) = (1 —2)*T(1 +2)" g(z) = gas(z) =0, (4.4.2)

r(@) =roplx) =(1—2)%(1+ )’ xe(-1,1), o,BeR

(see, e.g. [1, Ch. 22], [14], [21], [58, Sect. 23], [103, Ch. 4], [121, Sects. VIL.6.1,
XIV.2], [152, Ch. 18], [173, Ch. IV]).

L*-realizations of 7,5 are thus most naturally associated with the Hilbert
space L*((—1,1);743dr). However, occasionally the weight function is absorbed
into the Hilbert space leading to an equivalent differential expression in the Hilbert
space L?((—1,1);dz) (cf. [51, p. 1510-1520], [58, Sect. 37], [89]). For more recent
developments see, for instance, [59], [66], [67], [120], [125].

To decide the limit point/limit circle classification of 7, g at the interval end-
points £1, it suffices to note that if y; is a given solution of 7y = 0, then a 2nd

linearly independent solution y, of 7y = 0 is obtained via the standard formula
yol) = () / Cdr p(@) (@)t ea € (a,b). (4.4.3)
Returning to the concrete Jacobi case at hand, one can choose
yi(z)=1, ze€(-1,1),
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yo(z) = /Ox d’ (1 —2) (1 +2) xe(-1,1), (4.4.4)

27173 M 1+ 2)P[1+ 01+ 2)] + O(1), a€R, BeR\{0}, asz | —1,
—271721n(1 + z) + O(1), aeR, =0,asz ] —1,

271 B (1 —2) 1+ 01 —2)] + O(1), a€R\{0}, BER, asz T +1,

—27181n(1 — 2) + O(1), a=0,0eR, asx 1 +1.

\

Thus, one has the classification,

.
regular at —1 if and only if « € R, g € (—1,0),
in the limit circle case and singular at —1 if and only if

a€eR, 5e](0,1),
in the limit point case at —1 if and only if & € R, 5 € R\(—1, 1),
Ta, is
regular at +1 if and only if « € (—1,0), 5 € R,
in the limit circle case and singular at +1 if and only if

€[0,1), B €R,

in the limit point case at +1 if and only if « € R\(—1,1), 8 € R.
\
(4.4.5)

The maximal and preminimal operators, Ti4z.q,8 and Thnin 0.q,8, associated to 7,4 in

L*((—1,1);ropdx) are then given by

Tmax,a,ﬁf - Ta,ﬁf;
f € dom(Thavap) = {9 € L*((—1,1); 70 5d2) | g, g™ € ACi0e((—1,1));

Ta,39 € L*((—1,1);rapdz) }, (4.4.6)
and

Tmin,O,aﬁf = Ta,ﬁfa

f e dom(Thinoap) = {g € L*((—1,1); 7o pdx) ‘ g,gM € ACe((—1,1));  (4.4.7)
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supp (g) C (—1,1) is compact; 7439 € L*((—1,1);rq,5dz) }.

The fact (4.4.4) naturally leads to principal and nonprincipal solutions w41 45(0, )

and Uy 4,4(0,) of 7, 5y = 0 near £1 as follows:

;

—2 18114 2)P[1+ 01 + )], € (—,0),
U_145(0,2) =
1, B € [0,00),
1, 56 (_0070)7 &€R7
ﬁ—l,a,,@(Oa l‘) = _2—04—1 111((1 + $)/2), B = 07
2701311 4+ 2) 1+ O(1 + )], B € (0,0),
(4.4.8)
and
2797 a1 —2) 1+ O(1 —2)], € (—00,0),
Ut1.a5(0,2) =
1, a € [0,00),
3 o€ (—00,0), PER
Ut1,0,6(0,7) = § 2781 n((1 — 2)/2), a=0,
—27 a7 (1 —2)°[1+ O(1 — 2)], « € (0,00),
(4.4.9)

Combining the fact (4.4.5) with Theorem 3.2.5, T},in 0.0, is essentially self-
adjoint in L?((—1,1);r, gdz) if and only if a, B € R\(—1,1). Thus, boundary values
for Tharas at —1 exist if and only if @« € R, f € (—1,1), and similarly, boundary

values for Tyaz.0.5 at +1 exist if and only if o € (—1,1), 8 € R.
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Employing the principal and nonprincipal solutions (4.4.8), (4.4.9) at £1, gen-

eralized boundary values for g € dom(7},44.q,8) are of the form
(

g(—l), pe (_170)7
9(=1) = § =22 lim, 1 g(z)/In((1 4+ x)/2), B =0,
B29t lim, (1 + z)Pg(x), g e (0,1),
> a € R,
9[1](_1)7 B e (-1,0),
9'(=1) = Qlim,_; [9(x) + G(—1)2 (1 + 2)/2)], S =0,
khmgci_1 [g(z) —g(=1)27>7 1571+ 2)"], Be(0,1),
(4.4.10)
g(1>7 o< (_170)7
9(1) = § 25 limgyy g(2)/In((1 — 2)/2), a =0,
— a2 limgqy (1 — 2)%g(2), a € (0,1),
) BeR.
9[11(1)7 ac (_170)7
g'(1) = limg4 [g(z) — 9(1)27% ' In((1 — 2)/2)], a=0,
\hmle [9(z) +g(1)27 a1 —2)™], a€(0,1),
(4.4.11)

As aresult, the minimal operator 7,,;, associated to 7, g, that is, T5,in = Tonin.0,

is thus given by
Tmin,a,ﬁf = Ta,ﬂfu
f € dom(Thinas) = {g € L*((=1,1);705d2) | g, g € AC1oe((—1,1));  (4.4.12)
(=1 =39'(=1) =g(1) =g'(1) = 0; Ta g € L*((—1,1); 74 pdz) }.

For a detailed treatment of solutions of the Jacobi differential equation and

the associated hypergeometric differential equations we refer to Sections 4.5-4.7.
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Remark 4.4.1. We now mention a few special cases of interest. The Legendre equa-
tion (o = = 0) has frequently been discussed in the literature, see, for instance, [75]
and the extensive list of references cited therein. The Gegenbauer, or ultraspherical,
equation (see, e.g., [1, Ch. 22|, [152, Ch. 18], [173, Ch. IV]) can be realized by
choosing the parameters a = = p — 1/2, noting at the endpoints x = £1, 7, is
regular for p € (—1/2,1/2), in the limit circle case and singular for u € [1/2,3/2),
and in the limit point case for p € R\(—1/2,3/2). The Chebyshev equations of the
first and second kinds are two more important special cases, with the first kind real-
ized by choosing 1 = 0 in the Gegenbauer equation, or « = f = —1/2 in the Jacobi
equation (see, e.g., [1, Ch. 22|, [152, Ch. 18], [173, Ch. IV]), whereas the second
kind is realized by choosing pr = 1 in the Gegenbauer equation, or &« = § = 1/2 in

