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Gravitational Waves in Einstein-aether Theory
Xiang Zhao, Ph.D.
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We study gravitational waves produced by N-body systems in Einstein-aether
theory. In particular, we calculate the gravitational waveforms, polarizations, re-
sponse functions of the detectors and the radiation power by using the post-Newtonian
approximations to the lowest order. Applying the general formulas to three different
triple systems with periodic orbits, we find that the scalar mode and the longitudinal
mode (h, and hy) are all suppressed by a factor of ¢;4 < O(107°) with respect to the
transverse-traceless modes (hy and hy ), while the vector modes (hx and hy) are sup-
pressed by a factor of ¢;3 < O(107%). We also find that gravitational waves depend
sensitively on the configurations of the triple systems, their orientations with respect
to the detectors, and the binding energies of the three compact bodies. The result
for the first relativistic triple system, PSR J0337+1715, shows that the quadrupole
emissions in different theories of gravity have almost the same amplitude, but the
dipole emission can be as big as the quadrupole emission in Einstein-aether theory.
This provides a very promising window to obtain severe constraints on Einstein-aether

theory by multi-band gravitational wave astronomy.
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CHAPTER ONE

Introduction to Einstein-aether Theory

1.1 Beyond General Relativity

Theoretical physicists are not satisfied by their current theoretical toolbox. In
fact, the Standard Model of Particle Interactions (SM) and Classical General Rela-
tivity (GR) are extremely powerful tools and are correctly listed among the most im-
pressive achievements of mankind. But these theories are insufficient to answer many
pressing questions. Our cosmology makes sense in our current theoretical framework,
at the cost of a very absurd choice of matter-energy content. We actually understand
only 4% of it. What is worse is that GR has failed to give predictions in many in-
teresting and relevant situations. Indeed, many solutions of Einstein’s equations are
singular in some regions, such as the very beginning of the Universe and the interior
of black holes. Last but not least, when applying the well-understood quantum field
theories to GR to obtain a theory of quantum gravity (QG), we have been facing a
tremendous resistance: GR is not perturbatively renormalizable [1].

In order to address some of the unsolved physics problems that GR has brought
to the forefront, physicists are trying to modify Einstein’s beautiful theory of gravity
(GR). These problems will eventually be solved, because a modified gravity theory
can better describe nature. In some well-studied scenarios (such as the Solar System
or binary pulsars), a modified gravity theory can be simplified to Einstein’s theory,
but in other scenarios (for example, on a large scale, in the early Universe or near

black holes) we can make important modifications to Einstein’s theory. For example,



the late-time acceleration of the Universe, instead of being described by a cosmolog-
ical constant, may perhaps be explained by an additional tensor field that interacts
with the gravitational field, as in bi-gravity theories [2,3]. Another example is the
Hofava-Lifshitz (HL) gravity [4] , which achieves power-counting renormalizability
by modifying the graviton propagator in the ultraviolet. The action includes terms
containing only higher order spatial derivatives of the metric, but not higher order
time derivatives, so as to preserve unitarity. This procedure naturally leads to a
space-time foliation into spacelike surfaces, labeled by the T" coordinate.

The third example is the Einstein-aether theory (ae-theory) [5,6], which vi-
olates Lorentz invariance in the gravitational sector without abandoning the frame-
work of GR. Lorentz invariance is considered to be a fundamental symmetry of mod-
ern physical theories. Indeed, there are severe observational constraints on Lorentz-
violating effects in the matter sector [7]. However constraints of such violations in
the gravitational sector are much weaker than those in the matter sector.

One possible reason is that some mechanism suppresses the percolation of
Lorentz-violating effects from the gravitational sector to the matter sector [8]. Of
course, this is done at the price of large Lorentz-violating effects in the gravitational
sector. Therefore, it is interesting to test Lorentz symmetry in the gravitational sector
further.

Apart from providing a test bed for constraining Lorentz violations in the grav-
itational sector, ae-theory is an interesting theoretical laboratory to explore preferred
frame effects. Ae-theory breaks the Lorentz symmetry by introducing a preferred
time direction at each point in spacetime via a timelike unit vector u®. Like the

metric, the unit vector cannot vanish anywhere, so it breaks local Lorentz symmetry



down to a rotation subgroup. It defines a congruence of timelike curves filling all of
spacetime, like an omnipresent fluid, and so has been dubbed the “aether”.

In fact, it was shown in [9] that the ae-theory is equivalent to the the infrared
limit of HL. gravity if the aether is assumed to be hypersurface orthogonal. More

precisely, hypersurface orthogonality can be imposed through the local condition
0, T
\/ gO‘B@aTagT,

where T is a scalar field that defines a foliation. It should be obvious that given the

wy — (1.1)

relation in the infrared between hypersuface orthogonal ae-theory and HL gravity,
the experimental constraints on ae-theory can in principle be related to constraints
for the latter theory.

Recently, the well-posedness of the initial value (Cauchy) problem of vacuum
ae-theory has been confirmed [10]. In GR, the Cauchy problem can be put in a
“well-posed” form, i.e. such that for given initial data there exists a unique time
evolution which depends continuously on the initial data [11] . Very few results for
the well-posedness of the Cauchy problem exist beyond GR, with the exception of
scalar tensor theories of the Fierz-Jordan-Brans-Dicke type [12-14].

Experiments and observations are the foolproof method to test the modified
gravity alternatives that have been postulated to address these unsolved problems.
Many of these modified theories can be straightforwardly ruled out with current
Solar System [15], binary pulsar [16] and cosmological observations. But even after
imposing the requirement that modified theories must pass all current experimental
tests, there still remains a large group that is only weakly constrained today. One

must then rely on new observations coming from spacetime that is strongly curved



and highly dynamical. For instance, gravitational wave (GW) observations of the
coalescence of binary compact objects, like black holes and neutron stars. A binary
system experiences three phases during its lifetime: inspiral, merger, and ringdown.
Hence there are usually three parts in a GW signal corresponding to the three phases,
and each part exhibits different characteristics. GW tests are quite different from
other tests of gravity that have been carried out to date. GWs are unique probes of
the extreme gravity regime, being sensitive both to the propagation and the generation
of these waves. Moreover, GWs are weakly interacting. They travel to detectors on
Earth without being affected by intervening matter.

The era of GW physics has begun, beginning with the observation of gravi-
tational waves by Laser Interferometer Gravitational-Wave Observatory (LIGO) and
Virgo collaborations [17-22]. These observations have already confirmed that indeed
GWs exist, but the era of precision experimental relativity with GWs is only begin-
ning. In the next few years, the LIGO/Virgo collaboration will continue to make
detections at an increasing rate with larger and larger signal-to-noise ratios. In the
near future new detectors (such as The Kamioka Gravitational Wave Detector (KA-
GRA) in Japan and LIGO-India in India) will join the network, which will allow for
precise probes of the polarization content of GWs. And in the early 2030s, Laser In-
terferometer Space Antenna (LISA) will be launched [23]. The LIGO/Virgo detectors
are sensitive to GWs with frequencies between 20 and 2000 Hz, since at frequencies
lower than 20 Hz they are limited by the Newtonian ground noise. The LISA detector
will be sensitive to GWs with frequencies between 10~° and 1 Hz. As a consequence,
the early inspiral phase of binaries for several years prior to their coalescence may

also be detectable by space-based LISA. This extended frequency band will enable the



discovery of different evolutionary stages of the same system. Massive systems will
be observed by ground-based detectors with high signal-to-noise ratios, after being
tracked for years by space-based detectors in their early inspiral phase. In particu-
lar, joint observations from LIGO/Virgo and space-based detectors can potentially
improve current constraints by more than six orders of magnitude, which will impose
severe constraints on various theories of gravity [24].

Besides the coalescence of binary compact objects, the triple system also emits
strong gravitational waves. Gravitationally bound hierarchies containing three or
more components are very common in our Universe [25]. Roughly speaking, about
13% of low-mass stellar systems contains three or more stars [26], and 96% of low-
mass binaries with periods shorter than three days are part of a larger hierarchy [27].
The simplest example is the triple system of our Sun, Earth and Moon. In fact,
any star in the vicinity of a supermassive black hole binary naturally forms a triple
system.

A triple system is an ideal place to test strong gravity effects. For example,
after the 6-year observation of a relativistic triple system, PRS J0337 + 1715, it has
been found that the accelerations of the pulsar and its nearby white-dwarf companion
differ fractionally by no more than 2.6 x 107¢ [28], which provides the most severe
constraint on the violation of the strong equivalence principle.

During my Ph.D., my collaborators and I did a lot of work on modified grav-
ity theories. We obtained gravitational waveforms and angular momentum loss for
eccentric compact binary systems in screened modified gravity [29,30]. We also found

new constraints of general screened modified gravity from comprehensive analysis of



binary pulsars [31]. We proved that there are no static regular black holes in Einstein-
complex-scalar-Gauss-Bonnet gravity [32]. However in this dissertation, I will focus
on the topic of the gravitational waves in ae-theory, which is based on a series of my

recent publications [33-36].

1.2 FEinstein-aether Theory’s Action
Greek letters a, 3, ... are reserved for tensor indices, which run from 0 to 3.
English letters 4, j, k, ... run from 1 to 3. The metric convention used is (—, +, +, +).
Repeated indices i, 7, k, ... are summed over 1 to 3 regardless of their vertical positions.
The speed of light in vacuum is set to 1.
In ae-theory, the fundamental fields of the gravitational sector are g,g, u* and

A. The general action of the theory is given by [37-39]

S =S, +S,, (1.2)

where S,,, denotes the matter action, and S, is the gravitational action of the theory,

1 (63 v (0%
Se = /d4x VY [R— K, Vou'Vau’ + Muu’gos + 1)] (1.3)

K‘IBW = clgaﬂg,“, + 02(52‘55 + 035355 - c4uauﬁguy. (1.4)
It is convenient to define the following combinations of of coupling constants,
Cla = C1 + Cy,
c+ = ¢ £z, (1.5)

C123 = €1 + C2 + C3.
The combination of the GW event GW170817 [40], observed by the LIGO/Virgo

collaboration, and the event of the gamma-ray burst GRB 170817A [41] provides

a remarkably stringent constraint on the speed of the spin-2 gravitational wave,



—3x107% < cp —1 <7 x 107, which implies that
13 < 10712, (1.6)
Requiring that the theory: (a) be self-consistent, such as free of ghosts and in-
stability; and (b) satisfy all the observational constraints obtained so far, it was found
that the parameter space of the theory is considerably restricted [42]. In particular,
c14 and ¢y are restricted to
0=<c14 525%x107°, (1.7)
1y S e <$0.095. (1.8)
The constraints on other parameters depend on the values of ¢14. By dividing
the above range (1.7) into three intervals: (i) 0 < ¢y < 2 x 1077; (ii) 2 x 1077 <
c1s <2 x 1075 and (iii) 2 x 1078 < ¢y < 2.5 x 1075, in the first and last intervals,
one finds
i) 05Sey<2x1077,
s S e < 0.095, (1.9)
(iii) 2x 1079 < ey $25x 1077,
0<cs—cp $S2x1077, (1.10)
In the intermediate regime (ii) 2x1077 < ¢14 < 2x 107, in addition to the constraints

given by equations (1.7) and (1.8), the following constraints must be also satisfied,

C14 (014 + 2c9c14 — 02)

Co (2 - 014)

—1077 < <107". (1.11)

Note that in writing equation(1.11), ¢;3 is set to 0, for which the errors are of the
order O (c13) ~ 1071, which can be safely neglected for the current and forthcoming

experiments.



When it comes to strong fields in the vicinity of the compact bodies, such as
neutron stars and black holes, the strong field effects will be handled via an effective
approach in which the compact bodies are treated as point particles whose action
contains nonstandard couplings that depend on the velocity of the particles in the
preferred frame where aether is at rest. Hence the matter action is given by the action
of N-particle sources with a modification that the compact body’s gravitational mass

will be a function of v4. =4 describes the compact body’s motion relative to the

aether.
Sm = — Z/dTAﬁlA(VA), (1.12)
A
VA = —Ua VY, (1.13)
where v/ is the four velocity of a source particle relative to the aether !
v = %. (1.14)

In general, because of the effective coupling between the aether field and matter
in the strong field regime, a compact object’s structure, its binding energy and its
gravitational mass will be a function of the motion relative to the aether, v4.

This matter action can be thought of as a Taylor expansion of the standard
world line action, but with a mass that is a function of v4. If the particle is comoving

with the local aether, y4 = 1, so ma(y4) is expanded about 1,

/
ma(ya) = ma (1 +oa(ugvg +1) + J—;(uavj +1)%+ .. ) , (1.15)
1 dn
oa= — ; (1.16)
ma dya A=l

LaO(t) = t, 0% = dt/dra



1 d*my

5 2
mA dfyA 'yAzl

s , (1.17)
where 04 and ¢’; are called sensitivities. Sensitivities can be determined by matching
this approach to the perfect fluid approach [39]. It will be convenient to introduce

the parameter

OA
1—|—O’A'

SA —
It is found in [37,39] that the form of the sensitivity at lowest order in the compact

body’s field strength is given by

2 . Q Gnm
SA:(Oél—gOég)m—j—FO( ]C\;A A>. (118)

where Q4 is the gravitational binding energy (Q4/ma ~ Gyma/da) , ma = ma(l+
04) is the active gravitational mass and d4 is the characteristic size of the body A.
These quantities measure how much the binding energy of an isolated star changes
with its motion relative to the preferred frame (i.e. relative to the aether).

