ABSTRACT
Quantization of Black Holes and Singularity Resolution in Loop Quantum Gravity
Wen-Cong Gan, Ph.D.

Advisor: Anzhong Wang, Ph.D.

In this dissertation, we study the properties of quantum black holes in the
framework of loop quantum gravity. Loop quantum gravity is based on the canonical
quantization of holonomies and fluxes of densitized triads. In loop quantum cosmology
(LQC), the effective Hamiltonian can be obtained from the classical Hamiltonian by
polymerization. The interior of Schwarzschild black hole is isometric to Kantowski-
Sachs cosmological model with symmetry group R x SO(3). Thus loop quantization
techniques of LQC can be used in loop quantization of black holes. On the other hand,
different choices of quantum parameters dy, . correspond to different quantization
schemes and will lead to different loop quantum black hole solutions. In particular,
we investigate global and local properties of Bodendorfer, Mele, and Miinch (BMM)
model, Alesci, Bahrami and Pranzetti (ABP) model and Béhmer-Vandersloot (BV)
model. We find that different choice of parameters will lead to different asymptotic
behaviors. Specifically, for appropriate parameters, BMM model has black hole/white
hole structure, ABP model has asymptotic de Sitter solution, while in BV model,

black hole/white hole horizon never forms due to large quantum effects.
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CHAPTER ONE

Introduction to Loop Quantum Gravity

1.1 341 decomposition and Hamiltonian formulation
Loop quantum gravity (LQG) is based on the canonical quantization of general
relativity [4] which is based on the Hamiltonian formulation. Thus, we need to split
four-dimensional (4D) spacetime into 1D “time” and 3D “space”, i.e. 3+ 1 decompo-
sition of spacetime. To do this, we need to introduce a one-parameter family of 3D
spacelike hypersufaces {3} to foliate the 4D spacetime manifold M. The induced

metric on X reads

Qv = Guv + Ny, (1.1)

where g, is metric on M, and n,, is the unit normal vector of X.
Further, we also need to associate points on different >; to each other, in
order to describe the field’s evolution with respect to “time” parameter . This can
be done by introducing the timelike vector t#, which satisfies t#V ,t = 1. Its integral

curves specify space coordinates z* on each ;. Then for each ¢, we have embedding

X, 0 ¥y — M such that X;(x) = X (¢, z), where X* is spacetime coordinates. Then

o
t#(X) = (M) _ (1.2)
ot X=X (t,x)
We can decompose t* in the following form
t"(X) = N(X)n"(X) + N*(X), (1.3)



where N and N* are called the lapse function and the shift vector, respectively. The
freedom to use arbitrary spacetime coordinates corresponds to the freedom to use an
arbitrary lapse function and shift vector.

We have n* = (t* — N#)/N, then

v v v vV 1 v 14
g = g™ —ntn’ =q¢" —m(t“—N“)(t — N"). (1.4)
In coordinates (¢, z%), we have ¢ = (1,0), N* = (0, N*), then n* = (%, =),
0 0
" = : (1.5)
0 qab
and
=1 " " , (1.6)
N® ab _ NONP®
Nz 4 N2
thus
_N? £ N°N, N,
G = s (17)
Na Gab
which leads to
ds* = g da'dz” = —N?dt* + qup(da® + N°dt)(dz’ + N°dt). (1.8)

Denote D, as the spatial covariant derivative compatible with metric qu, i.e. Dygpe =

0, then the spatial curvature tensor is defind by
(DoDy — DyD )¢ = PR, 0. (1.9)
The extrinsic-curvature tensor is defined by
K., = Dony = qacqbdvcnd. (1.10)
The Ricci scalar is given by

R— (3)R + KabKab o K2 o QVaUa, (]_1].)



where v = n°V.n® — n*V.n¢, K = K% . We also have g = —N?¢, where g = detg,,

and ¢ = detgy,. Then up to a boundary term, we have

_ _ 1 3 (3) ab 2
SEH = /dtL = —167TG d $N\/a( R+ KabK K ) . (112)

The conjugate momentum of g, reads

W 0L 1 6L 1
it —

= 5. T ANSK. K — Kq™). 1.1
8Gay, 2N 0Ky 16770\/5( ¢") (1.13)

Then the gravitational Hamiltonian is given by

Hypoy = / &z p™Ga, — L, (1.14)

and can be written in the form

N 1 1
H, rav — d3 16 G_< a o~ 2) ———FN (3)R 2 abDaN s 1.15
: /x{ﬂﬁpbp o) T Torg NV R WTDN | (11D)
where p = p%,. The Lagrangian in Eq.(1.12) does not contain N and N°, thus we

have primary constraints

oL oL
=== O) Pa = .
ON ON@

PN =~ (), (1.16)

where ~ means equal on the constraint surface. Primary constraints imply secondary

constraints

0~ Ha - _{paa ngav} = _2Dbpab = _2\/6Db (qil/zpab) s (117)

called the diffeomorphism constraint (or vector constraint), and

1

1 |
0~ H=—{py, Hune} = 16 G—(a ab——Q)— GIR, 1.18
{Pn, Hyrav} ™ N Pap™ = 5P 167TG\/é (1.18)

called the Hamiltonian constraint (or scalar constraint). Then

Hypoy = /df‘x (NH + N°H,), (1.19)

where integration by parts has been used and the boundary term 2 [ d*z,/qD, (pab%)

has been ignored.



1.2 Ashtekar’s variables

Orthonormal triads ef(z) for the spatial metric ¢4, are introduced,
qab€?e§’~ = 0ijs (1.20)
and densitized triads are defined by
E! = \/qe, (1.21)

which will be treated as the new canonical variables. The triads expand the internal
space, and the covariant derivative for vectors in internal space reads
Dgv' = 9,0" + T,/ 07, (1.22)
where the connection Faij is determined by the compatibility condition,
Dyel = Oye — T el + Faijei = 0. (1.23)
Spin connections are defined as
ri = —%eiﬂ"frajk. (1.24)
The Ashtekar-Barbero connection is defined by
Al =T +yK., (1.25)
where
Ki = Kuge, (1.26)
and -y is called the Barbero-Immirzi parameter. Ashtekar found that
[AL(2), EX(y)} = 87GA3L8:0% (x, y). (1.27)

Introducing the covariant derivative with the Ashtekar connection as

Dt = 0,0 + eijkAivk, (1.28)



then there is a new constraint called the Gauss constraint

1
© 81G

0~ G, D,E?, (1.29)

which generates the SO(3) gauge transformation. In terms of Ashtekar’s new vari-

ables, the diffeomorphism constraint reads

1 .
H, = F' E?, 1.30
87T’}/G ab™1 ( )
where

Fly = 0,4, — OAL + €, AL A (1.31)

The Hamiltonian constraint reads

1 E*E® . o o

H = —J< i pE (12 (KK — KK ) 1.32
167TG\/M 6k ab ( ‘*’7)( a’*b a b) ( )

1.3 Holonomy and flux

The holonomy is defined by

he[A] = Pexp(/eA), (1.33)

where P exp denotes the path-ordered exponential, and e is the curve parametrized

by s € [0, 1]. The holonomy can be explicitly expressed as

Al =Tt 3 [ s [ s (A (elo0) e (), (o)

" 1 - (1.34)
where heoy = 1, and A, = A7, with 7, = —%ai the generators of SU(2) (o is the
Pauli matrix). Then h.[A] € SU(2). The conjugate momentum of the holonomy is

given by the flux of densitized triads and is defined by

E;(S) :/Sd2ana(a)Ef(x(a)), (1.35)



where S is a two-dimensional surface, ¢ is a coordinate on it, and
na(0) = eae(02°/00"), (02°/00?) (1.36)

is the normal one-form on S.

Suppose curve e intersects surface S at point P with parameter sg, then the

Poisson brackets are given by [5, 6]
{he[A], E,(S)} = —81YGV(S, €)he(1,50)Tilte(50,0) (1.37)

where the factor v(S, e) is defined as

4

+1 if S and e have same orientation

v(S,e) =< _1

if S and e have opposite orientation (1.38)

0 if e does not intersect S or intersects S tangentially

\

If there are more than one intersection points between S and e, then each intersection

point has contribution in the form (1.37).

1.4 Quantization

Wave functions are functions of all holonomies on I'
Ur[A] = ¥ (he,[A], ..., hey[A]), (1.39)

where T" represent the graph. Wp[A] are called cylindrical functions on T'. The kine-

matical Hilbert space is constructed by square-integrable complex-valued functions

on SU(2)V, i.e.

Hyn = L? (SU(2), dg)" , (1.40)



where N is the number of oriented edges in graph I' and dg is the Haar measure of
SU(2). If we parametrize

b= ea17‘3/2604272/260¢37'3/2’ (141)

with aq, ag, ag Euler angles, then for any function f(h) = f(a1, as, a3), dg is defined

by

2m s 2m
/dg(h)f(h) = #/g da1/0 sinozgdoz2/0 dosf(aq, as, az). (1.42)

Then scalar product is defined as

<‘I/r|¢’r> = /dgl dgNl/)(gl,---;QN)ﬁb(glw--,gN)- (1-43)

Physical Hilbert space Hpnys is obtained by imposing constraints

Gi=0 Hatp=0 Hyp=0

Hiin He —————— Hag —————  Hpnys-

1.5 Conventions
The following conventions are used in this dissertation. The signature of met-

rics is g = {—1,+1,+1,+1}. The Christoffel symbol is
M = L o 0 0, 9)
o 59 ( n9vo + vOop — ag;w)-
The Riemann tensor is [7]

Rpa;u/ = aﬂrﬁa - aVFZU + Fp)\rl)/\o - Flli)\r)\

I po

The Ricci tensor is

R, =R’

wpv:

The Ricci scalar is

R=g¢g"R,,.



The Einstein tensor is
1
GMV = R‘UJ/ - éRg‘wj.

The Weyl tensor in n dimensions is

2 2
Crouw = Cpopw — m(gp[uRV]U = Jolul)p) + (n—1)(n— Q)QP[MRV]O'R'

Einstein’s equations are

G = 87GT),.



CHAPTER TWO

Introduction to Loop Quantum Black holes

2.1 Symmetry reduction

The interior of the Schwarzschild black hole is isometric to the Kantowski-

Sachs (KS) cosmological model with symmetry group R x SO(3). Introducing the

fiducial metric ds? on homogeneous Cauchy slices of the KS model [8,9]

ds? = dx® + r2(df* + sin® 0 d¢?),

(2.1)

by imposing the symmetry and Gauss constraint, we find that the connection and

triad are given by
Afl T;dz® = ér3dr 4+ br,72df — br, 11 sin 0 do + 5 cos 0 do,

and

9, 0

Eirt— = ﬁcrng Sinf) — + pyroTe SIN0 — — Py, T —.

‘o Oxe Ox 00 0¢

Then the metric is given by
7
ds® = —N?dt* + ﬁ dz® + |p.| 2 (d6? + sin® 0 d¢?),
and the symplectic structure
Lor?

Q pu—
2Gy

(2db A dp, + de A dp.)

depends on L, and r, explicitly. We can absorb L, and r, by introducing

c= Lo(_jv Pe = Tgpa b= 71067 Py = 7noLoﬁba
which satisfy

{C7pc} = 2G77 {b,pb} = Gf)/ .

9

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)



The Ashtekar connection and spatial triads now can be written as:

Al 7 da® = Li T3dx + b1odf — b7y sinf do + 13 cos 6 do, (2.8)
and
a i . Po . Po
ElT'04 = peT3 Sln98z+L_TQ 81110(99—L—Tla¢. (2.9)

And the metric now reads

P
|pc|L2

o

ds> = —N2dt® +

dz® + |pe|(d6? + sin® Od¢?), (2.10)

which is invariant under rescaling r, — A\ir, and L, — A\yL,, where \;, Ay are con-
stants.

The volume of the fiducial cell is
V= / d*z V detq = 4m L0T3|ﬁb||ﬁc|1/2 =dn |pb||pc|1/2 : (211)

2.2 C(Classical solution

The smeared Hamiltonian constraint in full theory [10]

1 1 E!EY /. o
HIN] = d*rNH = d*zN—— (” Fh—(1+7? KlKJ—KJKZ>
) 167rG/ ! 167rG/ N = (€ Fa— (147 (KoK~ K KG)
(2.12)

reduces to the following form in terms of phase space variables in the reduced phase

space

1 72
HORINCR] = — — (2¢cp. + [ b+ = 2.13
[ ] e cpe+ | b+ WL (2.13)
with the lapse function

NER = 5 b~ sgn(p,) [pe|/%. (2.14)

10



The equations of motions (EoMs) of the system can be obtained from the Hamiltonian

equations,

3—? — (A H}, (2.15)

for any physical variable A of the system. Then we find,

. aHGR 1
b = {b,H"} = = —— (B* ++2 2.1
GR
¢ = {c,HGR}:2GyaH = —2c, (2.17)
Ipe
8HGR P
N GRY _ _ b 2 2
o = App '} = —CGr—g— = o3 (v* —+?), (2.18)
0 GR
be = {pe, H'} = —2Gy—— = ., (2.19)

where an overdot denotes the derivative with respect to T'. Then, the integrations of

Eqgs.(2.16), (2.17) and (2.19) yield, respectively,

VT) = +yv/elo T -1, (2.20)
T = ce?T, (2.21)
pM(T) = pe’, (2.22)

where T,,, ¢, and p¢ are three integration constants with 7, and ¢, being dimensionless
and p° of L?. To find py, we can first substitute the above solutions to Eq.(2.18) and
then integrate it to find p,, which will contain an integration constant, say, py. But,
this constant is not arbitrary and must be chosen so that the classical Hamiltonian
given by Eq.(2.13) vanishes identically. A more straightforward way is to submit the
above solutions into the classical Hamiltonian Eq.(2.13) and directly find p,. In doing

so, we find that [3]

2cop°
pCR(T) = gl 710 o717 (2.23)
Y

11



Hence, we find

o(1/2
NGR _ isgn(pc) |pc| eT7 (224)
elo=T — 1
and
2 _ o sgn (pg) e*" 2
ds™ = pc{ =
4 2 —2T,
%ET(@TO—T — 1)da® + *Td0 ). (2.25)
T Ly
Clearly, to have the proper signature, we assume p° > 0. Then, setting r = /pZe’
and rescaling x by
2 » 0,— 1o
w st = —oVPC (2.26)
VLo

the above metric takes the form of the classical Schwarzschild solution in the internal

region of the black hole

1 2
ds? = — g —dr* + (Tm - 1) dt* + r2d0?, (2:27)

with m = /p2el* /2, related to the mass of the black hole via the relation M = m/G.
From the above analysis, we can see that, without loss of the generality, the

rescaling (2.26) simply allows us to set
2¢,/ple T

L L (2.28)

On the other hand, using the gauge residual T" — T =T+ C,, we can always set

p? =1, where C, = (1/2)Inp?. Certainly, this rescaling will lead to T — T, = T — T},
and m = \/poele /2 = eTo /2, where T, =T, + C,. In addition, L, does not appear in
the dynamical equations (2.16) - (2.19). Therefore, without loss of the generality, we

can always set L, = 1. In summary, the constants p?, ¢, and L, can be chosen as

v L,eTe

= —m,
22

Pg - 17 Lo - 17 Co = (229)

12



without affecting the physics of the spacetimes of the corresponding dynamical equa-

tions. Hence, we obtain

VT) = +yv2me T —1,
p(T) = +el'v/2me T -1,
ST = —yme™ pST) = . (2.30)

In the rest of this dissertation, without loss of the generality, we shall choose the “+”
signs for both b“B(T) and pSR(T).

It is interesting to note that there is essentially only one physical parameter
m that determines the properties of the classical spacetime, while the parameter ~
affects only the dynamical equations through Eqs.(2.16) - (2.19), but has no effect on
the spacetime. This is true only classically, and quantum mechanically v does affect
the properties of quantum spacetimes. In particular, the considerations of black hole

thermodynamics in LQG requires v ~ 0.2375 [11].

2.3 Loop Quantization
The connection c is considered over edges labelled by 7 in the x-direction and b
is considered over edges labelled by pu in the - and ¢-directions. Then the holonomies

are given by [8,10]

A = cos(Tc/2) + 273 sin(rc/2) (2.31)

Wi = cos(ub/2) + 27 sin(ub/2) | (2.32)
and

hY) = cos(ub/2) — 27 sin(ub/2) . (2.33)

13



The Kinematical Hilbert space is spanned by eigenstates of p, and p.:

. vy A )

pbl:u77—> - _N‘:U’a >7 pc|:u77—> :’YKPZT‘,U,,T> ) (234)
which satisfy orthonormal condition (i, 7'|p, 7) = 6,,/0+-. Then

Vi = 21208 |l |72 (2.35)

The Hamiltonian constraint of the full theory can be written in the form [§]

N o
H[N] = — e dre e  EEY (v 2FE —QF,) (2.36)
where () = — sin 673df A d¢ is the curvature of the spin connection I' = cos 8 d¢, and

°Fk is the curvature of extrinsic curvature

Ko =771 (A, —Ty). (2.37)
To quantize the theory, we need to write the Hamiltonian constraint in terms of
holonomies. We need to consider loops in x — 0, x — ¢ an 6 — ¢ planes to define

holonomies. The length of the edge along the z-direction is d.L, and the length of

each edge along longitudes and the equator of S is d,r,. Then [§]
o-~abc o, |k

B —lEaijk — € We Tr ( K () h(5 x)) : 9
Eijk€ Z 2y Gy L) r( PR ) V}TZ> ) (2.38)

where d(;) represents ¢, or ., and £ represents L, or 7,. And

(Oy:03))
Fk = -2 lim Tr —hD” ! W %l (2.39)
ab — b .
AT =0 @0 L L)
where
(8¢iy-8¢)) (5y) 7.5y 17 Biy)—1/7 Oy —
hDi(j) @) hz (4) hj (7) (hz (i) ) 1<hj (7) ) 1 ] (240)

14



Plugging Eqs.(2.38) and (2.39) into the Hamiltonian constraint (2.36), we have [§]

N 2 _
HOWI[N] = — 162G 035, [2 V22T (r3h ) {(hP9) 1, V)
n Z gljkTr ( 5(2) 5(J))h(5(k)) {(hl(f(k)))fl’ V}) (241)
ijk
which can be written as [12]
Y0p+/Pe
Neff I A 2.42
sin(ébb)7 ( )
1

Heff [ Neff] —

. . 2
QSm((SCC)pC N (sm((Sbb) L ) )pb], (2.43)

249G 5 5 sin(dyb)

in terms of phase space variables (py, pe, b, ¢). Because of Eq.(2.39), the classical ex-
pression is recovered under limit 6, — 0, §. — 0, i.e. HER[NR] = limg, 5, .o H°T[N°T].

Effective expressions can be obtained by the substitutions

sin(d,b) . sin(d.c)

b
-, 0 ¢ 5.

(2.44)

which is called “polymerization”.

Utilizing Eq.(2.43), we can obtain the effective Hamiltonian EoMs

OHt 1 {2 (ccos(5cc) B sin((scc)) Do [ 720 N sin(dyb)

e 3. 02 ) op e [sin(ad) | 6

2 .
¥ 0p sin(d,b)

+p 8pb |:Sln(5bb) + 5b '

(2.45)
. OH°t ccos(dec)  sin(dec) | 00 sm(écc)
© T, ‘_{2< 5 5 ) 5,
0 V2o, SlIl 5b
+pba—pc [Sin(éb (2.46)
eff
Do = —2G’yag] = 2p. cos(d.0), (2.47)
_ OHE  p, Y207

= -G = — 0wb) |1 — ——— 2.48
pb 7 ab 2 COS( b ) |: Sln2(5bb):| ? ( )

where we have assumed that §, and d. depend only on p, and p..

15



Different choices of d, and d. correspond to different quantization schemes and

will lead to different effective dynamics.

2.3.1 g scheme
In the gy scheme [10,12,13], ¢, and 0. are set to be constants,

o =2V3, J4.=2V3. (2.49)

When ¢, and . do not depend on phase space variables, Hamiltonian equations reduce

to
i~ o OH°t _ 1 [sin(4b) Y20 (2.50)
= o 2\ 6, sin(00))” ‘
OHet sin(d.c)
P o= 2 = -2 2.51
¢ ey 5 (2.51)
OH"  py R
w = —G =— opb) | 1 — —2— 2.52
pb ’Y ab 2 COS( b ) ( Sln2<(5bb)) ? ( )
eff
P = —2G78H = 2p. cos(0.¢), (2.53)
oc
and has the general solution [9]
50 C(T) o ’YLO(;C 2T
tan( i > = Fg., ¢ (2.54)
27252
_ of or | V150 _or
p(T) = 4m (e e ) (2.55)
1
cos (5b b(T)) = b, tanh <% (bOT + 2tanh ™! (b_))) ; (2.56)
where
by = (1-+1262)2 (2.57)
and
sin(d. (7)) sin(d, b('T' (T

d & SGHD) o

b
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2.3.2  [i-scheme

In LQC, the consistent prescription for the polymerization parameters were
obtained by requiring that the physical area Ao (= 0,0.pp) [14] * of the closed holon-

omy loop in the (z,0)-plane be equal to the minimum area gap predicted by loop

quantum gravity, A = 2\/§7wl;l, so that

5b6cpb =A. (259)

However, for the holonomies on the two-sphere, the loop does not close, and BV

required that Ags (= 02p.) be equal to the minimum area, i.e.

52pe = A. (2.60)

Then, from the above equations, we find

5b:,/é, 5, = VAP (2.61)
Pe Do

which are all dimensionless and often referred to as the ji-scheme for the spherically

symmetric spacetimes [15]. Hence, we have

00y 0 00y 0

G, 2.62

Ope Ope 2p. (2.62)
09, 0. 00, O

=L <= 2.63

Opy P Ope  2pc (263)

! In the homogeneous isotropic universe, we have &, = d.. As a result, the condition (2.59)
uniquely determines them. But, in the Kantowski-Sachs spacetime, this is no longer the case. So,

in general we have §, # J., and now one more condition is needed in order to determines them
uniquely.
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Inserting them into Eqs.(2.45) and (2.46), we obtain [3]

. cF
b = _W cos(d.¢), (2.64)
sin(dcc) 99
: o 7%
= —=—<0 o0pb) — b Opb
¢ T { cos(0pb) cos(dy )sin2(6bb)
2
v=0p
2
T n(,0)
L Sccot(due) | L Sn(%) (2.65)
cc o ¢ sin(ébb) (5(, ’ '
Pe = 2pccos(dcc), (2.66)
252
. Do Y 5b
= = o) |1 — ——— 2.67
Py 2 cos(dub) { sinQ((Sbb)} ’ ( )
where
2 .
Y0 sin(d,b)
= . 2.68
4 sin(ébb) + 6b ( )
After taking the following identity into account
e _l_ T (2.69)

Db o 5_b o QSin((;Scc)’

c

it can be shown that Eqs.(2.64)-(2.67) reduces to Egs.(58)-(61) given in [15]. In
particular, now the effective Hamiltonian (2.43) takes the form

I R
2vG'sin (,b)6, °

Ciy = 2sin (6,b) sin (6e¢) + sin (6b)° + 7262 (2.71)

HT N = (2.70)

Therefore, the Hamiltonian constraint H¥[N°] ~ 0 can be written as Cgy ~ 0.
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CHAPTER THREE
Properties of the spherically symmetric polymer black holes
This chapter is published in [1]: W. C. Gan, N. O. Santos, F. W. Shu and A. Wang,

Properties of the spherically symmetric polymer black holes, Phys. Rev. D 102,
124030 (2020).

3.1 Abstract

In this chapter we systematically study a recently proposed model of spheri-
cally symmetric polymer black /white holes by Bodendorfer, Mele, and Miinch (BMM),
which generically possesses five free parameters. However, we find that, out of
these five parameters, only three independent combinations of them are physical and
uniquely determine the local and global properties of the spacetimes. After exploring
the whole 3-dimensional (3D) parameter space, we show that the model has very rich
physics, and depending on the choice of these parameters, various possibilities exist,
including: (i) spacetimes that have the standard black/white hole structures, that is,
spacetimes that are free of spacetime curvature singularities and possess two asymp-
totically flat regions, which are connected by a transition surface (throat) with a finite
and nonzero geometric radius. The black/white hole masses measured by observers
in the two asymptotically flat regions are all positive, and the surface gravity of the
black (white) hole is positive (negative). In this case, there also exist possibilities in
which the two horizons coincide, and the corresponding surface gravity vanishes iden-
tically. (ii) Spacetimes that have wormholelike structures, in which the two masses
measured in the two asymptotically flat regions are all positive, but no horizons exist,

neither a trapped (black hole) horizon nor an anti-trapped (white hole) horizon. (iii)
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Spacetimes that still possess curvature singularities, which can be either hidden inside
trapped regions or naked. However, such spacetimes correspond to only some limit
cases. In particular, the necessary (but not sufficient) condition is that at least one
of the two “polymerization” parameters vanishes. These results are not in conflict
to the Hawking-Penrose singularity theorems, as the effective energy-momentum ten-
sor, purely geometric and resulted from the “polymerization” quantization, satisfies
none of the three (weak, strong or dominant) energy conditions in any of the two
asymptotically flat regions for any choice of the three independent free parameters,
although they can hold at the throat and/or at the two horizons for some particular
choices of them. In addition, it is true that quantum gravitational effects are mainly
concentrated in the region near the throat, however, in this model even for solar mass
black /white holes, such effects can be still very large at the black /white hole horizons,
again depending on the choice of the parameters. Moreover, in principle the ratio of
the two masses (for both of the black/white hole and wormhole spacetimes) can be

arbitrarily large.

3.2 Introduction

In classical Hamiltonian mechanics, a canonical transformation

(¢, pi) = (Qi, F), (3.1)
is always allowed, and does not change the physics of the system, where Q; =

Qi(qr: pr;t), P = Fi(qwprit), ¢ = (b,c), and p; = (py,pe) [16]. However, the
polymerization (2.44) depends on the choice of the canonical variables, and differ-
ent canonical variables in general lead to different effective theories. It was exactly

along this vein, Bodendorfer, Mele, and Miinch (BMM) considered the following
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transformation [17,18],

1
) V2 _§p§7 (32>

for which the corresponding conjugate momenta are denoted by P, and P, respec-
tively. Then, instead of Eq.(2.44), now the polymerizations are carried out via the

replacements [17],

Sin(>\1P1) P Sin()\Q_PQ)

/\1 , 2 — )\2 s (33)

1 —

where Ay and A\ play the same role as ¢, and .. In this approach, the polymerization
scales (A1, Ay) are taken as constants, but as pointed out in [18], this choice of poly-
merization scales does not correspond to jp-scheme in terms of the variables (b, c¢),
instead, when translated back to (b, ¢), they correspond to a specific ji-scheme.

It must be noted that the BMM model is based on a set of new canonical
variables (v;, P;). Although the canonical transformation (3.1) is always allowed clas-
sically, the corresponding loop quantization has not been carried out yet in terms of
these new variables. As a result, it is not clear what are relations of such effective
theory [obtained by simply the replacement of Eq.(3.3)] to LQG. Therefore, to be
distinguished with the effective theory obtained from LQG by taking only the leading
order of quantum corrections into account, we refer such black holes as polymer black
holes. Additional questions related to this issue can be found from [10, 19].