the Jacobi equation (see, e.g., [1, Ch. 22], [152, Ch. 18], [173, Ch. 1V]). o

We now determine the solutions ¢g (2, -) and 6y (2, ) of T4 pu = zu, z €

C, that are subject to the conditions

(goﬂ,ﬁ('z? _1) =0, ;gé,a,ﬂ('z? _1) =1,

_ N (4.4.13)
Op.05(z,—1) =1, 967a7ﬂ(z, —1)=0.
In particular, one obtains from (4.7.1),
”
_2ia71ﬁ71y2,a,ﬁ,—1(27 .CU), 6 € (_17 0)7
¢0,a,,3(za .ﬁlZ‘) =
\yl,a,ﬂ,—1<z7x)u /8 € [07 1)7
(
« — Z; xr 9 E _1, O 3
Y1,0.8, 1( ) B e ( ) (4‘4‘14)
90,a,ﬂ(27 l’) - —2_a_1y27a707_1(z, .T), 5 =0,
\27&7157192@75,—1(2@)7 5 € (Oa ]-)7

aeR, zeC, ze(-1,1).
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4.4.1 The Regular and Limit Circle Case o, B € (—1,1)
In this section we compute the Donoghue m-function when the Jacobi problem
considered is either in the regular or limit circle case at +1.
Using (4.4.13), the solutions in (4.2.1) for this example are given by
ul,a,5<z7 ZL’) = ¢0,a,5(27 x>/¢0,a,5(27 1)
y2,a,6,—1(27 x)/gla,@—l(Z? 1)7 /8 € (_L 0)7
= (4.4.15)
yl,a,ﬁ,—l(z7 x)/gl,a,ﬁ,—l(z7 ]-)7 6 € [07 1)a
u2,a75<27 Jj) = 00,0175(Z7 I) - [90,0&5(% 1)/(;50,0475(27 1)]¢0,a,5<27 I)
(
Y1,0,8-1(2:7) — [U1,0,8-1(2,1) [V2,0,8,-1(2, 1)]Y2,0,5,-1(2, T),
B € (_170)7
=27 10,012, ) = [M2,0,0-1(2 1) /F1,00,-1(2, 1) Y1,0,0,-1(2, 7) },
5=0,

2_a_1ﬁ_1{y2,a,5,—1(z7 x) - [gZ,a,@—l(Z? 1)/@1,@,6,—1(2; 1)}y1,a,ﬁ,—1(27 .I‘)},

B € (0,1),

ac(-1,1), zeC, z € (—1,1),

where the generalized boundary values are given in (4.7.2)—(4.7.4). Hence substitut-
ing (4.4.15) into (4.2.8)—(4.2.11) and applying Theorem 4.2.2 yields the (Nevanlinna—

Herglotz) Donoghue m-function M7°

,B,a,ﬁ,/\/i( -) for any self-adjoint extension T4 p o 3

of Thnin with o, 5 € (=1,1).

As an example of coupled boundary conditions, we consider the Krein—von
Neumann extension following Example 4.3 found in [68]. For «, 5 € (—1,1), the
following five cases are associated with a strictly positive minimal operator T}, .3

and we now provide the corresponding choices of Rk , g for the Krein—von Neumann
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extension Ty ry .8 Of Tin,a.p:

TO,RK@,ﬁf = Ta,,Bfa (4416)
q(1 g(—1
fe dom(To,RK’aﬁ) = {g € dOIﬂ(Tmaz’aﬁ) g< ) = RKﬂﬁ g( ) },
g9'(1) g9'(=1)
( , Q_Q_B_IF(—Q)F(—ﬁ)
P(_Oé_ﬁ> ) O(,ﬁe <_17O)7
0 1
s TN
I(-a—5) . ae(=1,0), Be(0,1),
-1 0
R ’ ! (4.4.17)
Ko = 1 27%5711“(—04)1“(—5) ,  a€(0,1), fe(-1,0), 4.
[(—a—p)
0 -1
. a=0, € (-1,0)
1 =277 yp +4(=B)]
27 yp +9(—a)] 1
, a € (=1,0), =0,
-1 0

\

where we interpret 1/I'(0) = 0, ¥»(-) = I"(-)/I'(+) denotes the Digamma function,
and yg = —¢(1) = 0.57721 ... represents Euler’s constant. Obviously, det(R ) =
1 in all five cases. Furthermore, as Rys # 0 for each case, Theorem 4.2.2 (ii)
applies and one obtains the Donoghue m-function M:,%ORK’M’ ~;(+) for the Krein—
von Neumann extension T g, s by utilizing (4.4.15) and (4.4.17) as well as the
explicit form of Ky g, (-) in (4.2.30). We note once again that MT?RK@,B»M( ) is a
Nevanlinna—Herglotz function.

In the remaining four cases not covered by (4.4.17), given by all combinations

ofa =0, =0, a € (0,1), and g € (0,1), one observes that [68, Theorem 3.5] is

not applicable as the underlying minimal operator, T},in o3, is nonnegative but not
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strictly positive. In particular, the Jacobi polynomials satisfy Friedrichs boundary
conditions for e, 5 € [0,1), hence 0 € 0(Trap), o, B € [0,1) and Tyinap = 0 is

nonnegative, but not strictly positive when «, 5 € [0, 1).

4.4.2  Precisely One Interval Endpoint in the Limit Point Case

In this section we determine the Donoghue m-function in all situations where
precisely one interval endpoint is in the limit point case. We will focus on the case
when a € (—oo,—1] or a € [1,00), so that the right endpoint = 1 represents the
limit point case. The converse situation can be obtained by reflection with respect
to the origin (i.e., considering the transform (—1,1) 3 z +— —z € (—1,1)).