In order to couple the matter source to the field, it is useful to re-express S,

as an integral over all of spacetime using a J function representation of the form [43]
Sy = — / d'z ) / drad*(x — xa(T4)) A (g (), u" (), 2% (T4)) - (1.19)
A

Introducing an arbitrary parameter p to describe the particle’s path, after changing

the integration variable 74 — p

-/ 5> [ 028 = a0 (gla) 0o, )
/ d4xz / dp( Gy (0 dxc?]f )dxgp(p))l/z 2

x 04z — 24(p) )i (g (x), u(z), 24(p))




We define two Lagrangian densities

S0 = / dhL. (1.21)

Sy = / d*zL,,. (1.22)

1.3 FEinstein Equations

Let us first consider a variation of g,g, the least action principle states

4S = /d4x (0Lyw +0L,,) = /d4x (5£ac + 5£m> dgas = 0. (1.23)
590:6 5ga,6’
That is
(Mae + Mm) = 0. (1.24)
59@46 59(15

We calculate the variational derivative using Mathematica and xAct 2

0L -1

— —q(G*P — goP 1.25
S00s 167TG\/ q( ), (1.25)

where G is the Einstein tensor, S°? is
Sap =Vu(J" ug) + Japyu! — J [ ug)
+ c1(Vou,Vau! — V,u, VP0ug) + ca(u'V uq) (0 Vo ug) (1.26)
1
-+ )\uau,g — Egaﬁ(J“,,Vuu”),
J* = K% V. (1.27)

On the other hand

dLy, (gaﬂ + €5ga5)

— . 1.28

0Ly, 7 B (1.28)
0Lm _ VY _9qas, (1.29)
5ga5 2

2 Variation.nb

10



where the energy-momentum tensor 7% is

Ta(t))
Taﬂ_ ( A a, B 24 (aﬁ)]
Zm UA\/_ 1090 + 2Au' v | (1.30)
/
A =1+ o0a(uf +1) + C%A(uﬂvff‘ +1)?, (1.31)
Ay = —0o4 — oly(u,vly +1). (1.32)

Combining equation (1.24), (1.25) and (1.29), the modified Einstein equation

in ae-theory is
GoP — 5P = 8T, (1.33)

1.4 Aether Equations

Let us consider a variation of u®, the least action principle states

0S = /d4x (0Ly + 0Ly,) = /d4x OLe + OLm ou® = 0. (1.34)
ou®  du
That is
oL oL
= =) =0. 1.35
(§ua - (5ua) . (1.35)

We calculate the following variational derivatives

0Le _ V=9 1.36
ou® 881G B ( )
6£m = _\/__gTaa (137)

ou®

where
By = V3 J?, + ca(u'V yup) Vo’ + Mg, (1.38)
:L' —xa(t

ZmA \/ig( ))A2(UA)a- (1.39)
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In a word, we have aether equation

K, = 81GT,. (1.40)
In addition, a variation of A\ leads to

uu®+1=0. (1.41)

This equation actually constraints or eliminates A if we make use of equation (1.40)
A= uVaJ? + cy(uhV yug) (uV o) — 8TGUOT,. (1.42)

1.5 Covariant Equations of Motion for a Single Particle

Let us consider a variation of 9, the least action principle gives
VTS — Va(T5u’) — TV us = 0, (1.43)
where 757 and T4 are the one-particle summands in equation (1.30) and (1.39). This
is the exact equation of motion for compact particles in ae-theory. By inserting post-

Newtonian expansions of fields to it, the post-Newtonian orbit of the compact bodies

can be obtained.
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CHAPTER TWO

Gravitational Waves in the Inspiral Phase

2.1 Linearized Field Equations
Now let us expand the exact field equations about a Minkowski spacetime and

a purely timelike aether field,

hag = gap — Nap, W™ =u" — 0y, (2.1)
where we assume h,g and w® are small quantities of the same order, hog ~ W ~ €,
and we have implicitly chosen the reference frame in which this separation holds.
Because the action allows SO(3) symmetry, we can further decompose h,ps and w®

into irreducible transverse (divergence-free) and longitudinal (curl-free) pieces [44],

1
hoo,  hoi = vi + 7,  hij = ¢ij + o ]+ 206.5) + 045,

Pylf] = 0ijf s — fijs (2.2)

0

w, wh =1 vt (2-3)

We will refer ¢;; as tensor filed, ¢;, v; and v; as vector filed, hoo, 7, f, ¢, w° and v as

scalar field under a 3D rotation. With the following constraints, the same number of

degrees of freedom is ensured,

$ijj =0, ¢u=0, 7;=0, ¢,;=0v"=0. (2.4)

Inserting equations (2.1)-(2.3) into equations (1.33), (1.40) and (1.41), and keeping

terms to the first order in h,g and w®, we get

Gag — Sag = 87TG(Ta5 —+ tag), (2'5)

13



the aether equation reduces to

E, =8rG(T, + t.),

1
0
= —-h
w B 005

(2.6)

(2.7)

where the overbar denotes the portion of the tensor linear in h,g and w®, while .3

and ¢, are the nonlinear portion of the equation. 7,5 and T, start from the first

order, T,5 ~ T, ~ €. Using Mathematica and xAct !, it is not difficult to obtain the

linearized field equations. They are given by

- 1
G = —3AF,
where F' = f;; = Af,
_ 1 . 1.
N SR A
GOz 2 (P)/l ¢1) 2 K3
_ 1 . . .
Gij = —5lA%y — ¢yl + b6y — Vi)l
1 . . 1
+ Z_lpij[Af — f = 2hoo — 2¢ +47] — §f,ij>

- oo 1
Soo = cla A+ — §h00) — 8w Gy,

and the (0,7) component is

_ L c_ NI i
SOi — 014(7/1' —+ ’Yz) — TA(VZ + ")/Z) + 014(1/ + v — éhOO),iv

_ C. - . . 1 . . . C. -
Sij = 7+¢ij + e (Vg + dGg) + 5B [02(2’/ +o+f)+ %f

2

+ % [0123@ +20) + C2ﬂ i’

}ED = 87TGTO,

I Linearized.nb

14

(2.8)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)



the 7 component of aether equation is

1 ‘ : :
}Ei = 5 |:C14h,0072' + C+A¢i + C2Af,i + 0123A¢,i

(2.16)
—2614(;}./7; —I— Vz) — 2614(’-)./ + V)ﬂ, —I— C_A’}/i —|— 261Al/i —|— 26123Al/7i] s
where the T} term representing matter sector comes from A in equation (1.42).
It is convenient to combine equation (2.5) and (2.6),
Gag - Sag — PEaég = 87TGTQ5, (2'17)
where we define the new source as
Taf = Tag — Taég + tag — taég, (2'18)

where the precise form of nolinear temrs t,, and ¢, will not be needed [38]. Now we

decompose the new source 7,3 as before,

Too, Toi = 73; + TOLi, Tio = TZ% + TZ%, Tij = T%T + 75 + TZ-?, (2.19)
where T' indicates the transverse part of a field, L indicates the logitudinal part of a
field and T'T indicates transverse-traceless part of a field.

It can be verified that the linear portions of equation (2.17) satisfy a conser-

vation law,
~ Q T 7/3
(Gap = Sap — Eady)” =0, (2.20)
hence the right side of equation (2.17)
Ta/éﬁ = —Ta0,0 + Taizi = 0. (2.21)

Note that the non-symmetric 7,4 satisfies the conservation law with respect to the

right-index only.

15



Equivalently, using 7’ to raise the indices, we get
Taﬁ — TQB o TanBO

af a0 ai
T g=T"o+T 7Z~—0.

Integrating this equation

0= /d3x (%% +7%,) = /dgm'o‘% —I—/dSiTai,

where the surface term is dropped, hence

0= %/d?’xTao.

The corresponding conserved total energy FE is defined as

E = /dgm'oO = /d?’x(TOO + 1),
To lowest post-Newtonian (PN) order,

dt
Wy=—=1, V—g=1, A =1 Ay=0,
dTA

T =) " mad®(& - Za), T°=0.
A
Therefore

E = ZﬁlA = Z(l — SA>mA,

A A

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

where m 4 is the active gravitational mass of body A, which is defined through the

Newtonian order equations of motion [38].

The corresponding conserved momentum P* is defined as

P = /d3m7'i0 = /d%(Ti0 + 1),
and to lowest PN order,

T =Y mad*(& - Fa)vly, T'=0,
A

16
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after the integration of ¢ function

Pr= vy =) mavh, (2.31)
A A

where the high order term s m v’y is dropped.

2.2 Wave Equations
Now we impose coordinate gauge conditions to simplify the linearized field

equations,

This gauge condition can be chosen because under the infinitesimal coordinate trans-

formations

' =t+&%x), 2" =2+ )+ (), (2.33)
where 9;&'(z) = 0. Following the derivations shown in Appendix A, the decomposed

hep and w® transform as
ho = hoo + 2€°,
vi=v—& =+ ¢
Gy = bij, Gi=¢i—&, [=Ff ¢ =0¢-2E (2.34)
WO =04 0
V=14 UV =v4E
From above results, we can see that the coordinate gauge condition, equation (2.32),

can be satisfied by choosing
L=-y—v, E=-v, &=¢. (2.35)

Thanks to the decomposition we use in equation (2.2) and (2.3), we can deal with

the tensor field, vector field, and scalar field separately.
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2.2.1 'Tensor Field
The transverse-traceless part of the i, j component of equation (2.17) gives the

wave equation of a tensor field, (L.H.S retains ¢;; terms, R.H.S. retains 7,;7)

1] 7

1 -
—C—Zgbij + Agf)m = —167TGT-TT (236)
T

1

2.37
. (2.37)

2 _
Cr =

where ¢;; is already a transverse-traceless field by definition.

2.2.2 Vector Field

The transverse part of the ¢,0 component of equation (2.17) gives (L.H.S.
retains v;, 7; terms, R.H.S. retains TZ»T )
1 i T
—§A(c+1/ + ;) = 87GTy. (2.38)
The transverse part of the 0,7 component of equation (2.17) gives (L.H.S. retains v;,

7; terms, R.H.S. retains 7;)
—c1a (U +44) + %A(C_Vi + (c- — 1)y;) = 8nGT7:. (2.39)
Ignoring the nonlinear terms, we have
= 1o+ T (2.40)
Equation (2.39) can be written as
—cu(V + %) + %A(c_yi + (c- — 1)y;) = 871G (10 + T3)*. (2.41)

lequation (2.38) + (¢4 — 1) x equation (2.41)] gives the wave equation of vector field,

167G

L .
2c1 — cpc_
2 1 +
=1 (2.43)
v 2(1 —cy)ers
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2.2.3 Scalar Field

The trace of the 4, j component of equation (2.17) gives

The transverse part of the 4, j component of equation (2.17) gives (L.H.S. retains the

terms with P;[%], R.H.S. retains 7})

1 . .
_Zpij[(l +2c0+c)f+ (24 2¢)p+ 2hgy — F] = SWGTZ. (2.45)

The trace of the above is

(14 2¢5 + ¢4 ) F' — A(F — 2hgy — 2(1 + ¢3)¢) = —167GT}

7

(2.46)

where 7, = tr(7};). The longitudinal part of the 4, j component of equation (2.17)

gives (L.H.S. retains the all terms except P;;[*], R.H.S. retains 7,%)

_% ((1 + C2)f,ij + (cy + Cz)éw) = 87TGT£. (2.47)

The trace of the above is

(1 + CQ)F -+ ClggAé == —167TGT£, (248>
where 77 = tr(7;). The 0,0 component of equation (2.17) gives
AF — 014Ah00 = —167TG7'00. (249>

The longitudinal part of the 4,0 component of equation (2.17) gives (L.H.S. retains

all terms except v;, 7; terms, R.H.S. retains 75)

A((1+co) f + cr1230); = —167GTf. (2.50)

equation (2.44) — Zideates o equation (2.48) 4+ -~ x equation (2.49)| gives the wave
3 C14

C12
equation of scalar field,

1 . . ].67TG014

243 2
AR = - Mﬂ% ), (2.51)

Cg 2—cy C123 C14
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_ (2 — ca)cra3 _ (2.52)
(2 + Cy + 362)(1 — C+)Cl4

cs
There is another important wave equation of scalar fields. However it is not indepen-

dent of equation (2.51), (the derivation is given in Appendix B)
1 . )
——fi+Afiy = Tij- (2.53)
Cs

2.3 Waves
We use Green’s function to the solve wave equations and the Poissonnian
equations above. Then we simplify the solution with a standard approxiamtion [45].
We denote field point as 2° = 22 and the typical length scale of source as d. In the
region far away from the source (far zone), x > d, we only need the the portion of
the field ~ O(1/z).

Wave equations of the form

—él/} + Ay = —167T, (2.54)

can be solved via retarded Green’s function (no incoming wave boundary condition)

w(t’j»> _ 4/d3x’ ( |:i_ xll/S "Zy)

\x -7
(2.55)
- Z m,sm atm BPa'r(t —a)s, ) ()™,
where we only keep to O(l/x).
Poissonnian equations of the form
Ay = —167T (2.56)
can be solved via Green’s function (1/|% — 7’|),
w<t ) _ 4/d3 ,T(t,f/)
|7 — 7|
A (2.57)
~ - /d?’x'r(t, ),
x
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where we only keep to O(1/z). In addition, when using the equations (2.55) and
(2.57), we can first using the full 7 to do integration [ d*z’(x) and then take the

projection TT, T or L of the integral [37], e.g.

\ LT ) - T
d’r —L— = d*r' ——— . (2.58)
|7 — 2| |7 — 2|

Also, in the far zone, equation (4.2) to O(1/z) gives (Appendix C)

s1h; = — i, (2.59)
Hence differentially transverse becomes equivalent to geometrically transverse to di-

rection of propagation, 2°. For instance,

crdij; = —did’ = 0.
Thus, we construct a transverse operator by only using 2’ [46]. The transverse oper-

ator is defined as
Py = 6 — &', (2.60)
the transverse-traceless operator is defined as
Mg = Puby — 2 PyPa (2:61)
For any vector ; or tensor 1;;, we use T to denote the transverse portion and

TT to denote the transeverse-traceless portion, mathematically (¢;)7 = Py, and

Tr __
i Az‘jkl@DkZ'

First, we solve the Poissonnian equation (3.7),

4 Ty
v+ = (?G/d%’no(t,.f’)) = —GQ;‘F, (2.62)

where we define

/dg.I/Tio(t, f/) = 91 (263)

21



From conservation law equation (2.21), we know 6; is a constant vector. Equation

(2.62) gives

4G
Vi = —cpvi+ —0].
x

Similarly, equation (2.50) gives

: : 4G L ua
(L+co)f +cr230),; = (? /dgxlﬂ‘o(t,f/)) = 79{3

hence

140 '»+£ oF

52 :
C123 €T C193

0=
Equation (2.49) gives

4 4G
F— Cl4h00 = ?G /dg.Z’ITOQ(t, f/) = ?9,

where

6.