With the above caveat in mind, in this chapter, we shall systematically study
the local and global properties of the model proposed in [17]. In particular, we find
that, out of the five parameters appearing in the model, only three independent
combinations of them are physically relevant, and uniquely determine the properties

of the spacetimes. In this 3D phase space, there exist regions, in which the solutions
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can represent two asymptotically flat regions connected by a throat with a finite
and nonzero geometric radius, and the masses read off in these two asymptotically
flat regions are all positive. In such case, a black/white horizon exists or not also
depending on the choice of the three free parameters. When they do exist, the surface
gravity at the black (white) hole horizon can be positive (negative). When they do
not exist, the spacetimes have wormhole structures. In all these solutions, spacetime
curvature singularities are absent, which does not contradict to the Hawking-Penrose
singularity theorems [20], as now the effective energy-momentum tensor does not
satisfy any of the three energy conditions in the two asymptotically flat regions,
despite the fact that the masses measured by observers in these two asymptotical
regions are all positive. This is mainly due to the fact that the relativistic Komar
energy density [21] is still positive in a large region of the spacetime. The violation of
the three energy conditions in the asymptotically flat regions is a generic feature of
the model, independent of the choice of the parameters of the solutions. Spacetime
curvature singularities can occur, but the necessary (not sufficient) condition is at
least one of the two “polymerization” parameters vanishes. In addition, although it
is true that quantum gravitational effects are mainly concentrated in the region near
the throat, in this model such effects still can be very large at the black/white hole
horizons even for solar mass black/white holes, again depending on the choice of the
free parameters. Moreover, in principle the ratio of the two masses (for both of the
black/white hole and wormhole spacetimes) can be arbitrarily large.

It should be noted that, despite the fact that in this chapter we consider only
a particular model, we believe the main conclusions should hold for more general

cases. In particular, the Schwarzschild solution is the unique vacuum solution of GR
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with a single parameter—the black hole mass, according to the Birkhoff theorem [22].
However, due to the polymerization process, two more free parameters, 9§, and .
(or in the present case, A; and \g), are introduced. So, the resulted spacetimes
should be characterized physically by only three free parameters, although the two
polymerization parameters may be completely fixed, when the quantization is carried
out explicitly, such as in the case considered in [9,23]. Clearly, in order for this to
be consistent with the Birkhoff theorem, effective matter must be present, purely due
to the quantum geometric effects. In addition, to be in harmony with the Hawking-
Penrose singularity theorems [20], the effective energy-momentum tensor necessarily
violates the weak/strong energy conditions.

The rest of the chapter is organized as follows: In Sec. 3.3, we first review
the model built in [17] and then write the corresponding solutions in terms of only
three independent combinations of the original five parameters, which are denoted by
D, C, xg, defined explicitly in Eq.(3.9). Then, we study the model in detail over the
whole parameter space in Secs. 3.4 - 3.6, respectively, for A > 0, A =0, and A < 0,
as in each case the spacetimes have quite different properties, where A is defined by
Eq.(3.13). The main results in each of these sections are summarized, respectively,
in Tables 3.1 - 3.3. The chapter is ended up in Sec. 3.7, in which we summarize our
main conclusions. An appendix is also included, in which the general expressions of
the energy density and pressures of the effective energy-momentum tensor are given

explicitly.
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3.3 Spherically symmetric polymer black holes
Studying spherically symmetric spacetimes inside black holes, Bodendorfer,
Mele, and Miinch recently obtained the following spherically symmetric black hole

solutions [17],

= 2
d5* = —“g)di? + %d:ﬁ + b (2)d02, (3.4)
0

where Ly = \/n, = € (—00,00), and

A\ 2 D
a(z) = n(_) (1+%> 30D
vn AS 2 /1+22

6 -2/3
AS Vnz na?
14+ — 1
1602723 ( Y A%) *
2
] 2/3 5
L Vnx T ’
302D A2 o A2
2)\2)/3
bz) — \/5(30/\ A7)
2

6 V. 2 6 /3
|:1602§\%n3 (A_Q URYE R %) T 1}

Vnz 2
)\—2+ 1+%

X

: (3.5)

where \;, \o, n, C' and D are real constants with n > 0.
As shown in [17], there are two independent Dirac observables, Fy and FQ,

which are constants along the trajectories of the effective dynamics, and their on-shell

4/3
o= (7)) (GR)
2 v
Fy = %ﬁ(w(ﬂﬁ)m. (3.6)
2

values are given by,

It can be shown that both of them are invariant under a fiducial cell rescaling. As

a result, the integration constants C' and D are independent. In fact, at the limits,
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r — £o00, we have

a(x) o (3.7)

1—-=2, x— —oc.

Thus, they are essentially related to the black and white hole masses via the relations,

4/3
o e ()"
Mwn = %F 3021;2\/_ (3DC2x2)'°. (3.8)
Introducing the quantities,
D = ‘2072, C=(160222)"°, 2= AT (3.9)
we find that the metric (3.4) takes the form,
ds* = (@)2/3 ds*
16
_ (%)2/3 (—a(m)dt2 + j(—"’; + bQ(x)dQ2> , (3.10)
with t = (y/n/Lo) (16/3D)**, and
o(z) = %, b(z) = g (3.11)
where
X = (Ja2+23, Y=z+X,
7 = (Y487, (3.12)
and
A = D—a)= W. (3.13)
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Figure 3.1: The geometric radius b(z) vs x. (a) Upper panel: Cxy # 0. When
plotting this curve, we had set zg = 1, C = 1. (b) Middle panel: C # 0, zo = 0.
When plotting this curve, we had set C = 2. (c¢) Bottom panel: C =0, zq # 0. When
plotting this curve, we had set x¢g = 1.

Since ds? is related to ds? only by a conformal constant factor (3D/16)%* 1,

without loss of generality, we shall consider only the spacetimes described by ds?.
Then, we can see that only three independent combinations of the five parameters
A1, A2, n, C, and D appear in the metric coefficients, as defined by Eq.(3.9).

It is remarkable to note that in GR, due to the Birkhoff theorem [22], the black
hole mass is the only free parameter. However, in LQG, due to the polymerizations
(3.3), two new parameters \; and )\ are introduced, so now the solutions generically

depend on three free parameters. When setting Ay = Ay = 0 (or C = 2y = 0), the

! Under this rescaling, the Ricci and Kretschmann scalars are scaling, respectively, as R =
(3D/16)*’* R and K = (3D/16)"* K.
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above solutions reduce precisely to the Schwarzschild solution with D as the black
hole mass.

One of our goals in this chapter is to understand their physical and geometrical
meanings. To this goal, let us first note the following:

e Since x € (—00,00), from Eq.(3.12) we find that

X>z, Y>0, Z>C% (3.14)

e In [17,18] it was assumed that
D>0, A>0, (3.15)

so that two metric horizons always exist at xﬁ = ++/A, and the asymptotic
limits of Eq.(3.7) are always true (See also [24]).

e The solutions were initially derived only in the region —x, < z < z};, in
which the spacetime is homogeneous, and the Killing vector £ = 0, is space-
like. The horizon at = = x7}; is referred to as the black hole horizon, while the
one at & = x; is referred to as the white hole horizon, although in between
them, no spacetime singularities exist at all [9,23]. However, following the
standard process of extensions, one can easily extend the solutions beyond
these horizons to the regions |z| > v/A. In the extended regions = < 7, and
xr > x};, the metrics will take the same form as that given by Egs.(3.10)-
(3.12), but now the Killing vector J; becomes timelike.

In this chapter, we shall not impose the conditions (3.15), except that we
still assume that C' and D are real. In particular, since C, D, n, A;, and Ay are

arbitrary constants, in principle, they can take any real values. However, since ds? =

(3D/16)*? d5?, we shall assume that D = 0 holds only in the limiting sense. In
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addition, the two constants A\; and Ay originate from the polymerization (3.3), so we
also assume that A\; Ay # 0, and consider the case A\;\y = 0 only as some limit cases,
as to be explained explicitly below. Recall that we also assumed n > 0 in order to
have the metric be real.

Then, the geometric radius b(x) and the ranges of x all depend on the choices
of the two parameters x( and C, which are shown explicitly in Fig. 3.1. In particular,
when Cxy # 0, we find that z € (—o0,00), and a minimal point (the throat) of b(z)
always exists, with b(+o0) = oo, as shown by the upper panel of Fig. 3.1. When
C # 0, xy = 0, the range of x is restricted to x € (0, 0o) with b(0) = 0o and b(c0) = oo.
In this case, a minimum (throat) of b(z) also exists, as shown explicitly in the middle
panel of Fig. 3.1]. When C = 0, xy # 0, the range of x is z € (—00, ), but now
b(z) is a monotonically increasing function of x with b(—oo) = 0 and b(c0) = oo, and
a throat does not exists [cf. the bottom panel of Fig. 3.1].

In this chapter, we shall study the main properties of these spherical polymer
black hole solutions. In particular, we shall pay particular attention to the locations
of the throat and horizons, and the asymptotic behaviors of the spacetimes.

To these purposes, let us first notice that the effective energy-momentum ten-

sor T}, defined as T}, = Kk 'G,,, can be cast in the form,
Tuu = puyUy + Prv,Uy + Do (ngu + ¢u¢u) s (316)
where

T+

= —a1/2(m)5z, v::a_l/Q(x)5lf,

b2 (2)8l, ¢, =b"?(x)sinb6?, (a > 0), (3.17)
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and

1
kpt = — [b(m) (2ab” + d'V') + ab’® — 1},

1
kpt = = [ba'b' +ab? — 1],

Kpy = [ba" + 2ab” + 2a’b'] , (a>0), (3.18)

2
1
2b

with k = 87G/c*, ' = da(z)/dz, and so on.

It should be noted that in writing down Eqs.(3.17) and (3.18) we had assumed
that a(z) > 0, as already indicated in these equations, so the coordinate ¢ is timelike.
However, if a (black/white) horizon exists, across this horizon a(x) becomes negative,

and the two coordinates ¢ and = exchange their roles. Then, in the region a(z) < 0,

the effective energy-momentum tensor can be still cast in the form (3.16), but now

with
u, = |a|_1/25ﬁ, v, = —|a|1/25};,
kp~ = _b_12 [ba’b' +ab”® — 1}, (a <0),
Kp, = b%[b(:v) (2ab” + a'V) + ab’”® — 1} : (3.19)

while 0,,, ¢,, and py are still given by Eqs.(3.17) and (3.18).

It should be also noted that, although the effective energy-momentum tensor
in both of the regions a > 0 and a < 0 is written in the same form given by Eq.(3.16),
the physical interpretations of the quantities p* and p* are different. In particular,
the energy density p* in the region a > 0 is measured by the observers who are moving
along dt-direction, while their x, 6, and ¢ coordinates are fixed. The quantity p} is
the principal pressure along the dz-direction measured by these observers. On the
other hand, the energy density p~ in the region a < 0 is measured by the observers

who are moving along dz-direction, while their ¢, 6, and ¢ coordinates are fixed. In
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addition, the quantity p,” now is the principal pressure along the dt-direction. Thus,
in general such defined p* and pF are not continuous across the horizons. One way
to avoid such discontinuities is to adopt the Eddington-Finkelstein coordinates, and
then define a new set of observers, with respect to whom the energy density and
principal pressure along the radial direction are continuous across these horizons.
However, since in this chapter we are mainly concerned with the energy conditions of
“the effective (quantum) matter,” ? the current considerations are sufficient.

In addition, although this effective energy-momentum tensor is purely due to
the polymerization (3.3), and is not related to any real matter fields, it does provide
important information on how the spacetime singularity is avoided, and the deviation
of the spacetimes from the classical one, as in GR the geometry is uniquely determined
by the Schwarzschild spacetime, in which the spacetime is vacuum, and a spacetime
curvature singularity is always present at the center of the black hole. In fact, this
kind of singularities inevitably occurs in GR, as longer as the corresponding matter
fields satisfy some energy conditions, as follows directly from the Hawking-Penrose
singularity theorems [20].

The commonly used three energy conditions are the weak, dominant, and
strong energy conditions [20]. For T}, given by Eq.(3.16), they can be expressed

as follows: The weak energy condition (WEC) is satisfied, when

(i) p=>0, (i) p+p- >0, (iii) p+py >0, (3.20)

2 As mentioned above, the BMM model has not been obtained from quantizations of gravity
yet, but rather obtained by simply applying the “polymerization” (3.3) to the corresponding classical
Hamiltonian. So, it is not clear whether these effects are indeed due to quantizations of gravity or
not. In the rest of this chapter, whenever we mention “quantum gravitational effects” or “quantum
geometric effects” of this model, we always understand them as “polymerization effects” without
any further explanations. In the same sense, the expression “quantum black holes” of this model
really means polymer black holes.
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while the dominant energy condition (DEC) is satisfied, provided that
(1)) p=0, (ii) —p<p-<p, (iii) —p<ps<p (3.21)
The strong energy condition (SEC) requires,
(i) p+pr >0, (i) p4po >0, (i17) p+ pr +2pg > 0. (3.22)
Moreover, without causing any confusions, in the rest of this chapter we shall
absorb k into p, p, and py, i.e.,
K (p, Pri Po) = (ps Drs Do) - (3.23)

To study these solutions in more details, let us consider the cases A > 0, A =0 and

A < 0, separately, in the following three sections.

3.4 Spacetimes with A > 0
From Eq.(3.13) we find that this case corresponds to
3
|Aa] < 3 |CD]. (3.24)

However, depending on the choice of the integration constants C' and D, there are
still the possibilities, D > 0, and D < 0, provided that A = D? — 22 > 0. In each
of these cases, the physics of the corresponding solutions is quite different, so in the

following let us consider them case by case.

341 D>0

In this case, we have CD > 0, and A = D? — 22 > 0 implies,

B

> 1. (3.25)

D
|0
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Then, we find that there are two asymptotically flat regions, corresponding to x —

400, respectively. They are connected by a throat located at

1

by = 2°C, xp=—
I T o0

(C*—13), (3.26)

where b,, = b(z = x,,) and V/(x = z,,,) = 0 [cf. Fig. 3.1(a)]. It is interesting to
note that x,, can be positive, zero or negative, depending on the choice of the two
parameters C and xg (or A1, Ag, n and C).

On the other hand, in the current case the white and black hole horizons

always exist, and are located, respectively, at

rh = +4/D% — 2. (3.27)

Clearly, there exist the possibilities in which |z,,| < x};, or |z,,| > x},. When

|zm| < x};, the throat is located in the region between the black and white hole
horizons, in which we have a(z) < 0, so the corresponding energy density and radial
principal pressure in the region containing the throat are given by p~ and p;". When
|z, > 2};, the throat is located in the region where a(z) > 0, so the corresponding
energy density and radial principal pressure at the throat are given by p* and p;,

respectively.

34.1.1 xy <z, <
In this case, we find that |z,,| < z}; implies

(i) a=1, or (3.28)

(a—1)°

) p2 1+

(3.29)

where a = C/|zo| > 0. Since now the throat is located inside the black hole horizon,

in which we have a(x) < 0, we need to use Eq.(3.19) to calculate the effective energy
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Figure 3.2: Case A > 0, D > 0, |z, <z, B =1+ M,a # 1: The physical

2a

quantities, p, (p +pr), (p = pr)s (p+po), (p— po), and (p + p, + 2pg), represented,
respectively, by Curves 1 - 6, vs : When plotting these curves, we had set a = 2,
B =5/4, xy = 1, so that the condition (3.33) is satisfied, for which we have x,, =

xj; = —xy = 0.75. Panel (a): the physical quantities in the region between the white

and black horizons, 27 < z < z7;. Panel (b): the physical quantities in the region
outside the black horizon, x > z}; = 0.75. Panel (c): the physical quantities in the

region outside the white horizon, x < z}; = —0.75.

density p and pressure p, at the throat, and find that

1
P = S5app2
~ C(12D - 5C) — 5a?
br = TTomcr (a2 1 c2)

(22 +C2)° — 4D22C3

0 (3.30)
22/3C2(22 + C2)
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Figure 3.3: Case A >0, D >0, |z,| <z}, B#1+ %: The physical quantities,

ps (p+pr); (p—pr)s (p+ Do), (p— o), and (p + p, + 2py), represented, respectively,
by Curves 1 - 6, vs x: When plotting these curves, we had set « = 1, f = 2,
ro = 1, 25, = £v/3, 1, = 0. None of the three energy conditions is satisfied at
the throat, although all of them are satisfied at the two horizons » = z7%. Panel
(a): the physical quantities in the region between the white and black horizons,
ry; < x < x},. Panel (b): the physical quantities in the region outside the black
horizon, > x}; = v/3. Panel (c): the physical quantities in the region outside the
white horizon, v < x,; = —/3.

Then, we find that at the throat WEC is satisfied for

(o —1)°
200

IN

(a) B or (3.31)
B

(b)

1+
o.

(3.32)

IN
N | —

Combining Eqgs.(3.28)-(3.29) with Egs.(3.31)-(3.32) and considering Eq.(3.25), we find

that their common solutions are

a1, (3.33)
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which leads to x,, = z};.

On the other hand, SEC is also satisfied in the domain given by Eq.(3.33),

while DEC requires

(a) 0<a<2B8, B< 0z22jy— L < gﬁ, or (3.34)
1) 2B<a<3s pz il (3.35)

3a

Combining Eqgs.(3.28)-(3.29) with Eqgs.(3.34)-(3.35), we find that their common solu-
tion is also given by Eq.(3.33).

Therefore, at the throat none of the three energy conditions is satisfied, except
for the case in which the throat coincides with the black hole horizon, x,, = z};, which
is a direct result of the condition Eq.(3.33). In Fig. 3.2, we show this case, from which
one can see that the three energy conditions are satisfied indeed only at the throat.
In Fig. 3.3, we show the case that does not satisfy the condition Eq.(3.33), from

which one can see that none of the three energy conditions is satisfied at the throat

In addition, if we consider the limit to the black hole horizon from outside of
it, then we have p = p™ and p, = p;, and the energy density and pressures are given,

respectively, by

Y3
X8

p = —p = (32@506 +10Dzl° — 160D%5

+672D°x5 — 1024D"xg + 2DxCe + 512D
—242)3:1:306) VA +32D°C5 — 212 4 50D 10
—400D*z§ + 1120D%z§ — 1280D%x + 10D?x5CC

+512D" a2 — 40D*23C% 4 C*? |, (3.36)
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YQ
2X278

—160D%z" + 672D°zf — 1024D" 2§ — 12Dx5CC

(1282)706 +9DC™ + 10D

+512D%4 + 88D o — 192D5a:306> VA

+128D8CY + 2D*C*? — 2t + 50D%x}?

—400D* " + 1120D5f + 225¢C° — 1280D%

—40D?*5C8 + 512D x5 + 168D 2 C°

—256D°x2C° — xgcl2] : (3.37)
It can be shown that each of the three energy conditions is satisfied provided that

f > 1, which is precisely the condition A > 0, as shown in Eq.(3.25). In addition,

the surface gravity of the black hole is given by,

_ 1 Y2 ||
KBH = 5@’(1’ = \/Z) = 225

x [\/52 1 (3256 483 188% — 1 4 a6)

+2 (168° — 328' + 198% — 3) ] , (3.38)

which is also always positive for § > 1.
At the white hole horizon (z = —v/A), taking the limit from the outside of it,

so that p = p* and p, = p;, we find that

p = —p = —% ([1287)766 +92DC'2 — 19Dx!2 + 280D — 1792D%%
+4608D"z — 2Dx{C — 5120D%x) + 48Dy C° + 2048DM xf — 1602)%306} VA
—128D°CY — 2D*C** — xt + 72D%x)® — 840D 2 + 3584D05 — 6912D%x
+14D*2C0 + 6144D"0zy — 112D xiCO — 2048D" 2] + 224Dz CC + xgc”) :

(3.39)
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Figure 3.4: The physical quantity (p+p,) vs the radial coordinate x and the parameter
C: (a) outside the black hole horizon; (b) inside the black hole horizon; (c) outside
the white hole horizon; and (d) inside the white hole horizon. Graphs are plotted
with g = 1, D = 10, for which the horizons are at xﬁ ~ +10.

Y2
Po = Sy ([1282)766 +2DC" + 10Dxg? — 160D3x" + 672Dz — 1024D™x

—12Dz3C% + 512D%x; + 88D xC° — 192D5x§cﬂ VA —128D5C5 — 2D2C*?

+a5t — 50D + 400D 2" — 120Dz — 225C° + 1280D%x; + 40D x5C°

—512D" x5 — 168D C® + 256D x2C + mgc“) : (3.40)
It can be shown that for § > 1, all the three energy conditions are satisfied at

the white hole horizon. Moreover, at this white hole horizon, the surface gravity is

37



given by,

Rwh %a/(x = —VA)

2

= —— X

= x| (32D° — af + 18D%0 — 48D + C°) VA — 32D7 + 6D

—38D%x; + 647)%3] : (3.41)

which is always negative when the condition (3.25) holds.

In Figs. 3.2 and 3.3, we also show the physical quantities near the two horizons,
and find that all the three energy conditions are indeed satisfied at these horizons,
no matter whether Eq.(3.33) is satisfied or not. From these figures we can see that
p+ p, is the key quantity to determine the energy conditions. In particular, it is zero
only at the two horizons and negative at other locations. Thus, the energy conditions
are normally satisfied only at horizons. To show this more clearly, we plot p + p, vs
x and the parameter C in Fig. 3.4, from which we can see that even with different
choices of the free parameter, p 4 p, is non-negative only on the two horizons.

In addition, as z — 400, we find that
(

1;7905‘%4—(9(66), T — 00,
plz) =
6
—%—FO(EG), T — —00,
\
4
2 2 .
B4 Pn 0S8, o oo,
pr<x> =
6 6
— i — e + O (), T — —oo,
4
2 2
fﬁ—%, T — 00,
po(x) =
6 DG .
| mier T mmen +O(), @ = —oo,

(3.42)

38



where € = 1/|z|. Thus, in these two asymptotically flat regions, none of these three

energy conditions holds. On the other hand, at these limits, we also have,
(

T1-2)+0(e), T — 00,

2‘%2
\%(1—%)—#0(62), r — —00,
(

2z, T — 00,
) ~ < (3.43)

—2(C?/xd)z, = — —o0,

\

from which we find that the masses of the black and white holes are given, respectively,
by

DC?

0

To study the quantum gravitational effects further, let us turn to consider the

Ricci scalar R and the relative difference AKC of the Kretschmann scalar, defined by

IC—’CGR

AK = =g

(3.45)

where C¢® denotes the Kretschmann scalar of the Schwarzschild solution, given by,

48M3,
—5at, T > Ty,
KCR = R, Rt = " " 3.46
= afpv - ( )
48M2
T‘;V)H, T < Ty

In GR, we have RE® = 0, But due to the quantum geometric effects, clearly now we
have R # 0. Therefore, both quantities, R and A/C, will describe the deviations of
the quantum black holes from the classical one. Before proceeding further, we would
like to point out that Eqs.(3.45) and (3.46) are applicable when the two horizons and
asymptotic regions exist. In some particular cases, this is not true, and a proper

modification for AL is needed, as to be shown below.
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Figure 3.5: Case A >0, D >0, |, <zf, =1+ (a;;)2,oz # 1: The quantities

R and AK vs z. Here we choose C = 2 x 10%, 2y = 105, D = 2 x 10°, for which

the horizons are located at xfl = 40.75 x 10°, and the throat is at z,, = x};, while
the black and white hole masses are Mpy = 2 x 10® Mp; and Myy =5 x 10° Mpy,
respectively.

In addition, another important quantity is the scalar
1
ChivapCM P = K2 + §R2 — 2R, R"™, (3.47)

where C),,45 denotes the Weyl tensor. However, for the sake of simplicity, in the
following we shall consider only the quantities AKX and R, which are sufficient for our
current purpose.

In Fig. 3.5, the quantities R and AK are plotted in the region between the
two horizons (73 = £0.75 x 10°), from which it can be seen that the deviation from
GR are still large near these two horizons, although the curvature decays rapidly

when away from them in both directions. In particular, for Mgy = 2 x 105 Mp; and
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Figure 3.6: Case A >0, D >0, |z,| <z}, B8# 1+ %: The quantities R and
AK vs z. Here we choose C = 1038, zq = 10%%, D = 2 x 103, for which the horizons
are located at v3; = ++/3 x 10%, and the throat is at z,, = 0, while the black and
white hole masses are Mpy = 2 x 103 Mp; and My = 2 x 103 Mp;, respectively.

My g = 32x10% Mp,, near the horizons we find that R(z};) < 1073, R(zy) < 1071,
and |AK(2f;)| < 0.50, |AK(zy)| < 0.65, respectively. This is because now the throat
coincides with the black hole horizon (z,, = zj; = 0.75 x 10°), and to keep the throat
open, the quantum effects at this point must be strong enough.

In Fig. 3.6, we plot R and AK in the region that covers the throat (z,, = 0)
as well as the two horizons (13 = ++v/3 x 10°®). Thus, in the current case the
throat is located far away from both of the two horizons. But, the deviations of
the curvature near the two horizons are still large. In particular, we find that
R(z}) < 107, R(zy) < 1077, and |AK(z;)| < 0.2 and |AK(zy)| < 0.2 for
solar mass Mgy = 2 x 10%® Mp; and My g = 2 x 103 Mp;. Therefore, in the current
model the quantum gravitational effects can be still large near the horizons even for
astrophysical black holes. More detailed analyses show that this is due to the fact
that in the current case both xy and C are large (zo = C = 10%). Since large
and C implies large A\; and )2, as one can see from the relations C = (1602)\%)1/ ‘

and zg = \A/—% As mentioned above, the two parameters A;, Ay control quantum
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gravitational corrections. In particular, large A\; and Ay will lead to large quantum

effects.
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Figure 3.7: Case A >0, D >0, |z,| < z},8# 1+ %: The quantities R and
AK vs z. Here we choose C =1, g = 1, D = 2 x 105, for which the throat is at
Z,m = 0 and the black/white hole horizons are located at :U§ ~ 42 x 10°, respectively.
The black and white hole masses are Mgy = My = 2 x 105 Mp,.

Therefore, to have negligible quantum gravitational effects, we must consider

the cases where A\; and A\ are effectively small. In Fig. 3.7, we plot R and AK in
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the region between the two horizons for C = 1, g = 1, D = 2 x 10°, for which the
horizons are located at xﬁ ~ £2 x 10°, and the throat is at z,, = 0, while the black
and white hole masses are Mgy = My g = 2 x 106 Mp;. From this figure we can see
that now the deviations from GR decays rapidly when away from the throat in both
directions, and near the two horizons the quantum effects already become extremely
small. In fact, near the two horizons now we find that R(z};) < 107%, R(zy) < 1072,
and |AIC(37JI§)‘ < 1071 and ‘AIC(xI_{)} < 10713, Therefore, in the current case, the
quantum gravitational effects are mainly concentrated in the neighborhood of the
throat.

On the other hand, in Fig. 3.8 we plot R and AL in the region between the
two horizons for C = 107%, 2y = 1, D = 10°, for which the horizons are located at
x7; A~ £10°, and the throat is at z,, &~ —% x 109, while the black and white hole masses
are Mgy = 10° Mp;, My g = 1075 Mp;, respectively. From this figure we can see
that now the deviations from GR decays rapidly when away from the throat only in
the black hole direction, that is, only for > z7;, and near the white hole horizon the
quantum effects become very large again. In fact, near the two horizons now we find
that R(zf;) < 107%, R(zy) ~ 10, and |AK(z};)| < 1072 and |AK(zy;)| ~ 0.05.
Thus, in the current case the quantum gravitational effects are negligible only at the
black hole horizon but still very large at the white hole horizon. This is due to the
fact that the throat is now very close to the white hole horizon.

The above examples show clearly that, depending on the values of the three
free parameters C, D, zq (or D, A1, A\2), quantum gravitational effects can be large,

even for the cases in which the black/white hole masses are of order of solar masses.
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Figure 3.8: Case A >0, D >0, |v,,| < a2}, 8 # 1+%: The quantities R and AK
vs x. Here we choose C = 1076, 2y = 1, D = 106, for which the throat is at z,, ~

—1 % 10° and the black/white hole horizons are located at x7; ~ £10°, respectively.
The black and white hole masses are Mgy = 10° Mp;, My g = 1076 Mp;.