We recall from [75, Sect. 6] that the Weyl-Titchmarsh-Kodaira solution and
m-function corresponding to the Friedrichs (resp., Dirichlet) boundary condition at

x = —1 is determined via the requirement

¢0,a,ﬁ(27 ) - 90,0475(2:, ) + mO,a,ﬁ(Z)(ﬁO,aﬁ(Z? ’ ) S Lz((cv 1>; Ta’gd.I‘),

(4.4.18)
2 € C\o(Trap), o € (—o0,—1]U[Ll,00), € (—1,1), c€ (—1,1).
In particular, since @Zé’aﬁ(z, —1) = mg o 3(2) one finds from Theorem 4.3.2,
- M0.ap(2) = Moas(—7)

Mp° = |- = Iy;
Tov""ﬁ’Ni(z) rr Im(10,q,5(7)) A
Do Do  \0.0,8(2) = Moap(—1)

(2) =M (z)+(—2

TW""B’N’( ) Ty )+ ) cot(y) + mo.a,p(2) (4.4.19)

X (¢0,a,ﬁ<§7 : )7 ' )LQ((a,b);rdx)wO,a,ﬁ(i7 : )|M7 e <O77T)7
a € (—oo,—1]U[l,00), g € (—1,1), z € C\R,

where 10 45(2, - ) and mg 4 5(2, - ) are given by the following:
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(I) The Case a € [1,00) and B8 € (—1,0):

woya,g(z, x) = yl,a,g,q(% :U) - 2iailﬁ71y2,a,5,fl(zv x)mO,a,ﬁ(Z)a
I'(1+p3)
I'(1—p)
LA+ o= B+ 0as()/T(1+a = 6-0as(=)l/2)  (44.20)
Fl+a+B8+0as2)]/AT([1+a+ b —0as(2)]/2)
2 € p(Thap), a € [1,50), € (~1,0)

U(TF,a,ﬁ) = {(n - B)(n +1+ Q)}neNm OIS [1700)7 ﬁ € <_17O)7
with

Moap(z) =213

1/2

Oap(2) = [(1+a+ B)* +4z2] (4.4.21)

(IT) The Case a € [1,00) and 3 = O:

D0.00(2, %) = =27 .00, 1(2, %) + Yr.00,-1(2, £)1M0.00(2),
Mo,a0(2) = =27 "H2yp + ([ + a + 00,0(2)]/2) + D([1 + a — 0a0(2)]/2)},
2 € p(Tpap), @ €[l,00), =0,
0(Tra0) ={n(n+1+a)tnen,, a€[l,00), f=0. (4.4.22)
(IIT) The Case a € [1,00) and 8 € (0,1):
Yo.0,6(2,%) = 277 B na,-1(2, %) + Yras-1(2, 0)M0,0,6(2),

_ np—lo—l—a-— _F(l_ﬁ)
Moap(z) = 727 T'(1+5)

L DL+ 0t B+ 0ap@/AT(L+a+ B = 0us(2)/2) (4409
T[T+ 0= 8+ 0as(2) 2T((1+a — §— 0as(:)/2)

S IO(TF,a,ﬁ)v ac [LOO)a ﬂ < (071)7

O-(TF,OC,,B) = {n(n +1l+a+ 5)}7161\107 a € [17 OO), B e (07 1)'
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(IV) The Case a € (—oo0, —1] and 8 € (—1,0):

woﬂﬁ('z? QJ) = yl,Oé,ﬁ,*l(Z? x) - 27&71ﬁ71y27a,5,*1<27 x>m0,a,5<z>7

I'(1+5)

i)

L —a=B+0as()/T(1 —a = 8- 0as()l/2) (4404
P+ 8 —a+0as(2)]/2)0([1 + 8 — a —0as(2)]/2)

KAS p(TF7a7B)7 OAS (_007_1]7 5 € (_170)a

Moas(z) =208

0(Trap) ={(n —a=pB)(n+ D}lnen,, «€ (=00, —1], € (=1,0).
(V) The Case a € (—oo,—1] and B = 0:

Y0.00(% ) = =27 M 20,0,-1(2,2) + Y1a0,-1(2, T)mo.a0(2),
Moao(2) = =27 H2yp + ¥([1 — a + 000(2)]/2) + ¥([1 — @ = ga0(2)]/2)},
2 € p(Trap), a € (—o0,—1], 5 =0,
0(Trao) = {(n —a)(n+1)}nen,, @€ (—00,—1], 3=0. (4.4.25)
(VI) The Case o € (—oo, —1] and 8 € (0, 1):

Vo.a,p(2,1) =27 B 05 1(2, @) + Yra,8,-1(2, 2)0.0,5(2),
o1apsl(1=0)

BT )

o P+ B —atoap(2)]/2)T([L+ 5 —a—0ap(2)]/2) (4.4.26)
Tl —a—B+0as(2)]/2T([1 —a— B —0ap(2)]/2)

z € p<TF7C¥,5>7 (ORS (_007 _1]7 6 € (07 1)7

Mo,ap(2) = —

U(TF,a,ﬁ) = {<n - a)(n +1+ 5)}n6No’ (OS (_007 _1]’ B e (07 1)'

4.5 The Hypergeometric and Jacobi Differential Equations
In this section we provide the connection between the hypergeometric differ-

ential equation (cf. [1, Sect. 15.5])

§(L=8w(&) + [c = (a+ b+ 1)&w(E) — abw(§) =0, ¢ €(0,1), (4.5.1)
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(where « = d/d€) and the Jacobi differential equation

Tapy(z,2) = (1= 2)y"(z,2) + [a = B+ (a+ B+ 2)aly'(2,2) = 2y(z, @),

(4.5.2)
a,BEeR, xe(—1,1),
(where ' = d/dz). Making the substitution £ = (1 + z)/2 in (4.5.2) yields
=8y +[B+1—(a+B+2)¢y(z8) + 2y(2,¢) =0, 453)
a,feR, £€(0,1),
which is equal to (4.5.1) once one identifies,
a=[1+a+B+0.52)]/2, b=[1+a+p—0.52)]/2, c=1+p,
0ap(z) = [(1+a+B)% +42]"% (4.5.4)
At the endpoint © = —1 of the Jacobi equation the substitution used to arrive

at (4.5.3) yields ¢ = 0, hence we next consider solutions of (4.5.1) near £ = 0

(cf. [1, Egs. 15.5.3, 15.5.4]) (analogous solutions near £ = 1 are found in (4.5.13))

wio(§) = Fla,bye; ) = ) (@) (0)r £ a,b € C, c € C\(-Ny),

= (€)n nl’

wy(§) =€ Fla—c+1,b—c+1;2—¢¢), abeC, (c—1)€C\N, (4.5.5)
§€(0,1).
Here F(-, -; -; +) (frequently written as o F (-, -; -; - )) denotes the hypergeometric
function (see, e.g., [1, Ch. 15]), ¥(-) = I''(-)/I'(-) the Digamma function, v =
—1(1) = 0.57721 ... represents Euler’s constant, and

(©o=1, (On=T(C+n)/T(C), neN, (eC\(-No), (4.5.6)

abbreviates Pochhammer’s symbol (see, e.g., [1, Ch. 6]).

In addition,
wy o and wsy o are linearly independent if ¢ € C\Z, (4.5.7)

which can be seen by noticing the different behaviors of wy (§), we¢(§) around £ = 0.