/ dgiUITOO (t, f/)

(2.64)

(2.65)

(2.66)

(2.67)

(2.68)

From conservation law equation (2.21), we know 6 is a constant. Equation (2.67)

gives

Second, we solve wave equation (2.36),

Tr
¢Zj(t,f) = (% /d3x/7ij(t — x/cT7f/))
Tr

(2.69)

(2.70)

We refer to Appendix D for details. We have defined the following in Appendix D

. . 1
Li(t) = Y mazy (D2 (t), Qi =1I; — 30i k-
A

22

(2.71)



It is not difficult to verify that I;; LT ng , the interested reader may refer to page

110 Note 15 in [46]. Thus, the tensor wave ¢;; can be written as

Gij = ng ) (2.72)
where the R.H.S. is evaluated at t — x/cy.
Third, we solve wave equation (2.42), (refer to Appendix E for the details)

~k T
T 40— CyCo (2.73)

AG ¢y —2c1 +cqco o7
r (1—cy)(2e —cyc )V’
where the R.H.S. is evaluated at ¢t — z/cy, and

) ) 1
L = ZmAUA(l'Aﬂ?],Z), Qir = Ly, — 35 [WATS

4 (2.74)
Vi =2 maoatyall, S'==imaoav.
A A

Fourth, we solve wave equation (2.51), (refer to Appendix E for the details)

4G 3 1 i 2
F="_" %7 1)), + - 520~ - e 21 TL) 5}
X (2 — 614) 2 2 Cg C14Cg

40 5 y (2.75)
T A S <9 - x—ei) ,
x (2 - 014) Ci4 Cs
where the R.H.S. is evaluated at t — z/cg, and
o (Oél — 2062)(1 — C+) 8(0% + ClC4)
Z="30 T T o0 Tee
cy —¢C €1 — CciC_
(03] (Cl + 263 — C4)(201 + 302 + C3 + C4)
OéQ = — — .
2 (2 - 014)6123

Fifth, we look at equation (2.53): it will give a useful relation in the far zone

(of course, outside the source too). From Appendix B the following equations are

used
, Ci4 2+ 262 B 2
= — O, +—0,, 2.77
Tij 92— cu { C123 JT e :J:| ( )
¢, 4 Loy
O,(t,7) = 4G / d*x ’(B( ”f|) ( f / d?’x'm(t,f')) - _Geﬂ (2.78)
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Since

to O(1/x),

hence

or

T(]o(t, f’) 4G 4G

@(t,f) = 4G/d3[[’/—_,/‘ ~ —/d?’aj/’foo(t,f/) = ?9

& — & x

1.
_%f,ij +Af;; =0,

fij = &Fy;.

2.4  Polarizations

In proper detector frame, the geodesic deviation equation is [46]

Ci = _ROinC] = §’Pijgj7

(2.79)

(2.80)

(2.81)

(2.82)

(2.83)

(2.84)

where (; is the spatial part of the deviation vector between two nearby trajectories

of test particles. Therefore we should compute Riemann tensor Ry, in the proper

detector frame. However in linearized theory the Riemann tensor is invariant under

the coordinate transformations equation (2.33). Hence we can compute it in the frame
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we have chosen such that v = vy = ¢; = 0. In linearized theory,

1
Roioj = 5 (hoj0i + hoioj + Pijoo — Pooij)

. 1. 1 L1 1.
= Yog) = 5% = 705D + L — 5% — Wy
1+¢ 1 1 1 1 (2.85)
, - . ) )

= —C4V(ij) T TmCS‘EU — 10ul + g csFlii — 50— EFM

P l4e, 1, 1 L
= —5%i; — irj - —Cg— 5— | Flij — —0iF,

2¢] C+V( J) + ( 26123 CS + 4CS 2614 )0 4

where, to obtain the third equality, we used the previous results in equations (2.64),
(2.66), (2.69), (2.83), (2.7) and only keep terms up to O(1/x).

In our case, from equation (2.59),

crdije = —0id",  cyviy = —0idk,  cgFy = —Fi". (2.86)

Then Ry,p; can be written as

1- Cy.. . 1+C2 1 1 Lo 1 .
Roio; = —=;: + — 0435 - — — | F2'2) — =4;;F. 2.87
0107 2¢J * CVV( i)+ ( 2¢123 * 4 20140?9> T (287)
Therefore,
R i 1
Pij = (bij + CLll/(Z‘SL’j) + CLQF.T Q?J -+ §5ijF7 (288)
where we define
o — _2c_+’ 0 — (24 3co + i) (e1 + 2¢5 — 04). (2.89)

Cy 26123(014 - 2)

Note that the constant terms 6; and 6 in P will not affect Ry;o; due to second derivative
with respect to time, so we will drop them from now on. Equation (2.88) agrees with
equation (4.51) in [47].

In order to calculate polarizations, we need to have a basis to decompose
Pi; [48]. Given that @' is the direction of propagation(equivalently the direction of
the field point vector), we can construct a plane perpendicular to Z°. Introducing a

new symbol e, = 7%, the plane is determined by the unit vectors e’ and e, which

25



satisfy €x x €y = €. The unit vector € points from the source to the detector (The
wave is traveling in the z-direction). Now it is time to set up the reference frame
explicitly. Since linearized theory has the Poincare symmetry [46], we can further
change to a frame in which it is easy to compute the source integral (summation for
discrete matter). We will use Cartesian coordinate system (¢, z,y, z) to denote it. A
reference frame has two properties: motion of the origin and orientation of the axes.
We choose the reference frame so it is rest relative to the aether and the (z,y)-plane
coincides with the orbital plane of the source system, we call this aether frame. In
aether frame (¢, ,v, z), the basis (€%, €, ¢!) can be parameterized by two angles ¢
and ¢ as follows

ey, = (sind cosg, sind sinp, cosv ),

ey = (cost) cosp, cosV sing, —sind ), (2.90)

9]

L =(—sing, cosp,0).

There is a useful property
0 = e&e& + e@e{/ + eizejé. (2.91)

Then, with the basis (€%, ek, ei.), we can define six polarizations as

1 1
hy = B (Pxx —Pyy), hx= 5 (Pxy + Pyx),
1
hy, = 5 (Pxx +Pyy), hr="Pzz, (2.92)

1 1
hx = 5 (Pxz +Pzx), hy = 5 (Pyz+ Pzy),
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where Pxy = Pjjexe), and so on. Inserting equation (2.88) into equation (2.92),

1 1
hy = B ijel, hx = §¢ij€x]v

R
hb = 5@7’3}(6& + 5(?1']'61/6{/ + §F,

hi = ¢iel el + arvel, + (as + 5)F, (2.93)
| ,
hx = ¢ijexey + Ealz/iefx,
| 4
hy = ¢ijes el + §a11/ie§/7
where 6? = e%eﬁ( - 611'/6{5 eixj = 6&6{} + e@e&. The polarizations can be simplified

by using the transverse-traceless property of ¢;; and transverse property of v;, (refer

to equations (2.4) and (2.91))

hy = §¢ij€_:,]., hy = ¢ij€xja

T2
1 014—20+
hy = =F hy = |1 — ———| hs,
Tt g cia(cs — )& ]
Cy . Ct )
hy = ——uiehe, hy = ——uel,.

In Einstein-aether theory, there are three fields, ¢;;, v;, and F', which have five degrees
of fredom. Hence only five polarizations are independent in Einstein-aether theory,
as you can see from the above equation. From the previous section (the ¢ and 6; can

be dropped if only the derivatives of v;, and F' will be used), we have to O(1/z)

2 .
¢ij = —Q" ’ 20
x t—x/c
T
2G 1 : T
, €z 6 ) ‘
(e A A i — Qi — Vij | +2%° ’ '
v T 201 —cyc (Cv (1_C+Q] < j) ' > o
t—a:/CV
podG_ca
T (2.96)
3 T 2 . |
< | 2(Z = 0)ebel O + = Zhg — ZL27, — 7%
2( Jezey Qi + 5% kk cract C14CSeZ ] t—z/cs
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With equation (2.91), transverse operator can be rewritten as

Py = eel +eiel, (2.97)

It is not difficult to verify that the transverse-traceless operator satisfies
Az‘jklei‘z = 6’117
(2.98)

ij _ _kl
Aijues = €y,

Finally, we express the GW polarizations for N-body (particle-like) system in

terms of source integrals (summations)

G . G
h, = ;Qijej , hy = ;Qijexj

Y

t—x/cp t—z/cp
G 2614 3 .. S 1 . ei ej .. 2 .
hy = — (Z - 1)Qieyel, + =21y, — 221 — ——Yel
b T2 — C14 2( )Q ]ezez + 2 Wk 0140%« J C14Cs “z Ny '
—x/cg
T L Ul
L — 014(C+ — 1)0%« bs (299)
G 2C+ ejZ Cy . .. .
hx = — - i — Qig — Vij 2% | €} 3
T w20 — ey ey \1— C+Q 5~ Qi i) ©x
L J t—x/cy
G 20+ ej C_;’_ o . .
hy = — e~ i — Qij — Vij | +2%;| & ;
Y rev (20 — el ey (1—C+Q] Qi i)t eyt )
L - —T/cy

where G = Gy (1 — %4) The above expressions generalize the results in [47] to the
case where sensitivities of neutron stars are not zero. In order to calculate polariza-
tions, we need to know 3;, V;;, the second time derivatives of I;;, Q;;, Z;; and Q;; for

a given orbit of the system. And we shall focus on triple systems.

2.5 Response Function
To study the GWs, an important quantity is the response function h(t), with
respect to a specific detector, which, for the sake of simplicity, is assumed to have

two orthogonal arms, such as alLIGO, aVIRGO or KAGRA.
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These detectors are laser interferometers, which detect phase difference be-
tween two arms. It can be shown that the phase difference A® is proportional to
response function h(¢). Assume that the two arms of a detector are along the e;-
and eo-directions respectively. Then, we can construct another unit vector es that
forms an orthogonal basis together with (ey, e3), that is, e; - €; = 9;;. The choice of
this frame is independent of the one (ex,ey,ez), just introduced in the last subsec-
tion. But, we can always rotate properly from one frame to get the other with three
independent angles, 6, ¢ and 1) 2, given by,

e; = (cosfcospcosy —singsiny)ex
+ (cos B cos psiny + sin ¢ cos ) ey
—sinfcos ¢ ez,

e; = (cos@singcost) + cospsiny)ex
+ (cos @ sin ¢ sint) — cos ¢ cos ) ey
—sinfsin ¢ ey,

e3 = —sinfcosy ex —sinfsiny ey

—cosf ey. (2.100)

Then, the response function h(t) is defined as

h(t) = 3 ( el — egeé) 28
= Fyhe + Fyhy + Eyhy + Frhy + Fxhx + Fyhy. (2.101)

2cf. Fig. 11.5 and equations (11.319a)-(11.319c¢) of [48]
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The coefficients F, only depend on the angular position of detectors, they are

1
F, = 3 (1 + cos? 9) cos 2¢ cos 21 — cos # sin 2¢ sin 2,
1
F, = 3 (1 + cos? 9) cos 2¢ sin 2¢) + cos 6 sin 2¢ cos 21,
1
F, = —5 sin? 6 cos 20,

1
F;, = 3 sin? 6 cos 20,
Fxy = —sinf(cosfcos2¢cost —sin2¢siny)),

Fy

— sin @ (cos 0 cos 2¢ sin ¢ + sin 2¢ cos ) . (2.102)

Hence, its Fourier transformation takes the form

() = 5 [ Hoe e (2.103)

We also adopt the discrete Fourier transform (DFT) for non-analytical wave-
forms. First, the time interval of signal h(t) is divided into N — 1 subintervals,
t = {to,t1,....tn_1}, t;um = mAt, At is the length of a subinterval. Then we have a
list of discrete values h™ = h(t,,), and we get the DFT according to the following

formula
| Nl
o m —i2mnm/N
h = Nmzoh e : (2.104)
where B =~ h(f), f = {fo. fis - [n—1}, fo = n/(NAL). In this paper, we shall use

the built-in function of software Mathematica to calculate DFT of waves.

2.6 Radiation Power
Ultimately, one is interested in calculating physical, observable quantities from
the GWs that can be measured at spatial infinity. One example is the rate of energy
transported by GWs away from any system per unit time, the so called energy loss

rate.
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Using the Noether current method described in [49], we find that the energy

loss rate is

R </d9$2 {QL%% + e e 4 2o CMFF} > ;
cr

167G cy 4eqacg

(2.105)
where the dot over the function stands for a time derivative, {2 is the solid angle, and

the angle brackets stand for an average over several periods of the GW, defined by

1 T
t) = — t)dt 2.106
=gz [ o (2.106)
with 7" is the period of the GW.

The power radiated by GWs is the negative energy loss rate

P=_¢&. (2.107)
The power can be further evaluated by substituting in the expressions for the fields

given by equations (2.94-2.96), and performing the angular integral [37],

A A A
P =G <?1QijQij + ?QQUQM + gngjQz‘j

(2.108)
Al — i X 201463_ _ 3014(2 - 1)2’
cr (201 —cype)?ey  2(2 — cg)es
B 2%, 27 —1)
A = (20 —cie ) (2= )
1 +6=)by 14)¢g
1 2
As = ,
3 26140%/ 3014(2 - 014>Cg
72 A 1
B, = 614—, Bo=——"—"—+ B3= ,
4(2 — c14)cs 3(2 — c1a)cd 9c14(2 — c14)C2
4 4 1
C = D= . 2.109
3c1463, + 3c14(2 — 1)’ 6c1acy, ( )
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CHAPTER THREE

Gravitational Waves from Triple Systems

Consider a triple system with masses m 4 and positions x 4(t), where A specifies
the three bodies, A = 1,2, 3. Then, from equation (2.99) we can see that all polariza-
tion modes are functions of the type hy(x;x4(t)), where x4(t)’s are the trajectories of
the three bodies. So, once x4(t)’s are known, we can study the polarizations of GWs
emitted by this triple system. Similarly, we could easily obtain the power radiated
by GWs with equation (2.108) in Einstein-aether theory.