In particular, near the two horizons x = xli{, we find

D2 (20 (D++/D2-a3) ~a? )Ry,

B 7 r =2z
D2(2D(\/D?~23-D)+a3 )R}, H>
z§ B
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6 2/3
where R, = ((D + /D? — 1’3) + C6) . Thus, for D > |z|, we have

. SRS
2D)64-C6 2/39 - YH>
R ~ [(2D)0+C9] (3.49)
6
I—O T = x_
4DACc4> H-

Therefore, to have the effects negligibly small near the two horizons, we must require
C 2 |xo|l, D> |zol. (3.50)
On the other hand, as * — +oo, we find that

zg—i-D—xg%—O(e(S), T — 00,

e 225
R ~ (3.51)
28 Dab
—ﬁ—ﬁ—FO(é), T — —0Q,

and

41‘% 2
— + 0O (e*), x— oo,

AKX~ (3.52)
+4C L 0(&2), x— —o0,

3Mwy gx

where Mpy and My g are given by Eq.(3.44). Then, we have |[AKC,/AK_| =1+
O (€?), as |z| — oo. That is, whether My 5 > Mpy or not, |[AK | will always have
the same asymptotic magnitude as |AK_|, and both of them approach their GR limits
as O(1/|x]).

Therefore, in the present case we find the following:
e The throat is always located in the region between the black and white hole
horizons, z;; < z,, < x};, and each of the three energy conditions, WEC,
DEC, and SEC, is satisfied at the throat only in the case where the condition
(3.33) holds. In this case the quantum gravitational effects are always large

+

at the black hole horizon z = z7,. This is expected, as at the throat the

quantum effects need to be strong, in order to keep the throat open, and
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when the condition (3.33) is satisfied, the black hole horizon always coincides
with the throat, x,, = ;.

Even the condition (3.33) does not hold, and the throat is far from both
of the white and black hole horizons, that is, |z,,| < |$f1|, the quantum
gravitational effects can be still large at the two horizons, including the cases
in which both of the white and black hole masses are large, Mgy, Mwgy >
10® Mp;. Only in the case where the conditions (3.50) hold, can the effects
become negligible at the two horizons.

In general, none of the three energy conditions is satisfied in the neighbor-
hoods of the white and black hole horizons, x = :L'E, except precisely at these
two surfaces. However, the surface gravity at the black (white) hole horizon
is always positive (negative), as now the condition p + p, + 2pg > 0 is still
satisfied in the most part of the spacetime [21], as can be seen from Figs. 3.2
and 3.3. So, the trapped region (z; < z < z};) is still attractive to observers
outside of it.

In the two asymptotically flat regions x — 400, for which the geometri-
cal radius becomes infinitely large, b(+00) = 0o, none of the three energy
conditions is satisfied.

The black and white hole masses read off from these two asymptotically flat
regions are given by Eq.(3.44), which are always positive, no matter the con-
dition (3.33) is satisfied or not. Again, this is because the relativistic Komar
mass density p + p, + 2py is still positive in a large part of the spacetime. As
a result, the total masses of the spacetime read off at the two asymptotically

flat region are positive.
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It should be noted that the absence of spacetime singularities in this case does
not contradict to the Hawking-Penrose singularity theorems [20], as now none of the
three energy conditions is satisfied in the two asymptotically flat regions, including

the case in which the condition (3.33) holds, as shown in the above explicitly.

3.4.1.2 |xn,| >z}

Now, let us turn to consider the case |z,,| > x7;, which implies that

(a— 1)

<1
p + 2x

(3.53)

In this case, since the throat is located in the region where a(z) > 0, then at the
throat we have p = p* and p, = p;". Hence, from Eq.(3.18) we find that the effective

energy density p and pressures p, and py at the throat are given by

C(12D — 5C) — ba?

P TeRe (R
- 1
pT‘ - _22/3627
x2 + C? S 4Dr2C3
Do _ (5 ) o (3.54)

22/3C2 (22 + C2)°
From these expressions, we find that in the 3D parameter space, WEC is satisfied

when,

—1)? 1
%, and B>§a. (3.55)

B=>1+
Clearly, these conditions contradict to the condition |z,,| > z};, as it can be seen
from Eq.(3.53). Therefore, in the current case WEC is always violated at the throat.
In addition, for p, p,. and py given by Eq.(3.54), we also find that neither DEC nor

SEC is satisfied, after the conditions (3.53) are taken into account. Therefore, in the

current case, none of the three energy conditions is satisfied at the throat.
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On the other hand, following the analyses provided in the last subsection, it
can be also shown that in the current case the following is true: (i) All the three
energy conditions are not satisfied generically in the regions near the black hole and
white hole horizons in the whole 3D phase space. But, the surface gravity at the
black (white) hole horizon can be still positive (negative), as the relativistic Komar
mass density can be still positive over a large region of the spacetime, so that its
integration over the 3D spatial space can be positive, [i, (p+ pr + 2pg) dV > 0. (ii)
In the two asymptotically flat regions x — 400, none of the three energy conditions
is satisfied for any given values of C, D and xg, as longer as the condition (3.25)
holds, which is resulted from the condition A > 0. (iii) The black/white hole masses
are also given by Eq.(3.44), which are all positive in the current case, too. (iv) The
quantum effects are mainly concentrated near the throat. Since now the throat is
always located either outside the black hole horizon (x,, > x};) or outside the white
hole horizon (z,, < xy), the quantum effects can be large near the two horizons, even
for the cases where the white/black hole masses are of order of solar masses.

It should be noted that the above analysis is not valid for the limit cases
o — 0 and C — 0. So, in the following, let us consider these particular cases,

separately.

34.1.3 xyp=0,C#0
If we assume that Ay # 0, from Eq.(3.9) we can see that this corresponds to the

limit \/n — oo. However, to keep D > 0 and finite, we must require D/y/n — finite
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and CD > 0. Then, we find that A = D? and from Eq.(3.12) we find X = |z|, and

Y=x+|z| = (3.56)
0, x<0.

Hence, Eq.(3.11) implies a(z) = 0 and b(z) = oo for x < 0, that is, the metric
becomes singular for x < 0. However, since b(0) = oo, it is clear that now =z = 0
already represents the spatial infinity. Therefore, in this case we only need to consider

the region z € (0,00) [cf. Fig. 3.1(b)]. Then, we find that
L\ 1/3
X =z Y =2 Z:4<a:6—|—06> L (z>0), (3.57)

where C = C/2, and

23 (x — D)
(Z(.’L') - R 2/37
4 (xﬁ + C6>
9 L\ 1/3
ba) = = (acﬁ n CG> . (3.58)
Clearly, a(x) = 0 leads to two roots,
r; =0, z};,=D, (3.59)

while the minimum of b(z) now is located at x,, = C, so we have

00, z =0,
b(x) = 21/3¢, 2 =C, (3.60)
00, T =00

It is interesting to note that the outer (black hole) horizon located at x = x}; can

be smaller than the throat x = x,,, that is, C>D. In addition, the spacetime

becomes antitrapped at z; = 0. Since b(z = 0) = oo, this antitrapped point now
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also corresponds to the spatial infinity at the other side (the white hole side) of the

throat.

To study the solutions further, in the following let us consider the cases D > C

and D < C, separately.
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Figure 3.9: Case A >0, D > 0, o =0, C # 0: The physical quantities, p, (p + p,),
(p—pr), (p+pa), (p—p9), and (p+ p, + 2py), represented, respectively, by Curves 1 -
6, vs z in the neighborhood of the throat. All curves are plotted with C =1, D =1,
for which the throat is at z,, = 0.5, and the outer horizon is at z}, = 1.

(Case 111.3.1) D > C: In this case the throat locates always inside the black

hole horizon, so in the region r < x}; we always have a(z) < 0, and the corresponding

20



effective energy density and pressures are given by

CO 64Dz + C5(22 — D)] x
plz) = —55
1 (4 )

C®(DCS — 6402 + 704Dz") x
pr(x) = - )

.\ 8/3
213 (J}G + CG)
C8[64D2% + C8(22 — D)] x
polx) = [ (A 5 Iz (3.61)
213 (29 4 C0)

In particular, at the throat (z = é), we have

1 5C — 12D

from which we find that the WEC, SEC, and DEC are satisfied in the domain,
2D <C < 3D. (3.63)

Combining Eq.(3.63) with C/2 < D, we have C/2 = D, which implies that the effective
energy-momentum tensor satisfies all the three energy conditions at the throat only
when the location of the throat and location of the black hole horizon coincide.

In Fig. 3.9 we plot the physical quantities p, p+p,, pEpg and p+p, + 2+ py
in the neighborhood of the throat.

In addition, as x — 0 (or b(x) — o), we find that

8Dx  16x2
p = Do =— Iz + Iz
8Dz
—

+ 0 (2°),

pr = + 0 (2°), (3.64)

from which we find that the WEC, SEC, and DEC are satisfied only at = = 0.
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Figure 3.10: Case A >0, D > 0, w9 = 0, C # 0: The physical quantities R and AK.
Here we choose C = 1, D = 105, so that Mgy = 10° Mp;, zf; =D = 10°%, z,, =C =

1/2.

On the other hand, outside of the black hole horizon (z > z7};), we always have

a(x) > 0, and the corresponding effective energy density and pressures are given by

p(z)

C% (DCO — 64027 + 704Da") x
913 <x6 + @6) 5
CO[64Da® + C%(22 — D))
: 213 (xﬁ + éﬁ)g/g
C® [64Dz® + C5(2z — D)] x
2 (w1 c0) "

?

Y

+

In particular, at the black hole horizon (23, = D), we have

p

—Pr = DPo =

8D2CE
(64D6 4 C6)**

52

(3.65)

(3.66)



so all the three energy conditions, WEC, SEC, and DEC, are satisfied at the black

hole horizon. The surface gravity now is given by,

1
kpg = —d'(x =D) =

(]

2D3

(64D6 + C6)*/3

which is always positive, as now we have D > 0.

At the spatial infinity z — oo, we find

11DC®

5
P T 6ags
5
pt+pr = —@‘i‘
5
p+py = T 4
p+pr+2pp ~ s +
: 6428

128x?
5DCS
6429
3DC"

3229
3DCS

3229

+0(
+0(

+0(

€

€

+ 0O ("),

10) ’
10) ’
10) ’

(3.67)

(3.68)

from which we can see that none of the three energy conditions is satisfied. In addition,

we also have
.

c4
\

(

2x,

=
=
12

i(1—¥)+0(62),

T — 00,

_4Dx3—{—%—|—0($6), I—>0,

T — 00,

Therefore, the mass of the black hole is given by

Mpy =

D.

\%_‘_332(:_]:;‘1_0(3:6), x — 0.

(3.69)

(3.70)

To study the quantum gravitational effects further, in Fig. 3.10 we plot R and

AL in the region that covers the throat and the horizon, from which it can be seen

that the deviation from GR quickly becomes vanishingly small around the horizon.
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Figure 3.11: Case A > 0, D > 0, xg = 0, z,, > x};, : The quantities R and AK
vs z. Here we choose C = 10%, D = 1038, for which the outer horizon is located
at zj; = 10%, and the throat is at z,, = 5 x 10%, while the black hole mass is
Mgy = 1038 Mp;.

In addition, as © — oo, we find that

20C°
R ~ — E O (69) ,
3206 ;

from which we can see that quantum corrections are decaying rapidly when x — oo.

When z — 0 (b — o0), we have

8D _
R ~ % ‘I— O (b 2) s
240D? _

which decays much less slowly than that in the Schwarzschild case, K&% — v76. 3 It
is even slower than that of the loop quantum black hole solution found by Ashtekar,
Olmedo and Singh [9,23], in which R — =% and K — b=* [25].

(Case II1.3.2) D < C: In this case the throat locates always outside the black
hole horizon, so in the region z > z}; we always have a(z) > 0, and the corresponding

effective energy density and pressures are given by Eq.(3.65). In particular, at the

31n [17] a different conclusion was derived, as the authors implicitly assumed that 2(C # 0.
Therefore, our conclusion in this case does not essentially contradict to the one obtained in [17].
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throat (z = C), we have

6D — 5C 1

28/363 y Pr= —DPo = _28/—382’ (3-73)

p =
from which we find that the WEC, SEC, and DEC are satisfied in the domain,
0<C/2<D. (3.74)

Combining Eq.(3.74) with D < C, we find that in this case, all the energy conditions
are violated at the throat.

In addition, as x — 0 (or b(z) — o0), we still have Eq.(3.64), from which we
find that the WEC, SEC, and DEC are satisfied only at x = 0. At the spatial infinity
x — oo, we still have Eq.(3.68), from which we can see that none of the three energy
conditions is satisfied. In addition, we also have Eq.(3.69), thus the mass of the black
hole is given by Eq.(3.70).

For the quantum gravitational effects, we still have Eqs.(3.71) and (3.72). In
Fig. 3.11 we plot R and AK in the region that covers the throat and the horizon,
from which it can be seen that the deviation from GR is still large around the horizon
even for solar mass black holes, due to the fact that C is very large in this case and

thus makes A large around horizon which can be seen from Eq.(3.71).

3414 C=0, 29#0
If we assume that A, # 0, from Eq.(3.9) we can see that this corresponds to
the limit C' — 0. However, to keep D > 0 and finite, we must require DC — finite

and positive. Thus, we have

b(z) =Y. (3.75)
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Clearly, a(x) = 0 leads to two real roots,
5 = +VA, (3.76)

while b(z) is a monotonically increasing function with b(x = —o0) = 0 [cf. Fig. 3.1(c)].
Therefore, in contrast to the above cases, now the spacetime is not asymptotically flat
as r — —o00, but rather it represents the center of the spacetime, at which a spacetime
curvature singularity appears, as to be shown below. Therefore, in the current case
the spacetime represents a black hole with two horizons located at @ = +v/A. This
is quite similar to the charged Reissner-Nordstrom (RN) solution.

In the trapped region, z; < x < x};, the effective energy density and pressures

are given by

2y3
plz) = W ([1024:;;10 — 512D2° + 25602522 — 1024Dx a2 + 224025z
—672D2°x) + 8002 x5S — 160Dx32S + 1002225 — 10Dxad + 2:1:})0])(
+10242™ — 512D + 3072227 — 1280D2°x] + 33922 x5 — 1120D2%x;
+16642° 2§ — 400Dx x§ + 340225 — 50Dz 25 + 20725 — Dxéo) :
Dzky
o) = S e
x2Y?
po(x) = W [40969512 — 4096Dz'" 4 13312222 — 10752D2°z] + 163842°x;

—10240Dx" g + 94082525 — 4256 D" x5 + 24802 2§ — 720D ]
+2442% 20 — 34Dxa’ + 4l | X + 40962 — 4096D2'? + 153602 22
—12800D2" 22 + 225282773 — 15104D2z) + 1619227 2§ — 8288Dx’x§

+5808z°xh — 2080Dz*xh + 9242° 2" — 194D 2y + ddaxy? — 32):5(1)2) - (3.77)
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On the other hand, in the region # < zj or * > xz};, the effective energy

density and pressures are given by

DzlY
plz) = W7
22Y3
po(z) = _W [10243;10 — 512D2° + 25602%22 — 1024Dx 722 + 2240252
—672Dx° x5 + 8002 x5 — 160Dx 2 + 100222 — 10Dxal + 2x50]x
+10242™ — 512D + 30722°22 — 1280D223 + 339227 xf — 1120D2%x;
+16642° 2§ — 400Dx x5 + 340225 — 50Dz 25 + 20725 — Dx50> :
x2Y?
po(x) = W [4096:&12 4096Dz" + 13312022 — 10752D2 %22 4 163842z

—10240Dx" xf + 94082°28 — 4256 D2l + 24802128 — 720Dz
+2442%5 " — 34Dxa’ + 4x?| X + 40962 — 4096D2'? 4 153602 22
—12800Dx" 22 + 2252827z — 15104D2%z) 4 16192272 — 8288Dx2
+58082° 15 — 2080Dx xS + 9242° 2" — 194D2 2’ 4 44wxl? 3Dx52> . (3.78)
In Fig. 3.12 we plot the physical quantities p, pxp,., pEpy, and p+p,+2£pg in
the neighborhood of the two horizons, from which we can see that all these quantities

become unbounded as x — —oo (or b(z) — 0).

In particular, at the horizon (x = v/A), we have

(\/AH)) 23
Pro= T =T e
4
_ _ "
M= Smag (3.79)

so all the three energy conditions, WEC, SEC, and DEC, are satisfied in the domain

‘33'0’ < D, (Q?o 7é 0) . (380)
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Figure 3.12: Case A >0, D > 0, xo # 0, C = 0: The physical quantities, p, (p+ p,),
(p—pr), (p+ D), (p—1pa), and (p + p, + 2py), represented, respectively, by Curves
1 -6, vs x: (a) between the white and black horizons, z,; < = < x};; (b) outside
the black horizon, x > z, = V/3; (c): outside the white horizon, © < z, = —/3.
All curves are plotted with g = 1, D = 2, for which the two horizons are located
respectively at xfl = +vA = +/3.

The surface gravity at this horizon is given by,

RBH

YQ

275

+32D7 — 6Dl + 38Dz — 641)53;3) ,

([321)6 — 25 +18D%) — 481)4:::3] VA

(3.81)

which is always positive, provided that the conditions (3.80) hold.
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On the other hand, at the horizon z = —vV A, we have

p = —p L(161)4(1)—|—\/Z)—|—a:§<52?+\/z)

- 8
Dy

—4D%3 (5D +3VA) > ,

. 2

so all the three energy conditions, WEC, SEC, and DEC, are satisfied in the domain

given by Eq.(3.80). The surface gravity at this horizon is given by,

1
KBH = Ea'(x = —VA)
Y2
- [32D° — of + 18D} — 48D"a2| VA
—32D" + 6Dx§ — 38Dz + 642)%3) : (3.83)

which is always negative when the conditions (3.80) hold.

As © — +o00, we find that

(
P41 0(E), 7o,
plx) =
_%—i_o(dv T — —00,
\
(
;17(2) Dmg 6
—nr t 5 +O(€), T — 09,
pr(x) =
(
2 2
4204 sto’ T — 00,
po(z) = 4
4100, 1o oo

(3.84)

from which we can show that none of the three energy conditions, WEC, SEC, and

DEC, is satisfied at spatial infinity x = oo as well as at the center b(x = —o0) = 0.
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In addition, we also have

1(1-2)+0(), x— o0,
a(r) = %f+4€x3+%+49%
0 0 0 0
+I+ 2+ 0(), T — —00,
)
2, T — 00,
b(x) =~ (3.85)
\—§+8907643+O<64), T — —00.
Thus, the mass of the black hole is given by
Mgy = D. (3.86)
However, at x = —oo we have b(—oo) = 0, and the physical quantities, p, p,

and pg, all become unbounded, so a spacetime curvature singularity appears at x =
—o00, and the solution has a RN-like structure, i.e., two horizons, one is inner and the
other is outer, located, respectively, at = =£v/A. The spacetime singularity located
at b(—oo) = 0 is timelike.

On the other hand, in Fig. 3.13 we plot R and AKX in the region that covers the
throat and the horizons, from which it can be seen that the deviation from GR quickly
becomes vanishing small around the outer horizon, but around the inner horizon, R

deviates from GR significantly. In fact, as © — +o00, we find that

2 2
—ir g +O(L), T 00,

p o (3.87)
- E 100, 1o oo,
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Figure 3.13: Case A >0, D > 0, o # 0, C = 0: The physical quantities R and AK
vs z. Here we choose zg = 1, D = 10°, so that Mz = 10° Mp;, and the horizons are

located at x = +D = +10°.

and

\

% + 0O (), T — 00,
281628 | 3072Da? 6422 (15D2+2223) (3.88)
(1?8 2178 (138
0 0 0
16(1122—8D?
+6428ng ( x;)g ) + O (€> ) T — —0Q,
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from which we can see that, as © — —o0, both of the Ricci and Kretschmann scalars
become unbounded, and a spacetime singularity appears at b(z = —oc0) = 0.
It is interesting to note that AKX is bounded and approaches a nonzero constant

—1, as ¢ — —o0. In fact, we have

3Mppzx
AK ~ o (3.89)
$4
—1+121\1/[1ﬁ+0(63), T — —00,
where in writing the above expressions we had set K% = 48Mpp /b5 over the
whole region x € (—00,00). Thus, near the singular point b(z = —oo) = 0, the

Kretschmann scalar of the quantum black hole diverges much more slowly than that
of the Schwarzschild black hole. This can be seen from Eqgs.(3.85) and (3.88), from

which we find that K o< b= as © — —o0.

3415 x2p=C=0

Since A\j Ay # 0, from Eq.(3.9) we can see that this corresponds to the limits
C — 0 and \/n — oco. However, to keep D > 0, at these limits, we must require
DC/+/n — finite and positive. Then, we find that A = D? and from Eq.(3.12) we

find X = |z|, and

Y=x+|z| = (3.90)
0, x<0.

Therefore, the spacetime must be restricted to the region x > 0, in which we have

z—7D 1 2D
alw) = =, :1(1‘7)’

b(z) = (z+Va?) =2z, (3.91)
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and

p(x) = p, = pe(x) = 0. (3.92)
In fact, this is precisely the Schwarzschild solution, and will take its standard form,

by setting r = 22 and rescaling t,

2 om\ "
ds? = (1 - Tm) 2 + (1 - 7’”) dr? + r2dQ?, (3.93)

where m = D. This case can be also considered as the limit of A\; o — 0, for which the
GR limit is obtained. Therefore, the results are consistent with the effective theory
of quantum black holes, as the singularities are always avoided exactly because of the

replacement (3.3). When A 2 — 0, the classical limits are recovered.

342 D<O0
In this case, similar to the last one, let us consider zoC # 0 and xoC = 0,

separately.

3.42.1 2,C#0

Then, since A = D? — 22 > 0, we must have

Thus, from Eq.(3.11) we find that
(X +|D|) XY? Z

where X, Y, and Z are given by Eq.(3.12). From the above expressions, it can be
shown that there are two asymptotically flat regions, corresponding to z — +oo,

respectively. They are still connected by a throat located at x,, given by Eq.(3.26)
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[cf. Fig. 3.1(a)]. But since a(z) # 0 for any given x, horizons, either WHs or BHs,
do not exist.

At the throat, the effective energy density p and pressures p, and py are still
given by Eq.(3.54). Then, it can be easily shown that none of the three energy
conditions can be satisfied in the current case, because condition Eq.(3.55) is always
violated for D < 0.

At the spatial infinities x — 400, we find that the expression of p,p,, pg
are still given by Eq.(3.42), from which we can see that none of the three energy
conditions is satisfied either. The asymptotic expressions of a(z) and b(z) are still

given by Eq.(3.43), and the total masses measured at x — +oc are

DC?
z3

M, = D, M_= (3.96)

but since we now have D < 0, they are all negative. Note that from now on, we
use My to denote the total masses of the spacetimes measured at + = +o00, when
no horizons (either BHs or WHs) exist, while reserve Mpp/wn to denote the black
(white) hole masses.

It can be shown that in the present case the deviation from GR decays rapidly
when away from the throat from both directions of it only for some particular choice
of the free parameters. In particular, as x — 400, we find that the asymptotic expres-
sions of R(z) and AK(z) are still given by Eq.(3.51) and Eq.(3.52), with Mgy (Mw)
being replaced by M, (M_). Therefore, we still have |[AK/AK_| = 1+ O (€?), as
|z] — oo. That is, whether M_ > M, or not, |[AK,| will always have the same
asymptotic magnitude as |AK_|, and both of them approach their GR limits as

O(1/]x]).
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3422 15=0, C#0
In this case a(z) and b(z) are still given by Eq.(3.58), but since D < 0, a(x) =0

is possible only when

where b(z = 0) = co. Therefore, in the current case there is no black/white hole
horizon either, while the minimum of b(z) now is still located at z,, = C [cf. Fig.
3.1(b)]. On the other hand, in this case the effective energy density and pressures are
still given by Eq.(3.65), which are all become zero as x — 0.

At the throat (x = é), P, Pr, Do are given by Eq.(3.73), but since now we have
D < 0, none of the three energy conditions is satisfied at the throat.

At the spatial infinity z — oo, on the other hand, we have the same expressions
as given by Eq.(3.68), from which we can see that none of the three energy conditions
is satisfied. The asymptotic behavior of a(x) and b(x) are still given by Eq.(3.69).

Therefore, the total mass at x — oo is given by
M, = D<O. (3.98)

On the other hand, to study the quantum gravitational effects further, we
consider the physical quantities R and AK and find that the deviation from GR also
quickly becomes vanishingly small as x — oo for some particular choice of the free
parameters. In particular, as x — oo, we find that the asymptotic expressions of

R(z) and AK(z) are still given by Eq.(3.71), with Mgy being replaced by M.

3423 1y#0,C=0
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Table 3.1: The main properties of the solutions given by Egs.(3.10)-(3.13) with
A > 0 in various cases, where bhH = black hole horizon, whH = white hole horizon,
ECs = energy conditions, SAF = spacetime is asymptotical flat, SCS = spacetime
curvature singularity, and Sch.S = Schwarzschild solution. In addition, “v"” means
yes, “x” means no, while “N/A” means not applicable.

Properties A>0
D>0 D<0

C#0, C #0, C=0 C=u20=0 [C#0, C#0, C=0,] C=20=0

2o # 0 20=10 29 #0 (Sch.S) 20 #0 z9=10 29 #0 (Sch.S)
bhH exists? v v v v X X X X
ECs at bhH Eq.(3.25) v Eq.(3.80) v N/A N/A N/A N/A
whH exists? v X v X X X X X
ECs at whil Fq.(3.25) N/A Eq.(3.80) N/A N/A N/A N/A N/A
Throat exists? v NV X X v v X X
ECs at throat Eq.(3.33) C=2D N/A N/A X X N/A N/A
ECs at z = o X X X v X X X v
Mass at © = oo D D D D D D D D
ECs at . = —oc0 X N/A (z > 0) X N/A (z > 0) X N/A (z > 0) X N/A (z > 0)
Mass at © = —oo % SAF at =0 SCS SCSatz =0 % SAFatz=0| SCS |SCSatz=0

From Eq.(3.11) we find that

(X + D) X
a(m) = T,

b(x) =Y, (3.99)
where X, Y, and Z are given by Eq.(3.12). Clearly, a(x) = 0 has no real roots,
thus no horizons exist, while b(x) is still a monotonically increasing function with
b(x = —oc0) =0 [cf. Fig. 3.1(c)].

On the other hand, in this case the effective energy density and pressures are
still given by Eq.(3.78). In particular, at the spatial infinities x — +o0, they stall
take the forms of Eq.(3.84), from which we find none of the three energy conditions,
WEC, SEC, and DEC, is satisfied. In addition, the asymptotic behaviors of a(z) and
b(x) are given by Eq.(3.85). Therefore, the total mass at x = oo is still given by
Eq.(3.86), which is always negative.

However, at x = —oo we have b(—o0) = 0, and the physical quantities, p, p,

and py, all become unbounded, so a spacetime curvature singularity appears at x =

—0Q.
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In addition, from R and AK we find that the deviation from GR quickly
becomes vanishingly small as * — 400, but as *+ — —oo, R deviates from GR
significantly, as a spacetime curvature singularity now appears at x = —oo, at which

we have b(z = —o0) = 0.

3424 x9=C=0
In this case, the solution is precisely the Schwarzschild solution with negative

mass, and will take its standard form, by setting » = 2z and rescaling ¢,

2 om\ "
@2:(1——@)dﬂ+(1—;@> dr? + r2d0?, (3.100)

T T

where m =D < 0.
This completes the analysis of the solutions in the case A > 0. In Table 3.1,

we summarize the main properties of these solutions.
3.5 Spacetimes with A =0
From Eq.(3.13) we find that this case corresponds to
3
|Ao| = 5 |CD|, or |D|=|zo|. (3.101)

Then, from Eqgs.(3.11) and (3.12) we obtain

2 XY? A
— b)) == 3.102
where
X = va2+D? Y=x+X,
7 = (Y542, (3.103)

To study these solutions further, in the following let us consider the three

possibilities, D > 0, D = 0 and D < 0, separately.
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351 D>0

In this subcase, there are still two possibilities, C # 0 and C = 0.