One notes that only the case ¢ = 14 8 € (0,2) is needed. Thus, for ¢ = 1 we will
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use instead

wio(§) = F(a,b;1;€), a,beC,

wiy(€) = F(a,b;1;€) In(€) + Z Jn (4.5.8)
neN
x [W(a+n) —la) + (b +n) =) —2¢(n+1) —2v5], a,b€ C\(=Ny),
§€(0,1),

where the superscipt “In” indicates the presence of a logarithmic term (familiar from
Frobenius theory).
Using (4.5.4) in formulas (4.5.5) and (4.5.8), one obtains for the solutions of

the Jacobi differential equation 7, sy(2, - ) = 2y(z, - ) (cf. (4.5.2)) near x = —1,
Y,a,8-1(2,2) = F(Ga,8.0, 5(2)> Gap—00 5(); 1L+ 55 (1 +2)/2), (4.5.9)
e R\(-N),
Y208,-1(2,%) = (14 2) PF(aa 30, 5()) Qa8 -0, 5(2); 1 = 55 (1 + ) /2),
B € R\Ny, (4.5.10)
Y2,0,0,-1(2, %) = F(@a,0,00.0(x)» Qa,0,—000(z); 1; (1 +2)/2) In((1 4 x)/2)

aaOaao z) a'aO Uao(z))n n
: 1 4.5.11
+ % ST (1+2) (45.11)

X [w(aa,o,o'%o(z) + TL) - ¢(aa 0,0a,0( ) + ¢(aa 0,—0a,0(2) + TL)
— Y(Aa0,-000(x)) — 20(n+1) = 27|, B =0,

a€R, zeC, ze(-1,1),
where we abbreviated
Qoo =1+p+v=+o]/2, pv,oeC. (4.5.12)

Again one observes that for z € C, y145-1(2, -) and y24p-1(2, -) are lin-
early independent for a € R, § € R\Z. Similarly, for z € C, y;40-1(2, -) and

Y2,0.0,—1(2, - ) are linearly independent for o € R.
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In precisely the same manner additional solutions of (4.5.1) are given by
wia(§) = Fla,bja+b—c+1;1-¢), a,beC, c—a—beC\N,
wy (&) = (1= &) Flc—a,c—bjc—a—b+1;1—§), (4.5.13)
a,be C, a+b—ceC\N,
and for a +b—c =0,
wia(§) = Fla,b;1;1 =€), a,beC,

wlzrh(f) =F(a,b;1;1 =& In(1-¢&) + Z (a)n(b)n

()
X [¥(a+n) —1la) + (b +n) —¢(b) = 2¢(n +1) — 27g],
a,beC, £€(0,1),

(1-¢)n (4.5.14)

which are obtained from (4.5.5) and (4.5.8) by the change of variables
(a,b,¢,&) = (a,b,a+b—c+1,1-¢). (4.5.15)
Together with the identification x = (14 &)/2 and (4.5.4) one obtains the following
solutions of 7, 3y(2, - ) = zy(z, - ) near x = +1,
Yapt1(z,2) = F(aa,ﬁﬂaﬁ(z), Ao B, —0q 5()5 L+ @ (1—1x)/2), (4.5.16)
a € R\(-N),
Y2a,6:41(2,2) = (1= 2) " F(a-a.p,00,5(): A-a,p-00,0(2)i L = @5 (1 = 2)/2)
a € R\N, (4.5.17)
Y2,0,6,41(2,2) = F(00,6,00 5(2) 06,00 5(2); 1 (1 = 2)/2) In((1 = 2)/2)

(ao,,@,aoﬁ(z))n(ao,ﬁ,faoﬁ(z))n n
+> ()2 (1—z) (4.5.18)

neN
X [¥(a0,8,00 4() + 1) — V(A0,8,00 5(2) + ¥ (A0,8,-00 5(2) T 1)
- w(aoﬁ,—ao,ﬁ(z)) - 21/}(” + 1) - 27E]7 a=0,

BeER, zeC, z e (-1,1).
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Again, for z € C, y105+1(2, -) and Y24 41(2, -) are linearly independent for o €

R\Z, g € R. Similarly, for z € C, y105+1(%, -) and y20411(2, -) are linearly

independent for g € R.

In the limit point case at x = 1, where o € (—o0, —1]U[1, 00), one only needs

the principal solutions, which are y; 4 54+1(2, ) for @ > 1 and yoap+1(2, -) for

a < —1. Thus, one concludes from (4.5.16) and (4.5.17) that these case are already

covered, and one does not have to define an additional solution for o € Z\{0}.

Since (@a,8,04 5(=) )n(Aa,8,~0a 5(z))n, 1 € No, depends polynomially on z € C, one

infers that

for fixed x € (0,1), yjap+1(2, ), j = 1,2, are entire with respect to z € C.

Moreover y; g +1(2, ) satisfy the relations (cf. (4.5.28))

Yiap-1(2,2) = (1+2) Pysa_p_1(z+ (1+a)B,2),

y2,a,6,—1(27 x) = (1 + I)_ﬂyl,a,—ﬁ,—l(z + (1 + 04)5; I)>

yl,a,ﬂ,-l-l(zv l’) - (1 - x)_ayl—aﬁ,-l-l(z + (1 + ﬁ)O{, I>’

y2,a,5,+1(27 SE) = (1 - x)iayl,*aﬁﬂrl(z + (1 + ﬁ)OL, I),

where we used the fact

Oap(2) =

a € R, g e R\{0},

a €R, g e R\{0},

a € R\{0}, B eR,

a € R\{0}, g € R,

Oa—p(z + (1 +)B),

0_aplz+ (1+P)a),

O'fa,fﬁ<z ta _'_B)
\
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Remark 4.5.1. We conclude this section by briefly discussing Jacobi polynomials and
quasi-rational eigenfunctions. The nth Jacobi polynomial is defined as (see [151, Eq.

18.5.7))

w}?(—n,n—l—a—kﬁ"‘1?‘)‘+1;(1_x)/Q)7
- (4.5.25)

neNy, —a¢N, (—-n—a—-0-1)¢N,

PP (z) =

and can be defined by continuity for all parameters a, 3 € R. Note that P%"(z)
is a polynomial of degree at most n, and has strictly smaller degree if and only if

—n—a—pFe{l,...,n} (cf. [173, p. 64]). It satisfies the equation

Tog PP (2) = AP PP (1), (4.5.26)
with

NP = nn+14+a+8). (4.5.27)
In particular, one can verify that the Jacobi polynomials are solutions of the Jacobi
differential equation (4.5.2) with Neumann boundary conditions at © = +1 (resp.
x=—1)if a € (=1,0) (resp. B € (—1,0)) and Friedrichs boundary conditions if
a >0 (resp. > 0).