In the framework of Einstein-aether theory the analytical trajectories of a
triple system have not been studied, yet. So we shall use the Newtonian trajectories
of the triple systems !, which have been intensively studied in the past three hundred
years, for which various periodic solutions have been found, see for example, [50] and
references therein. Some of these orbits have been used to study the GWs in the
framework of GR. In particular, in [51] it was shown that the quadrupole GWs of a
figure eight trajectory discovered by Moore in 1993 [52] is indistinguishable from that
of a binary system. In addition, Dmitrasinovic, Suvakov and Hodomal calculated the
quadrupole wave forms and the corresponding luminosity for the 13 + 11 periodic
orbits of three-body problems in Newtonian gravity [53], discovered, respectively,

in [54] and [55]. Among other things, they found that all of these 13 + 11 orbits

! Corrections due to the aether effects are expected to be small, and should be consistent
with the lowest PN order approximations adopted in this paper.
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produce different waveforms and their luminosity (power) vary by up to 13 orders of
magnitude in the mean, and up to 20 orders for the peak values.

On the other hand, we could also use observational data to extract the orbit
of a real astronomical triple system. In fact, there are about 13% of low-mass stellar
systems containing three or more stars [57], and 96% of low-mass binaries with pe-
riods shorter than three days which are part of a larger hierarchy [58]. Recently, a
relativistic triple system was observed, PSR J0337 + 1715 (J0337) [59], which consists
of an inner binary and a third companion. The inner binary consists of a pulsar with
mass m; = 1.44Mq and a white dwarf (WD) with mass my = 0.20M in a 1.6 day
orbit. The outer binary consists of the inner binary and a second dwarf with mass
mg = 0.41M¢ in a 327 day orbit. The two orbits are very circular with eccentricities
er ~ 6.9 x 10~ for the inner binary and ep ~ 3.5 x 1072 for the outer orbit. The two
orbital planes are remarkably coplanar with an inclination < 0.01° [See Fig. 3.1].

In this chapter, we shall use weak field limit of sensitivities equation (1.18),

since the gravitational field is relatively weak for the systems are considered here.

3.1 Triple Systems with Periodic Orbits
In this section, we shall consider some of the periodical trajectories provided
in [56]. In the configurations provided in this site, the three bodies are assumed all
to have equal masses, m; = my = m3 = m, and the units were chosen so that Gy =
1, m=1. Also, we set ¢; =4 x 107°,¢c0 = 9 x 107°,¢3 = —¢1, and ¢4 = —2 x 1072,
a condition that will be adopted for the rest of this section. For such choices, the
coupling constants ¢;’s clearly satisfy the theoretical and observational constraints

of the a-theory [42]. In addition, with these choices, we have ¢, = 0, and then
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Figure 3.1: Orbit of the neutron star, inner white dwarf and the outer white dwarf
where the units are in light second (ls). This shows the trajectories observed in the
center-of-mass coordinate system for about 330 days starting from 01-04-2012 [65].
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from equation (2.99) we find that the vector polarizations hx and hy are identically
zero, S0, in the rest of this section we only need to consider the hy, hy, h, and hp,
polarizations.

Let us first consider the GWs of the Simo’s figure-eight trajectory [61], the
GWs in GR have been studied in [53]. In figure 3.2, the trajectory of the 3-body
problem is plotted out in the (x,y)-plane for many periods, in order to make sure
that our numerical codes converge well after a sufficiently long run.

Assuming that the detector is along the z-axis, we plot the polarization po-
larizations h, and hy in figure 3.3. In this figure, we plot these polarizations given
in GR as well as in Einstein-aether theory. Precisely, the difference between waves of
ae-theory and those of GR is of the order of © (107°). This can be seen clearly from
this figure, in which the lines are almost identical in both theories.

In Fig. 3.4 we plot the polarization polarizations h, and hy in s-theory, which
all vanish in GR. Comparing results with those shown in figure 3.3 it can be seen that
the amplitudes of these polarizations are about five orders lower than h, and h.

In Figs. 3.5, 3.6 and 3.7, we plot the corresponding response function h(t), its
Fourier transform h(f) and the radiation power P(= —&) for the Simo’s figure-eight
3-body system. From Fig. 3.7 we can see that both of the dipole and monopole
contributions are suppressed.

While plotting figures 3.2-3.7, we assumed that the binding energies of the
three bodies are ; = —0.1, €y = —2.76 x 1075 and Q3 = —2.9 x 107° respectively.
In addition, the locations and orientations of the source and the detector are all
independent, which are parameterized by the five angles (¥, ¢;0,¢,1), defined in

equations (2.90) and (2.100). We chose (9, ¢; 6, ¢,1) = (0,0;0,0,0).
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Next, we explore the effects of changes in these parameters. First, we will fix
binding energies and vary angles.

In Figs. 3.8-3.12 we plot the polarization functions hy, response function
h(t), its Fourier transform ;l( f) and the radiation power Py, Pg and P, respec-
tively, for (¥, ¢;0,¢,v) = (0.6,5.2;1.3,1.2,1.8), while still choosing (€2, Qy, Q3) =
(—0.1, —2.76 x 1079, —2.9 x 1079). Clearly, the corresponding mode functions, re-
sponse function and its Fourier transform are all different from the previous case.
However, the radiation power is the same and is independent of the choice of these
five angular parameters, as can be seen by comparing figures 3.7 and 3.12.

To study the effects of the binding energies of the three bodies on the wave
forms and energy losses, we consider the same case shown by Figs. 3.8 - 3.12 but now
with all three bodies having the same binding energy, Q; = Q; = Q; = —1072. With
this choice, the dipole contribution to the radiated power is identically zero.

In Figs. 3.13 - 3.17 we plot the polarization functions hy, response function
h(t), its Fourier transform h(f) and the radiation power P4 and Pg, respectively, for
(0,0;0,0,%) = (0.6,5.2;1.3,1.2,1.8), and (Qy, Qz, Q3) = (1072, 1072, -1072).
Clearly, the corresponding mode functions, response function, its Fourier transform
and radiation power are all different from the previous case. In particular, the dipole
contributions vanish now.

In Figs. 3.18-3.22, we plot, respectively, the trajectory of the Broucke R7 3-
body system provided in [56], the polarization polarizations hy, the response function
h(t), its Fourier transform h(f) and the radiation power P, for (Qy, Qy, 3) =

(—0.1, —2.76 x 1076, —2.9 x 10°) and (¥, ¢;0, $,10) = (0.6,5.2;1.3,1.2, 1.8).
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In Fig. 3.23 we plot the trajectory of the Broucke A16 3-body system provided
in [56], while in Fig. 3.24-3.27 we plot the corresponding physical quantities for the
same choice of the five angular parameters as selected in the case for the Broucke
R7 3-body system in both GR and &-theory with (21, 9, Q3) = (—0.1, —2.76 x
106, —2.9 x 1075) and (9, ¢;0, ¢, ¥) = (0.6,5.2;1.3,1.2, 1.8).

From these figures we can clearly see that the GWs and radiation power not
only depend on the relative positions, orientations between the source and detector,
but also depend on the configurations of the orbits of the 3-body system. In addition,

they also depend on their binding energies of the three compact bodies.

3.2 The Relativistic Triple System (PSR J0337+1715)

In this section, we shall focus on the relativistic triple system PSR J0337+1715.
Specifically, we investigate this triple system in three different theories of gravity,
General Relativity (GR), Einstein-aether theory (se-theory) and Brans-Dicke (BD)
gravity, by using the post-Newtonian approximations to their lowest order. We shall
pay particular attention to the differences predicted by these theories. Although nei-
ther the current generation of detectors nor the next one can detect the GWs emitted
by this system 2, it serves well as a realistic example to show clearly the different
predictions from each of these theories. In particular, we shall study gravitational
waveforms, their polarizations, Discrete Fourier transform (DFT) of polarizations as
well as the radiation power. Among the modified theories of gravity, s-theory locally

breaks the Lorentz symmetry by introducing a globally time-like unit vector field (the

2 The frequency of the GWs emitted by this system is about 1078 Hz. With this frequency,
only the pulsar timing array (PTA), such as IPTA and SKA, can detect such GWs. The amplitudes
of these GWs are far below the sensitivities of these detectors.
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aether) [62], while in BD gravity the gravitational interaction is mediated by both
scalar and tensor fields [63].

Before jumping into the details, we would like to note that, in the framework of
se-theory, Foster [38] and Yagi et al. [39] derived the metric and equations of motion
to the 1PN order for a N-body system. Recently, Will applied these to study the
3-body problem and obtained the accelerations of a 2-body system in the presence of
the third body at the quasi-Newtonian order [64]. For nearly circular coplanar orbits,
Will also calculated the strong-field Nordtvedt parameter ny. For triple system J0337,
ignoring the sensitivities of the two white-dwarf companions, Will found that 7y is
given by 7y = s1/(1 — s1), where s; denotes the sensitivity of the pulsar.

Since J0337 is a triple system, there exists no analytical orbit, the numerical
orbit supplied by Dr. Lijing Shao based on the observational data [65] is used. In the

case of J0337, 9 and ¢ are 0° and 270°, respectively [59].

3.2.1 General Relativity

In GR, the equations of the geodesic deviation take the form [46]

" A 1. .
Gi = —Roi;¢7 = éh;-ZTC], (3.1)
2G N -
hit(t %) = =R Qi (t = ), (3.2)

with R = |x| denoting the distance from the observer to the source and G denoting
the Newtonian constant. In GR, hg;T has only two degrees of freedom corresponding

to the plus (+) and cross (Xx) polarizations, which are given by

Gv - Gy -
hER = %leekl th = %leeil, (3-3)

+

38



where ek = kel — ebel,, el = ehel + efely. In Figs. 3.28 and 3.29, we plot

these two polarizations; from these figures it can be seen that the amplitudes of
both polarizations are about 10722, which is in the range of the designed sensitivity
of the current generation of the ground-based detectors, such as LIGO, Virgo and
KAGRA, but their frequencies do not lie within the detectors frequency bands [66].
This is because the orbital frequency of J0337 is out of the observational bands of the
current detectors. You can find the frequencies of these two polarizations easily from
Figs. 3.30 and 3.31.
In Figs. 3.30 and 3.31 we plot AG%(f) and hSGR(f), respectively. In these

figures, there are two peaks and the corresponding frequencies are

= 0.068658 puHz ~ 2.0f,,

= 14.212 pHz ~ 1.9f;,
where f, and f; represent outer and inner orbital frequencies of the triple system

J0337 [59),

fo=10.035 uHz, f; =7.103 pHz. (3.4)

Thus, f;"" and f;7* are about twice the outer and inner orbital frequencies of the
triple system, but not exactly. In GR, for a binary system the GW frequency is
exactly equal to two times their orbital frequency [46]. However, it must be noted
that here the difference is due to the presence of the third component of the triple

system.

3.2.2 FEinstein-aether Theory

In ae-theory, the equation of the geodesic deviation reads

1. .
G = _ROinCJ = 573@(]- (3-5)
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The Riemann tensor is expressed in terms of linear perturbations as

Py = by + a1vudy) + aaFa'a + %%F. (3.6)

For the polarizations in ae-theory hy, hy, hy, ..., please refer to (2.99). From

those expressions, in addition to the usual plus and cross polarization modes, -
theory predicts three extra independent modes, Ay, h% and AF. Comparing to h%
and h%, these extra modes are suppressed, respectively, by factors of ¢4 < 1075 and
cy <1071 [33]. The longitudinal mode h¥ is proportional to the breathing mode h.

In the following, we first consider the case
e = 4x107°, ¢ =9x107°,
3 = —cp, cq=—2x1075, (3.7)

which satisfy all the theoretical and observational constraints. Note that for this

choice we have cy = 0, and then the two modes h% and h{ vanish identically,
h% =hy =0, (cp =0). (3.8)

In the rest of this paper, we shall not consider them any further.

In Figs. 3.28 and 3.29, we plot the two polarization modes A% and h%, while
in Figs. 3.30 and 3.31, we plot their DFTs. From these figures, it can be seen clearly
that these two modes are almost identical to the ones given in GR, after all the

constraints of se-theory are taken into account. In fact, we have

he 1
= =1- —C14. (39)
hge )

The differences between @-theory and GR are determined by ¢4,
hE  —h$h 1

zS] P +7X ) —
AR, = R = gt (3.10)
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Recall that ¢4 < 2.5 x 107°. Therefore, the signals of these two modes in ze-theory
and GR are overlapping, their frequencies are precisely the same, as shown in Figs.

3.30 and 3.31. Similarly, the differences in frequency domain can be defined as
AR | = (2 ] = 1RSE]) /RS (3.11)
In Fig. 3.32, we plot A and A7, which are about three orders lower than
h% and h%. In Fig. 3.33, we plot the DFT of the hy and hp. It is remarkable that

now the two peak frequencies are approximately equal to the outer and inner orbital

frequencies,

{),L = 0.045772 ,qu ~ 1-3f07

vh = 7.0947 pHz ~ 1.0f;, (3.12)

where f, and f; are given by equation (3.4). The GW frequencies " and f2" are
almost equal to the outer and inner orbital frequencies of the triple system.

Recently, we find that for binary systems in @e-theory, the polarization modes
hy, and hp all contain two frequencies: one is equal to the binary’s orbital frequency
and the other is twice the orbital frequency [35]. This confirms the above result
since J0337 can be considered a hierarchical system consisting of two binaries. Again,
the reason that ff’L and fé”L are not exactly equal to the outer and inner orbital
frequencies of the triple system is due to the influence of the third component of the
triple system, rather than the predictions of the ae-theory itself.

To see further the dependence of hl;“:L on ¢;’s, given that ci4/co <1,

Cs
haﬁ ~ x
b 1+cg L

G L [Crie, s .
ﬁ {3014Qij€Z6]Z - EZZBZ -+ 2014]} . (313)
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From the above equation, we see that hj’; are dependent on ¢y and c14 mainly.
To see the effects explicitly, in the following we consider two more cases.
In the first case, ¢y is chosen to be different from that given in the equation

(3.7), now we have
ci = 4x107°, ¢y =0.095,
3 = —cp, cq=—2x107°. (3.14)
In Figs. 3.34 and 3.35 we plot the breathing (h) and longitudinal (h¥) polarization
modes for this case. Comparing them, respectively, with Figs. 3.32 and 3.33, we
find that the amplitudes of hj’ and hT decrease when ¢y increases, whereas their
frequencies remain the same.
In the second case, ¢14 is chosen to be different from the values given in equation
(3.7); the parameters are
e = 4x107% ¢ =9x107",
3 = —cp, g =—2x1075 (3.15)
The corresponding hf and hT modes are shown in Figs. 3.36 and 3.37. Comparing
them with Figs. 3.32 and Fig. 3.33, we find that the amplitudes of Ay and A7

decrease when ¢4 decreases, whereas their frequencies stay the same, as is expected

from equation (3.13).