3511 C#0

In this case, since we also have D > 0, we find that

)
00, T = 00,
b(x) =4 9183¢, 2 =u,, (3.104)
00, T = —00,
\

where z,,, = (C* — D?)/(2C) [cf. Fig. 3.1(a)].
On the other hand, a(x) = 0 leads to 7, = 0, which is a double root. This is
similar to the charged RN solution in the extreme case |e] = m. At the horizon, we

have

(CG + D6)1/3

o) = S5

(3.105)

and

D2
(DS + C8)**
from which we find that all the WEC, SEC, and DEC are satisfied. In addition, the

p = —pr=2py= (3.106)

surface gravity at the horizon is,
RKBH =

a(x=0)=0, (3.107)

as in the extremal case of the RN solution.
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At the throat, the effective energy density p and pressures p, and py are given

by
_ —5D*+12DC — 5C° 1
p= 92/3(2 (D2 +C?) o Pr= - 92/302°
D? 4 C2)° — 4D3C3
Pe = (D" +C) ; (3.108)

22/3 (D2 + C2)3
from which we find that WEC, SEC, and DEC are satisfied only when

D =C. (3.109)

Then, from the expression x,,, = (C* —D?)/(2C), we can see when D = C we also have

T, = 0, i.e., the black hole horizon now coincides with the throat.

Figure 3.14: Case A =0, D > 0, C # 0: The physical quantities, p, (p+p;), (p—pr),
(p+pa), (p—pe), and (p + p, + 2pg), represented, respectively, by Curves 1 - 6, vs x
in the neighborhood of the throat. All graphs are plotted with C = 1.5, D = 2, for
which the throat is at z,, ~ —0.437, and horizons are at z7; = 0.

In Fig. 3.14 we plot out the quantities p, p +p,, pEps and p+ p, + 2py vs x

in the neighborhood of the throat for C = 1.5, D = 2. With these choices, the throat
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is located at z,,, &~ —0.437, and the horizon is at z3; = 0. From these curves we can
see clearly that the three energy conditions, WEC, SEC, and DEC, are satisfied only
at the horizon.

At the spatial infinities + — 400, we find that

;

%-I—O(EG), T — 00,
plr) =
D7 6
—W—FO(G), T — —00,
\
(
@) ~D 4+ D10, T — 00,
pr\x) =
DY D7 6
—foier — soer T O(€), 7= —o0,
\
4
%—%—1—0@6), T — 00,
pe(z) = (3.110)
%—i—%—l—@(é), T — —00,
\

and

2z + O (e), T — 00,
b(r) ~ (3.111)

—2(C*/D*)z+ O (e), T — —o0,

\

where € = 1/x. Therefore, the masses of the black and white holes are given, respec-

tively, by

Mgy = D, Myy=—. (3.112)
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Figure 3.15: Case A = 0, D > 0, C # 0: R and AK vs x. Here we choose
C = xp = 106, for which the horizon and the throat are all located at xfl =x, =0.

On the other hand, from Eq.(3.110) we find that in the limit x — oo we have

p = SD—; +0 (66) ,
prp = —4D—;+4D—;+0(66),
pim ~ Do),
p+pr+2py ~ 4D—;—4D—;+O(e6), (3.113)
while in the limit x — —o0, we have
7
p R o O(),
6 7
prpe = _45164 B 41264 +0(<),
6 7
ptm = gt e O )
p+pr+2pp = 451664 + 4;764 + O (). (3.114)
Therefore, none of the three energy conditions is satisfied at both v = —oo and x = oo.

In Fig. 3.15, we plot R and AK for solar mass black/white holes in the region
that covers the throat, with C = D = x, = 10, for which the horizon and the throat

are all located at a:lj; = x,, = 0. In this case, it can be seen that the deviations from
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GR decay rapidly when away from the throat from both directions, and the quantum
gravitational effects are mainly concentrated in the neighborhood of it.

In addition, as * — 400, we find that

—%—l—%—i—@(eﬁ), T — 00,
R ~ (3.115)
—%—%4—0(66), T — —00,
and
_4]\§xBH +O(€2)7 T — 00,
A ~ (3.116)
+3]é§/2Hx +0(), x— —o0,
where Mpy and My are given by Eq.(3.112).
3512 C=0
In this case, we have
2
X
‘ b(z) = Y. (3.117)

W Ty

Then, a(xz) = 0 leads to = 0, which is a double root, as mentioned above. The

geometric radius b(x) is a monotonically increasing function with b(z = —oo0) = 0 [cf.
Fig. 3.1(c)].

In Fig. 3.16 we plot the physical quantities p, p%+p,, pEpg and p+p,.+2+py

in the neighborhood of the horizon xy = 0, at which, we have

1
p = —pr=2ps=— (3.118)

D2’
so all the three energy conditions, WEC, SEC, and DEC, are satisfied. In addition,

the surface gravity at this horizon also vanishes.
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Figure 3.16: Case A =0, D > 0, C = 0: The physical quantities, p, (p+p.), (p—pr),
(p+po), (p—ps), and (p+ pr + 2pp), represented, respectively, by Curves 1 - 6, vs =
in the neighborhood of the horizon :cﬁ = 0. All graphs are plotted with D = 2.

At the spatial infinities © — +o00, we find that

(

%—FO(EG), T — 00,
plz) = S
—2+0(), v— —o0,
\
(
() —Z+ B+ (69, T — o0,
prT) =
—116)—922—1%—%4—(9(6), T — —00,
\
(
DL LO(), T — 00,
po(x) = (3.119)
6 1 8 1 L1 0(), = —o0,
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from which we can see that none of the three energy conditions, WEC, SEC, and

DEC, is satisfied at the spatial infinities. In addition, we also have
(

L1-22)+0(e?), z— oo,
@ = (g

+I+ 24+ 0(P), T — —00,
\
)

2x + O (6) s T — 00,
b(x) o~ (3.120)
\—E—j+%+0(e4), T — —o0.
Therefore, the mass of the black hole is given by
Mgy = D. (3.121)
However, at © = —oo we have b(—oo) = 0, and the physical quantities, p, p, and py,
all become unbounded, so a spacetime curvature singularity appears at xr = —o0.

To study the quantum gravitational effects further, in Fig. 3.17 we plot R
and AKX, from which it can be seen that the deviation from GR quickly becomes

vanishingly small as * — co. However, as x — —o0, R diverges, as now the spacetime

is singular at b(z = —o0) = 0. In fact, as + — £o0, we find that
—%%—%—FO(@), T — 00,
R ~ (3.122)
—1%—:32—116,5—?—%—1-(9(6), T — —00,
)
%—5—34‘0(68), T — 00,
K ~ 2811)%904 4 3017)27963 4 23g%x2 (3.123)
+82 4+ B +0(), - -0,

\
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Figure 3.17: Case A =0, D >0, C = 0: R and AK vs . Here we choose zq = 105,
D = 10°, so that Mgy = 105 Mp;. Note that the horizon is located at xfl =0, and

the spacetime is singular at b(z = —o0) = 0.
and
— Mo 4 O (), T — 00,
AK =~ (3.124)
-1+ 12]1\415;2 + O (), x— —o0.
352 D=0
In this case, since |D| = |zo|, we also have zy = 0. Then, from Eq.(3.9), this

corresponds to the limit n — oco. Again, to study the solutions further, we consider

the two cases C # 0 and C = 0, separately.

3521 C#0
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From Eq.(3.12) we find X = |z|, and

Y=x+|z|= (3.125)
0, x<0.

Thus, from Eq.(3.11) we find a(z) = 0 and b(z) = oo for z < 0, that is, the metric
becomes singular for x < 0. However, since b(0) = oo, it is clear that now z = 0
already represents the spatial infinity. Therefore, in this case we only need to consider

the region « € (0,00) [cf. Fig. 3.1(b)]. In this case we have

Clearly, a(r) = 0 leads to a double root, r3; = 0, while the minimum of b(x) now is

located at x,, = C = C/2, so we have

0, r =0,
b(z) = 243¢. 4 =C, (3.127)
00, T =00

The spacetime becomes antitrapped at x = 0. Since b(x = 0) = oo, this
antitrapped point now also corresponds to the spatial infinity at the other side of the

throat, located at z,, = C.

On the other hand, the effective energy density and pressures are now given

by
() = — 512025C°
’ (6426 + C6)*/*
(2) 1622C12
pr(a) = —————,
(6425 + C6)/*
162%C'?
po(x) = (3.128)

(645 + C6)%/*

which all become zero as  — 0. They are also vanishing as x — oo.
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At the throat (z = C), we have

5 1
so we find that none of the WEC, SEC, and DEC is satisfied.
At the spatial infinity z — oo, on the other hand, we find
p  64x® +0 (6 ) ’
ptre = —@WLO(E ),
p+p+2py = —64$8+O(e), (3.130)
while as  — 0 (or b(z) — 00), we find that
51202° 1
PR T om0 +0 (21),
1622 7168z% "
PP ¥ e T T30m +0(2"),
1622  235522° 1
ptpe = o1 30w + 0O (z'),
1622  235522°
p+p+2p & o~ —gom O (=), (3.131)
from which we can see that none of the three energy conditions is satisfied.
In addition, we also have
.
i(l—%g)%—@(ﬁ), T — 00,
a(x) =
izl 1 O (25), z — 0,
\
(
220+ O (e), T — 00,
b(r) =~ <« (3.132)
2 $5
\g—z+332c4 +0 (2% . x—0.
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Thus, the space-time is asymptotically flat as © — oo, with a black/hole mass given

by

Mpuywn = 0. (3.133)

0.2 0.4 0.6 0.8 1.0

30

20

-4 0.2 0.4 0.6 0.8 1.0

(a) (b)
Figure 3.18: Case A =0, D=0, C# 0: R and K vs 2. Here we choose C = 1. Note
that now the throat is at z = C = 1/2.

On the other hand, to study the quantum gravitational effects, in Fig. 3.18
we plot R and K in the region that covers the throat, and in the asymptotical regions
x — 0 and x — oo, from which it can be seen that the deviation from GR is mainly
in the region near the throat, and quickly becomes vanishingly small as + — oo or
xz — 0.

The spacetime is also asymptotically flat as x — 0 (b(0) = oo). In fact, we

find
_6545:(;68 + 0 (%), = — oo,
R ~
1622 L O (%), 10,
%nLO(elg), T — 00,
K~ ¢ (3.134)
—28é2x4 +0 (2%, x—0.

\
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Table 3.2: The main properties of the solutions given by Egs.(3.10)-(3.13) with
A = 0, for which we have 23, = 0, and the white and black hole horizons always
coincide. Here bhH = black hole horizon, whH = white hole horizon, ECs = energy
conditions, SAF = spacetime is asymptotical flat, and SCS = spacetime curvature
singularity. In addition, “v"” means yes, “x” means no, while “N/A” means not

applicable.
Properties A=0
D >0 D=0 D <0
C#0 C=0 C#0 C=0 C#0 C=0
bhH/whH exists? v v v (Minkowski) X X
ECs at bhi/whil v v X N/A N/A N/A
Throat exists? v X v N/A v X
ECs at throat Eq.(3.109) N/A X N/A X N/A
ECs at x = oo X X X N/A X X
Mass at x = oo D D 0 0 D D
ECs at 2 = —o0 X X N/A(z > 0) N/A X X
Mass at 2 = —00 [ SCS(b(—oc) = 0) | SAF(z = 0) N/A < 15CS(b(~00) = 0)
3522 C=0
From Eq.(3.12) we find
2¢, x>0,
Y=x+|z| = (3.135)
0, x<0

Therefore, the spacetime must be restricted to the region x > 0, in which we have
a(z) = -, blz)=(z+V?) =2z, (3.136)
and
p(z) = p, = po(z) = 0. (3.137)
In fact, this is precisely the Minkowski solution, and will take its standard form, by

setting r = 22 and rescaling ¢.

353 D<O0
Similar to the last subcase, now we also need to consider the cases C # 0 and

C = 0 separately.
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3531 C#0

When D < 0, we find that

(
00, T = 00,
b(x) = 213¢, 2 =u,, (3.138)
00, T = —00,
\

where x,, = (C* — D?)/(2C) [cf. Fig. 3.1(a)]. On the other hand, a(x) = 0 has no
real roots, thus in the current case no black/white hole horizons exist.

But, as shown by Eq.(3.138), a throat still exists at © = z,,, at which the
effective energy density p and pressures p, and py are still given by Eq.(3.108), from
which we find that none of the three energy conditions is satisfied at this point.

At the spatial infinities © — 400, we find that the effective energy density p
and pressures p, and py are still given by Egs.(3.110), (3.113), and(3.114), from which
we can see that none of the three energy conditions is satisfied at both v = —oo and
x = oo. In addition, the asymptotic expression of a(z) and b(x) are still given by

Eq.(3.111). Therefore, the total mass at x — oo is given by
M, = D<0, (3.139)

while the total mass at x — —o0 is given by

CQ
M_=— <. 3.140
5 < (3.140)

It can be shown that in the present case the quantum gravitational effects are
also concentrated in the region near the throat, and are vanishing rapidly when away

from it in each side of the throat.

3532 C=0
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In this case, we have

(X + D) X
Thus, a(z) = 0 has no real roots, and b(z) becomes a monotonically increasing

function with b(—o0) = 0 and b(co) = oo [cf. Fig. 3.1(c)]. Therefore, in this case a
throat does not exist.

At the spatial infinities + — 400, we find that the effective energy density p
and pressures p, and py are still given by Eq.(3.119), from which we find that none of
the three energy conditions, WEC, SEC and DEC, is satisfied at the spatial infinity.
In addition, the asymptotic expressions of a(x) and b(z) are still given by Eq.(3.120).

Therefore, the total mass at  — oo is given by
M, = D<O. (3.142)

However, at x = —oo we have b(—o0) = 0, and the physical quantities, p, p,
and pg, all become unbounded, so a spacetime curvature singularity appears at x =
—o00. Since no horizon exists, such a singularity is also naked.

This completes our analysis for the case A = 0, and the main properties of

these solutions are summarized in Table 3.2.

3.6 Spacetimes with A < 0

In this case we have

(2?2 + |A]) XY? Z
a(x) = X+D) 22 b(z) = = (3.143)

where X, Y, Z are given by Eq.(3.12), while A is given by Eq.(3.13), from which we

find A < 0 implies

D] < |zo|. (3.144)
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Then, we find that

00, T = 00,

b(x) =q213¢, 2=z, (3.145)
00, T = —00,
\

where x,,, = (C* — 22)/(2C) [cf. Fig. 3.1(a)].
To study the solutions further, as what we did in the last case, let us consider

the solutions with D > 0, D =0 and D < 0, separately.

3.6.1 D>0

Then, we find a(x) is nonzero for any x € (—o0, 00), and in particular we have

i7 xr = OO7
a(x) = (3.146)
%, T = —00.

Thus, in the current case horizons do not exist. But, a throat does exist, as shown
by Eq.(3.145). At the throat, the effective energy density p and pressures p, and py
are still given by Eq.(3.54), from which we find that WEC, SEC and DEC are still

satisfied, provided that

lzo] < /C(2D—C), 0 < C < 2D. (3.147)

In addition, we also have the constraint |D| < |z¢|, as now we are considering the
case A < 0.

At the spatial infinities + — 400, we find that the effective energy density p

and pressures p, and py can be also written in the forms of Eq.(3.42), from which

we can see that none of the three energy conditions is satisfied at both x = —oo and

Tr = Q.
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The asymptotic expressions of a(x) and b(x) are still given by Eq.(3.43). There-

fore, the total mass at © — oo is given by
M, = D, (3.148)

while the total mass at x — —oo is given by

 DCe

M=
0

(3.149)

It can be shown that the quantum gravitational effects are concentrated in the
region near the throat, and are rapidly vanishing as away from the throat in each side
of it only by proper choice of the free parameters involved in the solutions, as in the
corresponding case A > 0, D > 0 and xoC # 0.

Although no horizons exist in the present case, the corresponding solution is
very interesting on its own rights: it represents a wormhole spacetime, in which all
the three energy conditions, WEC, SEC, and DEC, are satisfied in the neighborhood
of the throat, provided that Eq.(3.147) holds, while none of them is satisfied at the
asymptotically flat regions (spatial infinities) x — +o0.

It should be also noted that the above analysis does not cover the limit cases
zo — 0 and C — 0. However, since now |D| < |zg|, the cases z9p = 0, C # 0 and
xog = C = 0 do not exist. So, only the limiting case, C = 0, xy # 0, exists.

e C =0, g # 0: In this case, we have

(z* +[AD X

a(r) = XD vE (x) =Y. (3.150)

Clearly, a(z) = 0 does not have real solutions, while b(z) is a monotonically increasing

function with b(z = —o0) = 0, as shown in Fig. 3.1(c).
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At the spatial infinities © — 400, we find that the effective energy density p
and pressures p, and py are still given by Eq.(3.84), from which we can see that none
of the three energy conditions is satisfied at both © = —oo and x = o0.

The asymptotic expression of a(z) and b(x) are still given by Eq.(3.85). There-

fore, the total mass at x — oo is given by

M, = D. (3.151)
However, at = —oo we have b(—o0) = 0, and the physical quantities, p, p, and py,
all become unbounded, so a spacetime curvature singularity appears at xr = —oc.
362 D=0
From Eq.(3.11) we find that
X?%y? A
a(z) = 72 b(x) = v (3.152)

where X, Y, and Z are given by Eq.(3.12). From the above expressions, it can be
shown that there are two asymptotically flat regions, corresponding to z — +oo,
respectively. They are still connected by a throat located at x,, given by Eq.(3.26)
[cf. Fig. 3.1(a)]. But since a(x) # 0 for any given x € (—o00,00), as it can be seen
from the above expression, horizons, either WHs or BHs, do not exist.

At the throat, the effective energy density p and pressures p, and py are given

5 N B 1
_28/—3&27 Pr = —Po = _28/3CA2’

p= (3.153)

so none of the WEC, SEC, and DEC is satisfied.
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At the spatial infinities © — 400, we find that the effective energy density p

and pressures p, and py take the forms,
(

—gf—;%—(’)(eg), T — 00,
plr) =
56
—iw + 0 (€7), T — —o0,
?
—%—i—@(eﬁ), T — 00,
pr(z) =
4;804 +0O(%, x— —o0,
;
% + 0, z— o0,
po(x) = (3.154)
\ 4;1364 +0(%), 17— —oo,

from which we can see that none of the three energy conditions is satisfied at both
T = —00 and T = oQ.

In addition, we also have
(

i(l—i—%%)—i—(’)(e?)), T — 00,
CE4

\ﬁ(l—i—%)—i—@(ez), T — —00,
)

20+ O (e), T — 00,
b(x) =~ (3.155)

—%‘FO(E). T — —00,

\

from which we can see that the space-time is asymptotically flat as + — +oo.
Similar to the last subcase, the quantum gravitational effects are concentrated
in the region near the throat, and are rapidly vanishing as away from the throat in
each side of it for the proper choice of the free parameters, as in the corresponding
case A >0, D =0 and z,C # 0.
In addition, the above analysis is valid only for x(C # 0. Otherwise, we have

the following limiting case.
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e vy # 0, C =0: Then, we have

a(x) = )}f—z, b(z) =Y. (3.156)

Since a(x) # 0 for any given real value of z, as it can be seen from the above
expression, horizons, either WHs or BHs, do not exist, but b(z) is still a monotonically
increasing function with b(z = —oo) = 0, as shown in Fig. 3.1(c).

At the spatial infinities + — 400, we find that the effective energy density p

and pressures p, and py are given by
(

0, z — oo,
plr) =
0, =— —o0o,
\
(
2
— 2+ O (%), T — 00,
pr(z) =
k—lng—%—I—%jLO(eG), T — —00,
)
2
24+ 0 (€9, T — 00,
po(x) =
2 2
196% + 55—+ 0(f), - —oo,

(3.157)

from which we can see that none of the three energy conditions is satisfied to the
leading order of (1/x) at both x = —o0 and x = c©.

In addition, we also have

%<1+2l)izg>+(’)(e3), T — 00,

b(x) =~ (3.158)




from which we can see that the space-time is asymptotically flat as x — 400, but a
spacetime curvature singularity appears at x = —oo, where b(x = —o0) = 0, as it can

be seen from the above expressions.

3.6.3 D<O0

From Eq.(3.11) we find that

afz) = X @DXY Db =2 (3.159)

where X, Y, and Z are given by Eq.(3.12). From the above expressions, it can be
shown that there are two asymptotically flat regions, corresponding to z — +oo,
respectively. They are still connected by a throat located at x,, given by Eq.(3.26)
[cf. Fig. 3.1(a)]. But since a(z) # 0 for any given x, horizons, either WHs or BHs,
do not exist.

At the throat, the effective energy density p and pressures p, and py are given
by Eq.(3.54). Then, it can be easily shown that none of the three energy conditions,
WEC, SEC, and DEC, can be satisfied in the current case.

Similarly, the quantum gravitational effects are concentrated in the region near
the throat for only when the free parameters are properly chosen, and are rapidly
vanishing as away from the throat in each side of it.

At the spatial infinities © — 400, we find that the expression of p, p,, ps are
still given by Eq.(3.42), from which we can see that none of the three energy conditions
is satisfied to the leading order of (1/x).

The asymptotic expressions of a(z) and b(x) are given by Eq.(3.43), and the
total mass at © — +o0 is still given by Eq.(3.44), but since we now have D < 0, the

total mass becomes negative.
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Similar to the last case, the above analysis holds only for zoC # 0. When
xoC = 0, we find that only the possibility, xq # 0, C = 0, is allowed.

e zy#0, C=0: From Eq.(3.11) we find that

(X +|D) X
a(r) = 32z

b(x) =Y, (3.160)
where X, Y, and Z are given by Eq.(3.12). Clearly, a(z) = 0 has no real roots, thus
no horizons exist. On the other hand, b(x) is still a monotonically increasing function
with b(x = —o0) = 0, as shown in Fig. 3.1(c).

At the spatial infinities x — +o00, we find that the effective energy density and
pressures are still given by Eq.(3.84), from which we find that none of the three energy
conditions, WEC, SEC, and DEC, is satisfied at the spatial infinities. In addition,
the asymptotic behaviors of a(x) and b(x) are still given by Eq.(3.85). Therefore, the
total mass at x = oo is still given by Eq.(3.71), which is always negative.

However, at © = —oo we have b(—o0) = 0, and the physical quantities, p, p,,
and py, all become unbounded, so a spacetime curvature singularity appears at x =
—00.

This completes our analysis for the solutions with A < 0, and the main prop-

erties of these solutions are summarized in Table 3.3.

3.7 Conclusions
In this chapter, we have studied in detail the main properties of spherically
symmetric black/white hole solutions, found recently by Bodendorfer, Mele, and
Miinch [17], inspired by the effective loop quantum gravity, and paid particular at-

tention to their local and global properties, as well as to the energy conditions of the
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Table 3.3: The main properties of the solutions given by Eqs.(3.10)-(3.13) with
A < 0, for which no horizons exist in all these solutions. Here bhH = black hole
horizon, whH = white hole horizon, ECs = energy conditions, SAF = spacetime is
asymptotical flat, and SCS = spacetime curvature singularity. In addition, “v'”
means yes, “x” means no, while “N/A” means not applicable.

Properties A<O0
D >0 D=0 D <0
CI'()?éO C:07I07é0 IOC#O C:O,l’()?éo CI'()?&O, CZO,IO#O
bhH/whH exists? X X X X X X
Throat exists? v X v X v X
ECs at throat Eq.(3.147) N/A X N/A X N/A
ECs at x = 0 X X X X X X
Mass at © = oo D D —2 —a2 (SAF) D D
ECs at © = —o0 X X X X X X
Mass at = = —o0 e SCS -5 SCS e SCS

effective energy-momentum tensor of the spacetimes. Although this effective energy-
momentum tensor is purely due to the quantum geometric effects, and is not related
to any real matter fields, it does provide important information on how the spacetime
singularity is avoided, and the deviations of the spacetimes from the classical one
(the Schwarzschild solution). In particular, spacetime singularities inevitably occur
in general relativity, as longer as matter fields satisfy some energy conditions, as fol-
lows directly from the Hawking-Penrose singularity theorems [20]. In addition, due to
the Birkhoff theorem, the spacetime is uniquely described by the Schwarzschild black
hole solution in general relativity. Therefore, the presence of this effective energy-
momentum tensor also characterizes the deviations of the quantum solutions from
the classical one.

The most general metric for static spherically symmetric spacetimes, without

loss of the generality, can be always cast in the form,

2
ds? = —a(z)dt® + d(i) +02(x) (426 + sin” 0d°9) ,
alx

89



subjected to the following additional gauge transformations (gauge residuals),
t=at+ty, x=¢7), (3.161)

where a and ¢, are constant, and £(Z) is an arbitrary function of Z. Therefore, in
general the phase space are four-dimensional, spanned by (a, b, p, py), but with one
constraint, the Hamiltonian constraint, He.y = 0. So, the phase space is actually
three-dimensional, and the trajectories of the system are uniquely determined once
the three “initial” conditions are given. However, due to the polymerization (3.3), two
new parameters are introduced, so the phase space is enlarged to five-dimensional, due
to the polymerization quantizations. Nevertheless, the trajectories of the system are
also gauge-invariant under the transformations (3.161), which reduce the dimensions
of the phase space from five to three again. Therefore, the phase space in this model
15 generically three-dimensional.

The above general arguments can be seen clearly from the particular solutions
considered in this chapter, and the three physically independent free parameters now

can be chosen as (C, D, xy), defined explicitly by Eq.(3.9),

3C'D 1/ A
D = ——,  C=(16C*\? ==
NGk ( )7 NG

out of the five parameters, A;, Ao, n, C, and D, introduced in [17]. Thus, in

(3.162)

comparison with the relativistic case, the polymerizations introduce two more free
parameters, and only when they vanish, i.e., A; = Ay = 0 (or C = xy = 0), can the
solutions reduce to the Schwarzschild one with its mass Mgy = D, and a spacetime
curvature singularity located at the center (b = 0) appears. If any of them vanishes,
the corresponding moment conjugate, P; or P, can become unbounded at some points

(or in some regions) of the spacetime. As a result, spacetime curvature singularities
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will appear. From Tables II - IV it can be seen that in the current model the condition
for such singularities to appear is indeed \; = 0 (or C = 0), the cases corresponding
to Fig. 1(c).

The asymptotical properties of the spacetimes also depend on the choices of
the two parameters C and xy. In particular, when Czy # 0, we have z € (—o0, 00),
and a minimal point (throat) of b(z) always exists, with b(+o00) = oo [cf. Fig. 3.1(a)].
When C # 0 but xy = 0, the range of x is restricted to x € (0, 00) with b(0) = oo and
b(co) = oo. In this case, a minimum of b(x) also exists [cf. Fig. 3.1(b)]. When C =0
and zo # 0, the range of = is also x € (—o0,00), but now b(z) is a monotonically
increasing function of x with b(—o0) = 0 and b(c0) = oo [cf. Fig. 3.1(c)].

In [17,18,24], the authors considered the case
A=D?—22>0, D>0, Cxo#0, (3.163)
for which the black and white hole horizons always exist, located at
xfl = i\/Z,

respectively, as shown in Sec. 3.4.1 [See also Table 3.1]. The corresponding spacetime
has two asymptotically flat regions x — 400, which are connected by a throat located

at

1
:%(62—1'3),

Lm

as can be seen from Eq.(3.26) and Fig. 3.1(a)]. It is remarkable to note that in this
case the surface gravity at the black hole horizon z = z}; is always positive, while

at the white hole horizon x = x;, it is always negative, as the latter represents an

91



antitrapped surface. In the asymptotical region x — 400, the ADM mass reads
Mgy =D, (3.164)

while in the asymptotical region z — —oo, it reads

DC?
3’

My = (3.165)

as given explicitly in Eq.(3.44), which are all positive, too. All the above properties are
mainly due to the fact that the Komar energy density [21] (p + ), p;) remains positive
over a large region of the spacetime, despite that all the three energy conditions are
violated in most part of the spacetime, including the regions near the throat and
horizons, as well as in the two asymptotically flat regions.