More generally, all quasi-rational solutions, meaning the logarithmic derivative

being rational, can be derived from the the Jacobi polynomials together with
(1+2) oty pgo(l+a) =105+ (1+a)b,
(1—2z) Y01 qpo(l=—2) =705+ (1+P)a, (4.5.28)
(1-2)*(1+2)Por a4 go(l—2)*(1+2)° =710s+a+ 8,
where (1+2)*° and (1 —x)** are regarded as formal multiplication operators. This
is summarized in Table 4.1, which is taken from [22]. Here (1 —x)~®P;%#(z) satisfy
at © = +1 the Friedrichs boundary condition for & < 0 and Neumann for a € (0, 1),

while at © = —1 they satisfy the Friedrichs for § > 0 and Neumann for § € (—1,0).

For (1 + z)7#P>~P(x) the roles of @ and 3 interchange compared to the last case,
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Table 4.1. Formal quasi-rational eigensolutions of 7, g

Eigenfunctions Eigenvalues
PP (z) nn+1+a+p)
(1 —2)"*P;8(x) nn+1—a+p)—a(l+p)
(1+ 2) P P>=P(z) nn+1l+a—p)—p(1+a)
(1—2) (1 +2) PPy P(x) nn+l-a-p)—(a+h)
meaning Friedrichs at x = +1 for @ > 0, Neumann for a € (—1,0), and at z = —1,

Friedrichs for 8 < 0, Neumann for 3 € (0,1). Finally (1 —z)~%(1 + 2) P, % 5(x)
satisfy at © = +1 (resp. © = —1) the Friedrichs boundary condition for o < 0 (resp.

f < 0) and Neumann for o € (0,1) (resp. § € (0,1)). o

4.6 Connection Formulas

In this section we provide the connection formulas utilized to find the solution

behaviors in Section 4.7. We express them using wy (&) and ws () (why(€)) and

their analogs wy1(€) and wy1(€) (wh(€)) at the endpoint & = 1.

We recall the relations (4.5.4) connecting the parameters a, b, c and «, (.
(I) The case a € R\Z, 5 € (—1,1)\{0}, that is, c € (0,2)\{1}, a+b—c € R\Z:

The two connection formulas are given by (cf. [152, Eq. 15.10.21-22])

['(c)l'(c—a—D) L(e)(a+b—c)
Te—arc—n" O —Form 1@ (4.6.1)
r'2—-cl'(c—a—Db) I'(2—c)l(a+b—c)

wy (&) = I'(1—a)(1—0b) w1 (€) + Fa—c+1DI'(b—c+1)

One notes that poles occur on the right-hand side of (4.6.1), (4.6.2) whenever (a+b—

wio(§) =

wo1(§). (4.6.2)

¢) € Z. Using (4.5.15) one can also express wy 1(§) or wq (&) as a linear combination

of wy o(§) and ws o(§):

T(a+b—c+1)I(1—c)
IF'la—c+1I'(b—c+1)

I'a+b—c+1)I'(c—1)
[(a)T'(b)

wy1(§) = w,0(§) + wa0(§),

(4.6.3)
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Nl+c—a—-0bIl(1—-c)
I'(1—a)(1-0)

'l+c—a—-0I'(c—1)
[(c—a)l'(c—0)

w1 (&) = w1 0(§) + wa0(§),

(4.6.4)

though, in the following we shall only write down one pair of connection formulas

for brevity.
(IT) The case « =0, f € R\Z, that is, c€ R\Z, a+b=c:

The solution wy ¢(§) = F(a, b; a+b; &) can be expanded at £ = 1 (cf. [1, Eq. 15.3.10]):

F(a,b;a+b;§) = % 1,%\;0 (a();'(;;)" 2¢(n+1) —¢(a+n) —(b+n)

~In(1 - ))(1—&)"

Meanwhile, two linearly independent solutions at & = 1 are taken from (4.5.14).

(4.6.5)

The connection formula for wy (&) is given by (4.6.3) with a + b = ¢. To obtain a
second connection formula one compares the expansion of wy'; (§) at £ = 1 with the

expansion of F'(a,b;a + b;¢§) at £ = 1, using (4.6.5), and then obtains

€)= = (61 = 0) + 61 = B) + sl -t Dol
- [610) 4 90) + 216 na(©) (46

(ITI) The case « € R\Z, B =0, thatis, c=1,a+b e R\Z:

This case is analogous to the previous case, with the roles of a and [ interchanged.
Concretely, this means that the connection formulas (4.6.5) and (4.6.6) must be
changed through the renaming (4.5.15) with¢c - a+b—c+1=a+b,as c=1. As
¢ does not appear in (4.6.5) and (4.6.6) (it was eliminated via ¢ = a + b), one can
adopt the aforementioned formulas directly, only changing the second index in the

9

w's

['l—a-—0)
I'(1—a)l(1-0)

wyy(€) = ~[(1 — a) + (1 = b) + 2]

I'a+b— 1)w
T@Il0) 2.1(£), (4.6.7)
I'l—a-0)
I'(1—a)l(1-0)

wio(§) =

w1 (§) +

w1,1<§>
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~ 0(a) + 00 + 20 ). (463

(IV) The case a« = =0, that is, a+b=c=1:
For a = 0 and 8 = 0 the Jacobi differential expression (4.4.1) becomes the Legendre
differential expression. Since this case was treated in detail in [75], we shall only
present the connection formulas for completeness.

The special solutions wy ;(&) and wy;(€) for i = 1,2 are given by (4.5.8) and

(4.5.14), respectively. Note that the following relations hold

wy,1(§) = wip(l =), wlgl}l(é) = wlfo(l — ). (4.6.9)

Using [1, Eq. 15.3.10] together with w; (&) = F(a,b;a + b;¢) and Euler’s famous

reflection formula, I'(2)['(1 — 2z) = wese(nz) (cf. [1, Eq. 6.1.17]), one obtains

w () = —m ' sin(ma) ([w(a) + (b)) + 2vg|wy 1(€) + wg‘l (5)) (4.6.10)

The two relations (4.6.9) immediately imply

wi1(§) = —m ' sin(ma) ([1h(a) + 1 (b) + 2y]wi o) + wyy(§)), (4.6.11)
ngl (¢) = 7 sin(7a) [([w(a) + (b) 4 27g)* — 7° [sin(wa)]’z)wl’o(f)
+ [1h(a) + 9 (b) + 2yelwsy(€)]. (4.6.12)
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4.7 Behavior of Yjapx1(2,2), j =1,2, near x = £1
In this section we focus on the generalized boundary values for the solutions

Yjiap-1(2,7), 7=1,2at x = F1. One obtains for z € C,
1, Be(-1,0),
Ura,8-1(2,—1) = 0, =0,

0, pe(0,1),

0, Be(=10),
gll,a,ﬁ,fl(’% _1) = 17 6 =Y,

1, B€(0,1),
\ a €R, (4.7.1)