3.2.3 Brans—Dicke Gravity
Brans—Dicke gravity is an example of a scalar—tensor theory in which the
gravitational interaction is mediated by a scalar field as well as the tensor field of

general relativity. The gravitational constant GG is not presumed to be constant but
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instead 1/G is replaced by a scalar field ¢, which can depend on a spacetime point.

The metric perturbation and scalar field perturbation are given by [67]

2 1 (2 ,
g7 = ———Zmaxflel,
o R di?
4 . 1 .
oBP = }—%(NiM{+§NiNjM§’), (3.16)

where ¢q is the value of the BD scalar field in the Minkowski background, which

satisfies ¢g = (4 + 2wpp)/[(3 + 2wpp)GN] [68], and

M{ = m Z ma(l — 28(1).(172,

g 3
MY = m a;ma(l — 284) 2t 27 (3.17)

where wgp is the BD parameter of the theory. In this chapter, we choose sensitivities
such that s; (for pulsar) = 0.2, sy (for inner WD) = 0, s3 (for outer WD) = 0 and
the coupling constant wgp = 10° [69]. Note that in writing the above expressions, we
have dropped the non-propagating terms in ©””. Then, the components Ry;o; of the

Riemann tensor can be cast in the form

BD

1 d? @

It can then be shown that there are only three independent polarization modes given,

respectively, by

1 1 ..
BD BD i
h+ 5 —&j—ezm h>< 56]02%
pBD  _ 90

N
which are plotted in Figs. 3.28, 3.29 and 3.32 respectively, while their DFTs are

(3.19)

shown in Figs. 3.30, 3.31 and 3.33.
From these figures, it can be seen that the two polarization modes th and

hBP overlap with those in GR and se-theory, due to the observational constraints on
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the wpp. In fact, we have

hfﬂ 3+ 2wpp

= ) 3.20
hgﬁ 4 + 2wBD ( )
The differences between BD gravity and GR are determined by wgp,
ARBD = X X o Rwsp g (3.21)
’ h+,>< 4 4+ 2wgp

Recall that wpp ~ O(10°). Therefore, the signals of these two modes in BD gravity
and GR are overlapping, their frequencies are precisely the same, as shown in Figs.

3.30 and 3.31. Similarly the differences in frequency domain can be defined as
AIRER) = (IRE21 = RSR1) /RS (3.22)

As seen in Fig. 3.32, the breathing mode (h??) is different from se-theory. From Fig.

3.33, its DFT has also two peak frequencies which are equal to those of @-theory,

i.e., the breathing mode in BD gravity only has first harmonics of orbital phase. In

contrast the polarization modes h, and hy have second harmonics of orbital phase.

3.2.4 Radiation Power

In GR, the total radiation power is given by [46, 70]
G ee o
G N
peft = — <QUQU> ) (3-1)
where ();; is the mass quadrupole moment defined in equation (2.71) and the angular
brackets denote the time average. 3. Note that in this section we shall not distinguish
the time ¢ and its corresponding retarded time. Strictly speaking, all the quantities

should be evaluated at the retarded time. However, it is not necessary for our current

purpose. The reference frame is chosen such that the inclination is 39.25°, where

3 However, since we are considering periodic GWs, we will not take this time average in the
relevant plots. Otherwise, it will be zero for such periodic waves. The same will also apply to the
cases of &e-theory and BD gravity.
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the inclination is the angle of the orbital plane relative to the plane perpendicular to
the line-of-sight from Earth to the pulsar. In Fig. 3.38, we plot the radiation power
calculated by GR for about 500 days, where the insert shows the details from day 12
to day 26.

In e-theory, and in the weak field limit, we find that [37,47]

. A e e
where YJ; is defined as
Zz‘ = (041 — %ag) Z (U}ZL‘QA) s (33)
A
and
A= (- (L 2o
2 cr (200 — cypc)?ey
3(Z — 1)2014)
2(2 —cuy)es )
B — 22(3147
805
2 2 — 1
C = — ( 3014 + —3) ,
3C14 cy ce
—9 1 —
Z = (Ql 042)( C+), (34)
3(2¢4 — cua)
with [37]
~ 8(cici —c_cy)
o = —
2c; —c_cy
1 (014 — 2613) (3C2 + Cy -+ Cl4>
ay = —aq1+ . 3.5
? 2 ' C123(2—014) ( )

Here v’y = @', is the velocity of A-th body along z’-direction, €24 is the binding energy
of A-th body. For J0337 [59], we have Q; (for pulsar) =—2.56955 x 10%® J, Q, (for

inner WD)=-9.75554 x 10 J, Q3 (for outer WD)=-2.12650 x 10** J. ¢r, ¢y and
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cg are the speeds of the tensor, vector and scalar modes, given by equation (2.37),
(2.43) and (2.52).

In Fig. 3.39, we plot the radiation power in a&-theory of the parts A, B and C
separately, for about 500 days. Again, the inserts are from day 12 to day 26. Note
that at every moment during the 252 days in the plot, the A part of &-theory is quite
close to that of GR with the relative difference proportional to ¢4 [33],

Pa

Ser 1= Olc1s) S O(1077). (3.6)

From this figure, it is also clear that the dipole part C has almost the same
amplitude as that of the quadrupole part A, while the monopole part B is suppressed
by a factor ¢4 [33]. The large magnitude of the dipole contribution C seemingly
contradicts to the analysis given in [33]. In particular, equation (3.13) in [33] shows
that WS /WIS ~ 102, with

Wa = 54 (120% — 115?)
15
We = C¥2, (3.7)
where A, C and ¥ are all given explicitly in [33]. However, in deriving WE\I S / WEIS ~
1072 we assumed that O (v*) ~ 107°, while in the case of J0337 we find that the
relative velocities of the inner binary system are of the order of O (v?) ~ 107", After
this is taken into account, we find that W /W, ~ O(1) for the current triple system.

It is remarkable to note that with the multi-band gravitational wave astron-
omy [91], joint observations of GWs by LIGO/Virgo/KAGRA and LISA will improve
bounds on dipole emission from black hole binaries by six orders of magnitude relative

to current constraints [92]. Thus, it is very promising that the third generation of
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detectors, both space-borne and ground-based, could provide severe constraints on
ae-theory.

In BD gravity, following [67] we obtain

pBEP = pBP o ppb. (3.8)
1 /1eer wo
BD
P; = % <5QZJQU> )
1 /2043 [4m - -
PQBD = %< = {?MlMl
+ = (R Ay + 20 i1 )]) (3.9)

where M? and MY are defined by equation (3.17). Note that in writing down the
above expressions, we had dropped the non-propagating terms.

In Fig. 3.40, we plot the radiation power in BD gravity for about 500 days,
where the insert shows the details only from day 12 to day 26. Note that at every
moment during the 500 days, the first part of BD is quite close to that given in GR.

In fact, we find that

PpP
PGR

—1~0 (wgp) SO(107°). (3.10)
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Figure 3.2: Trajectory of the Simo’s figure-eight 3-body system. The bodies are
moving in a 8-like orbit.
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Figure 3.3: The polarization polarizations h, and h, for the Simo’s figure-eight 3-
body system in both GR and Einstein-aether theory, where the polarizations are
propagating along the positive z-direction. R = z.
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Figure 3.4: The polarization polarizations h, and hy, for the Simo’s figure-eight 3-body
system in ae-theory.
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Figure 3.5: The response function h(t) for the Simo’s figure-eight 3-body system in
GR and &-theory.
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Figure 3.6: The Fourier transform A(f) of the response function h(t) for the Simo’s
figure-eight 3-body system in GR and &-theory.
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Figure 3.7: The radiation power P(= —&) of the Simo’s figure-eight 3-body system

in e-theory. The dotted (blue), dash-dotted (red) and solid (green) lines denote,
respectively, the parts of quadrupole, monopole and dipole radiations given in (2.109).
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Figure 3.8: The polarization polarizations h, and h, for the Simo’s figure-eight 3-
body system in both GR and s-theory.
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Figure 3.9: The polarization polarizations h; and hy, for the Simo’s figure-eight 3-body
system in ae-theory.
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Figure 3.10: The response function h(t) for the Simo’s figure-eight 3-body system in
GR and &-theory.
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Figure 3.11: The Fourier transform h(f) of the response function h(t) for the Simo’s
figure-eight 3-body system in GR and a-theory.
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Figure 3.12: The radiation power P(= —&) of the Simo’s figure-eight 3-body system

in e-theory. The dotted (blue), dash-dotted (red) and solid (green) lines denote,
respectively, the parts of quadrupole, monopole and dipole radiations.
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Figure 3.13: The polarization polarizations h, and hy for the Simo’s figure-eight
3-body system in both GR and &-theory.
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Figure 3.15: The response function h(t) for the Simo’s figure-eight 3-body system in
GR and &-theory.
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Figure 3.16: The Fourier transform h(f) of the response function h(t) for the Simo’s
figure-eight 3-body system in GR and a-theory.
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Figure 3.17: The radiation power P of the Simo’s figure-eight trajectory of 3-body
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Figure 3.18: Trajectory of the 3-body system for the Broucke R7 figure provided
in [56].
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Figure 3.20: The response function h(t) for the Broucke R7 3-body system with the
choice.
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Figure 3.21: The Fourier transform h(f) of the response function h(t) for the Broucke
R7 3-body system.
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Figure 3.22: The radiation power P of the 3-body system of the Broucke R7 figure
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respectively, the parts of quadrupole, monopole and dipole radiations.
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Figure 3.23: Trajectory of the 3-body system for the Broucke A16 figure provided
in [56].
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Figure 3.25: The response function A(t) for the Broucke A16 3-body system.
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Figure 3.27: The radiation power P(= —&) of the 3-body system of the Broucke A16.
The dotted (blue), dash-dotted (red) and solid (green) lines denote, respectively, the
parts of quadrupole, monopole and dipole radiations.
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Figure 3.28: In the upper panel, the plus polarization h., respectively, in GR, ac-
theory and BD gravity are plotted, while their relative differences with respect to
GR, given by equations (3.10) and (3.21) are plotted out in the bottom panel.
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Figure 3.29: In the upper panel, the cross polarization h,, respectively, in GR, ae-

theory and BD gravity are plotted, while their relative differences with respect to
GR, given by equations (3.10) and (3.21) are plotted out in the bottom panel.
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Figure 3.30: In the upper panel, DFTs of the plus polarization h,(f), respectively,
in GR, @&-theory and BD gravity, are plotted out, in which the two peak frequencies
have been marked. The inserts show the tiny differences at the two peak frequencies
among the three different theories, where f; = 0.068658 puHz, fo = 14.212 pHz. In
the bottom panel, their relative differences with respect to GR, given, respectively,
by equations (3.11) and (3.22) are plotted out.
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Figure 3.31: In the upper panel, DFTs of the cross polarization hy(f), respectively,
in GR, &-theory and BD gravity are plotted out, in which the two peak frequencies
have been marked. The inserts show the tiny differences at the two peak frequencies
among the three different theories, where f; = 0.068658 pHz, fo = 14.212 pHz. In
the bottom panel, their relative differences with respect to GR, given, respectively,
by equations (3.11) and (3.22) are plotted out.
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Figure 3.32: The breathing (h;) and longitudinal (hy) polarizations in s-theory and
the breathing polarization in BD gravity for about five hundreds days with another
plot for about two days.
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Figure 3.33: DFT of the breathing and longitudinal polarizations in s-theory and the
breathing polarization in BD gravity, where two peak frequencies have been marked.
f1 =0.045772 puHz, fo = 7.0947 uHz.
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Figure 3.34: The breathing and longitudinal polarizations in &-theory for different
choice of parameters ¢;’s given by equation (3.14).
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Figure 3.35: DFT of the breathing and longitudinal polarizations in g-theory for
different choice of parameters ¢;’s given by equation (3.14). f; = 0.045772 uHz,
fo=7.0947 pHz.
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Figure 3.36: The breathing and longitudinal polarizations in &-theory for different
choice of parameters ¢;’s given by equation (3.15).
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Figure 3.37: DFT of the breathing and longitudinal polarizations in g-theory for
different choice of parameters ¢;’s given by equation (3.15). f; = 0.045772 uHz,
fo=7.0947 pHz.
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Figure 3.38: The instantaneous (time un-averaged) radiation power in GR for about
500 days with an insert for about 14 days.
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Figure 3.39: The instantaneous (time un-averaged) radiation power in ae-theory. Here
the A, B and C parts are plotted separately. The inserts show only 14 days.
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Figure 3.40: The instantaneous (time un-averaged) radiation power in BD gravity.
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CHAPTER FOUR

Black Hole Ringdown

Stellar mass binary black holes with a total mass between one and a few
hundred solar masses are prime GW sources for the currently operating ground-based
GW detectors Advanced LIGO [73] and Virgo [74]. Gravitational waves from binary
black holes carry characteristic information about the astrophysical properties of the
black holes, such as their masses and spins. These properties can be inferred by using
highly accurate general relativistic waveform models, which describe the last stage of
the binary black hole evolution: the ringdown of the remnant black hole.

The final state of binary black holes is a perturbed single black hole char-
acterized by two parameters: the final remnant mass and spin angular momentum.
The perturbed black hole radiates gravitational waves at a specific set of frequencies
completely determined by the mass and spin. The segment of the gravitational wave
signal associated with the single black hole’s oscillations is known as the ringdown
phase, as the perturbed black hole rings down analogous to a struck bell. The set
of frequencies and damping times associated with a given black hole are known as
quasinormal modes (QNMs), the damped oscillations connected to the underlying
black hole geometry.