In addition, the quantum gravitational effects are mainly concentrated in the
neighborhood of the throat. However, in the current model, such effects can be still
large at the two horizons even for solar mass black /white hole spacetimes, depending
on the choice of the free parameters. They become negligible near the black/white
hole horizons only for some particular choices of these free parameters [cf. Eq.(3.50)].

Moreover, the ratio Mpp /My i can take in principle any value, Mgy /My p €
(0,00), as the three parameters C, D, x now are all arbitrary (subjected only to the
constraint C > 0 as can be seen from Eq.(3.162)) [18].

It should be also noted that the region defined by Eq.(3.163) is quite small in

the whole three-dimensional phase space, spanned by (C, D, z;), where
D, z € (—o0,0), C € [0,00), (3.166)

although the cases with D = 0, or C = 0, or zp = 0 can be obtained only by taking
certain proper limits of the five free parameters, A\;, Ay, n, C, and D, as explained

explicitly in the content.
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With all the above in mind, we have explored the whole three-dimensional
phase space of the three free parameters (C, D, xg), and found that the solutions have
very rich physics. In particular, the existence of the black/white horizons crucially
depends on the values of A. When A > 0, they always exist and are located at
xi = ++/A, respectively. The spacetime in the region r; < x < xj; becomes
trapped. When A = 0, they also exist, but now become degenerate, :cﬁ = 0, that is,
a(x) = 0 now has a double root, the trapped region (a(x) < 0) disappears, and the
surface gravity at the horizon is always zero now, quite similar to the extreme case
of the charged RN solution with |e|] = m. When A < 0, the equation a(x) = 0 has
no real roots, and, as a result, in this case no horizons exist at all, neither a trapped
region.

Thus, depending on the choices of the three free parameters, C, D, x, there
are various cases that all have different (local and global) properties. In Secs. 3.4 -
3.6, we have studied the cases A > 0, A =0, and A < 0, separately, and in each of
which all the three possible choices of C and xg, as illustrated in Fig. 3.1, raise and
have been studied in detail. Their main properties are summarized in the three tables,
Tables 3.1 - 3.3. From these tables, the following interested cases are worthwhile of
particularly mentioning:

e A>0,D>0, Cxyg+# 0: As mentioned above, in this case the solutions were
first studied in [17,18,24], and in the present chapter we have studied them in
detail, and found the remarkable features stated above. In particular, we have
shown explicitly that the quantum geometric efforts are mainly concentrated
in the region near the throat (transition surface). However, in the current

model such effects can be still large at the black/white hole horizons even
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for solar mass black/white holes. They become negligible only in a restricted
region of the 3D phase space, defined by Eq.(3.50).

A =0, D>0, Cxg#0: In this case, the black/white horizons coincide and
all are located at xﬁ = 0, so the surface gravity at the horizon is zero, quite
similar to the extreme case |e| = m of the RN solution in general relativity.
But, it is fundamentally different from the RN solution, as now there are no
spacetime curvature singularities, and the spacetime becomes asymptotically

flat in both of the regions x — Foc0.
In addition, all the three energy conditions are satisfied at the horizon, but at

the throat x = z,,, they are satisfied only when D = C, for which the throat

coincides with the horizon, i.e., x,, = :c§ = 0.
Similar to the last case (in fact, in all the cases, including A > 0 and

A < 0), none of the three energy conditions is satisfied at the spatial in-
finities b(+00) = oo, although the quantum gravitational effects are also
mainly concentrated at the throat, as shown in Fig. 3.15. In this case, the
black/white hole masses are also given by Eqs.(3.164) and (3.165) but now
with |zo| = D.

A <0, D >0, Cxg# 0: In this case, the function a(x) is always positive,
and no horizons exist, although a throat does exist, as shown in Fig. 3.1(a),
at which all the three energy conditions are satisfied, as long as the conditions
(3.147) hold. By properly choosing the free parameters, the quantum geo-
metric effects can be made to be mainly concentrated at the throat, and the
spacetime is asymptotically flat at both of the two limits, x — +o00, with the
ADM masses, given, respectively, by Eqgs.(3.164) and (3.165), which can be

all positive. However, since no horizons exist, the spacetimes now represent
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wormholes without any spacetime curvature singularities. Again, this is not
in conflict to the Hawking-Penrose singularity theorems [20], as none of the

three energy conditions holds at the asymptotically flat regions, x = +oo.
The main properties of other interesting cases can be found in Tables 3.1 - 3.3.
It should be noted that, although in this chapter we have studied only the solu-
tions found recently in [17], we expect that quantum black hole solutions share similar
properties. In particular, due to the quantum geometric effects, an effective energy-
momentum tensor inevitably appears, which generically violates the weak/strong en-
ergy conditions at the throat, so the spacetime is opened up by such repulsive forces.
As a result, the throat will connect two asymptotically flat regions. For spherical
spacetimes [26], such effects are uniquely characterized by the two quantum parame-
ters Ay and A\g. The classical limit is obtained by setting Ay = Ay = 0. Therefore, the
singularities inside the classical black holes are resolved by the polymerization [4],

given by Eq.(3.3), provided that
Mg #£ 0. (3.167)

If any of these two parameters vanishes, a spacetime curvature singularity can appear,
as it is shown explicitly by the current model.

Therefore, spherically quantum black holes should generically also contain
three free parameters, which uniquely determine the location of the throat and the
two masses, measured by observers located in the two asymptotically flat regions.
Here we use “black holes” to emphasize the fact that in such resultant spacetimes
white/black hole horizons are not necessarily always present, and spacetimes with

wormhole structures (without horizons) can be equally possible, unless the two free
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parameters A\; and Ay are fixed by some physical considerations [9,23,26]. It is
also equally true that the two (Komar) masses are independent and can be assigned
arbitrary values, unless additional physics is taken into account [9,17,18,23]. To un-
derstand these issues further, one way is to consider the formation of such spacetimes
from gravitational collapse of realistic matter fields [27-34].

Finally, we would like to mention that to get a universal curvature upper
bound in these polymer black holes, we need to impose specific relations between
black and white hole masses [17], which amounts to impose further constraint in the
parameter space. In this chapter, we did not impose this condition in order to study
properties in the whole parameter space. To overcome this problem, recently BMM
proposed another set of canonical variables in which one of the canonical momentum
is precisely the square root of the Kretschmann scalar [18]. In this new model, a
universal curvature upper bound can be obtained without any further constraint on

the relation between black and white hole masses.
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CHAPTER FOUR
Understanding quantum black holes from quantum reduced loop gravity
This chapter is published in [2]: W. C. Gan, G. Ongole, E. Alesci, Y. An, F. W. Shu

and A. Wang, Understanding quantum black holes from quantum reduced loop
gravity, Phys. Rev. D 106, no.12, 126013 (2022).

4.1 Abstract

In this chapter, we systematically study the top-down model of loop quantum
black holes (LQBHs), recently derived by Alesci, Bahrami and Pranzetti (ABP).
Starting from the full theory of loop quantum gravity, ABP constructed a model with
respect to coherent states peaked around spherically symmetric geometry, in which
both holonomy and inverse volume corrections are taken into account, and shown that
the classical singularity used to appear inside the Schwarzschild black hole is replaced
by a regular transition surface. To understand the structure of the model, we first
derive several well-known LQBH solutions by taking proper limits. These include the
Bohmer-Vandersloot and Ashtekar-Olmedo-Singh models, which were all obtained by
the so-called bottom-up polymerizations within the framework of the minisuperspace
quantizations. Then, we study the ABP model, and find that the inverse volume
corrections become important only when the radius of the two-sphere is of the Planck
size. For macroscopic black holes, the minimal radius obtained at the transition
surface is always much larger than the Planck scale, and hence these corrections
are always sub-leading. The transition surface divides the whole spacetime into two
regions, and in one of them the spacetime is asymptotically Schwarzschild-like, while

in the other region, the asymptotical behavior sensitively depends on the ratio of two
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spin numbers involved in the model, and can be divided into three different classes. In
one class, the spacetime in the 2-planes orthogonal to the two spheres is asymptotically
flat, and in the second one it is not even conformally flat, while in the third one it
can be asymptotically conformally flat by properly choosing the free parameters of
the model. In the latter, it is asymptotically de Sitter. However, in any of these three
classes, sharply in contrast to the models obtained by the bottom-up approach, the
spacetime is already geodesically complete, and no additional extensions are needed
in both sides of the transition surface. In particular, identical multiple black hole and

white hole structures do not exist.

4.2 Introduction

Recently, a new technique (Quantum Reduced Loop Gravity - QRLG) aimed to
disentangle those ambiguities was proposed by Alesci, Bahrami and Pranzetti (ABP),
the so-called top-down approach [35]. QRLG is based on the tentative of reverting
the reduction-quantization process to implement a quantum symmetry reduction.
Performing gauge fixing to adapt the full quantization to the symmetry compatible
coordinates, QRLG allows to study the homogeneous spacetimes as coherent states
of the full theory retaining all the quantum degrees of freedom of LQG. In this sense,
QRLG doesn’t need an external area gap or an ad-hoc Hilbert space, because it
just uses the full LQG Hilbert space. QRLG program has been successfully applied
to cosmology [36] and a direct link to LQC has been unveiled [37]. However, the
inclusion of new degrees of freedom also opens the possibility for new scenarios as the
replacement of the big bounce scenario [38] with the emergent bouncing one [39]. The

application of QRLG to the interior of a black hole [40,41] has been recently performed
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and showed a completely new possibility. The black hole singularity is replaced by a
bounce followed by an expanding Universe that could be asymptotically de Sitter [42].

In this chapter, we shall study the ABP model in detail and confirm several
major conclusions obtained in [41,42], and meanwhile clarify some silent points. In
particular, the article is organized as follows. In Sec. 4.3, we provide a brief review
of the ABP model [40-42], by paying particular attention to its semi-classical limit
conditions, which are essential in order to understand the physical implications of
the model. In Sec. 4.4, we first consider its classical limit, whereby the physical
interpretation of quantities of the ABP model become clear, and then obtain the
Bohmer-Vandersloot (BV) [15] and Ashtekar-Olmedo-Singh (AOS) models [9,23] by
taking proper limits and replacements. In doing so, we look for the possible relation
among these models. Although formally we can obtain all these models, they all fall to
the case where the semi-classical limit conditions of the ABP model are not satisfied.
As a result, these models cannot be embedded properly into the ABP model. However,
we do find that such derivation is helpful in understanding the structure of the ABP
model. In Sec. 4.5, we study the ABP model without the inverse volume corrections
in detail, by first showing that such corrections become important only when the
curvature becomes the order of the Planck scale. The subsequent detailed analysis
shows that the minimal radius of the two-sphere obtained at the transition surface is
always much larger than the Planck scale for macroscopic black holes. As a result,
the inverse volume corrections should be always sub-leading for such black holes. In
Sec. 4.6, we confirm this by focusing only on the cases with v = 0.274 obtained by
the considerations of black hole entropy [43], and j, and j given by Eq.(4.21) below,

obtained by demanding that the spatial manifold triangulation remain consistent on
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both sides of the black hole horizons [42]. Our main results are summarized in Sec.
4.7, while in Appendix B, we provide some properties of the Struve functions.

In this chapter, we shall use ¢,,m,, 7, to denote, respectively, the Planck
length, mass and time. In all the numerical plots, we shall use them as the units. For

example, when plotting a figure with m = 1 we always mean m/m, = 1, and so on.

4.3 Effective Hamiltonian of Internal spherical Black Hole Spacetimes

Spherically symmetric spacetimes inside black holes can be written in the form
ds® = —N(7)%dr* + A(7)*dz* + R(7)*dQ?, (4.1)

where N(7) is the lapse function and d2* = df? +sin? §d¢?. Clearly, the above metric

is invariant under the following transformations
T=&(7), x=apr’ + by, (4.2)

where £(77) is an arbitrary function of 7" and a¢ and by are arbitrary constants.

4.3.1 Classical Spherical Spacetimes and Canonical Variables

It should be noted that, instead of using the canonic variables (A, R) and
their momentum conjugates (Py, Pr), one often uses (py, b, pe, ¢) [23], which can be
obtained by comparing the gravitational connection A’ 7;dx® and the spatial triads
Ef7'0,, given in [23,42], and yield

G
pe = R py=LoRA, b=—12pP,,

R
’)/GLQ APA
— Pr —

R (R R )’

(4.3)

where Lg is a constant, and related to Ly introduced in [42] by Lo = 2L,. Note that

in writing down the above expressions we assumed p. > 0. With the choice of the
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lapse function [9, 23]

R2
Ny = b sgn(pe) |pe|/* = — 4.4
1 =7b" sgn(pe) |pel N (4.4)
we find that the metric (4.1) takes the form
2 2
V(D) o py(T) 2 2
ds* = — L2 2dT? 4+ S (1)dS2 4.5
s ) U Tz T el (4.5)
where !
= +log(2Gm) (4.6)
= 5a,, Tlos(2Gm). .
Then, the corresponding classical Hamiltonian is given by
Ha[Na] = NuaH.
1 2
= —— (2¢cp. b+ —
i (et () )
LoR* ( GP\P GPiN A
= = R A ) (4.7)
G Py R 2R? 2G

4.3.2 Quantum Black Holes in QRLG

Within the framework of QRLG, starting from a partial gauge fixing of the full
LQG Hilbert space, ABP [40-42] studied the interior of a Schwarzschild black hole,
and derived an effective Hamiltonian by including the inverse volume and coherent
state sub-leading corrections, which differs crucially from the ones introduced previ-
ously in the minisuperspace models. In particular, by fixing the quantum parameters
associated with the structure of coherent states through geometrical considerations,
the authors found that the post-bounce interior geometry sensitively depends on the

value of the Barbero-Immirzi parameter ~, and that the value v ~ 0.274, deduced

1Tt should be noted that the parameter m used in [9,15,23] corresponds to Gm introduced
in this chapter.
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from the SU(2) black hole entropy calculations in LQG [43,44], gives rise to an asymp-

totically de Sitter geometry in the interior region 2.

Introducing the following parameters

0,242 42 4(3 —v)y?
A = 2022 — R
P ( 62 (53; + 5 ) )
0,27 8y 8(3v — 1)4?
po= (g ),
0,22 1292 414 v)y?
C = 20, ( T 5 5 ) : (4.8)
and the functions
o Py o Pr Py
X = avG(ﬁ), Y_ﬁ7G<RA R2>’
7 = 8vy*cos (%) sin’ <%) : (4.9)

we find that the effective Hamiltonian of the ABP model can be cast in the form

LoR*A
HIVHOS — _20?272GC(T)’ (4.10)

where

C(r) = sin[Y]{ (1 + %) ho[X]

+2 <1 + %) sin[X]}

+ 7+ <1+%>7rsin[X]ho[X], (4.11)

™| 2

and Ly denotes the length of the fiducial cell with z € [—Ly, Lo], and ¢, is the Planck
length with ¢, = \/hG/c?, while G and ¢ are the Newton’s constant and the speed
of light, respectively. The super indices “IV” and “CS” stand for, respectively, the

inverse volume and coherent state, while the dimensionless parameters 9, ¢, and v are

2 Note that, instead of using the SU(2) black hole entropy as done in [43,44], if one uses
the U(1) black hole entropy arguments, the parameter v was found to be v ~ 0.2375 [11].
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the spread parameters, characterizing the coherent state corrections. The terms pro-
portional to the constants A, B and C' characterize the inverse volume corrections and
are subdominant [42]. The function ho[X] denotes the zeroth-order Struve function

and its series expansion reads [45]

2 23 25

hQ[Z] = ; (Z - 12 32 + 12 32 ] 52 — ) . (412)

In Fig. 4.1, we plot out the Struve function hg together with h_;, as the latter will

appear in the dynamical equations. In general, the v-th order Struve functions are
defined by Eq.(B.1) in Appendix A, in which some of their properties are also given.

For more details, we refer readers to [45].

ho h_1

0.5

-0.2

N
A AL

-0.4

(a) (b)

Figure 4.1: The Struve functions h[X] and h_;[X].

In terms of the spin numbers j and j,, the parameters a and [ are given by

0= 2m /A by B=4 )0

— j {p, (4.13)
where j, denotes the averaged spin number of all plaquettes that tessellate the 2-

sphere S? spanned by (6, ¢), while j is the averaged spin number associated with the

links dual to the plaquettes in both (0, z) and (¢, z) planes. It must be noted that
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this effective Hamiltonian is valid only in the semi-classical limits [42]
3y Jo > 1 (4.14)

To understand further the geometrical meaning of 5 and j,, we introduce the coordi-
nate lengths along x, 0, ¢ directions by €,, €, €4, respectively. Due to the spherical
symmetry, we have ey = €5 = €. Then, we introduce two new quantities A" and N,

in terms of which € and €, can be written as

2w - EO

VR Ex = A7
N N,

where N2/2 is the total number of the plaquettes on S?, and N, denotes the total

€

(4.15)

number of plaquettes in the x direction for a given fiducial length L£y. The effective

Hamiltonian (4.10) was obtained under the assumption
N, Ny>1 or e ¢ < 1. (4.16)

To find the relations between (N, N.) and (j,J.), we can calculate the area of a
given S? and the volume of a given spatial three-surface spanned by x, 0, ¢, which are

given, respectively, by

~ N
peS?
V(S) = 8rLoAR? =4 (8772)* j /1NN, (4.18)

where jg is the spin number associated with the link dual to the given plaquettes p
on S2. In the limit ' > 1, the sum of j? in Eq.(4.17) was approximated by the
average spin j, of a single cell times the total number of the plaquettes in S?. In the
last step of Eq.(4.18), the average spin number j is associated with the links dual to

the plaquettes in both (x,0)- and (z, ¢)-planes. Therefore, we find

R 1 LoA (\/jx)
N = —, N,= = ). 4.19
VG (x/j) VA LR (4.19)
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Inserting Eq.(4.19) into Eq.(4.15), we obtain
€= —, € =—, (4.20)

where a and f are defined by Eq.(4.13).

It should be noted that the understanding of the geometrical meaning of
N, N,,7 and j, is important for our following discussions, especially when we con-
sider some specific models within the framework of QRLG. As to be seen below, both
of the semi-classical limit conditions (4.14) and (4.16) must be fulfilled, in order to
have the effective Hamiltonian (4.10) valid. These also provide the keys for us to
understand the semi-classical structures of black holes in the framework of LQG.

We further note that, by demanding that the spatial manifold triangulation

remain consistent on both sides of the black hole horizons, ABP found [42]

for which we have

(0]
[\
%3

, (4.22)

a
=73

as can be seen from Eq.(4.13). Then, in the effective Hamiltonian (4.10) five new

parameters

(7,J5%,0,00) or (v,0;0,0,0z),
are present in addition to G, ¢, h, where (v,0,0,) are related to the inverse volume
corrections. One of the purposes of this chapter is to understand their effects on the
local and global properties of the spacetimes.
It should be noted that the two spin numbers 7 and j, used in this chap-

ter, which are consistent with those used in [42], are different from the ones (7, jo)
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introduced in [41] 3. In particular, we have

~ . ~ .
J=V8T e Jo = Gl (4.23)

To write down the corresponding dynamic equations for the effective Hamil-

tonian (4.10), using the gauge freedom (4.2), ABP chose the lapse function N(7)

as
20y
N(T)=——= 4.24
where m is a mass parameter, and W is defined as
W = 7holX]+ 2sin[X]. (4.25)
Taking A — 0, it reduces to
. R?

which corresponds to the classical limit, and m represents the mass of the Schwarzschild

black hole. Taking Eq.(4.6) into account, we find that
NZdr? = N3dT?, Ng=2GmN,, (4.27)

where N and N, are given, respectively, by Eqs.(4.4) and (4.26).
Then, the smeared effective Hamiltonian of Eq.(4.10) with the choice of the

lapse function (4.24) is given by

HPOSIN] = N(r)HD % = LA C(r) (4.28)
wnt - wnt omeQW . .
Hence, the corresponding dynamical equations can be cast in the form
2 R cos|Y]

—-2Gm-R' = ———D 4.29

i W (4.29)
z RPpg cos[Y]

—2GmZP! - 4.30

3 Note that, instead of using (j, jo) as those adopted in [41], here we use the symbols with
hats, in order to distinguish them from the ones used in this chapter.
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zN cos[Y] 1 c\ .,
—QGmZK = _TD+W{Wh1[X] 2(14-@) Sin [X]—Z

reos{x]| (14 5 ) w2H31X] - 22
% sin[Y] ( sin[X]h_,[X] — cos[X]ho[X]) } (4.31)
_2Gm% P, = ”RR_—WCOS[Y]D + 27;;? sin[X]h_ [X] (1 + %)
+%hom{ (m%> sin[X] + Py cos[X] <1 + %) }
+2A;i—vnvm{%ﬂh_l[x] (1 + %) + mic;”hom + ;fG sin[X]
) (14 2) } - B (5) - n (%)),
(4.32)
where
D(X) = (1 n %) Tho[X] + 2 <1 - %) sin[ X7, (4.33)

and a prime denotes the ordinary derivative with respect to z, with z = exp(—7/¢),
where / is a constant and has the length dimension. The function h_[X] (= dho[X]/dX)
denotes the Struve function of order —1. In Appendix A, we present some basic prop-

erties of these functions, and for other properties of them, we refer readers to [45].

4.4 Some Known Loop Quantum Black Holes as Particular Limits of the ABP
Model
To understand the quantum reduced loop black hole (QRLBH) spacetimes
with both of the holonomy and inverse volume corrections, in this section let us

first consider some limits of the parameters involved, and derive several well-known
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spacetimes. In doing so, we can gain a better understanding of the QRLBH spacetimes

and their relation with other models.

4.4.1 Classical Limit
The classical limit is obtained by taking A — 0, that is, by setting ¢, = 0,

which leads to

A=B=C=0,
D~ W~ 4X, Z:2§f. (4.34)
Then, Eqs.(4.29) - (4.32) reduce respectively to
—QGm%R’:: R, (4.35)
—QGm%Rg:: 5%? (4.36)
‘QGm%%': _GZ§;§a (4:57)
_xwé% :3&_ng+£iy (4.38)

while the effective Hamiltonian (4.10) reduces to (4.7) with Ly = 2Ly. Then, from

the Hamiltonian constraint H,. = 0, we find the following two useful expressions

RPy  G?P}— R?

- A 77 4.
A 5G2P, (4.39)
AP, RA
— = 2P _— 4.40
R =Y Gap, (4.40)
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Inserting them into Eqs.(4.36) and (4.38), respectively, we obtain two new equations

for Py and Py, and together with the other two, they can be cast in the forms

—2Gm%R’ - R, (4.41)
:,  GP-R
2N G*P} + R?
Z GQPAPR + AR

—2Gm Py =~ (4.44)

Now, the above equations can be solved in sequence, that is, we first solve Eq.(4.41)
to find R(z), and then substituting it into Eq.(4.42), we can find P,(z). Once R(z)
and Py(z) are given, we can substitute them into Eq.(4.43) to find A(z). Then, we
can find Pg(z) either by integrating Eq.(4.44) explicitly or by using the Hamiltonian
constraint H. = 0. In the first approach, we shall have four integration constants,
but only three of them are independent, as the Hamiltonian constraint H,. = 0 must
be satisfied, which will relate one of the four constants to the other three. Therefore,
a simpler way is to solve H,. = 0 directly to find Pg, once R, Py, and A are found
from Eqs.(4.41)-(4.43). However, to illustrate what we mentioned above, let us first

integrate the above four equations directly to get

R = coeﬁ7 (445)
c1G2e3Gm — colecm

e

A = CQe_ﬁ\/chQ—cgeﬁ, (4.46)

Prn = cye%m i:fggz, (4.47)

where ¢,’s are the four integration constants. As noticed above, only three of them

are independent. In fact, substituting the above expressions into the Hamiltonian

109



constraint H,. = 0 we find that
C102G = :{:20003. (448)

On the other hand, from Eq.(4.24), we find

2
N = I
2mG2PA
" —
= = oo _ (4.49)
2Gmy/c,G2er6m — 2eTm
Thus, we finally obtain
ds? = —N?dr* + AN*dz® + R*dQ)?
dR? G?c,
= —% + cgcg (C(]—R — 1) dz? + R*dO*.
co

(4.50)

Clearly, using the gauge residual (4.2), we can always absorb the factor cZc3 into = by
setting ag = (coco) ™! Then, the metric essentially depends only on one independent
combination, G?c;/cy, of the parameters, which is related to the mass of the black

hole via the relation

ClG
= —. 4.51
m=g- (4.51)

It should be noted that the integration constants ¢,’s can be also determined

by the boundary conditions
R=2Gm, A=0, Py,=0, (r=0), (4.52)

and the Hamiltonian constraint at the horizon 7 = 0, which will be elaborated in
more detail below, when we try to solve the field equations (4.29) - (4.32) numerically

for the general case. In the current case, it can be shown that the above conditions
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together with the Hamiltonian constraint lead to

co = 2Gm C*C—g C*i c3 = 1 (4.53)
0= A= A 2_007 3—4:2(;7 .
so the classical metric finally takes its standard form
2Gm\ ! 2G
wt = (1220 aw - (1220 )0
+R2d0?. (4.54)

4.4.2 Bohmer-Vandersloot Limit
Following the so-called ji scheme in LQC [14], Bohmer-Vandersloot (BV) [15]
considered the case in which the physical area of the closed loop is equal to the

minimum area gap predicted by LQG
A =232, (4.55)
For example, the holonomy loop in the (z,#)-plane leads to
Azo = 00cpy, (4.56)
while the one in the (0, ¢)-plane leads to
Agy = 6Des (4.57)

where the new variable b, ¢ and their moment conjugates p,, p. are related to the

ABP variables through Eq.(4.3), which can be written in the form

p = LoAR, b= —a 'RX,

p. = R?, c=—B"1LyAY, (4.58)
where X and Y are defined in Eq.(4.9). Then, setting

Agg = A = Apy, 4.59
¢
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will lead to

A VAP,
b= =, 6= Y2l (4.60)
Pc Py
Making the replacements
(5b .
. sin(dp )7 . 8111(500)7 (4.61)
0p ¢

in the classical lapse function Ny (4.4) and Hamiltonian H (4.7), we obtain

~ 0y/Pe
Npy = Sin(0yh)” (4.62)
. 1 sin(d.c
HEIN) =~ | 2
Siﬂ(ébb) ’}/255
: 4.
+( (Sb +sin((5bb) Py ( 63)

It is remarkable to note that the above effective Hamiltonian can be obtained
from the ABP Hamiltonian without the inverse volume corrections presented in the

last subsection. In fact, making the following approximation

2

2
ho[X]| — - sin[X], cos[e] sin® E] — EZ, (4.64)
where ¢ is defined in Eq.(4.20), we find that *
A = B=C=0,
W o~ 4sin[X], D ~4sin[X],
D a2
— ~ 1, Z~29 <—>
W ? ’7/ R Y
2
h_y =~ —cos[X]. (4.65)
7r

41t should be noted that Eq.(4.8) tells that physically the conditions A = B = C' = 0 imply
that: (a) the parameters a and § defined in terms of the spin numbers j and j, [cf. Eq.(4.13)]
must satisfy the condition o, S > £,; and (b) the spread dimensionless parameters 6, and &
appearing in the quantum reduced coherent states [42] must satisfy the condition 6, d, > v2. Both
conditions are consistent with the semi-classical approximation of the effective Hamiltonian [42].
Further considerations of these conditions are presented in Section 4.5 given below.
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Then, substituting the above into the effective Hamiltonian (4.10), we shall obtain
precisely the BV Hamiltonian (4.63) with

a a 5 B /3\/175

(S = — = ; c = — = 466
TR AL m 469
Comparing them with those given by Eq.(4.60), we find that
aBY) = gBY) — /A (4.67)
which immediately leads to
3
GV = [ ~0.0864 ~ 0.3135(BY) > ~j(BV),
1287
3
JEV) % ~ 0.275 (4.68)

Therefore, the BV Hamiltonian is precisely the limit of the effective ABP Hamilto-
nian,® provided that:

e the inverse volume corrections vanish, A = B = C = 0;

e the Struve functions ho[X] and h_;[X] are replaced respectively by (2/m) sin[X]

and (2/m) cos[X]; and

e the spin parameters j, and j are chosen as those given by Eq.(4.68).
It is clear that the last condition is in sharp conflict with the semi-classical limit
requirement of Eq.(4.14).