07 B € (_170)7
g27a7ﬂ7—1(27 _1) = 9 —2a+1, p =0,
p2ett. Be(0,1),

\

(

_/82044—1’ /BE <_170)7

?72/,04,6,—1(2? -1) = 0, B =0,

0, B € (0,1),

\

and employing connection formulas for the endpoint x = +1,
['(1+4 6)I'(—«)
F<a’_aaﬂ>0a,5(z))F(a_aaﬁ7_aaﬁ(z)> ’
2B (1 + a)(1 + B)
D(@a,8,00,5:)) T (@a,p,-00 5(2)

a € (—1,0),
gl,aﬂ,—l(’z? 1) =

a€[0,1),
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gll,a,,é’,—l (Z7 1) =

gz,a,,B,—l (Z> 1) =

gZI,a,B,—I (Z? 1) =

372,04,0,71 (Za 1) =

(21T (1 + )T(1 + B)

[(@a,8.00,5(:)) (A —00 5()
—I'(1+5)

I'(a0,8,00,4(2)) 1 (00,8, 52)

+w<a0,,8,0'0’§(2)) _'_ w(a0767_0—07ﬁ(z))]’ o= O’

a € (—1,0),

I'l1+p)(—a)

, a € (0,1),
CT(0—aB00 ()T (008 —0u 4(2))
Be(-1,1), (4.7.2)
2781 (1 — B (—
(1-8)(—a) ae(-10)
T(a—a g0 5()) 0 (0—a—8,—04 (=)
—90+I(1 4 o )[(1 —
( +Oé) ( ﬁ) , aG[O,l),
| D(@0,~B,00,5(:)) T (Qa, -0, 5(2))
( 20+ (1 (1 —
(1 +0)l(1 — §) a € (~1,0),

F(aaa_ﬂvaa,ﬁ(z)>F(aa7_57_aa,5(z)) ’
—27T(1 - B)
(@0, ,00,5()) T (@0,- 8,00 5(2))

+w<a0,—6,0073(z)) + ¢(@0,—5,—0075(2))]> o = 07

[27E

2-91(1 = B)l(~a)

y (0% e (07 1)7
\ F(a—a,—ﬁﬁa,ﬂ(z))F(a_o"_ﬁ’_ao‘ﬁ(z))

B e (—1,1)\{0}, (4.7.3)

(298 + ¥(0-00,000() T V(000 000(=)] (=)
F(a'fa,O,a'a,o(z))F(afa,o,faa,o(zﬁ

a € (—1,0),

[27E + w(aa,o,aa,o(z)) + @Z)(aa’o’iaa’O(Z))]F(l - a)
2707 (a0,0,00,0())1 (@00,-000(2))

)

a€[0,1),
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%,a,o,—l(z) 1) =<

( [Q’YE + ¢(%,o,aa,0(Z)) + @Z)(aa’o’iaa’O(Z))]F(l i a)
—270 7 (00,0,00,0(:) )T (0,-00.0(2))

a € (—1,0),

—I((1+ 00,0(2))/2)T((1 — 00,0(2))/2)
296 + ¥((1 + 000(2))/2) + P ((1 = g00(2))/2)]?
I'((1 4 00,0(2))/2)T((1 = 00,(2))/2) ’
— 278 + ¥(a-0.0.00,0() T P(A-0,0,-00 )] (—)
F(afa,o,aa,o(Z))F(afa,O,*Ua,o(Z)) 7

a=0,

a € (0,1),

B=0. (4.7.4)
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CHAPTER FIVE

Conclusion

In Chapter Two, we employed a recently developed unified approach to the
computation of Fredholm determinants, traces of resolvents, and (-functions to com-
pute positive integer values of spectral (-functions associated with regular Sturm-—
Liouville operators. We proved the following result relating these values and the
characteristic function Fy g(-):

Theorem 2.4.1. Assume Hypothesis 2.2.1, denote by T4 p the self-adjoint extension
of Trin with either separated or coupled boundary conditions as described in Theorem
2.2.2, and let mg = 0,1, 2, denote the multiplicity of zero as an eigenvalue of Ta
(with mo = 0 denoting zero is not an eigenvalue). Suppose that Fa p(z) given in

(2.2.39) has the series expansion,

o0

Fap(2) =Y a2/, 0<|z| sufficiently small. (5.0.1)
=0
Then,
. d
((n;Tap) = —Res [z "d—ln(FA,B(z)); z2=0| =-nb,, neN, (5.0.2)
z
where
bl = @1+m0/am07
j—1 (5.0.3)
bj = ajmo/amo] = )/ 3l@j—t4mo/@molbe,  j €N, j = 2.
=1
In particular, if zero is not an eigenvalue of Ty g, then
trr2(@m) (Ta) = C(1;Tap) = —a1 /ap. (5.0.4)

This result along with the series expansions proven in Section 2.3.1 using
Volterra integral equations allows for an efficient computation of positive integer

values of spectral (-functions as illustrated in Section 2.4.2. In particular, when
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considering general self-adjoint boundary conditions we proved

d
((n;Tyap) =—Res |z7"—In(F,up5(2)); 2=0| = —nb,, néeN, 5.0.5)
7/8 dz 75

where for separated boundary conditions,

_ cos(@) [08(8)B1-1my (B) = sin(B)¢,, (b)] — sin(@) [0S(8)014my (b) = sin(B)01L,, (b))
cos(a) [ c0(3) Snq (B) — sin(B)dmo (b)] — sin(@) [ c0s(8)0my (b) = sin(5)0my (b))

1

)

0o (b) — sin(B)6L],. (0)]
B (b) — sin(B)8nh (b)]
0j—timo(b) — sin(B)0 . (0)]
Orng (b) — sin(3)6hs (b)]

_ cos(a) [ cos(B)d;-my (b) - sin(B) ¢, (b)] = sin(a) |

c03() [ c05(8) o (8) — sin(8) i (8)] — sin(a) [

i cos() [ co8(B)dj—t1mo (b) — 5111(6)¢£.11l+m0(b)] — sin(a
()

c0(01) [ c08(8) Sy (b) — sin(3) Shny (b)] — sim

J

- | =

jEN, j>2 (5.0.6)

while for coupled boundary conditions with my = 0,
B &% (Ry20M (b) — Rasfy (b) + Ry (b) — Rurgl' (b))
2 (R0l (b) — Ronfo(b) + Rando(b) — Rusel(h)) + e2# + 1
B &2 (R1o0 (0) — Raabl; (b) + Rord; (b) — Rinol' (b))
el (3129[1](b) Ro200(b) + Ra1¢0(b) — Rllfb([)l](b)) + e+ 1
¢ (Ri20 (b) — Raof_g(b) + Rar¢j—e(b) — RurglL, (b))
B =1 Eew Ri1205"(0) — Raao(b) + Raro(b) — R11¢([)1](b)) Lo 41

(5.0.7)