In the first section of this chapter, we study spherically symmetric static black
holes (BHs) in Einstein-aether theory [36]. In the following section, we calculate the

perturbation of the spherical BH background, that is, quasinormal modes.
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4.1 Black Hole Solutions

4.1.1 Particle and Universal Horizons

It should be noted that the definition of BHs in @-theory is different from
that given in GR. In particular, in a&-theory there are three gravitational modes, the
scalar, vector and tensor, which will be referred to as the spin-0, spin-1 and spin-2
gravitons, respectively. Each of these moves in principle with a different speed, given,
respectively, by [87]

c123(2 — c14)

2

C - ’

s c14(1 —cy)(24 ¢4 + 3¢o)

201 — 4 (2¢1 — )

C = )

v 2014(1 — C+)

1
2
= . 4.1

Cr 1—c, (4.1)

The constants cg, ¢y and cr represent the speeds of the spin-0, spin-1 and spin-2
gravitons, respectively.

Since the se-theory possesses three different modes, and all of them are moving
at different speeds, in general these different modes define different horizons [62].
These horizons are the null surfaces of the effective metrics,

A
953 = gap — (4 = 1) uaup, (4.2)

where A = S, V,T. The null surfaces for A = 5, V, T are called the spin-0 horizon
(SOH), spin-1 horizon (S1H) and spin-2 horizon (S2H), respectively. These three
different horizons will also be referred to as particle horizons for the corresponding

gravitons, and are given by [36]

glI NNl =, (4.3)

r=rg
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where N, = 4, S stands for SOH, S1H, S2H, and rg refers to the position of the
corresponding horizon.
In contrast, the metric horizon (MH) is the null surface of metric g3, or a

)

particle horizon of g((fé with c4 = 1, given by

Jap N NP =0, (4.4)

r=ryu
where ryg is the position of MH.

If a BH is defined to be a region that traps all possible causal influences, it
must be bounded by a horizon corresponding to the fastest speed. In theories with the
broken Lorentz invariance (LI), the dispersion relation of a massive particle contains

generically high-order momentum terms [76],

2(z—1)

k‘ n
n=1 *

from which we can see that both of the group and phase velocities become unbounded
as k — oo, where E and k are the energy and momentum of the particle considered,
and pg and ¢,,’s are coefficients depending on the species of the particle, while M, is the
suppression energy scale of the higher-dimensional operators. Therefore, in theories
with the broken LI, a BH should be defined to be a region that traps all possible
causal influences, including particles with arbitrarily large velocities (c4 — 00). Does
such a region exists 7

To answer the above question, we first note that the causal structure of space-
times in such theories is quite different from that given in GR, where the light cone
at a given point p plays a fundamental role in determining the causal relationship of

p to other events [77]. In a ultraviolet (UV) complete theory, the above dispersion

89



Future ‘

t
J Future
p p
Simultaneous
Past ‘
Past
(a) (b)

Figure 4.1: Tllustration of causal structures of spacetimes in different theories of
gravity [77]: (a) The light cone of the event p in special relativity. (b) The causal
structure of the event p in Newtonian theory.

relationship is expected even in the gravitational sector '. In such theories, the causal
structure is dramatically changed. For example, in the Newtonian theory, time is ab-
solute and the speeds of signals are not limited. Then, the causal structure of a given
point p is uniquely determined by the time difference At = ¢, — ¢, between the two
events [cf. Fig. 4.1]. In particular, if At > 0, the event ¢ is to the past of p; if At <0,
it is to the future; and if At = 0, the two events are simultaneous.

In theories with breaking LI, a similar situation occurs. Thus, to build the
causal structure of spacetimes in such theories, a globally time-like coordinate should
be first introduced [79,80]. In particular, for a given spacetime, we first introduce a
globally timelike scalar field ¢ [81]. In the spherically symmetric case, this globally

timelike scalar field relates to the aether field u, via

P
\/ _¢,a d)’a '

Then, similar to the Newtonian theory, this field defines globally an absolute

(4.6)

Uy =

time, and all particles are assumed to move along the increasing direction of the

timelike scalar field, so the causality is well defined [cf. Fig. 4.2]. In such a spacetime,

1 One such example is the healthy extension [84,85] of Hofava gravity [76, 78], a possible
UV extension of the khronometric theory.
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there may exist a surface at which the aether field u, is orthogonal to the timelike
Killing vector ¢ (= 0,), where v denotes the ingoing Eddington-Finkelstein (EF)

coordinate, with which the element takes the form
ds* = —F(r)dv® + 2B(r)dvdr + r?dQ?, (4.7)

where Q% = df? + sin? dyp? and 2 = (v, 7,0, ). Given that all particles move along
the increasing direction of the aether field, it is clear that a particle must cross this
surface and move inward once it arrives at it, no matter how large its speed is 2. This
is a one-way membrane, and particles even with infinitely large speeds cannot escape
from it once they are inside it. Thus it acts as an absolute horizon to all particles
(with any speed), which is often called the universal horizon (UH) [76,79,80]. At the

horizon, as can be seen from Fig. 4.2, we have [82],

1
Gty == 57 L+ ) =0, (4.8)

T=TUH

where J = FA?, and A(r) is one of the components of the aether field,

1 — F(r)A%(r)
2B(r)A(r)

U0y = A(r)o, — Oy (4.9)

4.1.2  An Analytical Solution
In this section, our main goal is to present one exact, asymptotically flat,
static, spherically symmetric vaccum, single-parameter family of black hole solutions.
The vacuum field equations E* = G* — S¥ = (0 and A* = 0 can be divided

into two groups [88,89]: one represents the evolution equations, given by

E"W =FE" = E" =0, (4.10)

2 Particles even with infinitely large speeds will just move on these boundaries and cannot
escape to infinity.

91



U

N

o
©

T
S
o

Black Hole

\J

0 I'uH

Figure 4.2: Illustration of the bending of the ¢ = constant surfaces, and the existence
of the UH in a spherically symmetric static spacetime, where ¢ denotes the globally
timelike scalar field, and ¢ is the Painlevé-Gullstrand-like coordinates, which covers
the whole spacetime [83]. Particles always move along the increasing direction of ¢.
The Killing vector ¢# = §# always points upward at each point of the plane. The
vertical dashed line is the location of the metric (Killing) horizon, r = ryp. The UH,
denoted by the vertical solid line, is located at r = ryg, which is always inside the
MH.

and the other represents the constraint equation, given by
c' =0, (4.11)

where C* = E™ + u"/E* = 0, and G" denotes the Einstein tensor. Note that
in equation (35) of [89] two constraint equations C¥ = C" = 0 were considered.
However, C" and C" are not independent. Instead, they are related to each other
by the relation C" = (F/B)C". Thus, C* = 0 implies C" = 0, so there is only one

independent constraint.
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On the other hand, the three evolution equations can be cast in the forms,

F" = F(A A F, F rc)

= ! (f0+f1F+f2F2+f3F3

2r2 A4D
+ f4F4), (4.12)
A" = A(A A F F' rc)
1

= m(ao +(I1F+GQF2 +CL3F3), (413)

— = B(AA F F rcg)

1

where a prime stands for the derivative with respect to r, and
D=d_(J*+1)+2d.J, (4.15)
with J = FA? and
de = (&£ 1)cu(l —ci3)(2+ i3 + 3ca). (4.16)
The coefficients f,, a, and b, are independent of F(r) and B(r) but depend on
F'(r), A(r) and A’(r), and are given explicitly by equations in Appendix A of [36].
The constraint equation (4.11) now can be cast in the form
ng +m F 4+ nyF? = 0. (4.17)

Thus, we have three dynamical equations and one constraint for the three
unknown functions, F; A and B. As a result, the system seems over determined.
However, a closer examination shows that not all of these equations are independent.

For example, equation (4.14) can be obtained from equations (4.12), (4.13), and
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(4.17). In fact, from equation (4.17), the function B can be written in the form

1
2/2A2?

— (202 + 613) (J + 1)2]

B(r) = + {2A2 [4J(1 +2¢5 + c13)

+4rA[2AT — 4] A
()= 1) (JA = A = AT

2o (JA + A = AT’
1/2
— (24 c13)(JA = A" — AJ’)2] } : (4.18)

Recall that J = F'A%. Note that there are two branches of solutions for B(r) with
opposite signs, since equation (4.17) is a quadratic equation of B. However, only

%

the "+” sign will give B = 1 at the spatial infinity, while the sign will yield
B(r — o0) = —1. Therefore, in the rest of the paper, we shall choose the "4 sign
in equation (4.18). By taking the derivative of equation (4.18) with respect to r, and
then combining the obtained result with equations (4.12) and (4.13), one can obtain
equation (4.14) 3.

To solve these equations, in this section we shall adopt the following strategy:
choosing equations (4.12), (4.13) and (4.18) as the three independent equations for
the three unknown functions, F', A, and B. The advantage of this choice is that
equations (4.12) and (4.13) are independent of the function B. Therefore, we can

first solve these two equations to find F' and A, and then obtain the function B

directly from equation (4.18).

3 From this proof it can be seen that obtaining equation (4.14) from equation (4.18) the op-
eration of taking the first-order derivatives was involved. Therefore, in principle these two equations
are equivalent, modulated by an integration constant.
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First we simplify the equations by setting ¢4 = ¢13 = 0, this choice satisfies
observational constraints given by equations (1.6)-(1.11).

Equations (4.12)-(4.13) now reduce to

2 CQﬁ(T)
1 _ . nl
o= P2 (4.19)
2
A// _ 2A/2_ AA/_A2
r2(A+ A3F) [T (A) —r
—r APA(F +rF') + A4F}
o F(r)
—_—— 4.2
4r2(A+ A3F)’ (420)
where
F(r) = [rA" —2A + rAA'F + A® (2F + 7"F’ﬂ2 : (4.21)
Combining equations (4.19) and (4.20), we find the following equation,
2 2
W'+ W"?+ W' — = =0, (4.22)
r r
where
1— FA?
= In|l——|. 4.2
w n ( T ) (4.23)
Equation (4.22) has the general solution
1 3
W =Ilnw; +In (#) , (4.24)
r

where wy and wy are two integration constants. The combination of equations (4.23)

and (4.24) yields,

1 w 1
F(r) = - f (ﬁ + wﬂ“) : (4.25)

Substituting equation (4.25) into equation (4.19), we find

2
F'o= —CF 4R, (4.26)
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where Fy = 9cow?w3 /4. Integrating equation (4.26), we find
2 E
F(r) = F (1 - —m> + 202 (4.27)

where m and F5, are two other integration constants. On the other hand, from equa-

1
7"_2 + w1r
4F 1 2
:E\/w—% -+ (ﬁ + "LU1’I“> . (428)

Substituting the above expressions for A and F' into the constraint (4.18),

tion (4.25), we find that

B = /F. (4.29)

Note that the above solution is asymptotically flat only when w; = 0, for

which we have

F(r) = F, (1—27’”), B(r) = /F,

wy [ 1 4F 1
A = — |+ 5+=]. 4.
(r) 2F (7"2 w3 * 7‘4> (4.30)

Using the gauge residual v/ = Cov 4+ C; of the metric (4.7), without loss of the
generality, we can always set Fy = 1, so the corresponding metric takes the precise

form of the Schwarzschild solution

2
ds? = — (1 - —m) dv? + 2dvdr + r2dQ2, (4.31)
T

while the aether field is given by

wy + /w3 + 4r3(r — 2m)

Alr) = 2r(r —2m)

(4.32)
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It should also be noted that equations (4.31) and (4.32) are a particular case
of the solutions first found in [90] for the case ¢14 = 0 by further setting ¢;3 = 0. The

general solutions given by equations (4.27) - (4.29) are new.

4.2  Quasinormal Modes of Black Holes

Perturbations of black holes have been one of the main topics of relativistic as-
trophysics for the last few decades. They are of particular importance today because
of their relevance to gravitational wave astronomy. In this section, the discussion in-
cludes perturbations of black hole solutions obtained in last section and the numerical
solution of the master equation?®, that is, quasinormal modes (QNMs).

QNMs in GR have been studied extensively. Some relative studies have been
done for scalar, vector and gravitational perturbations [93]. In addition, the calcu-
lation has been extended from Schwarzschild black holes (BHs) [94] to other more
general cases, e.g., Kerr BHs [95,96]. In this procedure, several different techniques
of calculations were developed. For instance, the Wentzel-Kramers-Brillouin (WKB)
approach [97-100], the continued fraction method [101], etc. [102-104]. Some of these
methods also work in different modified theories of gravity [105,106]. Additionally,
some special scenarios, e.g., the eikonal limit, are studied [107].

QNMs in ae-theory are quite different from that in GR, because the boundary
condition is now imposed at the universal horizon, and the master equation is singular
at the metric horizon. We first take care of the singularity then calculate QNMs under

the a&e-theory by using the shooting method.

4 The master equation is usually a single variable equation, which is the combination of
equations of the perturbation fields.
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4.2.1 Master Equation
First, let us consider the perturbations to the background solutions given by
equation (4.31-4.32) with wy = 3v/3r2/8, which ensures the existence of the universal

horizons

3 (4.33)

where r, = 2m.
To distinguish these from the perturbation fields, we denote background fields
by g, and u#, respectively, so the total metric and aether are given by
G = Gu + hy, u' =1u"+w" (4.34)

Working with only the the odd-parity parts, h,, and w* can be cast in the form,

!
hyw = —% Z %x
1=0 m=—1
0 0 —2C}y, csc 00, Y, 2C),, sin 00y Y7,
0 0 2Jpm c5c00,Y), —2J1m 8in 009 Y},
sym  sym —2r(GYy,, csc O ( cot 00, — 89@0)}/}”1 sym

sym  sym rGyy, ( csc 083 + cos 00y — sin (9892) Yim 27“Glm( cos 00y — sin 080850) Yim

(4.35)
0
00 l 1 0
wh=Y"Y" - Yim, (4.36)
1=0 m=—1 — 0y, csc 00,
Ay cSC 00y

where Y}, = Yi,,(0,¢) stands for the spherical harmonics, and Cj,,, Gy, Jim and
a;, are functions of ¢ and r only. Note that in calculating the field equations we will

set m = 0 in the above expressions so that 0,Y,(0,¢) = 0, giving the background
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spherical symmetry, and the corresponding linear perturbations do not depend on
m [108].
When the spacetimes are vacuum, we have 7}, = 0, T, = 0, and then the field

equations reduce to

G/J,V - Sp,z/ - O, jEM — O (437)

We substitutes equations (4.35) and (4.36) into (4.37), we obtain the following master

equation
1E0 o o + a—2+ 9 ) Vi =0 (4.38)
r v ovor n or? 112 or s ) m = .
where
2m r —2m)? r—2m)(4r — 6m
F = 1- ) 771(T> = ( 9 ) ) ?72(T) = ( >(3 )7
r r r
() = — (r—2m)[(l + ii([ —1)r— 6m]. (4.39)

Notice that to write out the above expression, we changed to the ingoing Edding-
ton—Finkelstein coordinates by v = t +r, with dr,/dr = 1/F so that the coordinates
can cover the whole region r € (0, 00).