In addition, as T" — —oo, BV found the following asymptotic behaviors

b ~ ba pb:ﬁbeiéﬂl

c ~ e p.~p,, (4.69)

5In the BV limit, N(7) — 2EY because dr = 2GmdT. Thus, we have HIVFOSIN] —
HEy [N]
2Gm
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where b, Py, ¢, p. and @ > 0 are constants, given by [cf. Eqgs.(64) - (69) in [15]]

2
2sin(5b13) - Sin(gbl;)Z = Aﬁry )

a = — cos(&b) + cot(dpb),

sin(dyb) — (51,5 + g) [cos(ébb) - cot(dbb)] —-2=0,

with

- VA - VAp. - T
55:__? 502_—7 5CCZ__-
V/Pe Db 2

Then, from Eqgs.(4.60) and (4.62) we find that asymptotically

Hence, the spacetime is asymptotically described by the metric

2
ds® = —N2,dT? + %dﬁ + pedP?
Opc
E 2
~ (?0) (—dt? + dz?) + p.dQ?,
where
L D N
dt = eadrT, z = $$7 to = —.
NLo\/p_c «

(4.70)

(4.71)

(4.72)

(4.73)

(4.74)

(4.75)

(4.76)

Loop quantum black holes do not satisfy the classical Einstein’s equations. However,

in order to study the loop quantum gravitational effects (with respect to GR), we

introduce the effective energy-momentum tensor 7' Ifyff by Tueyff = G,, % which takes

the form

Tt~ puyuy, + paZu®y + po (0,0, + dudy) |

(4.77)

61t should be noted that the Einstein field equations usually read as G, = (87G/c")T,,.,
while in this chapter we drop the factor 87G/c*, as this will not affect our analysis and conclusions.
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in the current case, where u, = (to/ﬂéu, Ty = (to/1)07, 0, = /Debl), dp = \/Pesin 057,

and

1 1 1
P — P =, PL = —=. (4-78)
Pe Pe &

12

From the above it is clear that the spacetime corresponds to a spacetime with a
homogeneous and isotropic perfect fluid only when tqg = \/p.. When tq # /D., the
radial pressure is different from the tangential one, despite the fact that they are

all constants. The latter (with ¢y # /P.) can be interpreted as the charged Nariai

solution [46]. In addition, we also have

1 1
R~2(—+=],
(ﬁft%)

) 11
a2 (54 1),
RﬂuaﬁRm’aﬁ ( ) )
Pe + 1?2
ClagCrves o 22 07 4.79

It is remarkable to note that, even when ¢y = /P, the spacetime is still not confor-
mally flat. So, it must not be the de Sitter space. In fact, as noticed by BV [15], it

is the Nariai space [47,48].
On the other hand, from Eqs.(4.70)-(4.72), BV found the following solutions

b~0.156, p.~0.182(2, @&~ 0.670,

S o 2200m2, N ~ 0.6894,, (4.80)
Po
from which we find that
N
fo = — ~ 1.029¢, # \/p. (~ 0.4270,) . (4.81)
(0%

Therefore, the solution is asymptotically approaching to the charged Nariai solu-

tion [46], instead of the Nariai solution [47].
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It should be noted that in the above calculations, BV took v ~ 0.2375 in the

expression A = 2\/§W7€§. Instead, if we take v ~ 0.274 [42] we find
N =~ 0.8540,, pe~ 02790, (v~ 0.274),

toE

o=

~ 1.2750, # /Pe (= 0.529¢,) | (4.82)

that is, even in this case the spacetime is still not asymptotically Nariai, but the

charged Nariai [46].

4.4.3 Ashtekar-Olmedo-Singh Limit
From the analysis of the BV limit, it becomes clear that from the general ABP

model, the AOS limit [9,23] can be obtained by the replacements

ho X — %Sin[X], hofe] — %COS[X],
cos|e] sin? E] — EZ’ (4.83)

so that

W o~ 4sin[X], D ~4sin[X],
D

~ 1 Z~22(O‘)2 (4.84)
W - ) - fy R : :
In addition, we must also set
A=B=C=0,
9, 0. = Constant. (4.85)

Then, the resultant lapse function and effective Hamiltonian will be precisely given

by the same form as Eqs.(4.62) and (4.63) but with different 6,, J.. With the above
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in mind, AOS found the following solutions [9]

. 2aqe?T
bec) =
sin (d.c¢) e
b+€b0T —b_
oS (00) = by T
GmLge T
Py = ——223 (b+€b0T + b_) A,
pe = 4(Gm)? (a5 + ') e, (4.86)

where m is an integration constant, related to the mass parameter as noticed previ-

ously, and
1/2
A = [2 (bp+1) et —p? — biezbOT} ,
_ 0L _ 1/2
a0 = T = (19%),
by = by=£1, (4.87)
with

b e (0,m), d.c€(0,m),
<0, p.>0, —oo<T<O. (4.88)

In terms of p, and p., the metric takes the form

2
ds? = =Niosdl? + —Hsda® + [peld02?, (4.89)
|pe| LG
where 7
N 0 sen (po) el
A0S sin (6,0)
2Gm _p

= e (b 1) (a2 + 7).

(4.90)

"In the AOS limit, N(7) — 5408 because dr = 2GmdT. Thus, we have H," "“5[N] —
H36s[N]
2Gm  °

117



From Eq.(4.86), it can be seen that the transition surface is located at dp,. (T) /0T =

0, which yields

1 "}/(SCLO
=1 : 4.91
T 2n(8Gm><0 (4.91)
There exist two horizons, located respectively at
2 bo+ 1
TBH == 0, TWH =——1In o+ s (492)
bo by — 1

at which we have A(T") = 0, where T' = Tgy is the location of the black hole horizon,
while T" = Tyyy is the location of the white hole horizon. In the region 7 < T < 0, the
2-spheres are all trapped, while in the one Tywy < T < T, they are all anti-trapped.
Therefore, the region 7 < T < 0 behaves like the internal of a black hole, while the
one Tywy < T < T behaves like the internal of a white hole.

The extension across the black hole horizon can be obtained by the following

replacements [9, 23]
b— ’Lb, Py — 1Dy,
C— ¢, Pe— Pe (4.93)

Then, AOS found that the corresponding Penrose diagram consists of infinite dia-
monds along the vertical direction, alternating between black holes and white holes,
but the spacetime singularity used appearing at p. = 0 now is replaced by a non-zero

minimal surface with
P = pe(T) > 0, (4.94)

where T is given by Eq.(4.91).
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To completely fix the values of 9, and d., AOS required that on the transition

surface T, the physical areas of A,y and Ap, be equal to the area gap A [9,23]
271’(5551, ]pb(T)| = A, (495)
Amdip.(T) = A. (4.96)

It is interesting to note that, substituting Eq.(4.66) into the above equations,

we find that
2raf = A, 4dma’ = A, (4.97)
which are all independent of p, and p. and given by

a:%ﬂ: \/gz V220, (4.98)

Comparing it with Eq.(4.13) we find that

1 1 1 1
(AOS)  _ <2 i@os) _ -2
J 473/2 T 97 Jz Vorz 2
j(AOS) _ \/g ja(nAOS) ~ 0'6265‘7';1%05) > Vj;EcAOS)a (4.99)

from which we find that such given j and j, do not satisfy the semi-classical limit
conditions (4.14) either. Therefore, the AOS model cannot be realized in the frame-
work of QRLG either, although it can be obtained formally by the approximations

(4.84) and (4.85) from the ABP model.

4.5 Quantum Reduced Loop Black Holes without Inverse Volume Correction Terms
Setting the three constants A, B and C to zero, the effective Hamiltonian

(4.10) reduces to the one given in [41], but with the replacement of the constants «

and ( by

N (]
o= vEm 6\ 5= (4.100)

Vio
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where now j, and j denote the quantum numbers associated respectively with the
longitudinal and angular links of the coherent states, as mentioned in Section II. The
relations between (§, j,) and (7, jo) are given explicitly by Eq.(4.23). Without causing

any confusion, in the rest of this section we shall drop the hats from (j, j’o):

(ja.j()) — (j7j0)7
unless some specific statements are given.

It is interesting to note that dropping the terms that are proportional to the

constants A, B and C' defined in Eq.(4.8) is physically equivalent to assuming that

A B C
< (4.101)
as can be seen from the effective Hamiltonian given by Eq.(4.10). Before proceeding
further, let us first pause here for a while and consider the above limits. In particular,

from Eqs.(4.13) and (4.21), we find o ~ 3 ~ y/jl,, where “~” means “being the same

order”. On the other hand, introducing the spread parameters §; via the relations [42]

T2 R? T2 R?
Op = ———50s, 0= 5l
a’(sin#)? a? 52 (sin 6)2
TR §
I (4.102)

we find that the terms appearing in the expressions of A, B and C behave, respec-

tively, as

62 612)72 N 6272 62 12 N ’y27T2R2
P\ 2 i P\ 4, 42sin?(0)6,’

P (3 — 1) N 2R ny2R? (103)
P ) 42 sin*(0)6, j20, '
Thus, the conditions (4.101) imply
N by L .
(1) = <1, (i) jo > 1, (i=r0,¢p). (4.104)
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Condition (ii) is required by the effective Hamiltonian approach [42], while condition
(i) tells us that the effects of the inverse volume corrections are negligible when the
geometric radius of the two-spheres (with 7,z = Constant) is much large than the
Planck length.

With the above in mind, let us now turn to consider the effective Hamiltonian

given by Eq.(4.10) with
A=B=C=0. (4.105)

It was shown [41] that the classical singularity of the Schwarzschild black hole now is
replaced by a quantum bounce at R = R,,;, > 0, at which all the physical quantities,
such as the Ricci scalar R, Ricci squared R, R*, Kretschmann scalar RWMRW“B ,
and Weyl squared CMV&BC’WW, remain finite. In addition, at the black hole horizons,
the quantum effects become negligible for macroscopic black holes.

A remarkable feature of this class of spacetimes is that the spacetime on the
other side of the bounce is not asymptotically a white hole, as normally expected
from the minisuperspace considerations [26]. Instead, depending on the values of 7,

defined by
n=— ==, (4.106)

the spacetime has three different asymptotical limits, as 7 — —oc.
In this section, we shall provide a more detailed study over the whole parameter

space. To this goal, let us consider the three cases n =1, n < 1 and n > 1, separately.
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i

Figure 4.2: The Penrose diagram for the loop quantum spacetimes without the inverse
volume corrections in the case n = 1. The curved lines denoted by 7, are the transition
surfaces (throats), and the straight lines AD and CB are the locations of the black hole
horizons. The dashed lines AB and CD are the locations of the classical singularities
of the Schwarzschild black and white holes, which now are all free of singularities.

451 n=1

In this case from Eq.(4.106) we find that j = jo. Then, as 7 — —o0, we have

X ~ —m, Ye~-—m W >~—nhn],

Py s Pr 27

—_ -~ 4.107
R2 ayG’  RA ayG ( )
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Hence, the metric coefficients have the following asymptotical behavior [41] 8

2By Vo IR
N(7) (T = 0886

mG 1/3
A(r) ~ 3149 (_) ,
7 Vit
294\ 1/3
J°, T
R(r) ~ 0.0504 (%> exp( — G). (4.108)

Thus, the metric takes the following asymptotical form
ds* ~ —d7* + dz* + R*d$)?, (4.109)

which has a topology R? x S?  and the (7, z)-plane is flat, where 7 = —N (7 — —o0)T
and Z = A(1 — —oo)z. Then, the low half plane —oco < 7 < 0 and —oo < & < o0 is
mapped to the upper half plane 0 < 7 < oo and —oco < ¥ < 00, and the corresponding
Penrose diagram is given by Fig. 4.2.

It should be noted that the spacetime is not vacuum as 7 — —oo, despite the
fact that the (7, Z)-plane is asymptotically flat. This can be seen clearly by writing

the metric (4.109) in terms of the timelike coordinate R

2
ds* ~ — (%) dR? + dz* + R*dS??, (4.110)

where Ry = 24/ £,. For the metric (4.110), we find that the corresponding effective

energy-momentum tensor can still be cast in the form of Eq.(4.77), but with u, =

8 We found that the numerical factor, 31.49, of A weakly depends on the mass parameter
m. For example, it is respectively 31.55,31.77,32.63 for m/m, = 10°,10°,10%. On the other hand,
the numerical factors of N(7) and R(7) are very insensitive to m. In particular, they are the same
up to the third digital for m/m, = 102,106,105, 10%.
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(Ro/R)0%, T, = 07, 6, = RO, ¢, = Rsin 657, and

1 . 1
13
1
~ L 4111

The commonly used three energy conditions are the weak, dominant and strong
energy conditions [20]. For Tﬂ"f given by Eq.(4.77), they can be expressed respectively
as

e the weak energy condition (WEC):

p>0, p+pz >0, p+pi >0, (4.112)

e the dominant energy condition (DEC):

e the strong energy condition (SEC):

p+p:=>0, p+pL >0, p+pz+2pL >0. (4.114)
Clearly, Eq.(4.111) does not satisfy any of these conditions, but the energy density
and the two principal pressures do approach constant values that are inversely pro-
portional to R3 o 612), that is, the spacetime curvature approaches to the Planck scale.

On the other hand, we also find

E
R? R

1 4 6
R R~ = 4 — 4+ 2 ),
Z <R4+R2R8+R3)
1 2 3
RuasR"P 4| — + —— + =),
4

O N p—
3R4

R ~

O,uuaﬁ (4115)
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Table 4.1: The initial values Pr(7;) obtained from the effective Hamiltonian
constraint (4.117) and the choice of the initial values of the other three variables
given by Eq.(4.116), and its corresponding relativistic values Pg_(7;), for different

choices of 7;. Results are calculated with m = 10'?m,,, j = jo = 10.

/7, | -0.01 | -0.02 |-0.05 |-0.1 -1 -10 -100 —10% | —10?
Pgr, 1 0.500 | 0.500 | 0.500 | 0.500 | 0.500 | 0.500 | 0.500 | 0.500 | 0.500
Pr 10506 | 0.500 |0.501 | 0.500 | 0.500 | 0.500 | 0.500 | 0.500 | 0.500

Table 4.2: The initial values Pr(7;) obtained from the effective Hamiltonian
constraint (4.117) and the choice of the initial values of the other three variables
given by Eq.(4.116), and its corresponding relativistic values Pg_(7;), for different
choices of j with jo = j (or n = 1). Results are calculated with

m = 1012mp, 7i = —10 7,.
J 10 103 10° 107 108 10° 1010 101 102
Pr, 1 0.500 | 0.500 | 0.500 | 0.500 | 0.500 | 0.500 | 0.500 | 0.500 | 0.500
Pr 10.500 | 0.500 | 0.500 | 0.500 | 0.500 | 0.500 | 0.500 | 0.500 | 0.501

It is interesting to note that the last expression of the above equation shows that

asymptotically the spacetime is conformally flat, while the Ricci, Ricci squared and

Kretschmann scalars are approaching to their Planck values.

To study this class of solutions in more details, we need first to specify the

initial conditions, which are often imposed near the black hole horizons [9,15,23,41],

as normally it is expected that the quantum effects for macroscopic black holes should

be negligible [26], and the spacetime can be well-described by the Schwarzschild black

hole spacetime. So, near the horizon, say, 7 = 7; >~ 7y, we can take the initial values of

Table 4.3: The initial values Pg(7;) obtained from the effective Hamiltonian
constraint (4.117) and the choice of the initial values of the other three variables
given by Eq.(4.116), and its corresponding relativistic values Pg_(7;), for different

choices of m. Results are calculated with j = 10, 7, = —10 7,.
m/m,, | 10 102 10° 10° 1010 102 10
Pr, 0.176 0.474 0.497 0.500 0.500 0.500 0.500
Pr 0.051 0.474 0.497 0.500 0.500 0.500 0.500
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(A, Py) and (R, Pr) as their corresponding relativistic values, (A, Py,) and (R., Pg,).
However, there is a caveat with the above prescription of the initial conditions, that is,
before carrying out the integrations of the effective Hamiltonian equations, we do not
know if the corresponding model indeed has negligible quantum gravitational effects
near the black hole horizons even for macroscopic black holes. Therefore, a consistent
way to choose the initial conditions should be: First choose the initial conditions for
any three of the four variables, (R, A\, Pg, Py), and then obtain the initial condition
for the fourth variable through the Hamiltonian constraint HIV7% = 0. The choice of
the initial conditions for the first three variables clearly are arbitrary, which form the
complete phase space D of the initial conditions of the theory. However, in order to
study quantum effects, one can choose them as their corresponding relativistic values.

For the ABP model, we shall choose these three variables as (R, A, Py), so

that

A(mi) = Adm), Pa(mi) = Pa(7),

R(ri) = Re(m), (4.116)
while Pg(7;) is obtained from the effective Hamiltonian constraint

HYVFS(2) =0, or C(r) =0, (4.117)

int

where C(7) is defined by Eq.(4.11). This reduced parameter space will be referred
to as D. It is clear that this reduced space is much smaller than the whole phase
space D. However, for our current purpose, this is enough. With such chosen initial
conditions, the Hamiltonian equations will uniquely determine the evolutions of the
four variables (A, Py) and (R, Pg) at any other time 7. Once these four variables are

known, from Eq.(4.24) we can find the lapse function N(7).
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Figure 4.3: Plots of the physical variables (R, A, Pg, Py) and their classical correspon-
dences (R, A¢, Pr,, Py,). Particular attention are paid to the region near the throat
7= —3.91 x 10'*. Graphs are plotted with m = 10*m,, j = jo = 10.

With the above prescription, we can see that the initial values of the four

variables will depend not only on the choice of the initial moment 7; but also on the

values of jo, j and m. In particular, if the quantum effects are not negligible at the
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Figure 4.4: Plots of C(7) and the lapse function N(7) for m = 10"m,, j = jo = 10.

moment 7;, it is expected that such obtained Pg(7;) should be significantly different
from its corresponding relativistic value Pg,_(7;).

To see this clearly, in Tables 4.1 - 4.3 we show such differences. In particular, in
Table 4.1 we show the dependence of Pr(7;) on the choice of the initial time 7; for m =
10%m,, j = jo = 10. From this table we can see that APg(7;) = Pr(7;) — Pr.(7:) =~ 0
for 7;/7, S —0.1. As 7; — 0, the difference becomes larger.

In Table 4.2, we show the dependence of Pg(7;) on the choices of j with
m = 10?m,, and 7; = —10.0 7,. Physically, the lager the parameter j is, the closer to
the relativistic value of Pr should be. However, due to the accuracy of the numerical
computations, it is difficult to obtain precisely the values of Pr from the effective

Hamiltonian constraint (4.117). So, in Table 4.2 we only consider the initial values

of Pr(7;) for 7 <102
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Figure 4.5: Plots of the relative differences of the functions (R, A, Pr, Py, N) and C(7)
near the black hole horizon with the same choice of the parameters m and 7, as those
specified in Figs. 4.3 and 4.4, that is, m = 10?m,,, j = j, = 10.

In Table 4.3, we show the dependence of Pg(7;) on the choices of m with
j = 10 and 7, = —10.0 7, from which it can be seen that the deviations becomes
larger for m < 10 m,,. It should be also noted that for very large masses, the initial

7/(Gm) “appearing in the

time 7; must be chosen very negative. Otherwise, the term e
effective Hamiltonian constraint [cf. Eqgs.(4.45) - 4.47)], becomes extremely small,
and numerical errors can be introduced. So, in Table 4.3 for the choice of 7, = —107,,

we only consider the cases where m is up to 10 m,, although physically the larger

m is, the closer Pg(7;) is to its relativistic values.
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Figure 4.6: Plots of the physical variables (R, A, Pg, Py) and their classical correspon-
dences (R., A., Pgr., Py.). Particular attention is paid to the region near the throat
Tmin = —1.148 x 10*. Graphs are plotted with m = 103m,,, j = jo = 10.

In Fig. 4.3, we plot the four functions (R, A, Pg, Py), and their classical

correspondences for m = 10%m,, j = jo = 10, 7, = —10 7,. With such ini-

tial conditions, we find that the location of throat (transition surface) is around
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Figure 4.7: Plots of the lapse function N(7) and C(7) for m = 103m, and j = j, = 10.

Timin = —3.9108 x 10'37,,, at which R(7) reaches its minimum value, Ry, =~ 7779.35 £,,.
It is interesting to note that near the throat the four functions all change dramat-
ically, especially A(7), which behaves like a step function. In addition, even at the
transition surface, we find that the conditions of Eq.(4.16) are well satisfied.

To closely monitor the numerical errors, we also plot out the effective Hamil-
tonian (C(7) ~ 0) in Fig. 4.4 together with the lapse function N(7), from which we
can see that in the region near the throat the numerical errors indeed become large.
But out of this region, the numerical errors soon become negligible. From Fig. 4.3
and 4.4 we also find that our numerical solutions match well with their asymptotic
behaviors given by Eq.(4.108), as 7 — —o0.

To consider the quantum effects near the horizons, in Fig. 4.5 we plot out the
relative differences between functions (R, A, Pg, Py, N) and their classical value. To

monitor the numerical errors, we also plot out the effective Hamiltonian constraint
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Figure 4.8: Plots of the relative differences of the functions (R, A, Pg, Py), the lapse
function N(7) and C(7) near the black hole horizon (7 = 0) with m = 10®m,, and
J = jo = 10, the same choice as those specified in Figs. 4.6 and 4.7.

C(1) ~ 0. From these plots, we can see clearly that the quantum effects indeed
become negligible near the horizons ?.

On the other hand, when the mass of the black hole is near the Planck scale,
such effects are not negligible even near the horizon. To show this, in Figs. 4.6 - 4.8

we plot various physical variables for m = 10* m,, j = jo = 10, for which we find

that the location of throat is around Ty, ~ —1.148 x 10?7, at which R(7) reaches its

9Note that at the horizon N(7) diverges. So, in the region very near the horizon N(7)
becomes extremely large, and the accurate numerical calculations become difficult, so it is unclear
whether the sudden growth of AN/N,, as shown in Fig. 4.5 is due to numerical errors or not. In
fact, similar growths can be also noticed from the plots of AA/A, and APy/Pa,. Such sudden
growths happen also in the cases n > 1 and n < 1, as to be seen below.
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minimum value, Ry, >~ 7.76 £,. From these figures it is clear that now the quantum
effects become large near the horizons, and cannot be negligible. It should be noted
that for such small black hole, the semi-classical limit conditions (4.108) are not well
satisfied at the throat, and as a result, the corresponding effective Hamiltonian may
no longer describe the real quantum dynamics well. For more details, we refer readers

to [41,42].

452 n>1
In this case, we find

X =~ 1, Yf:@,

n
W~ 7hg[no] + 2sin[n],

Py Mo Pr 21
R? ayG’ RN oG’

(4.118)

as 7 — —oo. Then, the metric coefficients have the following asymptotical behavior,

27987y Ly \/Jo,

N(t) ~ Ny=-— : ,
(7) 0 mG (who[no] + 2 sin|no))
F(n)
A(T) ~ Apexp {MT} ,
cos <"—7;’)
R(T) =~ Ryexp ra T ( (4.119)
where Ay and Ry are constants, and
1 .
F) = = |2mh 1 (10) sin(m0) + 7 cos() b (o)
D(no)
— cos (@) , (4.120)
n
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where D(ny) is defined by Eq.(4.33) but now with A = B = 0, and the constant 7, is

implicitly determined by

. o ™ . .
7 sin (?) + D) sin(ng)ho(no) = 0. (4.121)

In [41], it was shown that F(n) < 0 and 7y < —7 when n > 1, so that both R

and A grow exponentially as 7 — —o0. Setting

7o
7o) os (1))
= d= +———2-1 4.122
“ 2mG >0, 2mG >0, ( )
we find that
A=AMNpe ™, R=Rpe ™. (4.123)

Then, the metric takes the following asymptotical form

N 2
N, a
ds® ~ — (%) dR? + R7 dz® + R2dQ?, (4.124)
where N = No/d, but now with z = (AO/Rg/d> x. Similar to the last case, the
corresponding spacetime is not vacuum, and the effective energy-momentum tensor

takes the same form as that given by Eq.(4.77), but now with u, = (NO/R)(Sf,

T, = RY67%, and

2a +d . L
0 aNg R
N 3 1
pﬁ - Ng R27
a’® + ad + d?
P Y —— (4.125)
d>N¢
from which we find that
2(a —d) 1
g ~ ————+0| =/,
ptp e ( 32)
ala —d) 1
~ 2 T o =). 4.126
p+pL N2 + (R?) ( )
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Therefore, in this case none of the three energy conditions is satisfied either, provided
that a # d. When a = d, the spacetime is asymptotically de Sitter, as shown below.

In particular, we find that

249 2
R:Q(a + 2ad + 3d +_>’

d2N3 R?
R R~ 2a4 + 2a*d + ba*d? + 4ad® + 6d*
e dANE
4(a+2d) 2
T e
dN?R>  R?
a* + 2a*d? + 3d* 8 4
RuyapRMP ~ 4 ~ - —,
el AN T TR
4 (aRZ(a —d) + dW\?g) 2
CluvapCH P ~ . . (4.127)
3d4NA R

Therefore, different from the last case, asymptotically the spacetime is conformally
flat only when a = d. Otherwise, we have C,a3C"*? ~ 4a?(a — d)?/(3d*N{) +
O (1/R?).
On the other hand, introducing the quantity ¢ via the relation
- dN(] (Ro)a/d - (R0>a/d
t=— — =—tg | — , (4.128)
aRY*\ R R

we find that the metric (4.124) takes the form

E 2
ds? ~ Ry (%J) (—df? + dz®) + R*dQ?. (4.129)
When a = d, Eq.(4.129) reduces to

n 2
t
ds* ~ RS (79) (—dt* 4+ dz* + dQ?) , (a = d), (4.130)
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which is the same as the de Sitter spacetime for R > R,, where R, is the de Sitter

radius. In fact, when R > R, we have that the de Sitter spacetime is given by
-1
R\’ R\’
dsy = —(1-(=) |dz*+|1— [+ dR?

2
~ (%) ( — dP + d7? + sz), (4.131)

but now with the rescaling ¢ — z/R, and

i

t
R

(4.132)

Note that the angular sectors of the two metrics (4.129) and (4.131) are differ-
ent in terms of #. In particular, in the metric (4.129) we have R? o< (—)~2%¢ while
in the de Sitter spacetime we have R? o< (—t)~2. Therefore, they are equal only when
a = d. However, the sectors of the (¢, T)-planes are quite similar even when a # d. As
a result, in both cases the surfaces t = 0 represent spacelike hypersurfaces and form
the boundaries of the spacetimes. Then, the corresponding Penrose diagram in the

current case is given by Fig. 4.9.

When a = d, since F(n) < 0 and cos (%) < 0, from Eq.(4.122) we find

F(n) = cos (@) . (4.133)
n
On the other hand, n and 7y must satisfy Eq.(4.121), too. So, these two equations

uniquely determine 1 and rny. For 9 < —n, we find that Eqgs.(4.121) and (4.133) have

the solution,

for which, from Eqs.(4.13) and (4.22) we find that

V2
v =Y L0274, (4.135)

8n
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C D

Figure 4.9: The Penrose diagram for the loop quantum spacetimes without the inverse
volume corrections in the case n > 1 (As to be shown below, the corresponding
Penrose diagram for the case n < 1 is also given by this figure). The curved lines
denoted by 7, are the transition surfaces (throats), and the straight lines AD and BC
are the locations of the black hole horizons, while the straight lines AB and CD are the
spacelike infinities, which correspond to ¢ = 0 and form the future/past boundaries.
The whole spacetime is free of singularities.
It is remarkable to note that this value is precisely the one found from the analysis
of black hole entropy [43]. It should be also noted that Eqs.(4.121) and (4.133) have
multi-valued solutions, as these two equations are involved with periodic functions.
In this chapter, we consider only the case gy < —7 [41].