JeN, j=2

and for mg = 1,

el (R120[ (b) — Roa02(b) + Ro1¢2(b) — Rnﬁbéﬂ(b))

b )

b el (nge[ b) — Ro2b(b) + Ra191(b) — Rllébgl](b))
b — e'? (R12‘9]+1 R229j+1(b) + R21¢j+1(b> B Rllqbg‘lil(b)) (5.0.8)
7 @(Rme W(b) = Ryab (b) + Rarhy (b) — Riy6\ (b))

! ) + Raudjr1(b) — Rucbﬁ-”m(b))
1 €% (Riof () — Rosth (b) + B (b) — Rurhy (b))

e W(Rm@[ ]g+1(b) R0 _¢11(b
2
(

JeN, j=2.
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For the case mg = 2, we need only consider the Krein-von Neumann extension of

Tnin defined by

0(0,b b
=0, Rg= 0,,a)  9(0,b.0) , (5.0.9)

01(0,b,a) #1(0,b,0a)
where
d0(0)65(b) — 4 (6)83(b) + 0 () p3 (b) — B (b)) ()
90(0)05(0) — g (b)02(b) + 05 (b)pa(b) — o (b)s (b))

by =

j =

B0(0)015 () — 93 (8)0;+2(b) + 0 (0)d42(b) — %@)Hx>
)

(

$0(0)05(b) — 64 (0)02(b) + 05 (b) d2(b) — o (b) b ()
_f*g%@ﬁﬂm>¢u>Jum> %wmﬂxwwmwmw@b
=l 90 (0)ALT () — o1 ()6a(b) + 6 () 62(b) — Bo(b)6} (b) )
jEN, j>2. (5.0.10)

Furthermore, assuming Hypothesis 2.3.1, we computed the asymptotic expan-
sion in the spectral parameter of the characteristic function where more assumptions
are needed on the transformed potential depending on the number of terms included.

We then used this expansion to obtain the remarkably simple formula
C'(0;Tap) = imn — In(2¢| Frng /Tho l), (5.0.11)

where n is the number of strictly negative eigenvalues of 7'y 5. This allows one to
efficiently compute the associated (-regularized functional determinant for this re-
stricted class of regular Sturm—Liouville operators. Finally, we applied these results
to regular Schrodinger operators with zero, piecewise constant, and a linear potential
on a compact interval.

In Chapter Three, we systematically constructed the Donoghue m-functions
(resp., 2 x 2 matrices) associated to the singular Sturm—Liouville operator in all cases
where at least at one interval endpoint a or b is in the limit circle case. For brevity,

we do not list the full form of the Donoghue m-functions here but instead recall that
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they are summarized succinctly in Sections 4.2 and 4.3 for two limit circle endpoints
and one limit circle endpoint, respectively. As an application of these results, we
considered the generalized Bessel operator.

Let a =0, b€ (0,00) U {oo}, and consider
2+5—v3y¥—(1-v)? ,,

p(z) =2a", r(r)= z°, q(z) = "7,
4 (5.0.12)
d>—-1, v<l1l, v20, ze€(0,0),
so that
N d ,d (2+6—v)>y¥?*—(1-v)?
7'(;’,,7,y:l’(S —%maﬁ- 1 ' 2 ,

(5.0.13)
d>—-1, v<l1, v>20, z€(0,b),

which is singular at the endpoint = = 0 (since the potential, ¢ is not integrable near
x = 0), regular at x = b when b € (0,00), and in the limit point case at z = b when
b = oco. Furthermore, 75, is in the limit circle case at + = 0if 0 <~y < 1 and in
the limit point case at x = 0 when v > 1. In the infinite interval case, we proved in

Example 3.7.2 that

Do | Mos07(2) — Mo (—1)
TO,(S,I/,’WM (Z) ! + Im(mo,é,u,v(i))

Iy,

.

{ —i—[sin(my/2)] e ™ (27 — 37/2) } v, v € (0,1),

{0+ (2/m)[Bim/2) — In(2)]} s, v =0,
d>—-1,v<l, zeC\[0,00), (5.0.14)

and for o € (0, ),

. mo,s,v (Z)—m06u (—Z)
MDO — MDO . 0,57 0,y
s il) = Ma 06 ()4 027 0] F o 2)
X <w0,5,v,’y(§7 ' )7 : )L%((a,b))wo,&uq(ia : )}M, (5015)

d>—-1, v<l1, v€]0,1), z € C\R,
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with
4

i(l—v)(2+6— l/)_v_l’y_lr(l —7) Sin(7rfy),zV/2

Xx(l—u)/2H§1) (221/23:(2—4-6—1/)/2/(2 + 5 — I/)), v c (O7 1)7

w(],&u;y(zu .CL’) =
in(l —v)/(2+6 —v)zt—)/2
x HV (22120012 ) (2 4 6 — 1)), v =0,
d>—-1,v<1, z€C\[0,00), z € (0,00), (5.0.16)
(
_efiﬂ"y(l - V)2(2 + 5 . V)fQ'yfl,yfl
X[P(1 =) /T(1+7)]27, v €(0,1),
Mo sve(2) = (5.0.17)

(1-v)?/(2+6—-v)

x[im —In(z) +2In(24+0 —v) — 2yg|, v=0,
d>—1, v<1, ze C\[0,00),

where H,Sl)( -) is the Hankel function of the first kind and of order p € R (cf. [1,
Ch. 9]). Moreover, we considered the finite interval Krein—-von Neumann extension
in Example 3.7.3, with our results summarized there.
Lastly, we investigated the Jacobi differential expression in Chapter Four which
is given by
Top = —(1—2)"*(L+2)7(d/dz) ((1 — )" (1 +2)"") (d/dx),
(5.0.18)
re(—-1,1), a,f €R.
We fully explored the limit point/limit circle classification in order to construct the
associated Donoghue m-function, providing a detailed treatment of solutions of the
Jacobi differential equation and the associated hypergeometric differential equations

in Sections 4.5-4.7. We then employed the results from Chapter Three in order to

construct the Donoghue m-function associated with the Jacobi differential operator.
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As an example of coupled boundary conditions, we once again considered the
Krein—von Neumann extension in Section 4.4.1. In particular, for «, 5 € (—1, 1), the
following five cases are associated with a strictly positive minimal operator T}, 3
and provided the corresponding choices of R s for the Krein—von Neumann ex-

tension T4 ry a8 Of Thin,a.p:

TO,RK,a,,Bf = Ta,ﬁf: (5.0.19)
q(1 g(—1
f € dom(TO,RK,a,ﬁ) = {g € d0m<Tma:p,a,B) g( ) = RK,a,B g< ) }7
g'(1) g'(—1)
() s D=a)(=5)
Pl=a=08) | o se(-1,0
0 1
2_a_,3_1r( )I'(=p) 1
Pa=8) |, ae(-10), ge(0,1),
-1 0
R ’ - (5.0.20)
Ko = 1 2_@_6_11“(—04)1“(—5) ., ae(0,1), ge(-1,0), 0.
I'(—a—p)
0 —1
, a=0, € (-1,0)
1 =270 yg +9(=p)]
9ol —a)] 1
[ve +¢(—a)] | o (-1,0) B0,
-1 0