QNMs are solutions of the equation (4.38), satisfying specific boundary con-
ditions at the universal horizon and far from the black hole. At the universal horizon

the boundary condition is a requirement of the pure ingoing waves

ylm X e_iW(t+T*)7 r —TUH, (440)
Another boundary condition is pure outgoing waves at spatial infinity

iw(t—ry)

Vim x €~ , r— 0. (4.41)

99



Separation of variable leads to

Vim(v,7) = eV (r — 1), (r), (4.42)

for which equation (4.38) becomes (using 75 = 1)

Tl 0y () =0 (4.43)
Wz TR T =5 '
where
r—1)3
O{l = ( 7”2 ) Y
_ (r=1D[4r = 2i(r — 2)rw — 3]
Qo = )
73
_ (=1 L
@ = B4+r2-11+1)+4rw(w — 1) + 6iw] }.
(4.44)
4.2.2  Shooting Method
Introducing a function ¥ (r) via the relation,
O(r) = rle ™ (r —1)*V, (4.45)
we find that equation (4.43) can be cast in the form
, @&
(w t g7 vg> ) =0, (4.46)
where
—Dil+1)r—3
Vy(rl) = =D Lr = 3] (4.47)

A
Note that Vj is the same as that given in GR [102]. Clearly, as r — +o00 equation

(4.46) has the general solutions,

w’r—mo = 772—1-67@“ + J)_e—iwr*’ (448)
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where iﬂi are two integration constants. But considering the boundary condition of
equation (4.41), we must set ﬁ, = 0. Thus, when r is very large but finite, we expect

¥ (r) to take the form

Y= ey = (4.49)

n=0

where a,, are constants. Inserting this together with equation (4.45) into equation

(4.42), we find that

iw X

_ o —iw(t—r) (T_—l) a_n
V= [ =] (4.50)
which indeed represents a purely out-going wave, so that the condition (4.41) is
satisfied. On the other hand, substituting this into equation (4.46), we find that a,’s

satisfy the following recursion relation,
0 = —2inwa, + [(n—1)(n+ 2iw) — > — 1] ay_1

+(P+1—2n+5n+1) an_s

+(n — 4)na,_s, (4.51)
from which we can write all a,,’s (n > 1) in terms of ay. Without loss of generality,
we can always set ag = 1, as shown below.

In principle, once the boundary conditions are given, we can solve equation

(4.43) to find out the spectrum of w for any given [. However, noticing that equation
(4.43) is singular at the MH r = r,, we have to solve equation (4.43) on r € [ryg,rs —
€lU[rs —e,00), with e < 1.

To fulfill this, let us first expand ¥(r) as

U= idn(r—l)", (4.52)
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where d,,’s are constants. Inserting the above expression into equation (4.43), we find

that the coefficients d,,’s satisfy the following recursion relation,
0 = n(n+ 2iw)d,
+(4—l2—l+2n2+2mw—n+4w2) dp_1
+ 2w(dw + i) = * =1+ n® + n(—1 — 2iw)] dy—s
+2w(i —in + 2w)d,,_3. (4.53)

Thus, similar to a,’s given by equation (4.51), all these coefficients can be written in
terms of dy. What’s more, for a similar reason, we will set dy = 1. Therefore, for any
given w and [, we find the general solution of W(r) in the neighborhood of r = 1.

On the other hand, as r — 3/4, equation (4.43) reads,

d? o d 16 .
0~ {w—l()@wg +§ [P +1—3(w” +iw+2)] }‘1’7 (4.54)

which has the general solutions, W(r) ~ W, e %+ + U_e~#" where U, are two

integration constants, and

ky = —5w:|:i\/w(16i — Jw) — %6(1 +3)(l —2). (4.55)

Therefore, in the neighborhood of = 3/4 there are two branches of WU(r). For
simplicity, we define the ratio of these two branches as o = W / \i/+. We can further

set \ihr = 1. Thus, we obtain

U= (ae T etk an (r — Z) . (4.56)
n=0

Substituting into equation (4.43), we can solve the coefficients b,’s (n > 2)
recursively, and find that they will be given in terms of by and b,. However, due to

the intricacy of these solutions we are not able to find a recursion relation this time.
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Similar to ag, without loss of generality, we can always set by = 1, while b; will
be determined through equation (4.52), which means V(r = ry) = dy = 1. Applying
this condition to equation (4.56) at r = r,, we are able to determine the value of b,
in terms of w and /.

To to solve equation (4.43), following [94] we introduce the function ®(r) by

U(r) = exp (@ / TCID(r)dT), (4.57)

or equivalently

dln V¥
P = —i . 4.58
m = (4.58)
Then, equation (4.43) reduces to
i® — ®* + 81D+ By =0, (4.59)
where
_ 2r[(r —2)w + 2i] — 3i
Aulrw) = (r—1)r ’
34 r2=1l(14+ 1)+ drw(w — i) + 6iw]
Bo(r,w,l) = (r—1)r2 ’
(4.60)

It is remarkable to note that ®(r) does not depend on the amplitudes of W(r) at any
of the points r = (r4, Tun, Tmax), With 7+ in the neighborhood of r,. As a result,
we can assign ag, by and dp any values. As mentioned previously, without loss of

generality, we shall set all of them to one, ag = by = dy = 1.
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For convenience, we further introduce a new variable x by x = 2r/(r +3/4) in
equation (4.59). Note that r € [3/4,1)U (1, 00) corresponds to x € [1,8/7) U (8/7,2).

Therefore, equation (4.59) becomes

21 dd
3(2_35)2% — P? 4+ 4P+, =0, (4.61)
where
_ 2z(1lx — 16)w — 32i(x — 2)(x — 1)
n(zw) = (72 — 8) ’
16(2 — x)
) = ————
72(*%’(*)’ ) 31’2(71‘ — 8)

x{x2 [ + 1+ 3w(w — 3i) + 2]
— 20 (12 +1— 6iw + 6) + 16} (4.62)

In this way, we obtain a complex ordinary differential equation (ODE) of the
first order, which will be much easier to solve than equation (4.43). To solve equation
(4.61) we use the shooting method. Specifically, for any given [, we integrate equation
(4.61) as follows:

(a) With a good guess, we first choose a (complex) value of w, and then from
equations (4.52) and (4.53) create the “initial values” ¥V, (w) = V(r = ry,w), where
r+ = rs £ ¢ and € is a small quantity. Then, we calculate ¢4 (w) = (2 = 24, w)
using equation (4.58), with x4 = 2ry/(rL + 3/4).

(b) With the initial value ®_(w), integrate equation (4.61) from z_ to xyy =
ruu/(rum + 3/4) to obtain ®yy = ®(zyn).

(c¢) Compare this value of ®yy (call it @) with the one given by equations
(4.56) and (4.58), and if 0P, < €min, Where €y, is a given small value, we say

that such chosen w satisfies the in-going wave boundary condition, and 0®.;, =
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|Pun — Prin|- Otherwise we need to choose a different value of w and repeat steps
(b) to (c), until the condition d®,;, < €y is fulfilled.

(d) With such determined w we find the “initial value” ®, (w) by equations
(4.52), (4.53) and (4.58), with which we integrate equation (4.61) from z; t0 T = Zpax
(for a properly chosen 2, ), and obtain a value @, = (2 pax)-

(e) Compare such obtained ®,, (call it @) with the one obtained from
equations (4.49), (4.51) and (4.58) . If 0Ppax = [Poo — Pumax| < €max, Where €pay is
another small quantity, we say that such obtained w satisfies both boundary condi-
tions, and it is exactly this value of w that we are looking for. In this paper, we
shall choose €min = €max = 1072, Otherwise, we say that this value of w does not
satisfy the boundary conditions, and should be excluded from the spectrum of the
corresponding QNMs. In table 4.1, we list QNMs frequencies in ae-theory for [ = 2

case.
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Table 4.1: Results of w in ee-theory for the [ = 2 case.

|

w

|

«

|

w

0.73210 — 0.60667¢
0.73480 — 0.59948:
0.73770 — 0.59195¢
0.74084 — 0.58404:
0.74427 — 0.57569¢
0.74802 — 0.566861¢
0.75215 — 0.557474
0.75675 — 0.54743:
0.76190 — 0.53662¢
0.76774 — 0.52490¢
0.77441 — 0.512077
0.78215 — 0.49785¢
0.79125 — 0.481861¢
0.80213 — 0.46355¢
0.81540 — 0.442077
0.65847 — 0.89756¢
0.64858 — 0.878741
0.63629 — 0.85913:
0.62103 — 0.83906¢
0.60219 — 0.81914:
0.57986 — 0.80083¢

40
38
36
34
32
30
28
26
24
22
20
18
16
14
12
10

0.23060 — 0.902731¢
0.23791 — 0.895741
0.24559 — 0.888501
0.25370 — 0.88098:
0.26229 — 0.87318:
0.27143 — 0.86507%
0.28122 — 0.85665:
0.29175 — 0.84789:
0.30317 — 0.838801
0.31564 — 0.82937¢
0.32937 — 0.81964:
0.34462 — 0.80968:
0.36173 — 0.799611
0.38111 — 0.78972¢
0.40325 — 0.78047:
0.42859 — 0.77270¢
0.45730 — 0.767757
0.48878 — 0.76732¢
0.52119 — 0.772844
0.55199 — 0.784331
0.57860 — 0.799951¢
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CHAPTER FIVE

Conclusion

In chapter one, we have derived all fundamental equations in the framework of
Einstein-aether theory [62], and provide the most recent observational constraints on
this theory’s coupling constants. The theory violates locally the Lorentz symmetry
and yet passes all the theoretical and observational tests carried out so far [42].

In chapter two, we have studied the strong field effects of N-body systems
with the lowest PN order in the framework of Einstein-aether theory. All strong field
effects are encoded into sensitivities. Due to the presence of two additional modes,
the scalar and vector, in Einstein-aether theory, two additional parts also appear in
the energy loss rate of the system, given respectively by the B and C terms in equation
(2.108), representing the monopole and dipole contributions. In comparison with the
quadruple contribution of GR, which is the order of O (v?), the monopole contribution
is only the order of O (c14) O (v?), that is, it is about O (c14) < O (107°) order lower
than that of GR. Here v is the relative velocity of the two compact objects. However,
the dipole contributions can be much larger than those of the monopole. In particular,
for a binary system with large differences between their binding energies, the dipole
part can be as large as O (¢14) O (Gym/d), where m denotes the mass of the body and
d the size of the body. For a realistic neutron star, we have O (Gym/d) ~ 0.1 ~ 0.3,
so that O (c14) O (Gym/d) ~ 10720 (v?). It should be noted that the scalar mode
has contributions to all the three parts, quadrupole, dipole and monopole, while the

vector mode has contributions only to the quadrupole and dipole parts, as can be seen
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clearly from equations (102)-(104) of Ref. [37]. On the other hand, the strong-field
contributions are only of the orders of [33]

WS o), oS <o,

WS 0(107?), owpd o107,
for a binary neutron star system, where SWY5, §WES and W)™ represent the con-
tributions of the strong field effects to the quadrupole, monopole and dipole parts of
equation (2.108), while 6W}® denotes a cross term due to the motion of the center-
of-mass of the system [39]. Clearly, these effects are much smaller than the ones
mentioned above, and are beyond the detectability of the current generation of de-
tectors. Thus we take the weak field limit or small sensitivity limit to the results in
chapter three.

From the expressions of the six polarization modes of equation (2.99) we can
see that the scalar longitudinal mode Ay, is proportional to the scalar breathing mode
hy. Therefore, out of these six components, only five of them are independent. In
addition, the scalar breathing and the scalar longitudinal modes are all suppressed by
a factor O (c14) < O (107°) with respect to the transverse-traceless modes h and h,
while the vectorial modes hx and hy are suppressed by a factor O (c13) < O (1071°).
These conclusions should be also valid for general cases, and consistent with the
analysis of triple systems presented in chapter three.

In chapter three, we apply the general formulas developed in chapter two to
triple systems. In particular, we have studied the GWs, the response functions and
the energy loss rates for three triple systems with different periodic orbits: one is
the Simo’s figure-eight configuration shown by Fig. 3.2, and the other two are the

Broucke R7 and A16 configurations illustrated by Figs. 3.18 and 3.23. For a triple
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system, the GWs, the response function and energy loss rate depend not only on the
configuration of orbits, but also on the orientation with respect to the detector and
binding energies of the three compact bodies.

Then we focus on one relativistic three-body system PSR J03374+1517. We
calculate the gravitational waveforms, their polarizations and Fourier transforms,
as well as the radiation powers of the relativistic triple systems PSR J0337+1517,
observed in 2014 [59]. This system consists of an inner binary and a third companion.
The inner binary consists of a pulsar with mass m; = 1.44Mx and a white dwarf
with mass my = 0.20M¢ in a 1.6 day orbit. The outer binary consists of the inner
binary and a second dwarf with mass m3 = 0.41Mg in a 327 day orbit. The two
orbits are very circular with eccentricities e; ~ 6.9 x 10~* for the inner binary and
eo ~ 3.5 x 1072 for the outer orbit. The two orbital planes are remarkably coplanar
with an inclination < 0.01° [See Fig. 3.1].

Our studies were carried out in three different theories, GR, BD gravity, and
ae-theory. In GR, only the tensor mode exists, so a GW has only two polariza-
tion modes, the so-called, plus (h,) and cross (hyx) modes. Their amplitudes and
Fourier transforms are shown in Figs. 3.2 - 3.4, from which it can be seen that
their amplitude is about 10723, while their frequencies are peaked at two locations,

% = 0.068658 pHz (for the outer orbit) and f,* = 14.212 pHz (for the inner
orbit), respectively. These are about twice the inner and outer orbital frequencies of
the triple system, and agree well with the GR predictions [46].