In Figs. 4.10 - 4.12, we plot various physical quantities for m = 10"m,,, jo =
11.42, j = 10, so that n = jo/j = 1.142. This corresponds to the case studied in [42],
which will be analyzed in more detail in the next section with ABC # 0. Then, we
find that the transition surface is located at Ty /7, ~ —3.896 x 102, at which we have
R(Tmin) =~ 8059.95. Note that with these choices of m, j and j,, the semiclassical
limit conditions (4.14) and (4.16) are well satisfied. Then, from Figs. 4.10 and 4.11

we find that the asymptotical behavior of the metric coefficients given by Eq.(4.116)

is well justified, while Fig. 4.12 shows that the quantum effects near the black hole
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Figure 4.10: Plots of the physical variables (R, A, Pg, Py) and their classical cor-
Particular attention is paid to the region near the

respondences (R., Ac, Pr,, Py.).

throat 7, = —3.896 x 1013, at which R(7) = 8059.95. Graphs are plotted with
m=102m,, jo=11.42, j = 10, 5 = 1.142.

~

horizon (1

m/m, 2 10%, it is expected that such effects are even smaller.

138

0) are negligible even for m/m, = 10'?. For the cases with solar mass



— N(7)

— N(9)
— Ne(1)
. . . . : . . . . . .
-5.0x10"34.8x10124.6x10'24.4x1024.2x10"3 -36x1013 -1.x10710  _g.x107""  —6.x107"1  _4.x1071"  _2.x10°"
(a) (b)
5.x10711 -
15x10711 -
4.x1071 |
1.x10711
3.x107M1
— C(1] — C(t,
J I 5.x10712- @ 21071 @
-11 L0
I | T OO P | i 1.x10
-2.0x10" -1.5x10" -1.0x10 -5.0x
. .
(8 T
-42x10"3 ~4.1x10"3 -4.0x 1013 -3.ex1'57!3.*0i-*. x1013
-5.x10712}-
(c) (d)

Figure 4.11: Plots of C(7) and the lapse function N(7) for m = 10%m,, jo =
11.42, j =10, 1 = 1.142.

Table 4.4: The dependence of the constants Ny, Ry, Ag of Eq.(4.116) on m with
N~ 1.142, v~ 0.274, j, = 105. The corresponding transition times 7,;, and radii
R, are also given.

10" | —3.260x10* | 193114 5.706 x 10710 [ 0.0226 0.00725
1010 [ —2.646 < 10 | 41605.1 5.706 x 107% | 0.0968 0.0311
10% | —1.418 x 107 | 1929.73 5.706 x 10~* | 1.787 0.631

It should be noted that the specific values of the factors Ny, Ry and Ag ap-
pearing in Eq.(4.116) depend on the choice of m, although the asymptotic behavior
of N, R and A all take the form of Eq.(4.116). As a result, the corresponding Penrose
diagram is the same and given by Fig. 4.9 for any given n > 1. In Table 4.4 we

present their values for several choices of m.
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Figure 4.12: Plots of the relative differences of the functions (R, A, Pr, Py, N(7)) and
C(7) near the black hole horizon with the same choice of the parameters m and j, as
those specified in Figs. 4.10 and 4.11, that is, m = 10"2m,, jo = 11.42, j =10, n =
1.142.

We also study the effects of 7, and find that the quality behaviors of the

spacetimes are quite similar to the above even when 1 = 2, as long as the semiclassical

limit conditions (4.14) and (4.16) are satisfied and m is not too small (m/m, = 10°).

453 ns1
When 1 < 1, the metric coefficients take the same asymptotical forms as
those given by Egs.(4.116) - (4.121), but now with F(n) > 0 and 7y > —n [41].

Therefore, now A decreases exponentially as 7 — —oo, while R still keeps increasing
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Figure 4.13: Plots of the physical variables (R, A, Pg, Py) and their classical cor-
respondences (R, A., Pr,, Py,). Particular attention is paid to the region near the
throat T = —3.918 x 10'3, at which R(7i) = 7676.1. Graphs are plotted with
m = 102m,, jo =9.5, j =10, n = 0.95.

exponentially, i.e.
N o~ 2B b Vi,
mG (mho[no] + 2 sin[ng])’
A = Age”, R=Rype ™. (4.136)
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Figure 4.14: Plots of C(7) and the lapse function N(7) for m = 10"?m,,, jo = 9.5, j =
10, 1 = 0.95.

Then, the metric takes the following asymptotical form

~ 2
N, dz?
ds® ~ — (ﬁ) dR* + R;Z g+ R (4.137)

The corresponding effective energy-momentum tensor also takes the same form as

that given by Eq.(4.77), but now with u, = (NO/R)(Sf, T, = R7/"6% and

N d— 2a 1
p ng R27
N 3 1
pCC - Ng R27
a®> — ad + d?
L~ = Bz (4.138)
0

from which we can see that none of the three energy conditions are satisfied for any

given a and d. In particular, when a = d we have p ~ p;/3 ~ p, < 0. In addition,
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Figure 4.15: Plots of the relative differences of the functions (R, A, Pr, Py, N(7)) and
C(7) near the black hole horizon with the same choice of the parameters m and j, as
those specified in Figs. 4.13 and 4.14, that is, m = 10"m,, jo = 9.5, j = 10, n =
0.95.

we also have

2_9 2 1
R:Q(a ad—i—3d+ )7

N2 R?
4 2a3d + 5a2d® — dad® 4+ 6d*  A(a—2d) 2
Ry R o 9 — 20T 00 2200 TOC @ )+—4,
d*N§ dN2R?2 R
at 4 2a’d?® + 3d* 2 1
RuyasRMP ~ 4 . . — 1,
ned < arg wm R

4 (aRz(a +d) + d2]%2> 2
3dANAR?

ChvapC e’ ~ , (4.139)
which can be obtained from Eq.(4.115) by the replacement a — —a, as expected.
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To consider the corresponding Penrose diagram, we first write the metric

(4.137) in the form

_ 0\’
ds® ~ — Ry /" (70) (—df* + d7?) + R?dQ?, (4.140)
where
a/d
I =1 (Rﬁ) = (AORg/d) x,
0
7\ d/a r pa/d
t ___dN,
R = R, (—) : tOEO—RO. (4.141)
to a

Comparing Eq.(4.140) with Eq.(4.129), we find that the (¢, Z)-planes in both space-
times have the same structure, and the only difference is to replace a by —a. Thus,
the corresponding Penrose diagram is also given by Fig. 4.9. It is interesting to note
that now the spacetime is not asymptotically de Sitter, even when a = d. In fact,
now it is even not asymptotically conformally flat as can be seen from Eq.(4.139). In
addition, in the current case none of the three energy conditions are satisfied.

In Figs. 4.13 - 4.15, we plot various physical quantities for m/m, = 1012, j, =
9.5, j = 10 so that n = jp/j = 0.95 < 1. In this case, the transition surface is
located at T = —3.918 x 103, at which we find R(7,) = 7676.1. Then, it can
be shown that both of the conditions (4.14) and (4.16) are satisfied. Therefore, the
corresponding semiclassical description of the quantum black holes is well justified.
In particular, from Figs. 4.13 and 4.14 we find that the asymptotic behavior of the
metric coefficients are well approximated by Eq.(4.136), while Fig. 4.15 shows that
near the horizon (7 ~ 0) the quantum geometric effects become negligible, possibly
except the region very near to the horizon [cf. Fig. 4.15].

It is interesting to note that the asymptotic behavior in the current case is

very sensitive to the choice of 7. In particular, we find that when n = 0.5 the

144



asymptotic behavior of the spacetime is already quite different from the one described

by Eq.(4.136), although the semiclassical conditions (4.14) and (4.16) are still well

justified.
' ' ' ' T 05
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Figure 4.16: Plots of the functions (X, Y. W, %, %). The throat is lcated at 7y, =

—3.260 x 1013, at which R(7ui) = 193115. Curves are plotted with v ~ 0.274, m =
102m,, j, = 10°, 5 ~ 1.142.

4.6 Main Properties of the quantum reduced loop Black Holes with the Inverse
Volume Corrections
As shown in [42], the inverse volume corrections, represented by terms propor-

tional to the constants A, B and C' in the effective Hamiltonian given by Eqs.(4.10)
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Figure 4.17: Plots of the functions (X,Y,W,%,%). The throat is at 7., =
—2.646 x 10" at which R(7ym) = 41609.4. Graphs are plotted with v & 0.274, m =
10"m,, j, = 10°, n ~ 1.142.

and (4.11), are sub-leading. This can be also seen clearly from the analysis given in
the beginning of the last section. Therefore, the inverse volume corrections should
not change the main properties of the solutions with n =1, n > 1, n < 1, respec-

tively. However, demanding that the spatial manifold triangulation remain consistent

on both sides of the black hole horizons, ABP found [42]

J = e (4.142)
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Figure 4.18: Plots of the functions (X,Y,I/V,%,%). The throat is at 7., =
—1.416 x 107, at which R(7mm) = 2012.19. Graphs are plotted with v &~ 0.274, m =
10%m,, j, = 10°, n ~ 1.142.

which immediately leads to

a V27
1=5= "5 (4.143)

as can be seen from Eq.(4.13). On the other hand, the considerations of black hole

entropy in LQG showed that [43]
N~ 0.274, (4.144)

which is precisely the solution obtained by requiring a = d in Section 4.5.2 for the

case 7 > 1, in order to have the spacetime on the other side of the transition surface to
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be de Sitter, where a and b are the constants defined in Eq.(4.122). This “surprising
coincidence” was first noted in [42] with a different approach, but in this chapter we
obtained it simply by requiring that the transition surface connect two regions, one is
asymptotically the Schwarzschild and the other is de Sitter. Therefore, following [42]
in this section we consider only the case v ~ 0.274 °, for which we have n ~ 1.142.
Once v and n are fixed, the five-parameter solutions of ABP are uniquely
determined, after the inverse value correction parameters v,d and J, are given. In

the following, we adopt the values given by ABP [42],

1.458 _
v = 1.802, 5:7“9(5 %),
0.729 _
0p = ER O(67°). (4.145)
In Figs. 4.16 - 4.18, we plot out the functions (X, Y, W, %, %), for different

m. From these figures we find

X ~ —1~-332, Y~-Ya_2915

n

W~ —(mhg[t] + 2sinfi]) &= —1.001,

PA L

— ~ — ~ —0.012

R? ayG ’

PR 2t

—_— ~ — ~ —0.023 4.146
RA ayG ' ( )

as T — —oo, where ¢« = —ny ~ 3.329 [42]. With the above expressions, we find that
the asymptotical behavior of N(7), R(7) and A(7) is precisely given by Eq.(4.119),
with the dependence of the three constants Ny, Ry and Ay being given by Table 4.4.

As shown in Sec. 4.5.2 for the case n > 1, the inverse volume corrections

become important only when the geometric radius R is in the order of the Planck scale,

10Tt should be noted that a second solution in [42] was also found with v ~ 0.227. However,
we find that this solution does not satisfy the Hamiltonian constraint Hilr\llt+cs ~ 0, so it must be
discarded.
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R ~ (,. However, for macroscopic black holes, the radius of the transition surface
Ry is always much larger than ¢,. For example, when m/m, = 10", Ry, /l, ~
8059.95 > 1 [cf. Fig. 4.10]. Therefore, for macroscopic black holes the inverse volume
corrections can be safely neglected. This is true not only for the case n = 1.142, but
also true for all the cases considered in Sec. 4.5 for macroscopic black holes. Therefore,

in this section we shall not repeat our analyses carried out in that section.

4.7 Concluding Remarks

In this chapter, we systematically study quantum black holes in the framework
of QRLG, proposed recently by ABP [40-42]. Starting from the full theory of LQG,
ABP derived the effective Hamiltonian with respect to coherent states peaked around
spherically symmetric geometry, by including both the holonomy and inverse volume
corrections. Then, they showed that the classical singularity used to appear inside
the Schwarzschild black hole is replaced by a regular transition surface with a finite
and non-zero radius.

To understand such obtained effective Hamiltonian well and shed light on the
relations to models obtained by the bottom-up approach, in Sec. 4.4.1 we first con-
sider its classical limit, and obtained the desired Schwarzschild black hole solution,
whereby the physical and geometric interpretation of the quantities used in the ef-
fective Hamiltonian are made clear. Then, in Sec. 4.4.2 and Sec. 4.4.3 by taking
proper limits we re-derive respectively the BV [15] and AOS [9,23,25] solutions, all
obtained by the bottom-up approach. In doing so, we can see clearly the relation

between models obtained by the two different approaches, top-down and bottom-up.
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In particular, the BV effective Hamiltonian was originally obtained from the

classical Hamiltonian (4.7) with the polymerization,

in(d,b in(d.
— —sm( b ), c— —sm( C>. (4.147)
0p Oc
However, instead of taking the parameters o, and o, as constants, following the -

scheme first proposed in LQC [14] '] BV took them as

sEV _ A sy _ VAP (4.148)
Pe Do
In Sec. 4.4.2, we show explicitly that the BV effective Hamiltonian can be obtained

from the ABP Hamiltonian by taking the following replacement and limit,

(i) holX] — %sin[X], hoa[X] - %COS[X], (4.149)

A B C
(“)ﬁaﬁ:ﬁ

< 1. (4.150)
It should be noted that with the choice of Eq.(4.148), the corresponding values of j,
and j are given by Eq.(4.68), from which we can see that they all violate the semi-
classical limit (4.14), with which the ABP effective Hamiltonian (4.10) was derived.
As a result, the BV model cannot be physically realized in the framework of QRLG,
although formally they can be obtained from the ABP effective Hamiltonian by the
above replacement and limit.

On the other hand, in addition to the replacement and limit given respectively

by Egs.(4.149) and (4.150), if we further assume that

5£AOS) 6(A0S) = Constants, (4.151)

Y

"' This is known to be the only possible choice in LQC, and results in physics that is in-
dependent from underlying fiducial structures used during quantization, and meanwhile yields a
consistent infrared behavior for all matter obeying the weak energy condition [49].
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and are determined by Eqs.(4.95) and (4.96), the ABP effective Hamiltonian (4.10)
reduces precisely to the AOS one [9,23,25]. However, as shown explicitly by Eq.(4.99),
such choices are also out of the semi-classical limit (4.68). Therefore, the AOS model
cannot be realized in the framework of QRLG either.

It must be noted that the above conclusions do not imply that the BV and
AOS models are unphysical, but rather than the fact that they must be realized in a
different top-down approach.

With the above in mind, in Sec. 4.5 we study the ABP effective Hamiltonian
without the inverse volume corrections, represented by the A, B, C' terms in Eq.(4.10)
in detail, by first confirming the main conclusions obtained in [41] and then clarifying
some silent points. In particular, we find that the spacetime on the other side of the
transition surface (throat) indeed sensitively depends on the ratio n = «/, where «
and B are defined by Eq.(4.13) in terms of (j,, j), or Eq.(4.100) in terms of (jo, ),
where the parameters (j,, j) were introduced in [42], while (jo, j) were used in [41],
and related one to the other through Eq.(4.23). As noticed previously, in Sec. 4.5 we
drop the hats from (jo, 7) — (jo, 4), for the sake of simplicity.

When 1 = 1, the spacetime on the other side of the transition surface is
conformally flat, and the non-vanishing curvatures are all of the order of the Planck
scale, as can be seen from Eq.(4.115). Then, the corresponding Penrose diagram is
given by Fig. 4.2. At this point, we find that it is very helpful to make a closer
comparison of the ABP model with the BV one, as for the BV choice of Eq.(4.67),
we have n(BY) = 1. In particular, we find the following:

e In both models, the spacetime singularity used to appear at the center is

replaced by a transition surface with a finite non-zero radius.
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e In both models, the spacetime on one side of the transition surface is quite
similar to the internal region of a Schwarzschild black hole with a black hole
like horizon located at a finite distance from the transition surface (but with
the removal of the black hole singularity used to occur at the center).

e In both models, the spacetime is asymmetric with respect to the transition
surface, and model-dependent. In particular, in the BV model, the spacetime
on the other side of the black hole like internal region approaches asymp-
totically to a charged Nariai space [46-48], of which the radius of the two-
sphere S? approaches to a Planck scale constant, R — Ry ~ O((,). In
contrast, in the ABP model the radius grows exponentially without limits,
R — exp (—ﬁ) as T — —o00, and a macroscopic universe is obtained. The
corresponding global structure can be seen clearly from its Penrose diagram
given by Fig. 4.2.

e In the BV model, there exists multiple transition surfaces at which we have
dp./dT = 0. When passing each transition surface, p. decreases. As a result,
p. will soon decreases to a value at which the two-spheres S? have areas
smaller than A, whereby the effective Hamiltonian is no longer valid. On the
other hand, in the ABP model, only one such transition surface exists, and
the above mentioned problem is absent. As a matter of fact, the two-planes
spanned by 7 and x are asymptotically flat, as shown explicitly by Eq.(4.109),
although the four-dimensional spacetime is not [cf. Eq.(4.115)].

When 7 2 1, the spacetime in general does not become conformally flat, as

can seen from Eq.(4.127), unless a = d, where a and d are two constants defined by
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Eq.(4.122). Then, the corresponding Penrose diagram is given by Fig. 4.9. When
a=d, (4.152)

the spacetime is conformally flat and asymptotically de Sitter. It is remarkable that

the condition (4.152) together with the one (4.21) leads to

V2
y = 8—” ~ 0.274, (4.153)

n

which is precisely the value obtained from the consideration of loop quantum black
hole entropy obtained in [43]. As emphasized in [42], this coincidence should not be
underestimated, and may provide some profound physics. In particular, the above
picture is also consistent with the recently emerging picture in modified LQC mod-
els [50], in which the quantum bounce, which corresponds to the current transition
surface, connects two regions, one is asymptotically de Sitter, and the other is asymp-
totically relativistic, after considering the expectation values of the Hamiltonian oper-
ator in LQG [51-53], by using complexifier coherent states [54-56], as shown explicitly
in [57-59]. In addition, a similar structure of the spacetime of a spherical black hole
also emerges in the framework of string [60], but now the transition surface is replaced
by an S-Brane.

When 7 < 1, the spacetime cannot be conformally flat for any given values
of a and d, as it can be seen from Eq.(4.139). However, the corresponding Penrose
diagram is the same as that of the case with 2 1, and given precisely by Fig. 4.9.

In review of all the above three cases, it is clear that the spacetime on the other
side of the transition surface is no longer a white hole structure without spacetime
singularities, as obtained from most of the bottom-up models [26, 61, 62|, so that

the corresponding Penrose diagram is extended repeatedly along the vertical line to
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include infinite identical universes of black holes and white holes (without spacetime
singularities). Instead, the white hole region is replaced by either a conformally flat
spacetime or a non-conformally flat one, given respectively by Figs. 4.2 and 4.9.
But, in any case the spacetime is already geodesically complete, and no extensions
are needed beyond their boundaries, so that in this framework multiple identical
universes do not exist.

In addition, the undesirable feature in the BV model that multiple horizons
exist on the other side of the transition surface disappears in the ABP model. In this
model, the large quantum gravitational effects near the black hole horizons seem-
ingly do not exist either, despite the fact that our numerical computations show that
deviations may exist when very near to the black hole horizons, as shown explic-
itly in Figs. 4.5, 4.12, and 4.15. However, more careful analysis is required, as the
metric becomes singular when crossing the horizons, and our numerical simulations
may become unreliable. We wish to come back to this important question in another
occasion.

When inverse volume corrections, represented by terms proportional to the
constants A, B, C' in the effective Hamiltonian (4.10), are taken into account, the
effects are always sub-leading, as these terms become important only when the radius
of the two-sphere 7, x = Constant is of the order of the Planck scale. For macroscopic
black holes, we find that the corresponding radii of the transition surfaces are always
much larger than the Planck scale, so their effects will be always sub-leading even
when across the transition surface. Such analysis was carried out in Sec. 4.6, in which
we mainly focus on the case in which the conditions (4.152) and (4.153) hold. In [42]

it was shown that these sub-leading terms precisely make up all the requirement for
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a spacetime to be asymptotically de Sitter, defined in [63], even to the sub-leading

order.
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CHAPTER FIVE
Non-existence of quantum black hole horizons in the improved dynamics approach
This chapter has been submitted as [3]: W. C. Gan, X. M. Kuang, Z. H. Yang,

Y. Gong, A. Wang and B. Wang, Non-existence of quantum black hole horizons in
the improved dynamics approach, [arXiv:2212.14535 [gr-qc]].

5.1 Abstract

In this chapter, we study the quantum geometric effects near the locations that
black hole horizons used to appear in Einstein’s classical theory within the framework
of the improved dynamic approach, in which the two polymerization parameters of the
Kantowski-Sachs spacetime are functions of the phase space variables. Our detailed
analysis shows that the effects are so strong that black hole horizons of the effective
quantum theory do not exist any longer, and the corresponding Kantowski-Sachs
model now describes the entire spacetime of the trapped region, instead of being only

the internal region of a black hole, as it is usually expected in loop quantum gravity.

5.2 Introduction
In LQC, there exist two different quantization schemes, the so-called u, and
i1 schemes, which give different representations of quantum Hamiltonian constraints
and lead to different effective dynamics [64]. The fundamental difference of these two
approaches rises in the implementation of the minimal area gap mentioned above. In
the u, scheme, each holonomy hg‘ ) is considered as an eigenstate of the area operator,
associated with the face of the elementary cell orthogonal to the k-th direction. The

parameter y is fixed by requiring the corresponding eigenvalue be the minimal area
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gap. As aresult, p is a constant in this approach [65]. However, it has been shown [66]
that this quantization does not have a proper semiclassical limit, and suffers from the
dependence on the length of the fiducial cell. It also lacks of consistent identified
curvature scales. On the other hand, in the g scheme [14], the quantization of areas
is referred to the physical geometries, and when shrinking a loop until the minimal
area enclosed by it, one should use the physical geometry. Since the latter depends
on the phase space variables, now when calculating the holonomy h,i“ ), one finds that
the parameter p depends on the phase space variables, too. In the literature, this
improved dynamical approach is often referred to as the i scheme, and has been
shown to be the only scheme discovered so far that overcomes the limitations of the
o scheme and is consistent with observations [64].

In parallel to the studies of LQC, loop quantum black holes (LQBHs) have
been also intensively studied in the past decade or so (See, for example, [9,26,67-69]
and references therein). In particular, since the Schwarzschild black hole interior can
be treated as the Kantowski-Sachs cosmological model, in which the spacetime is ho-
mogeneous and the metric is only time-dependent, some of the LQC techniques can
be borrowed to study the black hole interiors directly. Along this line of thinking,
LQBHs were initially studied within the p, scheme [10,13,70]. However, this LQBH
model also suffers from similar limitations as the p, scheme in LQC [8,9,71]. Soon
the i scheme was applied to the Schwarzschild black hole interior by Béhmer and
Vandersloot (BV) [15] (See also [72,73] for a similar prescription in the Kantowski-

Sachs universe, and [62,74-78] in the Painlevé-Gullstrand-like coordinates that cover
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both of the internal and external regions of the classical Schwarzschild black hole.!).
Later, the i1 quantization scheme was shown to be the unique quantization scheme
that is free from the dependence on the fiducial length and has consistent ultravi-
olet and infrared behavior [84]. It was also shown that it has universally bounded
curvature scales and energy density, and that the expansion and shear scalars are
all finite, in addition to the geodesic completeness and generic resolution of strong
singularities [85].

Despite of these attractive features, the BV model suffers a severe drawback:
there are large departures from the classical theory very near the classical black hole
horizon even for massive black holes, for which the curvatures at the horizon become
very low [8,9,15,71]. In addition, when the curvature reaches the Planck scale, the
geometric radius of the round 2-spheres researches a minimum and then bounces,
giving rise to a transition surface 7, whereby the original singularity is replaced by a
quantum bounce. The transition surface 7 naturally divides the spacetime into two
regions. To the past of T we have a trapped region, and to its future an anti-trapped
region appears, in which the geometric radius of the 2-spheres increases. However, in
contrast to other LQBH models, this anti-trapped region is not bounded by a white-
hole-like horizon, instead it is followed by another bounce, across which the region
becomes trapped again, and the radius of the 2-spheres starts to decrease [15,72,73].
This process will be repeating indefinitely, and after each bounce the geometric radius
of the 2-spheres will get smaller. So, soon the area of the 2-spheres will become smaller

than the minimal area gap, whereby the model becomes self-inconsistent [9].

! For rigorous mathematical development of Ashtekar’s formalism for spherically symmetric
general minisperspaces and its loop quantization, see, for example, [76,79-83] and references therein.
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In this chapter, we shall mainly focus our attention to the past of 7, as the
spacetimes in the pre-transition phase were already studied in detail first in the vac-
uum case [15,72,73] and then in the case filled with matter [84] or a cosmological
constant [86]. In all the cases, the spacetimes approach to the classical “charged” Nar-
iai solutions, in which the radii of the two-spheres become constants asymptotically,
but with values smaller than the Planck scale. So, the validity of this asymptotic be-
havior is questionable [9]. In this chapter, we shall put this question aside, and study
in detail the spacetimes to the past of 7 by focusing ourselves onto the quantum
geometric effects near the location that the classical black horizon used to appear, es-
pecially the possible development of black hole horizons [9,87-90]. To our surprising,
we find that such a horizon is never developed within a finite time. Thus, in the BV
model the quantum geometric effects are so strong that the black hole horizon used
to appear classically at Ty = In(2m) now disappears, and the resultant Kantowski-
Sachs model covers already the entire spacetime to the past of the transition surface
T [85]. As a result, the external region of a quantum black hole in this model does
not exist.

Specifically, this chapter is organized as follows: In Sec. 5.3, we consider
the BV model by first introducing the BV prescription of the two polymerization
parameters d, and 0. given by Eq.(2.61), and then write down the corresponding
dynamical equations, given explicitly by Eqs.(2.64) - (2.67). To estimate the region
where the quantum effects near the classical black hole horizon become important, we
first introduce a parameter e via the relation Tc = Ty (1 — €) at which |d.c|,, ~ O(1),
from which we find that such effects become important only very closed to Ty for

massive black holes. To study such effects explicitly, the choice of initial time and
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conditions are crucial. In this chapter we choose the initial time 7 that is far from
both the transition surface and the classical black horizon, T+ < T; < Ty, so that
the initial conditions are as closed to those of classical theory as possible [cf. Table
5.1]. With these initial conditions we study the evolution of the dynamical equations,
and find that the metric coefficients remain finite and non-singular within any given
finite time. These results are strongly supported by the analytical studies carried
out in [85]. In particular, it was shown explicitly that 0 < py(7),p.(7) < oo at any
given finite time 7, where p, and p. are the metric coefficients defined in Eq.(2.10),
and 7 denotes the proper time, obtained by setting the lapse function to be unity.
Then, we turn to study the existence of marginally trapped surfaces by analyzing the
expansions of the in-going and out-going radially-moving light rays, as well as the
normal vector to the two-spheres, and find that such surfaces indeed exist. However,
they represent neither black hole horizons nor white hole ones, as they always separate
trapped regions from anti-trapped ones, or vice versa, instead of separating trapped
(anti-trapped) regions from untrapped ones, as a black (white) hole horizon usually
does [9,87-90]. Finally, in Sec. 5.4, we present our main conclusions.