\

where we interpret 1/T°(0) = 0, ¥(-) =I"(-)/T'(-) denotes the Digamma function,
and yg = —¢(1) = 0.57721 ... represents Euler’s constant. Obviously, det(R ) =
1 in all five cases. Furthermore, as R;2 # 0 for each case, Theorem 4.2.2 (ii)
applies and one obtains the Donoghue m-function MTDO’ORK’%& ~; (+) for the Krein—

von Neumann extension Tp g, s by utilizing (4.4.15) and (4.4.17) as well as the

explicit form of Ky g, (-) in (4.2.30). Once again, Mﬁf’RK@ﬁ,M( -) is a Nevanlinna—
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Herglotz function. In the remaining four cases not covered by (4.4.17), given by
all combinations of « = 0, 8 =0, a € (0,1), and g € (0,1), one observes that
(68, Theorem 3.5] is not applicable as the underlying minimal operator, Tyin a3, 1S
nonnegative but not strictly positive.

Our final result was the construction of the Donoghue m-function where pre-
cisely one interval endpoint is in the limit point case. We focused on the case when
a € (—oo,—1] or a € [1,00), so that the right endpoint = = 1 represents the limit
point case. The converse situation can be obtained by reflection with respect to the
origin (i.e., considering the transform (—1,1) > z — —z € (—1,1)). Recall that the
Weyl-Titchmarsh—Kodaira solution and m-function corresponding to the Friedrichs

(resp., Dirichlet) boundary condition at # = —1 is determined via the requirement

¢0,Oéﬂ(z7 ) - 90,0&75(’27 ) + mO,a,B(Z)(ﬁO,a,B(Z? ’ ) S Lz((cv 1>; T’a’gdl‘),

(5.0.21)
2 € C\o(Trap), o € (—o0,—1]U[l,00), € (—1,1), c€ (—1,1).
Since 1}67(3"5(2, —1) = mg 4 5(2), we showed using Theorem 4.3.2,
o . M0.a8(2) = Moas(—0)

MP = | — Iy
TO,DL,B7M(Z) Uy Im(mo.qs(i)) N
Do Do A\ M0,a,8(2) — Moep(—1)

— M —

Tv,a,ﬁv-/\/i(z) TO,cx,BvM(Z> + (Z Z) COt(’}/) + mO,a,B(Z) (5022)

X (¢0,a,ﬁ<z7 . )7 ' )LQ((a,b);rdx)wO,a,ﬁ(ia : )|M7 e (077T)7
a € (—o0,—1]U[l,0), 8 € (—1,1), z € C\R,

where 0 45(2, - ) and mg 4 (2, -) are given by the following:
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(I) The Case a € [1,00) and B8 € (—1,0):

woya,g(z, x) = yl,a,g,q(% :U) - 2iailﬁ71y2,a,5,fl(zv x)mO,a,ﬁ(Z)a
I'(1+p3)
I'(1—p)
L+ o= B+ 0as()/T(1+a=B-0as(=)l/2) (5023
Fl+a+B8+0as2)]/AT([1+a+ b —0as(2)]/2)
2 € p(Thap), a € [1,50), € (~1,0)

U(TF,a,ﬁ) = {(n - B)(n +1+ Q)}neNm OIS [1700)7 ﬁ € <_17O)7
with

Moap(z) =213

1/2

Oap(2) = [(1+a+ B)* +4z2] (5.0.24)

(ITI) The Case a € [1,00) and 3 = 0
Y0.0,0(%, ) = =27 M 20,0,-1(2,2) + Y1a0,-1(2, T)mo.a0(2),
Moa0(2) = =277 H2yp + (1 + @ + 04,0(2)]/2) + ([ + & — 04,0(2)]/2)},
2 € p(Trap), a €[1,00), =0,
0(Trap) ={n(n+1+a)tnen,, a€[l,00), B=0. (5.0.25)
(I1T) The Case a € [1,00) and 3 € (0,1):

Vo,0,8(2,2) = 2_a_15_1y2,a,67—1(27 )+ Y1a,8-1(2,2)mo.a5(2),

_ np—lo—l—a-— _F(l_ﬁ)
Moap(z) = 727 T'(1+5)

T+ a+ 5+ 0us(/AT( +a+ 8= 0us(2)/2)  (50.96)
([ +a =B+ 0us(D/DT((1+ a— B —0as(2)/2)’

S IO(TF,a,ﬁ)v ac [LOO)a ﬂ < (071)7

O-(TF,OC,,B) = {n(n +1l+a+ 5)}7161\107 a € [17 OO), B e (07 1)'
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(IV) The Case a € (—oo0, —1] and 8 € (—1,0):

V0.0,8(2,%) = Yra8-1(2,7) =277 B Yo 51 (2, 2)m0,0,8(2),
I'(1+5)
I'(1-p)
D=0 B4 ousEUAT( 0~ 5~ 0us@)/2)  (5.00m)
F([1+8—a+0as(2)/2)L([1 + 8 —a—045(2)]/2)
2 € p(Tpap), o € (—o0,—1], B € (—1,0),

0(Trap) ={(n —a=pB)(n+ D}lnen,, «€ (=00, —1], € (=1,0).
(V) The Case a € (—oo,—1] and B = 0:

Moas(z) =208

Y0.00(% ) = =27 M 20,0,-1(2,2) + Y1a0,-1(2, T)mo.a0(2),
Moao(2) = =27 H2yp + ¥([1 — a + 000(2)]/2) + ¥([1 — @ = ga0(2)]/2)},
% € p(Trap), @ € (00, 1], B=0,
0(Tran) = {(n —a)(n+ D}neny, @€ (—00,—1], B=0. (5.0.28)
(VI) The Case a € (—oo, —1] and 8 € (0, 1):

Do,0,8(2, %) = 277 B 2 08,-1(2, ) + Yo, 1(2, )1M0,0,5(2),

I'(l1-p)

I'(1+p)

o DL+ B =0t 0us(@)/2T(L+ 8 = 0 = 0as(2)]/2)  (5,0.29)
D([L—a =B +0us(2)] 20— a = B —oas(=)]/2)’

z € p<TF7C¥,5>7 (ORS (_007 _1]7 6 € (07 1)7

mO,aﬂ(Z> — _6—12—1—01—6

U(TF,a,ﬁ) = {<n - a)(n +1+ 5)}n6No’ (OS (_007 _1]’ B e (07 1)'
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