In ae-theory, all six polarization modes are different from zero, but the breath-

ing (hy) and longitudinal (hz) modes are not independent. In comparing with A, and
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hy, however, they are suppressed by a factor ¢4 which is observationally restricted
to c1q S 1075 [42].

The effects of the parameters ¢;’s on h{® and h}® were also studied in detail,
and we found that their amplitudes are weekly dependent on the choices of these
parameters, while the frequencies of their Fourier transforms remain the same.

The other two independent polarization modes in ae-theory are the vector
modes, hx and hy, which are all proportional to ¢;3. The current observations from
GW170817 [40] and GRB 170817A [41] on the speed of the tensor mode requires
c13 < 1071, Therefore, these two modes are highly restricted by the limit of the
speed of the tensor mode.

We also studied the radiation power due to the tensor, vector and scalar modes
in ae-theory, and three different parts were plotted in Fig. 3.35. The amplitude of
the quadrupole part (A) contributed from all three modes [38] is comparable with
that of GR. The monopole (B) part has contributions only from the scalar mode,
while the dipole (C) part has contributions from both the scalar and vector modes,
but does not have any contributions from the tensor mode, as expected in [38]. The
monopole part is suppressed by a factor ¢y < O (107°), but the dipole part is almost
the same order as the quadrupole part. With the arrival of multi-band gravitational
wave astronomy [91], joint observations of GW150914-like by LIGO/Virgo/KAGRA
and LISA will improve constraints on the dipole emission [92]. Thus, the multi-band
gravitational wave astronomy will provide a very promising direction to constrain
ae-theory:.

In chapter four, we calculated the QNMs of ae-theory. It is found that the

frequencies are different from those in GR, with differences of about O(0.1), which
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means space-based GW detectors have the potential to rule out ae-theory in the near

future.

111



APPENDICES

112



APPENDIX A

Gauge Transformation

In general, under a coordinates transformation

z® — 2'(x), (A1)
we have
P ox* Ox”

9a(2) = Gap(?') = 50 =5 G (2), (A.2)

a [ ow) ax/a B A
u*(z) = u (m):axﬁu(x). (A.3)

Specificlly,

= 2'(x) = 2% + (), (A.4)

where £ ~ € and € is a small quantity. The following results are valid to the first

order in €,

1% (x) = 2/ — £(2'). (A.5)
where we have used Taylor expansion. Then equation (A.2) and (A.3) give

st = gust) = 25 ) - P ), (A6

02) 6, (A7)

u'* (") = u(x) + 55

Suppose that we can expand g¢,5 and u® in both reference frames as
9as(2) = Tag + has(@), (A.8)

u(x) = 0§ + w(z), (A.9)
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where hop ~ w® ~ €,
Jos (") = Nap + hip(2'),
Ula($/) — 63 —i—w/a(x/),
where h 5 ~ w'® ~ e. Then we have
0s(@) = hap(r) — [Cap(2)) + €p.a()]
where &, = "1,
W (2') = w(z) + £ (@)
If we further decompose £% as follows

,’L'/O — JJO + é—O J}/i — Ii + gz + g’i é—iﬂ' =0

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

with has hi,; w® W' as equation (2.2) and (2.3), we can reach equation (2.34).
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APPENDIX B

Derivation of Equation (2.53)

[0;; X equation (2.44) — 0;; X equation (2.48) 4+ 4 X equation (2.45)] gives

(1 -+ Cy -+ 2Cg>ﬁij -+ (2 + 262)(5’” —+ 2h00,ij - Af,ij = —167TG(5ikak - (SikaLk - 27'5)

(B.1)

In addition, we can solve equation (2.49) and equation (2.50) via Green’s function,

because they are just simply Poisson’s equation,

T00 (t, f’)

@ — | ~

F— 614h00 = 4G/d3l’/

Tz%)(t fl)

(1+ o) fi + crosdy = 4G / A3 10
F—7
Therefore, we have
hOO:F_® é.:@i_(l—i_C?)Jé,i.
cg C123

Inserting equation (B.4) into equation (B.1), we get
[(2 4 2¢5) (1 4 c2) — (1 + ¢4 + 2¢5)c12]

Cl4 .
- fij +Afi =

(2 - C14)C123
C14 _2 + 262 - 2

2 —cus C123

It can be written as

1.
—— fij ¥ AL =Tl
Cs
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= 0(t,7),

O+ —0 — 167G (8;Thr, — 6ijTih — 2
C14

(B.4)

(B.6)



APPENDIX C

Derivation of Equation (2.59)

Because
J (1 @ 0 .. 1 ia
%(E): 2 g (&)= =2, (C.1)
and
or(t —x/s,2") or  O(t—x/s) or (C.2)
ot S o(t—afs) ot  Ot—ufs) '
Orlt—a/s, &) __0or Olt-a/s) _ 9r 10z 01l (g
i ot —x/s) I It—=x/s) s Oxd Ot s
0 A L [ 0r—afsT), (]
8xjw(t’x) B xn;)m!smﬁtm/d ‘ Oz’ (") +0 x?

—1 ;04 1 o » 1
R il - Y 3 o =/ 1L 20\ M _ C4
p__ Gtﬁzzom!sm@tm/d 1t —x/s, 7)) ("2") +O(x2) (C4)

0 1
R ¥ - T _
- 8t¢(t,m)+0 <x2) .
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APPENDIX D

Derivation of Equation (2.70)

The source is described by 7., = T4 (t, T), it satisfies

(D.1)

Tijij = Tjiij = 70,0 = T0j,07 — 13,0 = Too,00 — L}05,
where we first use the equation (2.21) then equation (2.40) then equation (2.21) again.

Integrate the above over whole space as

/dg% ' T = /d39€ 227 (00,00 — Tr.ok)s (D.2)
After integration by parts, the surface terms go away due to localized source (z >

da Tab = 0)7

1 o )
/dgx Tij = > / Ex ') Ty + /d3x Tixj). (D.3)
Since z is a dummy variable we can do x — 2/, 7;(¢, %) — 7,;(¢, 2"),
1 . )
/d?’:c’ T =5 /dgsc’ 2" a7y + /d?’:c’ T(i:v;-). (D.4)
If we drop the higher order terms, 7oo(t, ') = > , mad® (& — Z4(t)), T;(t, &) = 0,

1 .
P’ 1t 7)== 02 | dPx" 227y madP (@ — Talt
J 2 t
A

. (D.5)
=3 on Z max’y(t)2,(t).
A
If we define
Iy(0) = S mazh (0% (1), (D.6)
A
then
3 ML D.7
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or

1
/d?’x’ Tt —x/e, &) = 3

where ¢ is the speed of light in vaccum.
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APPENDIX E

Derivation of Equation (2.73)

T
4G ct

' ot — 1k Ak
T 201 —cpeo ( mlen 8tm/ 2ot — /ey, @) (™2™ )

T
AG (cy —1) 30 1k s kym (E.1)
+— ( i 6tm/d T,(t — x/cy, @) (2" 2")

T 2cp —cqc_

Vz+'71*

_AG_ o gy 4G (D) 4

x 201 —cyco T 201 —cyco
(D of equation (E.1) equals (only need m = 0 and m = 1 terms)

T
D = </ Pt — /ey, 7)) + i%/d%'no(t — m/cv,f')(x'kik)>
cy

1 T
—_ <GZ + —/dgl'/Tio’O(.f/ki’k))
cy
1 (0 o)
= (oe g [ (o) o) .
ik ’
<9 — —/d?’x/nk>
T
= (0 a )
(

where we use equation (2.63), integration by parts, and equation (D.7).

@) of equation (E.1) equals (only need m = 0 and m = 1 terms)

@ = (/d3 '"Ti(t —x/ey, T )+——/d3x’T (t—a/cy,T )(x’kxk)>T_ (E.3)

From equation (1.39)

Tyt —xfey, @) = =) i 6° (& — Za) (—oa)vly, (E.4)
A

where the time dependence is through 4 = Za(t — z/cy) and viy = v (t — x/cy).
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Therefore,

/ (E.5)

~ 1 ~ i .k

=— —ZmAaAvA—— maoaz” —(vhya'y)
Cy ot
A A
With this property

9 () = (B + o) = 2 (20 + 20%)

= — (V4 + 0Lt + 2040k + 2ok — 2y oh) (E.6)

T
. ; 1 ~ g (1 i i
@ =- (— ZmAO'AUA T ZmAUAka (553(%372) + U[fxf‘fz]))
A A
k

T
- i x ~ ; 3 r
- <_ ZmAUAUA — 5 (&:2 ZmAUA(:UA:BZ) + QZmAUAUI[‘le]>) (E.7)
A " "

Cy

where we define

Zi = — ZmAUA’UZ, Iik = ZTNHAO'A(ZB;ZEZ), Vzk = QZmAUA@ZI’Z]- (ES)
A A A

equation (E.3) and (E.7) gives a useful property,

/ BTy = —%. (E.9)

equation (E.1), (E.2), and (E.7) give

AG e\
Vz‘+%:—c—+ <9i—;—1i>

T 201 —cic_ cy

(E.10)
4G 1 N ’
A0 enl (w2 g 0m)
T 2c1 —cyc_ 2cy
Combining with equation (2.64), I get
20 1 ok L N\T
V; = ——2_— (ZL‘_ (1i+ Izk +I¢k+Vik> —227’)
r 2c1 —cic_ \cy cy (B.11)

AG ¢y — 21+ cyco

i x (1 —cy)(2¢; —cpco)

o;.
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For any symmetric tensor v;; and its traceless partner ¥;; = 1;; — %6i]’¢]€k, there is a
useful property,

(@3955)" = (2503)", (E-12)
because,

Using equation (E.12), v; can be written as

20 1 ok . . N\T
Vi=———5 (x_ ( - Qir + Qik +Vz'k) - 222)

T 2cp —cpce_ \cy \1—cy

(E.14)
4G C+ — 201 + C+Cf T

+— 0;
r (1 —cyp)(2¢; —cyc)

where ;, and Q. are traceless partner of I;; and Z;.
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APPENDIX F

Derivation of Equation (2.75)

4 Gey ~—~ 1 o 5
F:— d /iit_ - 1k ~k\m
562_01420771!0?8157”/ x'7(t — x/cg, ) (2 T7)

m=

4 Geyy 24 3ca+cp = 1 O™ / , A
oz Bl — I\ (0K kM
T2 —ciy C123 mZZO mlcg"b otm € 7'”< J:/CS,I’ )(;L’ X )

4 Geyy 2 =~ 1 o™

— | &gt — x/cg, T (*FN™
e 2 o [ et~ wfes, )3

4 Geyy 4 Geyy 24 3¢+ ¢y +4 Gey 2

22—y 2 —cy C123 T2—ciycuy
(D of equation (F.1) equals (only need m=0 term)

1
@ = /d?)IL‘/Tii(t — IL‘/CS75,) = 5]”,
where we use equation (D.7).

2) of equation (F.1) equals (only need m=0 term)

Q) = / da'th = / dPx'tr (1)) = tr ( / d%’ri?) =tr <( / d%’nj)L)

1 1. .
=tr (515) = §xixk]ik,

because
[i? =I;; — Iz:; =1y — Pikjkj = Lij — (O — &3p) Ly = Ziiw Iy
Instead of I;;, we prefer @);;,

1 o 1.
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(F.2)
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(F.4)

(F.5)



) of equation (F.1) equals (only need m=0, m=1, and m=2 terms)
B = /dgx'T + ——/d?’x/T e p— L /d3x/7 2Rk gt
O 50 P

1 0?
3./ 1k ~k 3./ 3 1k ok Al
_9—|——CS d$700x$+—22—6t2/d E ma0° (& — T )" 22"z

(F.6)

where we use equation (2.68), and 790 = > _ 4 mA53(x — Z4) to the leading order.

The second integral in equation (F.6) is

~k ~k 1k ~k
" - ox —I
dgl' Tos, L k — dgl'lTOi - = — d3$/’7'0k
iz
Cs Cs ox Cs
—i‘k 5 Ic l’k 5
/
= 2 (tho + T) = —Hk + — [ d&°2'T;, (F.7)
Cs Cs Cs
Ak ~k
—XT
- _Qk - _Zlm
Cs Cs

where we use conservation law equation (2.63), integration by parts, equation (2.40),
and equation (E.9).

The third integral in equation (F.6) is

2
—1 _3 g mazh ikl it
AT T4
2¢2 Ot2
S 8 A

1 0? k o~k 1 Al 1 0 k skl sl
20 e mAxAx THr — 22 ﬁZsAmAmAz THT
o » . o (F.8)
1 Ak: l 1 ksl
=32 6t2[kl T o gt
= 59 a0 7 Im Ak l Im
A ) 82&2(le 3Ta);

where my = (1 — sa)ma, and oMy = sama, please refer to equation (37) and (38)
in [38], the definition of I;; and Z;; are given by equation (D.6) and (E.8).

Therefore, (3) of equation (F.1) equals (only need m=0, m=1, and m=2 terms)

k Ak 1 .
@ =0+ —Sek - —Ek it Q—Qﬁ(Qu 2+ 31”)
1 0?
22 8t2(

1 (F.9)
Quiatat + gzu)
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In conclusion, F'is

4G 1. 4Gc 2+3c+c 1. - 1.
Cl4 x 14 2 +< B2,Qu + Iu’)

.1' 2 — C1q4 2 .’L' 2 — C14 C123 5 i 6
4 Ge 2 —zF —k . 1. R 1
e A Y t52 (le Pl o) - (ka a4 Iu))
T2 — ClaCla Cg Cg 3 3
4 G 1 243 s 1 243c+c 1 .
= — C14 5 — * 2 * Cr IiZL’jQZ‘j -+ - 2 + + B I“
T2 — C14 01405 26123 2 60123 365014
akat (. 2 2 ik
— (le + 5kqu) + P+ — (9 — —91@)}
C14C s C14Cs C14 Cs
4 Geyy [3 R :&kxl ; 2
= — —Z—]. i z"——Z]”— + (51-“ I’E
T2 — C14 |:2 ( )x «T]Q J 2 C14C S le M 01405 F
4 G 2 ol
TR (9 - —ek)
T2 —CiqCiy s
(F.10)

where the definition of Z is given by equation (2.76).
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