Before proceeding to the next section, we note the following: In this chapter
the Planck length ¢,; and mass M, are defined, respectively, by £, = \/W/c3 and
My, = \/W, where G denotes the Newtonian constant, A is the Planck constant
divided by 27, and ¢ is the speed of light (Note that in the main text, ¢ will be used
to denote a phase space variable, and only in this paragraph we use it to denote the
speed of light, without causing any confusion.). Thus, in terms of the fundamental
units, M, L and T, the units of i and ¢ are [h] = ML*T~!, [¢] = LT, where M,

L and T denote the units of mass, length and time, respectively. In this chapter we
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shall adopt the natural units, so that 7 = ¢ = 1. Then, we find L =T, M = L™,
|G] = L*M~'T~2 = L?. In addition, all the figures will be plotted in the units of £,

and My, whenever the length and mass parameters are involved.
5.3 Bohmer-Vandersloot Model

5.3.1 Quantum Effects Near the Classical Black Hole Horizon

Table 5.1: Initial values of ¢(7;) calculated from Eq.(5.7) at different times 7; and
the corresponding classical values c®®(T;) for m = M/G = (), for which we have
Tr ~ —1.49 and Ty ~ 0.693.

T; -1.45 0.3 0.643 0.685
o(T;) 2.68044 - 2.09266 1 -0.13272 | -0.0682837 | -0.0883704 + 0.0213373 I
CR(Ty) -4.31636 -0.130343 | -0.0656195 -0.0603504

The classical black hole horizon is located at
Ty = In(2m), (5.1)

as can be seen clearly from Eq.(2.30), at which we have pi® = 0. Before solving
the EoMs, let us first estimate the quantum effects near T' = Ty. Substituting the
classical Schwarzschild black hole solution given by Egs.(2.20)-(2.23) into Eq.(2.61),

we find

A
|0pb| = e\/—T_’y\/ 2me T —1 -0, T — Ty, (5.2)

but

\/vae_zT
V2me T — 1

Eq.(5.3) indicates that the BV solution has large quantum effects near 7'~ Ty. To

|0.c| = — o0, T —Ty. (5.3)

characterize these effects, in the vicinity of Ty let us introduce € through T'=T, =
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Ty (1 —€) with € < 1. Then, assuming that at 7. we have |0.c(T¢) | ~ O(1), so that

16.c] \/vae_QTE N \/Zyme_QTH
=t Vome T —1  2me T —1
VA O(1), (5.4)

dmn/(2m)e — 1

which leads to

In(2% +1)

From this expression we can see that as m increases, € decreases sharply, that is, we
need to get very close to Ty in order to see the quantum effects for massive black
holes. In fact, in the following we shall show that such quantum effects are so large
that the horizon is never formed within a finite time 7". Recall that the geometric
radius r of the two spheres T, = = constant now is given by r = e¢?. This in turn
implies that in the BV approach quantum black hole horizons do not exist in the
whole trapped region, T' > 7T, with the only exception: it might be possible to exist

at r = oo (or T' = 00).

5.3.2  Initial Conditions

To show our above claim, let us first consider the initial conditions. Since
Eqgs.(2.64) - (2.67) are four first-order ordinary differential equations, four initial con-
ditions in general are needed. However, these initial conditions must also satisfy the
Hamiltonian constraint HT = 0, so only three of them are independent. As a result,
the phase space of the initial conditions is three-dimensional (3D). Without loss of the
generality, we can first choose the initial conditions for p,(7;), p.(T;) and b(T;) at the
initial time 7" = T;, and then solve the effective Hamiltonian constraint to find ¢(75).

It is clear that such obtained 3D phase space includes all the possible real values of
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oo(T3), pe(T;) and b(T;). However, to compare the resultant BV spacetimes with the

Schwarzschild one, we choose them as their corresponding values of GR, that is

po(T) = (L), pe(Ty) = ™ (Th),

b(T;) = b™(T3), (5.6)
and
HNT) =0 = oT)=cN(T). (5.7)

Once the initial conditions are chosen at a chosen initial time 7, the EoMs Eqgs.(2.64)-
(2.67) will uniquely determine the four physical variables (py, b; p, ¢) at any given later
time T'.

Due to the large quantum effects near Ty as estimated in the last subsection,
normally we choose T; far from Ty, that is, 7} < Ty 2. On the other hand, near
the throat T" = T it is expected that the spacetime geometry will be dramatically
different from that of GR, so the conditions given by Eq.(5.6) near 77 might not hold.

Therefore, in general we choose T; so that

T < T, < Thy. (5.8)
To understand the above arguments further, we consider the initial conditions at
different times T;’s. We compare the effective value of ¢(T;) = ¢*(T;) obtained from

Eq.(5.7) with its corresponding classical value c“®(T;) at different times 7;’s in Table

5.1 for m = £, for which we have T ~ —1.49, and Ty ~ 0.693. From the Table

21t should be noted that ¢(T;) = ¢*(T;) obtained from H*(T}) = 0 can still be significantly
different from ¢SR®(T}), even T; ~ Ty and py(T;), pe(T;) and b(T;) are chosen as their corresponding
values of GR, as given by Eq.(5.6), because now H¥(T};) # HSR(T;). In fact, from Eq.(5.3) we
find that |d.c| is still very large near T, precisely because the fact that now ¢(T;) still deviates
from its classical value significantly. Then, the solution cannot be approximated by the classical
Schwarzschild black hole at Ty.
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we can see that Eq.(5.7) has no real-value solutions for ¢(7;) when T} is very closed
to either the transition surface 77 or to the classical horizon Ty, which means that
the quantum effects are so large near these points, so that the effective Hamiltonian
constraint Eq.(5.7) has no physical solutions for such chosen p,(7;), p.(7;) and b(7;).
On the other hand, when far away from these points, the difference between ¢(T;) and
cCR(T;) is small. Therefore, in the following, we shall choose T} so that the condition

(5.8) is always satisfied.

5.3.3  Numerical Results

Once the initial time and conditions are specified, we are ready to solve EoMs
(2.64) - (2.67) numerically. To monitor the numerical errors, we shall closely pay
attention to the effective Hamiltonian given by Eq.(2.71), which is required to vanish

identically
HT ~ 0, (5.9)

along any of physical trajectories. However, numerically this is true only up to certain
accuracy. To make sure that such numerical calculations are reliable, and our physical
conclusions will not depend on these numerical errors, we run our Mathematica code in
supercomputers with high precisions. In particular, in all calculations we require that
the Working Precision and Precision Goal be respectively 250 and 245, where Working
Precision specifies how many digits of precisions should be maintained in internal
computations of Mathematica, and Precision Goal specifies how many effective digits

of precisions should be sought in the final result.

5.3.3.1 Asymptotic Behavior of the Spacetimes as T > Tr
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With the above in mind, let first consider the case m = £,. In this case, we
have T ~ —1.49 and Ty ~ 0.693. The initial point is chosen at 7; = 0.3, which
satisfies Eq.(5.8). From Table 5.1 we can also see that at this point ¢(7}) is very
closed to its corresponding classical value ¢c“®(T;). In Fig. 5.1 we plot all the four
variables b, ¢, p, and p,, together with H%, the corresponding Kretchmann scalar K
and the metric components N2 and g,,, where the Kretchmann scalar K is defined as
K(T) = Ropu R°*. From Fig. 5.1 (h) we can see that the maximal errors happen
near T ~ 10 at which |Heff| < 2.0 x 1078, Before or after it, we have ‘Heﬁ‘ < 1078,
Therefore, our numerical computations are reliable.

On the other hand, from Fig. 5.1 (d) we can see that the geometric radius
r = /Pc is exponentially increasing. As a result, the metric coefficient g,, decreases
exponentially, but never be zero precisely for any given finite time 7', as shown by
Fig. 5.1 (f). In addition, the lapse function square N? is also oscillating with a
similar period as that of p,, but after each circle of oscillations it is getting larger
and larger [cf. Fig. 5.1 (e)]. However, it always remains finite. Moreover, in Fig. 5.1
(g) we plot out the Kretchmann scalar K(7') together with its classical counterpart
KSR(T) = 48m?/p?, from which we can see clearly that the quantum geometric
effects indeed become very large near the location of the classical black hole horizon
T ~ In(2m). This deviation lasts for a quite while [T" € (T, 160) for m = £,], but

finally K(7T') will be decreasing as p_?, the same as K“®(T), that is,

K(T):£

0
o Ko > 48m?, (5.10)

as T — oo. But, we always have K, > 48m?.
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Figure 5.1: Plots of the four physical variables (b, ¢, py, p.) and the effective Hamil-
tonian defined by Eq.(2.71), together with the metric components N2, g,, and the
Kretchmann scalar K, as well as the classical counterpart KS®(T) = 48m?/p3 of
K(T). The mass parameter m is chosen as m/{, = 1, for which we have T ~ —1.49
and Ty ~ 0.693. The initial time is chosen at 7; = 0.3.
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Figure 5.2: Plots of the four physical variables (b, ¢, py, p.) and H®T together with the
metric components N?, ¢,., the Kretchmann scalar K, and the classical counterpart
KY(T) = 48m?/p? with m/l, = 103, for which we have Tr ~ 0.8327 and Ty =~
7.6009. The initial time is chosen at 1; = 7.0.
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The above results are sharply in contrast to the classical case, in which N 2|GR =
e /(2me~T — 1) — oo at the black hole horizon, Ty = In2 ~ 0.693, while pS'® be-
comes zero precisely at Ty, so is SR, as can be seen from Eqgs.(2.23) and (2.24).

It should be also noted that similar results can be obtained when the initial
time is chosen to be at T; = In(2m) — 0.05 ~ 0.643, which is also a point at which the
difference between ¢(T;) and ¢“®(T;) is negligible, as shown in Table 5.1. In addition,
we also consider the case m = 10°(,. The corresponding physical quantities are
plotted out in Fig. 5.2. From these figures we can see that the metric coefficients,
(N2, gus, pe) are all finite and non-zero for any given finite time 7.

It is remarkable to note that our above conclusions that the metric coefficients
G and gt are not singular at any given finite time I" are strongly supported by the

analytical results obtained in [85], in which it was shown explicitly that
0 < py(7), pe(T) < 00, (5.11)

for any given finite time 7, where 7 denotes the proper time obtained by choosing
the lapse function to be unity, N(7) = 1. Note that in [85] the authors considered
spacetimes filled with matter. However, their results for p,(7) and p.(7) equally hold
in the vacuum case. The above results can be understood as follows: From the

condition (2.59), we find

0Py = / Ape. (5.12)

Thus, for any given finite time T, the right-hand side is always finite and non-zero.
Then, if p, = 0 at a time, say, Ty, we must have J.(7Ty) = oo, which in turn implies

that the quantum geometric effects become numerous. As a result, in the reality py
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will be never zero within a finite time. The above arguments are valid not only for the
choice N(7) = 1 adopted in [85], but also for the current choice of the lapse function.

To study further the asymptotic behaviors of the spacetimes, let us first notice
that log (N?) and log (g..) change periodically, but during each period log (N?) in-
creases almost linearly, while log (g, ) decreases almost linearly. In contrast, log (p.)
increases almost linearly all the time [See the analysis to be given below]. So, during

each period we can approximate each of them as F' = FyT“, where we find that
N? ~ A®T, g~ Boe T, p.=p0eT, (5.13)
where Aj, By and pgo) are constants, usually depending on which period we consider,

but the slopes remain almost constant. Then, we find that the effective energy-

momentum tensor calculated from #?T), = G, can be written in the form

52T = puyty, + Petu@y + 01 (0,0, + ¢udy) (5.14)
with
1
p=pe O (), pL~0(e?), (5.15)

where (u,, x,, 0,, ¢,) are the unit vectors along, respectively, the (dT’, dz,df, d¢)-

directions. In addition, we also have

2 4 4
R ~ = Ko~—, CCp~ —, (5.16)
Pe Pz 3pe

where C,p,,, denotes the Weyl tensor. Thus, the spacetime becomes asymptotically
flat, but with the Kretchmann scalar decreasing as p,?, quite similar to the case

studied in [9,91], instead of p_? as in the classical case.

5.3.3.2 Non-existence of Black/White Hole Like Horizons
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To see if a black or white hole like horizon exists, let us first consider if a
marginally trapped surface will be developed in the BV model as T (or p.) increases.
To this goal, we can calculate the expansions of the in-going and out-going radially
moving light rays [9,87-89]. Introducing the unit vectors, u, = N (55 and s, = \/Gra0y,
we construct two null vectors Ei = (u,£s,)/ V2, which define, respectively, the in-
going and out-going radially-moving light rays. Then, the expansions of these light
rays are given by

DPe,T

0. =m0t — — Pl
- my V2Np.

(5.17)

where my, = g + Uty — 5,5,
Note that the existence of a marginally trapped surface can be equally charac-
terized by the vanishing of the norm of the normal vector to the two-spheres, T, © =

Constant [90]. In fact, introducing the normal vector to the surface ,/p. = r¢

_ a(\/p_c - TO) Pe, T
N, = o = pcéf, (5.18)

where rq is a constant, we find

2
pc,T

A
T

(5.19)

A marginally trapped surface will be developed when NyN* = 0, or equiv-
alently ©. = 0 [9,87-90]. However, as shown above, the lapse function N always
remains finite within a finite time (Recall that classically we have NS®(Ty) = oo].
Thus, a marginally trapped surface can exist only if p.7 = 0. From the dynamical

equation (2.66), we can see that this is possible only when

™

0(T)e(Dlper, = 5 (5.20)
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Figure 5.3: Plots of In(—N\N?*) defined by Eq.(5.19) and d.c(T). The mass parameter
m is chosen as m/l, = 1, for which we have Tr ~ —1.49 and T ~ 0.693. The initial
time is chosen at 7; = 0.3. (c¢) shows clearly that there exist two points at which N*
becomes a null vector, NyN* = 0 in the interval T € (0, 2).
In Fig. 5.3 we plot out this quantity together with the norm, N*N,, from which we
can see clearly that there indeed exist various points at which the above condition is
satisfied, so that p.(Ti;) = 0 at these points. In particular, in Figs. 5.3 (b) and (c)
we zoom in to the interval 7" € (0, 2), which show clearly that two such points exist
in this interval, at which log (—N AN A) becomes infinitely large, as N* becomes null.
On the other hand, in Fig. 5.4 we plot several physical quantities for 7" € (0, 2)
including H°%, which shows |H°T| < 2.0 x 107'%. Therefore, our numerical results are
quite reliable in this interval. From this figure, we can see clearly that across these
marginally trapped surfaces the metric coefficients all remain finite and non-zero. As
a result, these surfaces represent neither black nor white hole horizons, but transition

surfaces that separate trapped regions from anti-trapped ones. In fact, across each of

these points, p.r changes its signs. Then, from Eq.(5.17) we can see that both ©
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and ©_ change their signs simultaneously. Therefore, these surfaces always separate
trapped regions from anti-trapped ones, while a black (white) hole horizon always
separates a trapped region from an untrapped one [87-90]. Therefore, we conclude
that in the BV model, no black/white hole structure exists.

It should be noted that simply looking at Figs. 5.1 and 5.2, one cannot tell the
existence of these transition surfaces. This is because in these figures the quantities
are plotted out in such a large range, T' € (0,600), in which the detailed changes of p..
were washed out, due to the fact that it has quite different values at different times.

In particular, the moment 7" = 600 corresponds to /p. ~ 10% m, which is

‘T:GOO

much larger than the size of our current observational universe, Lo, ~ 8.8 x 10%6 m.

5.3.3.3 Asymptotic Behavior of the Spacetimes as T' << T7

To see the connection of our current studies to the ones carried out in [15,72,73,84,86],
let us briefly consider the asymptotic behaviors of the spacetimes for T" < T, that
is, the asymptotic behaviors of the spacetimes in the pre-transition surface. This
can be shown by simply considering the case m = ;. With the same initial time
and conditions as those chosen for Fig. 5.1, we plot the four variables (py, b; ¢, p.) in
Fig. 5.5, from which we can see that they behave very much like the ones obtained
in [2,15,72,73,84,86]. In particular, as T decreases, p. approaches to a constant p,
which is smaller than the Planck area. Such a spacetime with a constant radius of the
two-spheres was first discussed by Nariai [92,93], and latter generalized to the charged

case by Bousso [46]. As shown in detail in [2], in the current case the corresponding
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Figure 5.4: Plots of the four physical variables (b, ¢, py, p.), together with the metric
components N2, g, the Kretchmann scalar K, as well as the classical counterpart
KSR(T) = 48m?/p? of K(T) and H®T in the region T € (0,2). The mass parameter
m is chosen as m/{, = 1, for which we have T ~ —1.49 and Ty ~ 0.693. The same
initial time and conditions are chosen as those of Fig. 5.1.
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solutions are the charged Nariai solutions

I 2
ds? (%9) (—di + dz2) + podQ)

= —df? + ¥/ q5? + p.d, (5.21)
where dt = eTdl’, = Bx, and &, and t, are all positive constants [2], and
t = —tylogt, & = t,z. From the above asymptotic behavior of the metric, we can

see that it has a topology of dSy x S(QO), where 5(20) denotes a two-spheres with a
finite radius. As shown explicitly in [87], the coordinates (,#) cover only part of
the whole spacetime. After the extension, the corresponding Penrose diagram is that
given explicitly in [94].

On the other hand, the Kantowski-Sachs spacetime (2.10) is usually singular
in the classical theory, when filled with matter that satisfies certain energy condi-
tions [87]. Then, the corresponding Penrose diagram is given by Fig. 5.6 (a), in
which each point represents a two-sphere with the radius p.(7T") that is a function of
T, as shown in Figs. 5.1 and 5.2. Note that the horizontal line AB in Fig. 5.6 (a)
represents the spaceitme singularity. In the vacuum case, classically it corresponds to
pSR(T = —o00) = 0. However, after quantum geometric effects are taken into account,
this singularity is replaced by the transition surface 7 denoted by the curve APB,
and the Penrose diagram for the whole spacetime now is given by Fig. 5.6 (b). In
the past of T, where T' > T, there actually exist infinite number of such transition
surfaces, each of which separates a trapped region from an anti-trapped one. At each
transition surface the geometric radius /p.(T) is different. As T increases, /p.(7)
is getting larger and larger as shown in Figs. 5.1 and 5.2. However, in the future of

T, that is, when T' < T’r, the geometric radius /p.(T) first gets larger and then gets
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smaller and smaller, and asymptotically approaches a non-zero constant p., as shown
in Fig. 5.4 (b).

It must be emphasized that each point in the diagram of Fig. 5.6 (b) represents
two-spheres with different radii. In particular, for 7" < T7, all the two-spheres have

the same radius p,., while for 7' > T, the radius p.(T") is time-dependent.

F—— b(T)
Wl Pc(T)

Fo— c(Mlps(T)

(c)
Figure 5.5: Plots of the four physical variables (b, ¢, py, p.) for T' < Ty and m/l, = 1,

for which we have T ~ —1.49 and Ty ~ 0.693. The same initial time and conditions
are chosen as those of Fig. 5.1.

5.4  Conclusions
In this chapter, we have studied the quantum effects near the location T =
Ty = In(2m) at which the classical black hole horizon used to appear within the
framework of the improved dynamics approach, first considered by Bohmer and Van-

dersloot [15], in which the two polymerization parameters ¢, and J,. are given by
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E
(b)

Figure 5.6: (a) The Penrose diagram for the Kantowski-Sachs spacetime in classical
Einstein’s gravity. The horizontal line AB represents the spacetime singularity. In
the Schwarzschild case, it corresponds to pS®(T = —o0) = 0. The curve APB
corresponds to a 7' = Constant surface with a non-zero radius. (b) The Penrose
diagram for the BV model. Due to the quantum geometric effects, the classical
singularity used to appear at 7' = —oo now is replaced by the transition surface T
denoted by the curve APB, at which we have p.(T7) > 0. The quantum geometric
effects are large in the region between the two curves AQB and APB. The 2D plane
with 6, ¢ = Constant is asymptotically approaching to a 2D de Sitter spacetime with
a fixed radius /p. as T'— —oo. In the region T' > TF the spaceitme is geodesically
complete, and a black (or white) hole like horizon is never developed.
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Eq.(2.61), where m is the classical black hole mass. To study such effects, we have
chosen the initial conditions as closed to the corresponding classical ones as possible.
We have found that this is always possible at a moment T;, where T; satisfies the
condition T < T; < Ty [cf. Egs.(5.6) - (5.8) and Table 5.1], where T" = T is the
location of the (first) transition surface.

To our surprising, we have found that a black hole (or white hole) horizon is
never developed within a finite time 7' to the past of the (first) transition surface
T > T+ . Instead, only subsequent transition surfaces exist, which always separate
trapped regions from anti-trapped ones. The metric coefficients (N?, g,., p.) and
their inverses (N~2, ¢®, p-') are always finite and non-singular at any given finite
time 7. As a matter of fact, the quantum geometric effects near the classically black
hole horizon T' = In(2m) (at which we have p®(Ty) = 0) are so strong so that
0c(T)| 7y, > 1, as can be seen from Eq.(5.12). Then, in reality p, never becomes
zero within a finite time [85].

These properties are sharply in contrast to those obtained in other models of
LQBHs studied so far in LQG [9,26,67-69], and put the BV model as a physically

viable one of LQBHs questionable.
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CHAPTER SIX

Conclusion

In chapter one, we briefly reviewed basic concepts in LQG. LQG is based
on canonical quantization of the Hamiltonian formalism of general relativity. In
Hamiltonian formalism, spacetime is decomposed into 1D time + 3D space. The
spatial metric and extrinsic curvature are then introduced as basic variables. The
spatial metric can be equivalently described by orthonormal triads ef(z). Ashtekar
introduced Ashtekar’s variable which has simple Poisson brackets with densitized
triads Ef = (/qef. The Ashtekar connection is smeared as the holonomy which is
defined as the path-ordered exponential of integral of the Ashtekar connection. The
fluxes of densitized triads are defined by their surface integral. LQG is the canonical
quantization of holonomy and flux of densitized triads. Hilbert spaces are composed
of wave functions which are functions of all holonomies on the graph.

In chapter two, we briefly reviewed some basic concepts on LQBH. The inte-
rior of the Schwarzschild black hole is isometric to the KS cosmological model with
symmetry group R x SO(3). Thus loop quantization techniques of LQC can be used
in loop quantization of black holes. The key point is that holonomies have exponential
terms like exp (idyb), where J, corresponds to the edge length of holonomy. The lead-
ing order loop quantum effects are to replace classical b by sin(d,b)/d,. This procedure
is called polymerization. EoMs can then be derived from the effective Hamiltonian.

The solution describes the LQBH with leading order quantum corrections. Different
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choices of ¢, and 6. will lead to different quantization schemes and have different solu-
tions. In this dissertation, we mainly focus on effective LQBH solutions with different
quantization schemes.

In chapter three, we have studied in detail the main properties of spheri-
cally symmetric black/white hole solutions, found recently by Bodendorfer, Mele,
and Miinch [17]. This originates from polymerization of new phase space variables
which are canonical transformation of (b, ¢).

The BMM model has three physically independent free parameters (C, D, z).
D is related to its ADM mass, while C, z( are related to its quantum effects. We in-
vestigate its local and global properties by calculating its effective energy-momentum
tensor, which can be used to calculate the energy condition. We find that when
C =0, x¢ = 0, the solution reduces to a classical Schwarzschild black hole with mass
Mpp = D. Different choices of parameters (C, D, z,) will lead to different properties
of the solution, which have been summarized in Tables 3.1 - 3.3.

In chapter four, we systematically study the ABP model which originates
from QRLG. QRLG is a top-down model of loop quantum gravity and the effective
Hamiltonian is derived with respect to coherent states peaked around spherically
symmetric geometry, by including both the holonomy and inverse volume corrections.
This is in contrast with BV model and AOS model which are based on polymerization
in mini-superspace. We find that the classical Schwarzschild black hole solution,
BV model and AOS model can be obtained by taking proper limit of ABP model.
Moreover, different choices of parameter n = a/f will lead to different asymptotic
behavior of ABP model. Specifically, when n 2 1, and a = d, the spacetime is

conformally flat and asymptotically de Sitter. In this case v = \éinﬂ ~ (.274, which
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is precisely the value obtained from the consideration of loop quantum black hole
entropy obtained in [43].

In chapter five, we come back to investigate the properties of the BV model
in detail. The BV model is an important model as it utilizes the pi-scheme, which
is the unique quantization scheme that has proper semiclassical behavior in LQC.
However, it has large quantum effects near the location 7' = Ty = In(2m) at which
the classical black hole horizon used to appear. We find that the quantum effects are
so large that a BH/WH horizon never exits. These properties are sharply in contrast
to those obtained in other models of LQBHs studied so far in LQG [9,26,67-69], and
make the BV model as a physically viable solution of LQBHs questionable.

In the future, we will work on a) quantization of the exterior of the Schwarzschild
black hole in the fi-scheme, b) a new scheme that has no large quantum effects near

the horizon, and c¢) the covariant ji-scheme [78].
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APPENDIX A

THE GENERAL EXPRESSIONS OF THE ENERGY DENSITY AND
PRESSURES

Inserting the solutions given by Eq.(3.11) into Eq.(3.18), we find that

YS

plz) = Y28 (101?:1:5095 + 160Dx32® — 2025C° + 672Dxba” 4+ 1024Dxja”

—2604C%2* + 110Dz4Co%% + 512D222° — 56022C% 2" + 440Dx2C02*
3200525 + 3521)6%5))( +DC + Dl + 50D21%2 + 400Dza?
+22D5C8 4+ 1120Dx52° — 10025Cx + 1280Dagz® — 50054C02*

+286DxCo%% + 512Dx2x'" — 72023C%2° 4 616Dx2COx* — 320C52"

+352DC6336] : (A1)

p(e) = 2 (2:1:32 + 10021022 — 10D21% + 800z32* — 160D

+2240252° — 672Dx{x® + 256022° — 1024Dxga’ + 10DxsCox
+1024222"0 — 512D222° + 40D22C0%° + 2012 + 322)(:%5))(
—DC*? — Dag? + 205w + 3402 2® — 50Dz x* + 1664z52°
—400Dzhx* + 2DiC + 33922527 — 1120Daiz’ + 307275”
—1280Dxgz® + 26DxoCox* + 1024a52'! — 512Dz

+56Dz5Cor" + 32DC%20 |, (A.2)
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and

pe(z)

Y2

T (4 144 94421202 — 34D 2 + 24802 02* — 720D 10

+9408z52° — 4256Dxjz” + 16384z52° — 10240Dzix” + 12Dx{Co
+13312x52" — 10752Dxgz” + 88DxCo2® + 4x3C** + 4096252
—4096D222!! + 192D22C%% + 128DC%%7 + 4C1%0% — 2@01%)){
—3Dxyt + 4daytx 4+ 9242522 — 194D x* + 5808z 2" — 2080Dxy x*
+2Dx5C0 + 161922527 — 8288Dxfa’ + 22528z52° — 15104Dxfx
+40DxCl2? + 15360z — 12800Dzgz'? + 168Dz Cox* — 3DxiC™?
+4096252" — 4096 Dagz'? + 256D Co2° + 423C" 2w + 128DCO2®

+4C" 2 — 2DCY2 2. (A.3)
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APPENDIX B

SOME PROPERTIES OF THE STRUVE FUNCTIONS

In general, the v-th order Struve function h,[X] is defined as [45]

TS 1
hM:(iz) Zr(k g)r(k+y) (B-1)

k=0

which satisfies the differential equation,
v+1

VT (v+1)

2w dw (22— 12)w =

The general solution of the above equation is

w = ad,(z) +bY,(z) + h,(2), (B.3)

where a and b are two integration constants, J,(z) and Y, (z) are the Bessel functions

of the first and second kind, respectively, and satisfy the associated homogeneous

differential equation.
Some useful properties of h,(z) are,

d(z"h, 5
% z hy—la
d(z""hy) ! Ry, (B.4)

' Jr2T(v+d)
while their asymptotic behaviors are given by

sin X —cos X) + O (X¥?), X — oo,
(B.5)

2 1
__|__(
X VX
ho[X] ~
X _ 28 L 0(XY, X =0,

™ 97

and

(sin X +cos X)+ O (X%?), X — o0,
(B.6)

s
+
>

X — 0.
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In Fig. 4.1, we plot out the Struve function hg together with h_;. For other

properties of the Struve functions, we refer readers to [45].
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